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Abstract. As a one-parameter family of singular space curves, we con-
sider a one-parameter family of framed curves in the Euclidean space.
Then we define an envelope for a one-parameter family of framed curves
and investigate properties of envelopes. Especially, we concentrate on one-
parameter families of framed curves in the Euclidean 3-space. As appli-
cations, we give relations among envelopes of one-parameter families of
framed space curves, one-parameter families of Legendre curves and one-
parameter families of spherical Legendre curves, respectively.
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1. Introduction

For regular plane curves, envelopes are classical objects in differential geome-
try [1,2,6,7,10,12]. An envelope of a family of curves is a new curve which is
tangent to curves of the given family. An envelope of a family of submanifolds
in the Euclidean space were studied in [3,15]. Using the notion of stability for
germs of family, they investigate the singularities of the envelope of the sub-
manifolds in the Euclidean space via Legendrian singularity theory. However,
by using implicit functions, the definition and calculation of the envelope of
space curves are complicated.

On the other hand, if we look at the classical concept of envelope we see that
the envelope is the set of characteristic points and avoiding singularities of the
elements of the family. Moreover, for singular space curves, the classical defini-
tions of envelopes are vague. In [14], the second author clarified the definition
of the envelope for families of singular plane curves. In [11], we clarified the
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definition of the envelope for families of singular spherical curves. In this pa-
per we pursue second author’s method and treat the envelope of smooth space
curves with singular points. We would like to define an envelope of parametric
space curves with singular points in the Euclidean space. As a singular curve,
we consider a framed curve in the Euclidean space. A framed curve in the
Euclidean space is a smooth curve with a moving frame (cf. [8]). It is a gen-
eralization of a regular curve with linear independent condition, a Legendre
curve in the unit tangent bundle over the Euclidean plane and a Legendre
curve in the unit spherical bundle over the unit sphere.

In Sect. 2, we consider one-parameter families of framed curves in the Euclidean
space. We give a moving frame and the curvature of a one-parameter family
of framed curves. Then we give the existence and uniqueness theorems in
terms of the curvatures of the one-parameter families of framed curves. In
Sect. 3, we define an envelope of a one-parameter family of framed curves in
the Euclidean space. We obtain that the envelope is also a framed curve. As a
main result, we give a necessary and sufficient condition that a one-parameter
family of framed curves has an envelope (Theorem 3.3). In Sect. 4, we focus
on the framed curves in the Euclidean 3-space. The theory of one-parameter
families of framed curves relate to the theory of surfaces with singular points
(cf. [4,5]). The envelope is independent of rotated frames and reflected frames
of the framed curves. We also define a parallel curve of a one-parameter family
of framed space curves. The parallel curve is also a one-parameter family of
framed curves. Then the envelope of parallel curves and a parallel curve of the
envelope of a one-parameter family of framed curves coincide (Proposition 4.7).
In Sect. 5, as applications, we give relations among envelopes of one-parameter
families of framed space curves, one-parameter families of Legendre curves in
the unit tangent bundle over the Euclidean plane and one-parameter families of
Legendre curves in the unit spherical bundle over the unit sphere, respectively.
In Sect. 6, we give concrete examples of envelopes of one-parameter families
of framed curves.

All maps and manifolds considered here are differentiable of class C∞.

2. Framed curves and one-parameter families of framed curves

in the Euclidean space

We first recall some definitions and results of framed curves in the Euclidean
space. For more details see [8].

Let Rn be the n-dimensional Euclidean space equipped with the inner product
a · b =

∑n
i=1 aibi, where a = (a1, . . . , an) and b = (b1, . . . , bn). We denote the

norm of a by |a| =
√

a · a. Let a1, . . . ,an−1 ∈ Rn be vectors ai = (ai1, . . . , ain)
for i = 1, . . . , n − 1. The vector product is given by
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a1 × · · · × an−1 = det

⎛
⎜⎜⎜⎝

a11 · · · a1n

...
. . .

...
an−11 · · · an−1n

e1 · · · en

⎞
⎟⎟⎟⎠ =

n∑

i=1

det(a1, . . . ,an−1,ei)ei,

where {e1, . . . ,en} is the canonical basis of Rn. Then we have (a1 × · · · ×
an−1) · ai = 0 for i = 1, . . . , n − 1. Note that for the case of n = 3,

a1 × a2 = det

⎛
⎝

a11 a12 a13

a21 a22 a23

e1 e2 e3

⎞
⎠ = det

⎛
⎝

e1 e2 e3

a11 a12 a13

a21 a22 a23

⎞
⎠ .

Let Sn−1 = {(x1, . . . , xn) ∈ Rn | x2
1 + · · · + x2

n = 1} be the unit sphere. We
denote the set ∆n−1,

∆n−1 = {ν = (ν1, . . . , νn−1) ∈ R
n × · · · × R

n|νi · νj = δij , i, j = 1, . . . , n − 1}

= {ν = (ν1, . . . , νn−1) ∈ Sn−1 × · · · × Sn−1|νi · νj = 0, i �= j, i, j = 1, . . . , n − 1}.

Then ∆n−1 is a n(n − 1)/2-dimensional smooth manifold.

Let I be an interval of R.

Definition 2.1. Let (γ,ν) : I → Rn ×∆n−1 be a smooth mapping. We say that
(γ,ν) is a framed curve if γ̇(t) · νi(t) = 0 for all t ∈ I and i = 1, . . . , n − 1,
where ν = (ν1, . . . , νn−1).

We define µ : I → Sn−1 by µ(t) = ν1(t) × · · · × νn−1(t). By definition,
(ν(t),µ(t)) ∈ ∆n and {ν(t),µ(t)} is a moving frame along γ(t). Then we have
the Frenet type formula.

(
ν̇(t)
µ̇(t)

)
= A(t)

(
ν(t)
µ(t)

)
, γ̇(t) = α(t)µ(t)

where A(t) = (αij(t)) ∈ o(n), i, j = 1, . . . , n, o(n) is the set of n×n alternative
matrices and α : I → R is a smooth function. We say that the mapping (αij , α)
is the curvature of the framed curve (γ,ν).

Definition 2.2. Let (γ,ν) and (γ̃, ν̃) : I → Rn × ∆n−1 be framed curves.
We say that (γ,ν) and (γ̃, ν̃) are congruent as framed curves if there exist a
special orthogonal matrix X ∈ SO(n) and a constant vector x ∈ Rn such that
γ̃(t) = X(γ(t)) + x and ν̃(t) = X(ν(t)) for all t ∈ I.

Then we have the existence and uniqueness theorems in terms of the curvatures
of the framed curves.

Theorem 2.3 (Existence Theorem for framed curves [8]). Let (αij , α) : I →
o(n) × R be a smooth mapping. Then there exists a framed curve (γ,ν) : I →
Rn × ∆n−1 whose associated curvature is given by (αij , α).
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Theorem 2.4 (Uniqueness Theorem for framed curves [8]). Let (γ,ν) and
(γ̃, ν̃) : I → Rn × ∆n−1 be framed curves with the curvatures (αij , α) and
(α̃ij , α̃) respectively. Then (γ,ν) and (γ̃, ν̃) are congruent as framed curves if
and only if (αij , α) and (α̃ij , α̃) coincide.

Next, we consider one-parameter families of framed curves in the Euclidean
space. Let Λ be open interval of R.

Definition 2.5. Let (γ,ν) : I × Λ → Rn × ∆n−1 be a smooth mapping. We say
that (γ,ν) is a one-parameter family of framed curves if γt(t, λ) · νi(t, λ) = 0
for all (t, λ) ∈ I × Λ and i = 1, . . . , n − 1, where ν = (ν1, . . . , νn−1).

