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Abstract

For singular plane curves, the classical definitions of envelopes are vague. In order to
define envelopes for singular plane curves, we introduce a one-parameter family of Legen-
dre curves in the unit tangent bundle over the Euclidean plane and the curvature. Then
we give a definition of an envelope for the one-parameter family of Legendre curves. We
investigate properties of the envelopes. For instance, the envelope is also a Legendre curve.
Moreover, we consider bi-Legendre curves and give a relationship between envelopes.

1 Introduction

Envelopes are classical object in the differential geometry. There are many applications of
envelopes to differential geometry, differential equations and physics, for instance [4, 5, 7, 9, 10,
15, 16, 18, 20]. An envelope of a family of curves in the plane is a curve that is ”tangent” to each
member of the family at some point. If the curves are regular, then the tangent is well-defined.
However, the definitions of envelopes are vague for singular plane curves (smooth curves with
singular points). In this paper, we would like to clarify the definition of the envelope for a family
of singular curves. As singular curves, we consider Legendre curves in the unit tangent bundle
over R?, see Appendix A (cf. [8]). The basic results on the singularity theory see [2, 4, 14, 17].
In §2, we quickly review on the definitions of envelopes which are given by implicit functions
3, 4, 12] and parametric curves [11, 19]. In §3, we consider one-parameter families of Legendre
curves. We give a moving frame and the curvature of the one-parameter family of Legendre
curves. Then we show that the existence and uniqueness theorem for one-parameter families of
Legendre curves. In §4, we define an envelope of a one-parameter family of Legendre curves.
Then the envelope is also a Legendre curve and hence we give a curvature of the envelope as
a Legendre curve. Moreover, we give relationships between the envelopes given by implicit
functions and one-parameter family of Legendre curves. In §5, we define a bi-Legendre curve
as a special class of one-parameter family of Legendre curves and give a relationship between
envelopes.
All maps and manifolds considered here are differential of class C'**.

2010 Mathematics Subject classification: 58K05, 53A04
Key Words and Phrases. envelope, one-parameter family of Legendre curves, Legendre curve.
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2 Previous results

Let R? be the Euclidean plane equipped with the inner product a - b = ab; + asbs, where
a = ((ll,ag), b= (bl,bg) € RQ.

We review two definitions of envelopes for one-parameter family of plane curves. These are
given by implicit functions and parametrized curves. Here we denote these envelopes by Ej
and Ep respectively. Other related definitions of envelopes see [3, 19, 21].

Let FF: V x A — R (z,y,\) = F(x,y,\) be a smooth function, where V' is a domain in
R? and A is an interval or R. A family of curves in the plane is given by 'y = {(z,y) €
V| F(z,y,\) = 0} for each A € A. Then one of the classical definition of the envelope is as
follows, see for instance [3, 4]:

Definition 2.1 The envelope of the family F' is the set E; of points given by

F
E; = {(:c,y) e V | for some A € A, F(z,y,\) = g—)\(m’,y,/\) = 0}.

If F(z,y,\) = (0F/O\)(x,y,\) = 0, we say that (z,y) € E; with respect to .

On the other hand, let v : I x A — R? be a one-parameter family of smooth parametrized
curves, and let e, : U — I x A,ey(u) = (t(u), A(u)) be a regular curve, where I, A and U are
intervals or R. We denote I'\(t) = v(¢, ) and Ep(u) = voe,(u).

Definition 2.2 ([11, Page 138]) We call Ep an envelope (and e, a pre-envelope) for the family
v, when the following conditions are satisfied.

(i) The function A is non-constant on any non-trivial subinterval of U. (The Variability Con-
dition.)

(ii) For all u, the curve Ep is tangent at u to the curve I'y(,) at the parameter ¢(u), meaning
that the tangent vectors Ep(u) = (dEp/du)(u) and Iy (t(w)) = (dl\w)/dt)(t(u)) are linearly
dependent. (The Tangency Condition.)

We say that the singular set of v : [ x A — R2 ~v(t,\) = (x(t,\),y(t,\)) is the subset of
the domain I x A defined by

_ xt(tv )\) yt(t7 >‘) _
det (’Yt(tv >\)7 7A<t7 )‘)) = det ( J]A(t, /\) y/\(t, /\) =0. (1)
Here we denote v (t,A) = (9v/0t)(t, \) = (x:(t, A), ye(t, N)) and (¢, A) = (Oy/ON)(t,\) =
(xA(t, A),yx(t, A)). Then the envelope theorem is as follows:

Theorem 2.3 ([11, Page 140]) Let v : I x A — R? be a family of parametrized curves, and let
ep : U = I x A be a regular curve satisfying the variability condition. Then e, is a pre-envelope
of v (and Ep is an envelope) if and only if the trace of e, lies in the singular set of .
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We consider one-parameter families of 3/2-cusps as examples. Other examples see [3, 11].

Example 2.4 Let F : R? xR — R, F(z,y,\) = (x — \)> — y% Since (OF/ON)(z,y,\) =
—3(z — \)?, the envelope is given by E;r = {(),0)|\ € R}.