By definition, (γ(·, λ),ν(·, λ)) : I → Rn × ∆n−1 is a framed curve for each
fixed parameter λ ∈ Λ. It is easy to see that (−γ,ν) and (γ,−ν) are also
one-parameter families of framed curves.

We define µ(t, λ) = ν1(t, λ) × · · · × νn−1(t, λ). Then {ν(t, λ),µ(t, λ)} is a
moving frame along γ(t, λ) and we have the Frenet type formula.

(
νt(t, λ)
µt(t, λ)

)
= A(t, λ)

(
ν(t, λ)
µ(t, λ)

)
,

(
νλ(t, λ)
µλ(t, λ)

)
= B(t, λ)

(
ν(t, λ)
µ(t, λ)

)
,

γt(t, λ) = α(t, λ)µ(t, λ), γλ(t, λ) = P (t, λ)

(
ν(t, λ)
µ(t, λ)

)
,

where A(t, λ) = (αij(t, λ)), B(t, λ) = (βij(t, λ)) ∈ o(n), i, j = 1, . . . , n, α :
I × Λ → R is a smooth function and P : I × Λ → Rn, P (t, λ) = (P1(t, λ), . . . ,
Pn(t, λ)) is a smooth mapping.

By γtλ(t, λ) = γλt(t, λ), νtλ(t, λ) = νλt(t, λ) and µtλ(t, λ) = µλt(t, λ), we have
the integrability condition

(αij(t, λ))λ + (αij(t, λ))(βij(t, λ)) = (βij(t, λ))t + (βij(t, λ))(αij(t, λ)),

α(t, λ)βni(t, λ) = (Pi)t(t, λ) +
n∑

j=1

Pj(t, λ)αji(t, λ), (i = 1, . . . , n − 1),

αλ(t, λ) + α(t, λ)βnn(t, λ) = (Pn)t(t, λ) +

n∑

j=1

Pj(t, λ)αjn(t, λ)

(2.1)

for all (t, λ) ∈ I×Λ. We call the mapping (αij , βij , α, P1, . . . , Pn) with the inte-
grability condition (2.1) the curvature of the one-parameter family of framed
curves (γ,ν).

Definition 2.6. Let (γ,ν) and (γ̃, ν̃) : I × Λ → Rn × ∆n−1 be one-parameter
families of framed curves. We say that (γ,ν) and (γ̃, ν̃) are congruent as one-
parameter families of framed curves if there exist a special orthogonal matrix
X ∈ SO(n) and a constant vector x ∈ Rn such that γ̃(t, λ) = X(γ(t, λ)) + x

and ν̃(t, λ) = X(ν(t, λ)) for all (t, λ) ∈ I × Λ.

We give the existence and uniqueness theorems in terms of the curvatures of
the one-parameter families of framed curves.
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Theorem 2.7 (Existence Theorem for one-parameter families of framed curves).
Let (αij , βij , α, P1, . . . , Pn) : I ×Λ → o(n)× o(n)×Rn+1 be a smooth mapping
with the integrability condition. Then there exists a one-parameter family of
framed curves (γ,ν) : I ×Λ → Rn ×∆n−1 whose associated curvature is given
by (αij , βij , α, P1, . . . , Pn).

Proof. We denote that M(n) is the set of n×n matrices and In is the identity
matrix. Choose any fixed value (t0, λ0) ∈ I × Λ. We consider an initial value
problem,

Ft(t, λ) = A(t, λ)F (t, λ), Fλ(t, λ) = B(t, λ)F (t, λ), F (t0, λ0) = In,

where F (t, λ) ∈ M(n) and A(t, λ) = (αij(t, λ)), B(t, λ) = (βij(t, λ)) ∈ o(n) for
i, j = 1, . . . , n. By

Ftλ = AλF + AFλ = AλF + ABF = (Aλ + AB)F,

Fλt = BtF + BFt = BtF + BAF = (Bt + BA)F.

and the integrability condition Aλ +AB = Bt +BA, we have Ftλ = Fλt. Since
I×Λ is simply connected, there exists a solution F (t, λ). Since A(t, λ), B(t, λ) ∈
o(n),

∂

∂t

(
F (t, λ) Ft (t, λ)

)
= F (t, λ)

∂

∂t
Ft (t, λ) +

∂

∂t
F (t, λ) Ft (t, λ)

= F (t, λ)
(

At (t, λ) + A(t, λ)
)

Ft (t, λ) = O,

∂

∂λ

(
F (t, λ) Ft (t, λ)

)
= F (t, λ)

∂

∂λ
Ft (t, λ) +

∂

∂λ
F (t, λ) Ft (t, λ)

= F (t, λ)
(

Bt (t, λ) + B(t, λ)
)

Ft (t, λ) = O.

It follows that F (t, λ) Ft (t, λ) is constant. Therefore, we have

F (t, λ) Ft (t, λ) = F (t0, λ0) Ft (t0, λ0) = In.

Let F (t, λ) = t
(
ν1(t, λ), . . . , νn−1(t, λ),µ(t, λ)

)
. Since

(∂/∂t)(detF (t, λ)) = 0, (∂/∂λ)(detF (t, λ)) = 0,

we have

detF (t, λ) = detF (t0, λ0) = detIn = 1.

Hence F (t, λ) is a special orthogonal matrix. Then µ(t, λ) = ν1(t, λ) × · · · ×
νn−1(t, λ). Next we consider differential equations

γt = αµ, γλ = P1ν1 + · · · + Pn−1νn−1 + Pnµ.

By the integrability condition, we have γtλ(t, λ) = γλt(t, λ) for all (t, λ) ∈ I×Λ.
Then there exists a solution γ(t, λ). It follows that (γ,ν) : I ×Λ → Rn ×∆n−1

is a one-parameter family of framed curves whose associated curvature is given
by (αij , βij , α, P1, . . . , Pn). �

Lemma 2.8. If (αij , βij , α, P1, . . . , Pn)(t, λ) = (α̃ij , β̃ij , α̃, P̃1, . . . , P̃n)(t, λ) and
(γ,ν)(t0, λ0) = (γ̃, ν̃)(t0, λ0) for some point (t0, λ0) ∈ I×Λ, then (γ,ν)=(γ̃, ν̃).
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Proof. We put νn(t, λ) = µ(t, λ) and ν̃n(t, λ) = µ̃(t, λ). We define a smooth
function f : I × Λ → R by

f(t, λ) =
n∑

i=1

νi(t, λ) · ν̃i(t, λ).

By ν(t0, λ0) = ν̃(t0, λ0), we have νi(t0, λ0) = ν̃i(t0, λ0) (i = 1, . . . , n) and
hence f(t0, λ0) = n. Since αij(t, λ) = α̃ij(t, λ) and αij(t, λ) = −αji(t, λ), we
have

ft(t, λ) =
n∑

i=1

(
νit

(t, λ) · ν̃i(t, λ) + νi(t, λ) · (ν̃i)t(t, λ)
)

=

n∑

i=1

⎧
⎨
⎩

⎛
⎝

n∑

j=1

αij(t, λ)νj(t, λ)

⎞
⎠ · ν̃i(t, λ) + νi(t, λ) ·

⎛
⎝

n∑

j=1

α̃ij(t, λ)ν̃j

⎞
⎠

⎫
⎬
⎭

= 2

n∑

i=1

n∑

j=1

(
αij(t, λ) + αji(t, λ)

)
νi(t, λ) · ν̃j(t, λ) = 0.

In the same way, we have fλ(t, λ) = 0. It follows that f is constant with value
n. By the Cauchy-Schwarz inequality, we have

νi(t, λ) · ν̃i(t, λ) � |νi(t, λ)||ν̃i(t, λ)| = 1

for each i = 1, . . . , n. If one of these inequalities is strict, the value of f(t, λ)
would be less than n. Therefore, these inequalities are equalities, that is,
νi(t, λ) · ν̃i(t, λ) = 1. Then we have |νi(t, λ)− ν̃i(t, λ)|2 = 0 and hence νi(t, λ) =
ν̃i(t, λ) for all (t, λ) ∈ I × Λ and i = 1, . . . , n. Since γt(t, λ) = α(t, λ)µ(t, λ),
γ̃t(t, λ) = α̃(t, λ)µ̃(t, λ), γλ(t, λ) = P1(t, λ)ν1(t, λ)+· · ·+Pn−1(t, λ)νn−1(t, λ)+

Pn(t, λ)µ(t, λ), γ̃λ(t, λ) = P̃1(t, λ)ν̃1(t, λ)+ · · ·+ P̃n−1(t, λ)ν̃n−1(t, λ)+ P̃n(t, λ)

µ̃(t, λ), and the assumptions α(t, λ) = α̃(t, λ), Pi(t, λ) = P̃i(t, λ) (i = 1, . . . , n),
we have

(γ(t, λ) − γ̃(t, λ))t = 0, (γ(t, λ) − γ̃(t, λ))λ = 0.

It follows that γ(t, λ)−γ̃(t, λ) is constant. By the condition γ(t0, λ0) = γ̃(t0, λ0),
we have γ(t, λ) = γ̃(t, λ) for all (t, λ) ∈ I × Λ. �

Theorem 2.9 (Uniqueness Theorem for one-parameter families of framed
curves). Let (γ,ν) and (γ̃, ν̃) : I×Λ → Rn×∆n−1 be one-parameter families of

framed curves with the curvatures (αij , βij , α, P1, . . . , Pn) and (α̃ij , β̃ij , α̃, P̃1,

. . . , P̃n), respectively. Then (γ,ν) and (γ̃, ν̃) are congruent as one-parameter

families of framed curves if and only if (αij , βij , α, P1, . . . , Pn) and (α̃ij , β̃ij , α̃,

P̃1, . . . , P̃n) coincide.

Proof. Suppose that (γ,ν) and (γ̃, ν̃) are congruent as one-parameter families
of framed curves, there exist a matrix X ∈ SO(n) and a constant vector
x ∈ Rn such that

γ̃(t, λ) = X(γ(t, λ)) + x, ν̃(t, λ) = X(ν(t, λ))
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for all (t, λ) ∈ I × Λ. Since the definition of µ, we have µ̃(t, λ) = X(µ(t, λ))
for all (t, λ) ∈ I × Λ. By a direct calculation, we have

α̃ij(t, λ) = (ν̃i)t(t, λ) · ν̃j(t, λ)

= X((νi)t(t, λ)) · X(νj(t, λ)) = (νi)t(t, λ) · νj(t, λ) = αij(t, λ),

β̃ij(t, λ) = (ν̃i)λ(t, λ) · ν̃j(t, λ)

= X((νi)λ(t, λ)) · X(νj(t, λ)) = (νi)λ(t, λ) · νj(t, λ) = βij(t, λ),

α̃(t, λ) = γ̃t(t, λ) · µ̃(t, λ)

= X(γt(t, λ)) · X(µ(t, λ)) = γt(t, λ) · µ(t, λ) = α(t, λ),

P̃i(t, λ) = γ̃λ(t, λ) · ν̃i(t, λ) = X(γλ(t, λ)) · X(νi(t, λ))

= γλ(t, λ) · νi(t, λ) = Pi(t, λ) (i = 1, . . . , n − 1),

P̃n(t, λ) = γ̃λ(t, λ) · µ̃(t, λ)

= X(γλ(t, λ)) · X(µ(t, λ)) = γλ(t, λ) · µ(t, λ) = Pn(t, λ).

Therefore, (αij , βij , α, P1, . . . , Pn) and (α̃ij , β̃ij , α̃, P̃1, . . . , P̃n) coincide.

Conversely, suppose that (αij , βij , α, P1, . . . , Pn) and (α̃ij , β̃ij , α̃, P̃1, . . . , P̃n)
coincide. Let (t0, λ0) ∈ I ×Λ be fixed. By using a congruence as one-parameter
families of framed curves, we may assume γ(t0, λ0) = γ̃(t0, λ0) and ν(t0, λ0) =
ν̃(t0, λ0). By Lemma 2.8, we have γ(t, λ) = γ̃(t, λ) and ν(t, λ) = ν̃(t, λ) for all
(t, λ) ∈ I × Λ. �

3. Envelopes of one-parameter families of framed curves in the

Euclidean space

Let (γ,ν) : I×Λ → Rn×∆n−1 be a one-parameter family of framed curves with
the curvature (αij , βij , α, P1, . . . , Pn) and let e : U → I×Λ, e(u) = (t(u), λ(u))
be a smooth curve, where U is an interval of R. We denote Eγ = γ◦e : U → Rn,
Eνi

= νi ◦ e : U → Sn−1 and Eν = ν ◦ e : U → ∆n−1.

Definition 3.1. We call Eγ an envelope (and e a pre-envelope) for the one-
parameter family of framed curves (γ,ν), when the following conditions are
satisfied.

(i) The function λ is non-constant on any non-trivial subinterval of U . (The
Variability Condition.)

(ii) For all u ∈ U , the curve Eγ is tangent at u to the curve γ(t, λ) at
the parameter (t(u), λ(u)), meaning that the tangent vectors E′

γ(u) =
(dE/du)(u) and µ(e(u)) are linearly dependent. (The Tangency Condi-
tion.)

This definition is a generalization of the definition of an envelope of a one-
parameter family of Legendre curves in [11,14]. Note that the tangency con-
dition is equivalent to the condition E′

γ(u) · νi(e(u)) = E′

γ(u) · Eνi
(u) = 0 for

all u ∈ U and i = 1, . . . , n − 1.
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Proposition 3.2. Let (γ,ν) : I ×Λ → Rn ×∆n−1 be a one-parameter family of
framed curves with the curvature (αij , βij , α, P1, . . . , Pn). Suppose that e : U →
I × Λ, e(u) = (t(u), λ(u)) is a pre-envelope and Eγ : U → Rn is an envelope of
(γ,ν). Then (Eγ , Eν ) : U → Rn × ∆n−1 is a framed curve with the curvature

αijEγ
(u) = t′(u)αij(e(u)) + λ′(u)βij(e(u)),

αEγ
(u) = t′(u)α(e(u)) + λ′(u)Pn(e(u)).

Proof. By definition, Eνi
(u) · Eνj

(u) = νi(e(u)) · νj(e(u)) = δij for all u ∈ U
and i, j = 1, . . . , n−1. Since Eγ is an envelope, E′

γ(u) ·Eνi
(u) = 0 for all u ∈ U

and i = 1, . . . , n − 1. It follows that (Eγ , Eν ) : U → Rn × ∆n−1 is a framed
curve. By a direct calculation, we have the curvature

αijEγ
(u) = E′

νi
(u) · Eνj

(e(u)) =
(
t′(u)(νi)t(e(u)) + λ′(u)(νi)λ(e(u))

)
· νj(e(u))

= t′(u)αij(e(u)) + λ′(u)βij(e(u)),

αEγ
(u) = E′

γ(u) · µ(e(u)) =
(
t′(u)γt(e(u)) + λ′(u)γλ(e(u))

)
· µ(e(u))

= t′(u)α(e(u)) + λ′(u)Pn(e(u)).