Let v : R x R — R? y(t,\) = (2 + A\, t?). Since (1), we have —3t> = 0. By Theorem
2.3, the pre-envelope and the envelope are given by e, : R — R x R,e,(u) = (0,u) and
Ep:R — R? E(u) = (u,0).

Both cases, the envelopes are given by the x-axis, see Figure 1.

Example 2.5 Let F: RZ xR — R, F(z,y,\) = 2° — (y — A\)2. Since (OF/ON)(z,y,\) =
—2(y — \), the envelope is given by E; = {(0, \)|A € R}.

Let v : Rx R — R2 ~(t,\) = (12,3 + X\). Since (1), we have 2t = 0. By Theorem
2.3, the pre-envelope and the envelope are given by e, : R = R x R, e,(u) = (0,u) and
Ep:R = R?* Ep(u) = (0,u).

Both cases, the envelopes are given by the y-axis, see Figure 2. However, in the sense of
limit tangent of the 3/2-cusp, y-axis is not tangent to the 3/2-cusps. Moreover, as a solution of
differential equations, the x-axis in Figure 1 is a singular solution of the ODE —y+((2/3)y’)* = 0
and y-axis in Figure 2 is not a singular solution of the ODE —z+((2/3)y’)? = 0 (cf. [15, 16, 20]).
We would like to distinguish as envelopes, see Examples 4.2 and 4.3 below.

%

Figure 1. Figure 2.

3 One parameter families of Legendre curves

In this section, we consider one-parameter families of Legendre curves in the unit tangent
bundle 775? = R? x S! over R?2. The fundamental results for Legendre curves in the unit
tangent bundle over R? see the Appendix or [8].

Definition 3.1 Let (y,v) : I x A — R? x S! be a smooth mapping. We say that (v,v) is a
one-parameter family of Legendre curves if v(t, A) - v(t, A) = 0 for all (t,\) € I x A.

Then (y(-,A\),v(-,A)) : I — R? x S' is a Legendre curve for each fixed parameter A € A,
that is, (7(-,\),v(-,A)) is an integrable curve with respect to the canonical contact 1-form on
R? x S'. Therefore, v : I x A — R? is a one-parameter family of frontals.

We denote J(a) = (—axz, a;) the anticlockwise rotation by 7/2 of a vector @ = (a1, az). We
define p(t,\) = J(v(t,\)). Since {v(t,\), u(t,\)} is a moving frame along (¢, \) on R?, we
have the Frenet type formula.

(368) = (b ) (2620
(280 - (o ™8 (20)

3



and

’Yt(ta )‘) = ﬂ(t )‘> (tv )‘)7
where ((t, \) = vi(t, A) - p(t, ), m(t, A) = va(t, A) - p(t, N) and (£, ) = v (¢, A) - (¢, A). By the
integrability condition v (¢, \) = vy (t, \), £ and m satisfies the condition

O5(t, N) = my(t, \) (2)

for all (¢,\) € I x A. We call the pair (¢, m, ) with the integrability condition (2) a curvature
of the one-parameter family of Legendre curves (7,v).

Remark 3.2 Let (y,v) : I x A — R? x S be a one-parameter family of Legendre curves with
the curvature (¢, m, ). Then (v, —v) is also a one-parameter family of Legendre curves with
the curvature (¢, m,—f3).

Example 3.3 (Example 2.4) Let (7,v) : Rx R — R? x ST y(t,\) = (82 + N\, 3),v(t,\) =
(4 + 9t2)71/2(=3t,2). Since v (t,\) = (2t,3t?), v,(t, \) = 6(4 + 9t2)73/2(=2, =3t),v\(t,\) = 0
and p(t,\) = (4 4+ 9t>)71/2(—2, =3t), (v, v) is a one-parameter family of Legendre curves with
the curvature (£(t,\),m(t,\), B(t,\)) = (6(4 + 9t2)~1, 0, —t(4 + 9t2)1/2).

Example 3.4 (Example 2.5) Let (7,v) : Rx R — R? x ST y(t,\) = (3,82 + \),v(t,\) =
(4 4+ 9t2)71/2(=3t,2). Since v (t,\) = (2t,3t?),v,(t,\) = 6(4 + 9t2)73/2(=2, =3t), vx(t,\) = 0
and p(t,\) = (4 + 9t>)71/2(=2, =3t), (v, v) is a one-parameter family of Legendre curves with
the curvature (£(t,\),m(t, ), B(t,\)) = (6(4 + 9¢2)~1, 0, —t(4 + 9t2)1/2).

Definition 3.5 Let (v,v) and (7,7) : I x A — R? x S! be one-parameter families of Legendre
curves. We say that (v,v) and (7,7) are congruent as one-parameter family of Legendre curves
if there exist a constant rotation A € SO(2) and a smooth translation mapping a : A — R?

such that (¢, A) = A(y(t,\)) + a(\) and v(t, \) = A(v(t, \)) for all (t,\) € I x A.

We give the existence and uniqueness theorems for one-parameter families of Legendre
curves.