�

As a main result, we formulate a necessary and sufficient condition that a one-
parameter family of framed curves has an envelope. The envelope theorem is
as follows:

Theorem 3.3. Let (γ,ν) : I × Λ → Rn × ∆n−1 be a one-parameter family of
framed curves and let e : U → I×Λ be a smooth curve satisfying the variability
condition. Then the following are equivalent.

(1) e : U → I ×Λ is a pre-envelope of (γ,ν) and Eγ is an envelope of (γ,ν).
(2) γλ(e(u)) · νi(e(u)) = 0 for all u ∈ U and i = 1, . . . , n − 1.
(3) Pi(e(u)) = 0 for all u ∈ U and i = 1, . . . , n − 1.

Proof. Suppose that e is a pre-envelope of (γ,ν). By the tangency condition,
there exists a smooth function c : U → R such that E′

γ(u) = c(u)µ(e(u)). By
differentiate Eγ(u) = γ ◦ e(u), we have

E′

γ(u) = t′(u)γt(e(u)) + λ′(u)γλ(e(u)).

It follows from γt(t, λ) = α(t, λ)µ(t, λ) that
(
t′(u)α(e(u)) − c(u)

)
µ(e(u)) +

λ′(u)γλ(e(u)) = 0. Then we have λ′(u)γλ(e(u))·νi(e(u)) = 0. By the variability
condition, we have γλ(e(u)) · νi(e(u)) = 0 for all u ∈ U and i = 1, . . . , n − 1.

Conversely, suppose that γλ(e(u))·νi(e(u)) = 0 for all u ∈ U and i = 1, . . . , n−
1. Since

E′

γ(u) · νi(e(u)) =
(
t′(u)γt(e(u)) + λ′(u)γλ(e(u))

)
· νi(e(u)) = 0,

e is a pre-envelope of (γ,ν). Therefore, (1) and (2) are equivalent.

By using the Frenet type formula of the one-parameter family of framed curves,
Pi(t, λ) = γλ(t, λ) ·νi(t, λ) for all (t, λ) ∈ I ×Λ and i = 1, . . . , n−1. Therefore,
(2) and (3) are equivalent. �
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We say that the singular set of γ : I × Λ → Rn is the subset of the domain
I × Λ defined by

rank(γt(t, λ), γλ(t, λ)) ≤ 1.

Here we discuss the relation between the envelope Eγ of (γ,ν) and the singular
set of γ. In order to consider the result, we need the following lemma.

Lemma 3.4. Let a, b : U → Rn be smooth maps. Suppose that the set of non-
zero points of smooth function k : U → R is dense in U . If k(u)a(u) and
b(u) are linearly dependent, then a(u) and b(u) are linearly dependent for all
u ∈ U .

Proof. Since rank(k(u)a(u), b(u)) ≤ 1. By the condition and continuous prop-
erty, we have rank(a(u), b(u)) ≤ 1 for all u ∈ U . �

Proposition 3.5. Let (γ,ν) : I × Λ → Rn × ∆n−1 be a one-parameter family
of framed curves, and let e : U → I × Λ be a smooth curve satisfying the
variability condition. If the set of regular points of γ on e(U) is dense in U
and trace of e lies in the singular set of γ, then e is a pre-envelope of (γ,ν)
(and Eγ is an envelope).

Proof. Since e belong to the singular set of γ, we have rank(γt(e(u)), γλ(e(u)))
≤ 1 for all u ∈ U . Therefore γt(e(u)) = β(e(u))µ(e(u)) and γλ(e(u)) are
linearly dependent. By the assumption, the set of non-zero points of β ◦e(u) is
dense in U . It follows from Lemma 3.4 that µ(e(u)) and γλ(e(u)) are linearly
dependent. Therefore γλ(e(u)) · ν(e(u)) = 0 for all u ∈ U . By Theorem 3.3, e
is a pre-envelope of (γ,ν). �

Proposition 3.6. Let (γ,ν) : I × Λ → Rn × ∆n−1 be a one-parameter family
of framed curves. Suppose that e : U → I × Λ is a pre-envelope and Eγ is
an envelope of (γ,ν). Then e : U → I × Λ is also a pre-envelope of (−γ,ν),
(γ,−ν). Moreover, −Eγ is an envelope of (−γ,ν) and Eγ is an envelope of
(γ,−ν).

Proof. Since e : U → I × Λ is a pre-envelope, we have γλ(e(u)) · νi(e(u)) = 0
for all u ∈ U and i = 1, . . . , n − 1. It follows that −γλ(e(u)) · νi(e(u)) = 0
and γλ(e(u)) · (−νi(e(u))) = 0 for all u ∈ U . Thus e : U → I × Λ is also a
pre-envelope of (−γ,ν), (γ,−ν). −Eγ is an envelope of (−γ,ν) and Eγ is an
envelope of (γ,−ν). �

Let Ĩ and Λ̃ be intervals of R.

Definition 3.7. We say that a map Φ : Ĩ × Λ̃ → I × Λ is a one-parameter
family of parameter change if Φ is a diffeomorphism of the form Φ(s, k) =
(φ(s, k), ϕ(k)).



48 Page 10 of 31 D. Pei et al. J. Geom.

Proposition 3.8. Let (γ,ν) : I × Λ → Rn × ∆n−1 be a one-parameter family
of framed curves with the curvature (αij , βij , α, P1, . . . , Pn). Suppose that Φ :

Ĩ ×Λ̃ → I ×Λ,Φ(s, k) = (φ(s, k), ϕ(k)) is a one-parameter family of parameter

change. Then (γ̃, ν̃) = (γ◦Φ,ν◦Φ) : Ĩ×Λ̃ → Rn×∆n−1 is also a one-parameter
family of framed curves with the curvature

α̃ij(s, k) = αij(Φ(s, k))φs(s, k), β̃ij(s, k)

= αij(Φ(s, k))φk(s, k) + βij(Φ(s, k))ϕ′(k),

α̃(s, k) = α(Φ(s, k))φs(s, k), P̃i(s, k) = Pi(Φ(s, k))ϕ′(k) (i = 1, . . . , n − 1),

P̃n(s, k) = α(Φ(s, k))φk(s, k) + Pn(Φ(s, k))ϕ′(k).

Moreover, if e : U → I × Λ is a pre-envelope and Eγ is an envelope, then

Φ−1 ◦ e : U → Ĩ × Λ̃ is a pre-envelope and Eγ is also an envelope of (γ̃, ν̃).