Theorem 3.6 (The Existence Theorem for one-parameter families of Legendre curves.) Let
(¢,m,B) : I x A — R3 be a smooth mapping with the integrability condition. There exists a
one-parameter family of Legendre curves (y,v) : I x A — R?* x S1 whose associated curvature

is (¢,m, B).

Proof. Let (tg, \g) € I x A be fixed. We define a smooth mapping 6 : I x A — R by

t A
0t ) = / £t N+ [ty .
to 0

Then 6 satisfy the conditions 6,(t, \) = £(t,\) and 05(t,\) = m(t,\). We define a smooth
mapping (v,v) : I x A — R? x St by

vt A) = (—/B(t, A) sin&(t,)\)dt,/ﬂ(t,)\) Cose(t,)\)dt),

v(t,\) = (cos@(t,\),sinf(t,\)).

By a direct calculation, (v, ) is a one-parameter family of Legendre curves with the curvature

(€7m7ﬁ)' O



Theorem 3.7 (The Uniqueness Theorem for one-parameter families of Legendre curves.) Let
(v,v) and (7,7) : I x A — R? x S be one-parameter families of Legendre curves with the

curvatures (¢,m,3) and (!7, ﬁz,g) respectively. Then (v,v) and Lﬁ, §)~are congruent as one-
parameter family of Legendre curves if and only if (¢,m, ) and (¢, m, ) coincides.

Proof.  Suppose that (v,v) and (7,7) are congruent as one-parameter families of Legendre
curves. By a direct calculation, we have

Nt A) = aat(A( (£, ) +a(A) = Alw(t,A) = B, N A(u(t, A) = Bt A, A),
u(t,A) = ;(A( (t,A))) = A((t, ) = €0t A A(p(t, A)) = £(E N p(t, A),
0

it A) = (AW A) = At A)) = m(t, NA(s(E, A) = m(t, A, A).

Therefore the curvatures (¢, m, ) and (Z m, B) coincides.

Conversely, suppose that (¢, m, ) and (Z m, E) coincides. Let (to, A\g) € I X A be fixed. By
using a congruence as one-parameter family of Legendre curves, we may assume ~y(tg, A\g) =
Y (to, Ao) and v(to, o) = (o, Ao). Moreover, we have 6(t, A) = 6(t, \) for all (t,\) € I x A in
the proof of Theorem 3.6. It follows from the construction that we have v(t,\) = v(t, A), and
v(t, A) = (¢, \) up to a smooth translation mapping a(\) for all (¢,\) € I x A. O

4 Envelopes of Legendre curves

Let (y,v) : I x A — R? x S! be a one-parameter family of Legendre curves with the curvature
(¢,m, ), and let e, : U — I x Aep(u) = (t(u), A(u)) be a smooth curve. We denote I')(t) =
v(t, A) and Ep, = yoer(u). Note that we don’t assume ey, is a regular curve, see section 2.

Definition 4.1 We call E;, an envelope (and e, a pre-envelope) for the family of Legendre
curves (v, ), when the following conditions are satisfied.

(i) The function A is non-constant on any non-trivial subinterval of U.(The Variability Condi-
tion.)

(ii) For all u the curve Ey, is tangent at u to the curve I'y(,) at the parameter ¢(u), meaning
that £’ (u) and p(t(u), A(u)) are linearly dependent. (The Tangency Condition.)

Note that the tangency condition is equivalent to the condition E} (u) - v(er(u)) = 0 for all
uel.

Example 4.2 (Example 3.3) Let (y,v) : R x R — R? x St y(t,\) = (12 + N\ 3),v(t,\) =
(4 +9t3)71/2(=3t,2). Let ep : R — R x Ryep(u) = (t(u),\(u)) = (0,u). Then Ep(u) =
voer(u) = (u,0). Since N(u) =1 and E}(u) - v(0,u) = 0, E, is an envelope of (v, v).

Example 4.3 (Example 3.4) Let (v,v) : R x R — R? x St y(t,\) = (2,83 + \),v(t,\) =
(4 + 9t2)7Y2(=3t,2). Let er : R — R x R,ep(u) = (t(uw), Mu)) = (0,u). Then E(u) =
voer(u)=(0,u) and N (u) = 1. Since Ef (u) - v(0,u) =1 # 0, E is not an envelope of (v, v



Proposition 4.4 Let (v,v) : IXxA — R?x S be a one-parameter family of Legendre curves with
the curvature (¢, m, B). Suppose that ey, : U — I x A is a pre-envelope and Er, = vyoey, : U — R?
is an envelope of (y,v). Then Ep is a frontal. More preciously, (Ep,voer): U — R? x St is
a Legendre curve with the curvature

lp(u) = t'(wl(er(u)) + N(u)m(er(u)),
Be(u) = t'(uw)Bler(u) + XN(u)ler(u)) - pler(u)).
)

Proof.  We denote er(u) = (t(u), A(u)). Since Ey, is an envelope, E}(u) - v(er(u)) = 0 for

all w € U. Tt follows that (Ep,voer) : U — R? x S' is a Legendre curve. Then (g(u) =

(d/dU)( (er(u))) - plep(u)) = ('(wriler(u)) + X(uwraler(w))) - pler(u)) = #'(u)l(er(u)) +
N (u)m(er(u )) and fp(u) = (d/du)(y(eL(w))) - pler(u)) = ('(u)nler(u) + N(u)ya(er(u))) -
pler(u) = t'(w)B(er(w) + N(umnler(u)) - pler(u)). D

We give the envelope theorem for one-parameter family of Legendre curves.

Theorem 4.5 Let (y,v) : I x A — R? x S be a one-parameter family of Legendre curves,
and let e;, : U — I x A be a smooth curve satisfying the variability condition. Then ey, is a
pre-envelope of (v,v) (and Ep, is an envelope) if and only if ya(ep(u)) - v(er(u)) = 0 for all
ueU.

Proof. Suppose that ej is a pre-envelope of
a function c(u) € R such that E}(u) = c(u )
we have F7 (u) = t'(u)y(er(u)) + N (u)y(e(u
(t'(w)B(er(u)) —c(u))mler(w) +X (w)ya(er(u )))

By the variability condition, we have ~,(er(

,v). By the tangency condition, there exists
er(u)). By differentiate Er(u) = v o er(u),
It follows from (¢, \) = B(¢, \)pu(t, \) that
. Then we have X' (u)yx(er(u))-v(er(u)) = 0.
1/( r(u)) =0 forallu e U.
Conversely, suppose that y,(er(u)) - v(er(u)) = 0 for all u € U. Since E}(u) - v(eg(u))

(¢ (w)(en () + N (w)in(es(w)) - v(er (w)) = 0, ey, is a pre-envelope of (3, ). 0

—
5E\

Q

Example 4.6 Let ¢, 7, m,n, j, k be natural numbers with 7 =7+ h,n = m + k. Moreover, we
take h =1 or k = 1, or h, k are relatively prime numbers. Let (v,7) : R x R — R? x S,

Nt N 1
tANN=—4+—,—+— t ) = ———(—t", 1).
v(t, \) (m*‘iwf+j)’”’> t%+1( 1)
Since v;(t,\) = (t™71, "), we have v(¢t,\) - v(¢t,\) = 0 for all (¢,\) € R x R. Moreover,
since yx(t,A) = (A1 M) we have 1 (£, A) - v(t, A) = (A7H/Vi2E + 1) (—tF + N\, If we take
LR =R xR ep(u) = (u",u), then the variability condition holds. Furthermore, since

2y k=)

Vukh 1

er is a pre-envelope of (v, v) by Theorem 4.5. Hence, the envelope (Ep,vy) : R — R? x S is
given by

nlen(w)) - viep(u) = (—u" +u") =0,

umh uik unh ujk 1
Jo O I S S (= 1),
b = (B I ) ) = ()

Proposition 4.7 Let (y,v) : I x A — R? x S be a one-parameter family of Legendre curves.
Suppose that e, : U — I X A is a pre-envelope and Ep, = 7o ey, is an envelope of (y,v). Then
er, U — I x A is also a pre-envelope and Er, = v o ey, is also an envelope of (v, —v).

6



Proof. By Remark 3.2, (v, —v) is also a one-parameter family of Legendre curves. It follows
from Theorem 4.5 that we have the same pre-envelopes and the envelopes of (7, v) and (v, —v).
O

Definition 4.8 We say that a map & : IxA—IxAisa one-parameter family of parameter
change if ® is a diffeomorphism and given by the form ®(s, k) = (¢(s, k), p(k)).

Proposition 4.9 Let (vy,v): I x A — R? x St be a one-parameter family of Legendre curves.
Suppose that er, : U — I X A is a pre-envelope, 1, = yoeyr is an envelope and @ : I x A — IxA
is a one-parameter family of parameter change. Then (7,7) = (yo ®,vo®): IxA— R2x St
is also a one-parameter family of Legendre curves. Moreover, ®toe, : U — IX\isa
pre-envelope and Eyp is also an envelope of (7,7).

Proof.  Since 7s(s,k) = ¢s(s, k) (P(s,k)) and v (t, A) - v(t,\) = 0 for all (t,\) € I x A,
we have J,(s, k) - (s, k) = 0 for all (s,k) € I x A. Therefore, (3,7) is a one-parameter
family of Legendre curves. By the form of the diffeomorphism (ID(S k) = (¢(s, k), o(k)), &1 :
I x A — IxAis given by the form ®1(t,\) = (¥(t,A), o 1(\)). It follows that ' o
ep(u) = (¢(t(u), M), ™ (A(w))). Since (d/du)p™"(A(u)) = @Xl(/\( ))A'(u), the variability
condition holds. Moreover, we have y(s, k) - U(s, k) = (7(P(s, k))dr(s, k) + a(P(s, k) (k)) -
v(®(s, k) = ¢ (k) (P(s,k)) - v(P(s,k)). Tt follows that fyk(@_ oer(u)) - V(P toer(u)) =
o' (e (A(w))valer(u)) - v(er(u)) = 0. By Theorem 4.5, ®~! o ey, is a pre-envelope of (7,7).
Therefore, Yyo® loep =vyoPod loe, =voer, = Ef is also an envelope of (7, 7). O

We give a relationship between envelopes which are given by implicit functions (Definition
2.1) and one-parameter families of Legendre curves.