Proof. Since γ̃s(s, k) = γt(Φ(s, k))φs(s, k) and γt(t, λ) · νi(t, λ) = 0, we have

γ̃s(s, k) · ν̃i(s, k) = 0 for all (s, k) ∈ Ĩ × Λ̃ and i = 1, . . . , n−1. Therefore, (γ̃, ν̃)
is a one-parameter family of framed curves. By a direct calculation, we have
the curvature

α̃ij(s, k) = (ν̃i)s(s, k) · ν̃j(s, k) = (νi)t(Φ(s, k))φs(s, k) · νj(Φ(s, k))

= αij(Φ(s, k))φs(s, k),

β̃ij(s, k) = (ν̃i)k(s, k) · ν̃j(s, k) = ((νi)t(Φ(s, k))φk(s, k)

+(νi)λ(Φ(s, k))ϕ′(k)) · νj(Φ(s, k))

= αij(Φ(s, k))φk(s, k) + βij(Φ(s, k))ϕ′(k),

α̃(s, k) = γ̃s(s, k) · µ̃(s, k) = γt(Φ(s, k))φs(s, k) · µ(Φ(s, k))

= α(Φ(s, k))φs(s, k),

P̃i(s, k) = γ̃k(s, k) · ν̃i(s, k) = (γt(Φ(s, k))φk(s, k)

+γλ(Φ(s, k))ϕ′(k)) · νi(Φ(s, k))

= Pi(Φ(s, k))ϕ′(k) (i = 1, . . . , n − 1),

P̃n(s, k) = γ̃k(s, k) · µ̃(s, k) = (γt(Φ(s, k))φk(s, k)

+γλ(Φ(s, k))ϕ′(k)) · µ(Φ(s, k))

= α(Φ(s, k))φk(s, k) + Pn(Φ(s, k))ϕ′(k).

By the form of the diffeomorphism Φ(s, k) = (φ(s, k), ϕ(k)), Φ−1 : I×Λ → Ĩ×
Λ̃ is given by the form Φ−1(t, λ) = (ψ(t, λ), ϕ−1(λ)), where ψ is a smooth func-
tion. It follows that Φ−1 ◦ e(u) = (ψ(t(u), λ(u)), ϕ−1(λ(u))). Since (d/du)ϕ−1

(λ(u)) = (ϕ−1)λ(λ(u))λ′(u), the variability condition holds. Moreover, we
have

γ̃k(s, k) · ν̃i(s, k) = (γt(Φ(s, k))φk(s, k) + γλ(Φ(s, k))ϕ′(k)) · νi(Φ(s, k))

= ϕ′(k)γλ(Φ(s, k)) · νi(Φ(s, k)).

It follows that

γ̃k(Φ−1 ◦ e(u)) · ν̃i(Φ
−1 ◦ e(u)) = ϕ′(ϕ−1(λ(u)))γλ(e(u)) · νi(e(u)) = 0
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for all u ∈ U and i = 1, . . . , n−1. By Theorem 3.3, Φ−1 ◦e is a pre-envelope of
(γ̃, ν̃). Therefore, γ̃ ◦ Φ−1 ◦ e = γ ◦ Φ ◦ Φ−1 ◦ e = γ ◦ e = Eγ is also an envelope
of (γ̃, ν̃). �

4. Envelopes of one-parameter families of framed curves in

R3
× ∆2

In this section, we concentrate on the case of n = 3. We use the following
notations. Let (γ, ν1, ν2) : I×Λ → R3×∆2 be a one-parameter family of framed
curves and µ(t, λ) = ν1(t, λ) × ν2(t, λ). We have the Frenet type formula.s

⎛
⎝

ν1t(t, λ)
ν2t(t, λ)
µt(t, λ)

⎞
⎠ =

⎛
⎝

0 ℓ(t, λ) m(t, λ)
−ℓ(t, λ) 0 n(t, λ)
−m(t, λ) −n(t, λ) 0

⎞
⎠

⎛
⎝

ν1(t, λ)
ν2(t, λ)
µ(t, λ)

⎞
⎠ ,

⎛
⎝

ν1λ(t, λ)
ν2λ(t, λ)
µλ(t, λ)

⎞
⎠ =

⎛
⎝

0 L(t, λ) M(t, λ)
−L(t, λ) 0 N(t, λ)
−M(t, λ) −N(t, λ) 0

⎞
⎠

⎛
⎝

ν1(t, λ)
ν2(t, λ)
µ(t, λ)

⎞
⎠ ,

γt(t, λ) = α(t, λ)µ(t, λ), γλ(t, λ) = P (t, λ)ν1(t, λ)

+Q(t, λ)ν2(t, λ) + R(t, λ)µ(t, λ).

Then we have the integrability condition

Lt(t, λ) = M(t, λ)n(t, λ) − N(t, λ)m(t, λ) + ℓλ(t, λ),

Mt(t, λ) = N(t, λ)ℓ(t, λ) − L(t, λ)n(t, λ) + mλ(t, λ),

Nt(t, λ) = L(t, λ)m(t, λ) − M(t, λ)ℓ(t, λ) + nλ(t, λ),

Pt(t, λ) = Q(t, λ)ℓ(t, λ) + R(t, λ)m(t, λ) − α(t, λ)M(t, λ),

Qt(t, λ) = −P (t, λ)ℓ(t, λ) + R(t, λ)n(t, λ) − α(t, λ)N(t, λ),

Rt(t, λ) = −P (t, λ)m(t, λ) − Q(t, λ)n(t, λ) + αλ(t, λ)

(4.1)

for all (t, λ) ∈ I × Λ. We call the mapping (ℓ,m, n, α, L,M,N, P,Q,R) with
the integrability condition (4.1) the curvature of the one-parameter family of
framed curves (γ, ν1, ν2).

By using the above notations and Theorem 3.3, we have the following Corol-
lary.

Corollary 4.1. Let (γ, ν1, ν2) : I × Λ → R3 × ∆2 be a one-parameter family of
framed curves with the curvature (ℓ,m, n, α, L,M,N, P,Q,R) and let e : U →
I ×Λ be a smooth curve satisfying the variability condition. Then the following
are equivalent.

(1) e : U → I × Λ is a pre-envelope and Eγ is an envelope of (γ, ν1, ν2).
(2) γλ(e(u)) · ν1(e(u)) = 0 and γλ(e(u)) · ν2(e(u)) = 0 for all u ∈ U .
(3) P (e(u)) = 0 and Q(e(u)) = 0 for all u ∈ U .
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We give two examples. One is an example that a one-parameter family of
framed curves has an envelope and the other is that a one-parameter family
of framed curves does not have an envelope.

Example 4.2. Let (γ, ν1, ν2) : R × R → R3 × ∆2 be

γ(t, λ) =

(
1

2
t2 + λ,

1

3
t3,

1

4
t4

)
, ν1(t, λ) =

(−t, 1, 0)

1 + t2
, ν2(t, λ)

=
(−t2,−t3, 1 + t2)√
(1 + t2)(1 + t2 + t4)

.

Then (γ, ν1, ν2) is a one-parameter family of framed curves. Since γλ(t, λ) =
(1, 0, 0), we have γλ(t, λ) · ν1(t, λ) = −t/(1 + t2) and γλ(t, λ) · ν2(t, λ) =

−t2/
√

(1 + t2)(1 + t2 + t4). By Corollary 4.1, e : R → R × R, e(u) = (0, u)
is a pre-envelope of (γ, ν1, ν2). Hence E(u) = γ ◦ e(u) = (u, 0, 0) is an envelope
of (γ, ν1, ν2). For more general cases see in Example 6.1.

Example 4.3. Let (γ, ν1, ν2) : R × R → R3 × ∆2 be

γ(t, λ) =

(
1

2
t2,

1

3
t3 + λ,

1

4
t4

)
, ν1(t, λ) =

(−t, 1, 0)

1 + t2
, ν2(t, λ)

=
(−t2,−t3, 1 + t2)√
(1 + t2)(1 + t2 + t4)

.

Then (γ, ν1, ν2) is also a one-parameter family of framed curves. However,
since γλ(t, λ) = (0, 1, 0), we have γλ(t, λ) · ν1(t, λ) = 1/(1 + t2) �= 0 for all

(t, λ) ∈ I ×Λ and γλ(t, λ) ·ν2(t, λ) = −t3/
√

(1 + t2)(1 + t2 + t4). By Corollary
4.1, (γ, ν1, ν2) does not have an envelope.