Proposition 4.10 Let (v,v): I x A — R? x S be a one-parameter family of Legendre curves,
and let F(z,y,\) = 0 be an implicit function of the one-parameter family of frontals, that is,
F(z(t,\),y(t, ), ) = 0, where y(t,\) = (x(t,\),y(t,N)). Ifer : U — I x A is a pre-envelope
and Er, : U — R? is an envelope of (v,v), then EL(U) C Ej.

Proof. By differentiate F'(x(t, A),y(t,\), A) = 0, we have
xt(t’A)Fx< ( ) (t7 ) )+yt(t )‘) ( (t7>‘)7y(tv)‘)7/\):

and
TA(t, A Fp(@(t, A), y(E, A), A) + ya(t, M) Fy(z(t, M), y(t, A), A) + Fa(z(t, M), y(t, A), A) = 0.
t

Equivalently, v(¢,A) - (Fy, Fy)(x(t, A),y(t, ), ) = 0 and (¢, A) - (Fy, Fy)(x(t, N), y(t, A), A) +
Fyx(z(t,N),y(t,\),\) = 0. Since (vy,v) is a one-parameter family of Legendre curves, there
exists a function c¢(t, \) such that (F,, F},)(z(t, ), y(t, A), X) = c(t, \)v(t, A). Moreover, e (u) =
(t(u), AM(u)) is a pre-envelope of (7, ), we have vy(er(u)) - v(er(u)) = 0 for all uw € U. It follows
that Fy(x(t(u), A(uw)), y(t(u), AM(u)), \M(u)) = 0. Therefore, we have F(u) = v oer(u) € E; with
respect to A(u) for all u € U. O

In order to consider the converse result, we need the following lemma and proposition.

Lemma 4.11 Let a,b: U — R? be smooth maps. Suppose that the set of non-zero points of
smooth function k : U — R is dense in U. If k(u)a(u) and b(u) are linearly dependent, then
a(u) and b(u) are linearly dependent for all u € U.
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Proof. Since det(k(u)a(u), b(u)) = 0, we have k(u)det(a(u),b(u)) = 0. By the condition and
continuous property, we have det(a(u),b(u)) = 0 for all u € U. O

Proposition 4.12 Let (v,v) : I x A — R? be a one-parameter family of Legendre curves, and
let er, : U — I X A be a smooth curve satisfying the variability condition. If the set of reqular
points of v on er(U) is dense in U and the trace of ey, lies in the singular set of v, then ey, is
a pre-envelope of (y,v) (and Ep is an envelope).

Proof. Since ey (u) belong to the singular set of y, we have det(vi(er(u)), ya(er(u))) = 0 for
all u € U. Therefore v;(er(u)) = Bep(u))p(er(u)) and vy(er(u)) are linearly dependent. By
the assumption, the set of non-zero points of 5o ey is dense in U. It follows from Lemma 4.11
that p(er(u)) and vy(er(u)) are linearly dependent. Therefore vy (er(u)) - v(er(u)) = 0 for all
u € U. By Theorem 4.5, ey, is a pre-envelope of (v, ). O

Proposition 4.13 Let (y,v): I x A — R? x St be a one-parameter family of Legendre curves,
and let F(x,y,\) = 0 be an implicit function of the one-parameter family of frontals, that
is, F(z(t,\),y(t,\),\) = 0, where v(t,\) = (z(t,\),y(t,\)). Let e, : U — I x Aje(u) =
(t(u), A(u)) be a smooth curve satisfying the variability condition. If the set of reqular points of
v on er(U) is dense in U, Ep(u) =y oer(u) € E; with respect to AN(u) and

(Fo, Fy) (2 (t(w), Aw)), y(t(u), Aw)), A(uw)) # (0,0)
for allw € U, then ey, is a pre-envelope of (v,v) (and Ey is an envelope).
Proof. By differentiate F(x(t, \),y(t,\), A) = 0, we have
2ot N Fu(2(8, ), y(£, A), A) + 4 (t, NV (28, A), (£, A), A) = 0
and
2a(t, N)Fo(m(t, A), y(t, A), A) + yn(t, A Ey (2, A), (£, N), A) + Fa(z(t, A), y(t, A), A) = 0.

Since Ep(u) = yoer(u) € Er with respect to A(u), we have F)(x(t(uw), A(w)), y(t(uw), AM(u)), M(u)) =
0. It follows that

( ze(t(u), Aw)  ye(t(u), A(u)) ) ( Fo((t(u), Mu)), y(t(w), A(u)), A(u)) ) _ ( 0 >
2A(t(w), Mu))  ya(t(w), Au)) Fy(x(t(u), Aw)), y(t(u), Mu)), Aw)) 0/

Then the trace of ey, lies in the singular set of v. By Proposition 4.12, ey, is a pre-envelope of
(7, v). 0

We give interesting examples of envelopes of one-parameter families of Legendre curves by
using two Legendre curves. Also see [6, 9, 10].