4.1. Rotated frame and reflected frame of a one-parameter family of framed

curves

Let (γ, ν1, ν2) : I × Λ → R3 × ∆2 be a one-parameter family of framed
curves with the curvature (ℓ,m, n, α, L,M,N, P,Q,R). For the normal plane
of γ(t, λ), spanned by ν1(t, λ) and ν2(t, λ), there are other frames by rotations
and reflections. We define (ν1(t, λ), ν2(t, λ)) ∈ ∆2 by

(
ν1(t, λ)
ν2(t, λ)

)
=

(
cos θ(t, λ) − sin θ(t, λ)
sin θ(t, λ) cos θ(t, λ)

)(
ν1(t, λ)
ν2(t, λ)

)
,

where θ : I × Λ → R is a smooth function. Then (γ, ν1, ν2) : I × Λ → R3 ×
∆2 is also a one-parameter family of framed curves and µ(t, λ) = ν1(t, λ) ×
ν2(t, λ) = ν1(t, λ) × ν2(t, λ) = µ(t, λ). By a direct calculation, the curvature
(ℓ,m, n, α, L,M,N, P ,Q,R) of (γ, ν1, ν2) is given by

(ℓ − θt,m cos θ − n sin θ,m sin θ + n cos θ, α, L − θλ,M cos θ − N sin θ,

M sin θ + N cos θ, P cos θ − Q sin θ, P sin θ + Q cos θ,R).

We call the moving frame {ν1(t, λ), ν2(t, λ),µ(t, λ)} a rotated frame along
γ(t, λ) by θ(t, λ).
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On the other hand, we define (ν̃1(t, λ), ν̃2(t, λ)) ∈ ∆2 by
(

ν̃1(t, λ)
ν̃2(t, λ)

)
=

(
1 0
0 −1

) (
cos θ(t, λ) − sin θ(t, λ)
sin θ(t, λ) cos θ(t, λ)

)(
ν1(t, λ)
ν2(t, λ)

)
,

where θ : I × Λ → R is a smooth function. Then (γ, ν̃1, ν̃2) : I × Λ → R3 ×
∆2 is also a one-parameter family of framed curves and µ̃(t, λ) = ν̃1(t, λ) ×
ν̃2(t, λ) = ν2(t, λ) × ν1(t, λ) = −µ(t, λ). By a direct calculation, the curvature

(ℓ̃, m̃, ñ, α̃, L̃, M̃ , Ñ , P̃ , Q̃, R̃) of (γ, ν̃1, ν̃2) is given by

(−ℓ + θt,−m cos θ + n sin θ,m sin θ + n cos θ,−α,−L + θλ,−M cos θ + N sin θ,

M sin θ + N cos θ,−P cos θ + Q sin θ, P sin θ + Q cos θ,−R).

We call the moving frame {ν̃1(t, λ), ν̃2(t, λ),−µ(t, λ)} a reflected frame along
γ(t, λ) by θ(t, λ). By using Corollary 4.1, we have the following result.

Proposition 4.4. Under the above notations, if e : U → I ×Λ is a pre-envelope
of (γ, ν1, ν2), then e : U → I × Λ is also a pre-envelope of (γ, ν1, ν2) and
(γ, ν̃1, ν̃2).

Proof. By Corollary 4.1, we have P (e(u)) = Q(e(u)) = 0 for all u ∈ U . It

follows that P (e(u)) = Q(e(u)) = 0 and P̃ (e(u)) = Q̃(e(u)) = 0 for all u ∈ U .
Therefore, we have the result. �

It follows that the envelope is independent of rotated frames and reflected
frames of the framed curves.

4.2. Parallel curves of one-parameter families of framed curves

The parallel curve of a framed curve is defined in [9]. We define a parallel curve
of a one-parameter family of framed curves.

Definition 4.5. Let (γ, ν1, ν2) : I × Λ → R3 × ∆2 be a one-parameter family
of framed curves and θ : I × Λ → R be a smooth function which satisfy
θt(t, λ) = ℓ(t, λ) and θλ(t, λ) = L(t, λ) for all (t, λ) ∈ I × Λ. Then we define a
parallel curve γ(a,b) : I ×Λ → R3 of the one-parameter family of framed curves
(γ, ν1, ν2) by

γ(a,b)(t, λ) = γ(t, λ) + (a cos θ(t, λ) + b sin θ(t, λ))ν1(t, λ)

+(−a sin θ(t, λ) + b cos θ(t, λ))ν2(t, λ)

where a, b ∈ R.

Remark 4.6. Since θt(t, λ) = ℓ(t, λ) and θλ(t, λ) = L(t, λ), ℓλ(t, λ) = Lt(t, λ)
holds for all (t, λ) ∈ I × Λ. By the integrability condition (4.1), ℓλ(t, λ) =
Lt(t, λ) is equivalent to M(t, λ)n(t, λ) − N(t, λ)m(t, λ) = 0.

Proposition 4.7. Let (γ, ν1, ν2) : I ×Λ → R3×∆2 be a one-parameter family of
framed curves with the curvature (ℓ,m, n, α, L,M,N, P,Q,R) and θ : I × Λ →
R be a smooth function which satisfy θt(t, λ) = ℓ(t, λ) and θλ(t, λ) = L(t, λ) for
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all (t, λ) ∈ I×Λ. Then (γ(a,b), ν1, ν2) : I×Λ → R3×∆2 is also a one-parameter
family of framed curves with the curvature (ℓ,m, n, α + m(a cos θ + b sin θ) +
n(a sin θ−b cos θ), L,M,N, P,Q,R+M(a cos θ+b sin θ)+N(−a sin θ+b cos θ)).
Moreover, if e : U → I × Λ is a pre-envelope of (γ, ν1, ν2), then e : U → I × Λ
is also a pre-envelope of (γ(a,b), ν1, ν2). We have Eγ(a,b)

(u) = (Eγ)(a,b)(u) for
all u ∈ U , where Eγ(a,b)

= γ(a,b) ◦ e.

Proof. Since

(γ(a,b))t(t, λ) =
(
αµ + (−aθt sin θ + bθt cos θ)ν1

+(a cos θ + b sin θ)(ℓν2 + mµ)

+(−aθt cos θ − bθt sin θ)ν2

+(−a sin θ + b cos θ)(−ℓν1 + nµ)
)
(t, λ)

=
(
(α + m(a cos θ + b sin θ) + n(−a sin θ + b cos θ))µ

)
(t, λ),

(γ(a,b))λ(t, λ) =
(
Pν1 + Qν2 + Rµ + (−aθλ sin θ

+bθλ cos θ)ν1 + (a cos θ + b sin θ)(Lν2 + Mµ)

+(−aθλ cos θ − bθλ sin θ)ν2

+(−a sin θ + b cos θ)(−Lν1 + Nµ)
)
(t, λ)

=
(
Pν1 + Qν2 + (R + M(a cos θ + b sin θ)

+N(−a sin θ + b cos θ))µ
)
(t, λ),

we have (γ(a,b))t(t, λ) ·ν1(t, λ) = 0 and (γ(a,b))t(t, λ) ·ν2(t, λ) = 0 for all (t, λ) ∈
I × Λ. Hence (γ(a,b), ν1, ν2) is a one-parameter family of framed curves. It fol-
lows that γ(t, λ) and γ(a,b)(t, λ) have the same moving frame {ν1(t, λ), ν2(t, λ),

µ(t, λ)}. By a direct calculation, we have the curvature
(
ℓ,m, n, α+m(a cos θ+

b sin θ)+n(−a sin θ+b cos θ), L,M,N, P,Q,R+M(a cos θ+b sin θ)+N(−a sin θ+
b cos θ)

)
of (γa,b, ν1, ν2).

If e : U → I×Λ is a pre-envelope of (γ, ν1, ν2), then P (e(u)) = 0 and Q(e(u)) =
0 for all u ∈ U . It follows that (γ(a,b))λ(e(u)) ·ν1(e(u)) = 0 and (γ(a,b))λ(e(u)) ·
ν2(e(u)) = 0 for all u ∈ U . Thus e : U → I × Λ is also a pre-envelope of
(γ(a,b), ν1, ν2) by Corollary 4.1. Moreover, we have

Eγ(a,b)
(u) = γ(a,b) ◦ e(u)

= γ(e(u)) +
(
a cos θ(e(u)) + b sin θ(e(u))

)
ν1(e(u))

+
(
−a sin θ(e(u)) + b cos θ(e(u))

)
ν2(e(u))

= Eγ(u) +
(
a cos θ(e(u)) + b sin θ(e(u))

)
Eν1

(u)

+
(
−a sin θ(e(u)) + b cos θ(e(u))

)
Eν2

(u)

= (Eγ)(a,b)(u)

for all u ∈ U . �
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5. Relations among envelopes of one-parameter families of

framed curves, Legendre curves and spherical Legendre

curves

First, we give relations between one-parameter families of framed curves and
one-parameter families of Legendre curves in the unit tangent bundle over the
Euclidean plane. We review one-parameter families of Legendre curves. For
more details see [14].

Let (γ, ν) : I ×Λ → R2 ×S1 be a smooth mapping. We say that (γ, ν) is a one-
parameter family of Legendre curves if γt(t, λ) ·ν(t, λ) = 0 for all (t, λ) ∈ I ×Λ.

We denote J(a) = (−a2, a1) the anticlockwise rotation by π/2 of a vector
a = (a1, a2). We define µ(t, λ) = J(ν(t, λ)). Since {ν(t, λ),µ(t, λ)} is a moving
frame along γ(t, λ) on R2, we have the Frenet type formula.

(
νt(t, λ)
µt(t, λ)

)
=

(
0 ℓ(t, λ)

−ℓ(t, λ) 0

) (
ν(t, λ)
µ(t, λ)

)
,

(
νλ(t, λ)
µλ(t, λ)

)
=

(
0 L(t, λ)

−L(t, λ) 0

) (
ν(t, λ)
µ(t, λ)

)
,

γt(t, λ) = α(t, λ)µ(t, λ), γλ(t, λ) = P (t, λ)ν(t, λ) + Q(t, λ)µ(t, λ).

By the integrability condition, we have

ℓλ(t, λ) = Lt(t, λ), Pt(t, λ) = ℓ(t, λ)Q(t, λ) − α(t, λ)L(t, λ), αλ(t, λ)

= Qt(t, λ) + ℓ(t, λ)P (t, λ)

for all (t, λ) ∈ I × Λ. We call the mapping (ℓ, α, L, P,Q) with the integrability
condition the curvature of the one-parameter family of Legendre curves (γ, ν).

We consider two projections to the planes. Let (γ, ν1, ν2) : I×Λ → R3×∆2 be a
one-parameter family of framed curves with the curvature (ℓ,m, n, α, L,M,N,
P,Q,R). For a fix point (t0, λ0) ∈ I × Λ, we consider two projections from
R3 to the ν1(t0, λ0) and ν2(t0, λ0) directions, respectively. We consider the
projection of γ to the ν1(t0, λ0) direction. We denote

γν1
: I × Λ → R2, (t, λ) �→ (γ(t, λ) · ν2(t0, λ0), γ(t, λ) · µ(t0, λ0)).

Then (γν1
)t(t, λ) = α(t, λ)(µ(t, λ) · ν2(t0, λ0),µ(t, λ) · µ(t0, λ0)). There exist

subintervals I1 of I around t0 and Λ1 of Λ around λ0 such that (µ(t, λ) ·
ν2(t0, λ0))

2 + (µ(t, λ) · µ(t0, λ0))
2 �= 0 for all (t, λ) ∈ I1 × Λ1.

Proposition 5.1. Let (γ, ν1, ν2) : I ×Λ → R3×∆2 be a one-parameter family of
framed curves with the curvature (ℓ,m, n, α, L,M,N, P,Q,R). Then (γν1

, νν1
) :

I1 × Λ1 → R2 × S1 is a one-parameter family of Legendre curves with the
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curvature (ℓν1
, αν1

, Lν1
, Pν1

, Qν1
), where

νν1
(t, λ) =

1√
(µ · ν2(t0, λ0))2 + (µ · µ(t0, λ0))2

(µ · µ(t0, λ0),

−µ · ν2(t0, λ0))(t, λ),

ℓν1
(t, λ) =

1

(µ · ν2(t0, λ0))2 + (µ · µ(t0, λ0))2(
ℓ((ν1 · ν2(t0, λ0))(µ · µ(t0, λ0)) − (ν1 · µ(t0, λ0))(µ · ν2(t0, λ0)))

+n((ν2 · ν2(t0, λ0))(µ · µ(t0, λ0))

−(ν2 · µ(t0, λ0))(µ · ν2(t0, λ0)))
)
(t, λ),

αν1
(t, λ) = α

√
(µ · ν2(t0, λ0))2 + (µ · µ(t0, λ0))2(t, λ),

Lν1
(t, λ) =

1

(µ · ν2(t0, λ0))2 + (µ · µ(t0, λ0))2(
L((ν1 · ν2(t0, λ0))(µ · µ(t0, λ0)) − (ν1 · µ(t0, λ0))(µ · ν2(t0, λ0)))

+N((ν2 · ν2(t0, λ0))(µ · µ(t0, λ0))

−(ν2 · µ(t0, λ0))(µ · ν2(t0, λ0)))
)
(t, λ),

Pν1
(t, λ) =

1√
(µ · ν2(t0, λ0))2 + (µ · µ(t0, λ0))2(

P ((ν1 · ν2(t0, λ0))(µ · µ(t0, λ0)) − (ν1 · µ(t0, λ0))(µ · ν2(t0, λ0)))

+Q((ν2 · ν2(t0, λ0))(µ · µ(t0, λ0))

−(ν2 · µ(t0, λ0))(µ · ν2(t0, λ0)))
)
(t, λ),

Qν1
(t, λ) =

1√
(µ · ν2(t0, λ0))2 + (µ · µ(t0, λ0))2(

P ((ν1 · ν2(t0, λ0))(µ · ν2(t0, λ0))

+(ν1 · µ(t0, λ0))(µ · µ(t0, λ0)))

+Q((ν2 · ν2(t0, λ0))(µ · ν2(t0, λ0)) + (ν2 · µ(t0, λ0))(µ · µ(t0, λ0)))

+R((µ · ν2(t0, λ0))
2 + (µ · µ(t0, λ0))

2)
)
(t, λ).

Proof. We define a smooth map νν1
: I1 × Λ1 → S1 by

νν1
(t, λ) =

1√
(µ · ν2(t0, λ0))2 + (µ · µ(t0, λ0))2

(µ · µ(t0, λ0),

−µ · ν2(t0, λ0))(t, λ).