Let (p,vp) : I — R? x ST and (q,v,) : A — R? x S* be Legendre curves with the curvature
(¢,, B,) and (¢,, B,) respectively, see Appendix A. We denote

p(t) = (1 (1), (1)), vp(t) = (V1 (8), 2 (1)), 1, (1) = (=232 (t), 1 (2)),

aA) = (a1 (V), 2(N), v4(A) = (V) 2 (V) 1y (A) = (=v42(A), va (V)



respectively. Suppose that p(0) = (0,0) and v,(0) = (0, 1).
We define (y,v): I x A = R?* x S! by

V(6 A) = q(A) + AON))p(1), v(E, A) = A(O(A)vp (1), (3)

where 6 : A — R and I cosf(A) —sind(A)
(O(N) = ( sinf(\) cosf(N) )

By a direct calculation, (v, v) is a one-parameter family of Legendre curves.

First, we consider a Legendre curve p along a Legendre curve g which satisfying the both unit
normal vectors coincide. Suppose that v(0, A) = v,()). This means that the unit normal vector
of v at (0,\) coincide with the unit normal vector of g at A. It follows that cos () = vy (N)
and sinf(\) = —v,;1(A\). By a direct calculation, we have yy(¢,A) - v(t,\) = —B,(AN)vp(t) —
Ly(A)p(t) - p,(t). By a corollary of Theorem 4.5, we have the following.

Corollary 4.14 Under the above notations, let (v,v) be given by (3) with the conditions p(0) =
(0,0),,(0) = (0,1) and v(0,\) = vy(X). Let ey, : U — I x A be a smooth curve satisfying the
variability condition. If By(A(w))vp (t(uw)) + Lo(A(u))p(t(w)) - p,(t(uw)) = 0, then ey is a pre-
envelope of (v,v) (and Ey, is an envelope).

Note that er(u) = (0,u) is a pre-envelope of (v,v). Thus, Er(u) = q()\) is always an
envelope of (v, v).

Second, we consider a Legendre curve p along a Legendre curve q which satisfying the unit
normal vector of p coincide with the tangent vector of q. Suppose that v(0,\) = p,(A). This
means that the unit normal vector of v at (0, A) coincide with the unit tangent vector of g at
A. It follows that cos@(\) = v,1(A) and sinf(A) = v4(A). By a direct calculation, we have
W, A) - v(t, A) = By(AN)vpe(t) — £4(AN)p(t) - m,(t). By a corollary of Theorem 4.5, we have the
following.

Corollary 4.15 Under the above notations, let (v, v) be given by (3) with the conditions p(0) =
(0,0),(0) = (0,1) and v(0,\) = p,(N). Letep : U — I x A be a smooth curve satisfying
the variability condition. If Ba(A(w))vpe(t(u)) — Lo(A(w))p(t(u)) - p,(t(u)) = 0, then e is a

pre-envelope of (v,v) (and Ep is an envelope).

Example 4.16 Let (p,v,) : [0,27) — R? x S! be an astroid p(t) = (cos®t — 1,sint), v,(t) =
(sint,cost) and (q,v,) : [0,27) — R? x S* be the unit circle g(A\) = (cos A, sin ), v () =
(cos A, sin A), see Figure 3. Then we have (,(t) = 3costsint, (,(t) = —1,5,(\) = 1 and
¢,(A) = 1. Moreover, the conditions p(0) = (0,0) and v,(0) = (0, 1) are satisfied.

First, we consider a Legendre curve p along a Legendre curve g which satisfying the both
unit normal vectors coincide. By (3) and the condition v(0,\) = v,(\), the one-parameter
family of Legendre curves (v,v) : [0,27) x [0,27) — R? x S is given by

(t2) = cos \ N sin A cos\ cos®t —1
A N sin A —cos\ sin A\ sin® ¢ ’

sin A cosA sint
v(t,A) = (—cos)\ sin)\)(cost)'



By a direct calculation, we have v, (t, \) -v(t, \) = —4 cos(t — (7/4)) cos((t/2) — (7 /4)) sint/2. It
follows that ey, : [0,27) — [0,27) x [0,27), er(u) = (0,u), (37/4,u), (37/2,u), (7T7/4,u) are pre-
envelopes of (v, v) respectively, by Corollary 4.14. Therefore, the envelopes Ey : [0,271) — R?
of (v,v) are given by Er(u) = (cosu,sinu), (v/2 4 (1/2))(cos(u + 7/4), sin(u 4 7/4)), (cos(u +
7/2),sin(u 4 7/2)), (V2 — (1/2))(cos(u + 7 /4), sin(u + 7/4)), respectively see Figure 4 left.

Second, we consider a Legendre curve p along a Legendre curve q which satisfying the unit
normal vector of p coincide with the tangent vector of g. By (3) and the condition v(0,\) =
p,(A) = (—sin A, cos ), the one-parameter family of Legendre curves (7, v) : [0,27) x [0,27) —
R? x S! is given by

(1)) = cos A N cosA —sin A cos’t — 1
A n sin A sin A cos A sin® ¢ ’
cosA —sin A sint
v(tA) = (sin)\ cos A ) (cost)'
By a direct calculation, we have v, (¢, A) - v(t, \) = cos 2t. It follows that ey, : [0, 27) — [0, 27) X
0,27), ep(u) = (7/4,u), (37/4,u), (57 /4,u), (77 /4,u) are pre-envelopes of (7, v) respectively,
by Corollary 4.15. Therefore the envelopes Ep, : [0,27) — R? of (v,v) are given by Er(u) =

(1/2)(cos(u+m/4),sin(u+m/4)), (1/2)(cos(u+3m/4),sin(u+37/4)), (1/2)(cos(u+5m/4), sin(u+
5m/4)), (1/2)(cos(u + Tm/4),sin(u + 77w /4)), respectively see Figure 4 right.

1
N

an astroid the unit circle
Figure 3.

Figure 4.

5 Bi-Legendre curves and envelopes

We consider a special class of one-parameter families of Legendre curves. Let (y,v) : I x A —
R? x S* be a smooth mapping.

Definition 5.1 We say that (v,v) : I x A — R*x St is a bi-Legendre curveif v;(t, \)-v(t,\) = 0
and vy (t,\) - v(t,\) = 0 for all (£, \) € I x A.

10



Then (v,v) is a one-parameter family of Legendre curves with respect to both parameters t
and A\. We define p(t, \) = J(v(t,A)). Since {v(t,\), u(t,\)} is a moving frame along (¢, A),
we have the Frenet type formula.

(8) - (b ) (50
(283) - (oo ") (25)
n(t,A) = B At A),
WEA) = alt, u(t,A),

where

CEN) = 1a(6, ) -, ), mt, ) = va(6, ) - palt, A),
B(tv )‘) = %(ta >‘) ) l'l’(tv )‘)’ C“(tv )‘) = 7>x(t7 )‘) ) /*l'(ta >‘)'

By the integrability conditions vy (£, A) = va(t, A), ya(t, A) = yaelt, A), €,m, B, v satisfies the
conditions

O ) = mu(t, N, Ba(t, ) = au(t, N), £t Nat, \) = m(t, \)B(£, \) (4)

for all (t,\) € I x A. We call the pair (¢,m,,«) with the integrability conditions (4) a
curvature of the bi-Legendre curve (v, v).

Definition 5.2 Let (v,v) and (7,7) : I x A — R? x S! be bi-Legendre curves. We say that
(v,v) and (7, V) are congruent as bi-Legendre curves if there exist a constant rotation A € SO(2)
and a translation a on R? such that F(t,\) = A(y(t,\)) + a and D(t,\) = A(v(t,\)) for all
(t,\) € I x A.

Theorem 5.3 (The Existence Theorem for bi-Legendre curves.) Let (¢, m,3,a): [ x A — R*

be a smooth mapping with the integrability conditions. There exists a bi-Legendre curve (y,v) :
I x A — R? x St whose associated curvature is (£, m, 3, ).

Proof. Let (tg, \o) € I x A be fixed. We define a smooth mapping 6 : I x A — R by
t A
O(t, \) :/ L, N)dt+ [ m(tg, N)dA.

to Ao

Then 6 satisfy the conditions 6;(t, \) = £(¢,\) and 0,(t, \) = m(t,\). We also define a smooth
mapping (z,y) : I x A — R? by

t A
pt)) = — /t B(t, \) sin 0(t, \)dt — A a(to, \) sin 0(to, \)d

¢ A
y(t,\) = /t5(t,)\)cos€(zf,)\)alt—l—/A a(to, \) cos O(tg, N\)dA.

By the integrability condition (4), we have
x(t, ) = =B(t, N)sin0(t, \), z\(t, A) = —a(t, \) sind(t, \),

11



yi(t, A) = B(t, A) cos O(t, N), ya(t, \) = a(t, X) cos O(t, \).
We define a smooth mapping (v,v) : [ x A — R? x S by
36 0) = (26, X), (£, ) (8, A) = (cos B, X), sinB(t, A))

By a direct calculation, (v, v) is a bi-Legendre curve with the curvature (¢, m, 3, a). O

Theorem 5.4 (The Uniqueness Theorem for bi-Legendre curves.) Let (v,v) and (3,V) :

I x A — R? x St be bi-Legendre curves with the curvatures (¢,m,3,a) and (¢,m,3,&) re-
spectively. Then (v,v) and (7,V) are congruent as bi-Legendre curves if and only if (¢, m, 3, «)

and (¢, m, 3, @) coincides.

Proof. Suppose that (v, v) and (7, 7) are congruent as bi-Legendre curves. By a direct calcu-
lation, we have

A = D (AGEA) +a) = Al(1, N) = AL NAG(E X)) = B0 (),
A = SL(AG(EN) + @) = AGa(t X)) = alt, VA((E, V) = alt, V(E, ),
B(LA) = 2 AW A) = At X)) = £ NA(R(E, V) = €1 (),

AN = AW A) = ADa(tN) = mit MA((E, V) = m(t, VAt

Therefore the curvatures (¢, m, 5, «) and (Z, m, 5 , @) coincides.

Conversely, suppose that (¢, m, 3, a) and (Z m, B, a) coincides. Let (tg, \g) € I X A be fixed.
By using a congruence as bi-Legendre curves, y(tg, \g) = (to, o) and v(to, Ao) = V(to, Ao)-

Moreover, we have 6(t, \) = 6(t, A) in the proof of Theorem 5.3. It follows from the construction
that v(t,\) = v(t,\) and y(t,\) = 7(t, A) for all (¢,\) € I x A. O

Let (v,v) : I x A — R? x S! be a bi-Legendre curve. Then (v,v) is a one-parameter
family of Legendre curves with respect to the parameter \. We denote a smooth map ey, :
U— IxAep(u) = (t(u),A\(u)). Since yx(t,\) - v(t,A\) = 0 for all (£, \) € I x A, we have
m(er(uw)) - v(ep(u)) = 0 for all w € U. If the function A is non-constant on any non-trivial
subinterval of U, then Ej, = 7 o ey, is an envelope of (v, ) with respect to the parameter A by
Theorem 4.5. Moreover, (7, v) is also a one-parameter family of Legendre curves with respect to
the parameter t. Since v,(t, \)-v(t,\) = 0 for all (¢,\) € I x A, we have v,(er(u))-v(er(u)) =0
for all w € U. If the function ¢ is non-constant on any non-trivial subinterval of U, then
Ep = ~oey is an envelope of (v, v) with respect to the parameter ¢ by Theorem 4.5. Summary
we have the following result.

Proposition 5.5 Let (v,v) : IxA — R?2xS? be a bi-Legendre curve. Ifep : U — IxA, er(u) =
(t(u), AM(u)) satisfy the conditions that the functions t and X are non-constant on any non-trivial
subinterval of U, then E, = yoey is an envelope of (7, v) with respect to the both parameter t
and \ respectively.

Let (y,v) : I x A — R? x S! be a bi-Legendre curve. Since v,(t,\) = B(¢, \)u(t, \) and
Mt A) = a(t, \p(t, ), we have det(v,(t, \), ya(t, X)) = 0 for all (¢, A) € I x A. Tt follows that
for any (t,\) € I x A are singular points of v : I x A — R?. Hence, at a rank 1 point, the
image of v is a curve at least locally. We give a concrete example of bi-Legendre curves.

12



Example 5.6 Let k,n be natural numbers. We define (¢,m,3,a) : R x R — R* by £(t,\) =
NHLEE m(t, X)) = AEERFL B8 X)) = AP a(t, A) = A" L. Then the integrability conditions
Ot ) = ma(t, \), Ba(t, N) = au(t, N), a(t, ML, N) = B(t, \m(t, A) hold for all (£,\) € R x R.
It follows that 6(¢, \) = A*T1¢*1 /(k +1). By the construction in the proof of Theorem 5.3, we
give a bi-Legendre curve (v,v) : [ x A — R? x S,

- P aarae! A B PN ERPLEst
vt A) = (z(t, N),y(t,\) = (—/0 AT sin (k——i-l) dt,/o AT cos (k——i-l) dt),

Nk 1pk+1 Netlghtl
v(t,\) = (cos@(t,\),sinf(t,\)) = (COS( k+1 ) ,sin( E+1 )) '

A Legendre curves in the unit tangent bundle

We quickly review on the theory of Legendre curves in the unit tangent bundle over R?, see
detail [8]. We say that (y,v) : I — R?*x S is a Legendre curveif (y,v)*0 = 0 for all t € I, where
6 is a canonical contact form on the unit tangent bundle T1R? = R? x S over R? (cf. [1, 2]).
This condition is equivalent to ¥(t)-v(t) = 0 for all t € I. We say that v : I — R? is a frontal if
there exists v : I — S' such that (v, v) is a Legendre curve. Examples of Legendre curves see
[13, 14]. We have the Frenet formula of a frontal -y as follows. We put on p(t) = J(v(t)). Then
we call the pair {v(t), u(t)} a moving frame of a frontal (t) in R* and we have the Frenet
formula of a frontal (or, Legendre curve),

(29 = (Y1) 30 = stomto,

where ((t) = v(t) - p(t) and B(t) = 4(t) - p(t). We call the pair (¢, ) the curvature of the
Legendre curve.

Definition A.1 Let (v,v) and (3,7) : I — R? x S! be Legendre curves. We say that (v, v)
and (7, V) are congruent as Legendre curves if there exist a constant rotation A € SO(2) and a
translation @ on R? such that 3(t) = A(y(¢)) + a and 7(t) = A(v(t)) for all t € I.

Theorem A.2 (The Existence Theorem for Legendre curves.) Let (¢,3) : I — R? be a smooth
mapping. There exists a Legendre curve (v,v) : I — R? x S whose associated curvature of the
Legendre curve is (¢, ).

Theorem A.3 (The Uniqueness Theorem for Legendre curves.) Let (v,v) and (7,v) : I —
R? x S be Legendre curves with the curvatures of Legendre curves (¢, 3) and (¢,3). Then (v,v)
and (3,7) are congruent as Legendre curves if and only if (¢, ) and (¢, 3) coincides.
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