Then (γν1
, νν1

) : I1 × Λ1 → R2 × S1 is a one-parameter family of Legendre
curves. By definition, µν1

: I1 × Λ1 → S1 is given by

µν1
(t, λ)

= J(νν1
(t, λ)) =

1√
(µ · ν2(t0, λ0))2 + (µ · µ(t0, λ0))2(

µ · ν2(t0, λ0),µ · µ(t0, λ0)
)
(t, λ).
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By a direct calculation, we have the curvature (ℓν1
, αν1

, Lν1
, Pν1

, Qν1
) of

(γν1
, νν1

). �

Proposition 5.2. Under the same notations in Proposition 5.1, suppose that
e : U → I1 × Λ1 is a pre-envelope of (γ, ν1, ν2). Then e : U → I1 × Λ1 is
also a pre-envelope of (γν1

, νν1
) : I1 × Λ1 → R2 × S1. Moreover, we have

Eγν1
(u) = (Eγ)ν1

(u) for all u ∈ U , where Eγν1
(u) = γν1

◦ e(u).

Proof. Since (γ, ν1, ν2) : I × Λ → R3 × ∆2 is a one-parameter family of
framed curves and e : U → I1 × Λ1 is a pre-envelope of (γ, ν1, ν2), we have
P (e(u)) = Q(e(u)) = 0 for all u ∈ U by Corollary 4.1. By Proposition 5.1,
we have Pν1

(e(u)) = 0 for all u ∈ U . Therefore e : U → I1 × Λ1 is a pre-
envelope of (γν1

, νν1
) (cf. [14]). Moreover, we have Eγν1

(u) = γν1
◦ e(u) =(

γ(e(u))·ν2(t0, λ0), γ(e(u))·µ(t0, λ0)
)

=
(
Eγ(u)·ν2(t0, λ0), Eγ(u)·µ(t0, λ0)

)
=

(Eγ)ν1
(u) for all u ∈ U . �

We also consider the projection of γ to the ν2(t0, λ0) direction. We denote
γν2

: I × Λ → R2, (t, λ) �→ (γ(t, λ) · ν1(t0, λ0), γ(t, λ) · µ(t0, λ0)). There exist
subintervals I2 of I around t0 and Λ2 of Λ around λ0 such that (µ(t, λ) ·
ν1(t0, λ0))

2 + (µ(t, λ) · µ(t0, λ0))
2 �= 0 for all (t, λ) ∈ I2 × Λ2. We can prove

the following similarly.

Proposition 5.3. Let (γ, ν1, ν2) : I ×Λ → R3×∆2 be a one-parameter family of
framed curves with the curvature (ℓ,m, n, α, L,M,N, P,Q,R). Then (γν2

, νν2
) :

I2 × Λ2 → R2 × S1 is a one-parameter family of Legendre curves with the
curvature (ℓν2

, αν2
, Lν2

, Pν2
, Qν2

), where

νν2
(t, λ) =

1√
(µ · ν1(t0, λ0))2 + (µ · µ(t0, λ0))2

×(µ · µ(t0, λ0),−µ · ν1(t0, λ0))(t, λ),

ℓν2
(t, λ) =

1

(µ · ν1(t0, λ0))2 + (µ · µ(t0, λ0))2(
ℓ((ν1 · ν1(t0, λ0))(µ · µ(t0, λ0)) − (ν1 · µ(t0, λ0))(µ · ν1(t0, λ0)))

+n((ν2 · ν1(t0, λ0))(µ · µ(t0, λ0)) − (ν2 · µ(t0, λ0))(µ · ν1(t0, λ0)))
)

×(t, λ),

αν2
(t, λ) = α

√
(µ · ν1(t0, λ0))2 + (µ · µ(t0, λ0))2(t, λ),

Lν2
(t, λ) =

1

(µ · ν1(t0, λ0))2 + (µ · µ(t0, λ0))2(
L((ν1 · ν1(t0, λ0))(µ · µ(t0, λ0)) − (ν2 · µ(t0, λ0))(µ · ν1(t0, λ0)))

+N((ν2 · ν1(t0, λ0))(µ · µ(t0, λ0)) − (ν2 · µ(t0, λ0))(µ · ν1(t0, λ0)))
)

×(t, λ),
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Pν2
(t, λ) =

1√
(µ · ν1(t0, λ0))2 + (µ · µ(t0, λ0))2(

P ((ν1 · ν1(t0, λ0))(µ · µ(t0, λ0)) − (ν1 · µ(t0, λ0))(µ · ν1(t0, λ0)))

+Q((ν2 · ν1(t0, λ0))(µ · µ(t0, λ0)) − (ν2 · µ(t0, λ0))(µ · ν1(t0, λ0)))
)

×(t, λ),

Qν2
(t, λ) =

1√
(µ · ν1(t0, λ0))2 + (µ · µ(t0, λ0))2(

P ((ν1 · ν1(t0, λ0))(µ · ν1(t0, λ0)) + (ν1 · µ(t0, λ0))(µ · µ(t0, λ0)))

+Q((ν2 · ν1(t0, λ0))(µ · ν1(t0, λ0)) + (ν2 · µ(t0, λ0))(µ · µ(t0, λ0)))

+R((µ · ν1(t0, λ0))
2 + (µ · µ(t0, λ0))

2)
)
(t, λ).

Proposition 5.4. Under the same notations in Proposition 5.3, suppose that
e : U → I2 × Λ2 is a pre-envelope of (γ, ν1, ν2). Then e : U → I2 × Λ2 is
also a pre-envelope of (γν2

, νν2
) : I2 × Λ2 → R2 × S1. Moreover, we have

Eγν2
(u) = (Eγ)ν2

(u) for all u ∈ U , where Eγν2
(u) = γν2

◦ e(u).

Second, we give a relations between one-parameter families of framed curves
and one-parameter families of spherical Legendre curves in the unit spherical
bundle over the unit sphere. We review the one-parameter families of spherical
Legendre curves. For more details see [11].

Let (γ, ν) : I ×Λ → ∆2 ⊂ S2 ×S2 be a smooth mapping. We say that (γ, ν) is
a one-parameter family of spherical Legendre curves if γt(t, λ)·ν(t, λ) = 0 for all
(t, λ) ∈ I×Λ. We define µ(t, λ) = γ(t, λ)×ν(t, λ). Then {γ(t, λ), ν(t, λ),µ(t, λ)}
is a moving frame along γ(t, λ) on S2. We have the Frenet type formula.

⎛
⎝

γt(t, λ)
νt(t, λ)
µt(t, λ)

⎞
⎠ =

⎛
⎝

0 0 m(t, λ)
0 0 n(t, λ)

−m(t, λ) −n(t, λ) 0

⎞
⎠

⎛
⎝

γ(t, λ)
ν(t, λ)
µ(t, λ)

⎞
⎠ ,

⎛
⎝

γλ(t, λ)
νλ(t, λ)
µλ(t, λ)

⎞
⎠ =

⎛
⎝

0 L(t, λ) M(t, λ)
−L(t, λ) 0 N(t, λ)
−M(t, λ) −N(t, λ) 0

⎞
⎠

⎛
⎝

γ(t, λ)
ν(t, λ)
µ(t, λ)

⎞
⎠ .

By the integrability condition, we have

Lt(t, λ) = M(t, λ)n(t, λ) − N(t, λ)m(t, λ),

mλ(t, λ) = Mt(t, λ) + L(t, λ)n(t, λ),

nλ(t, λ) = Nt(t, λ) − L(t, λ)m(t, λ).

We call the mapping (m,n,L,M,N) with the integrability condition the cur-
vature of the one-parameter family of spherical Legendre curves (γ, ν). Let
(γ, ν) : I × Λ → ∆2 be a one-parameter family of spherical Legendre curves
with the curvature (m,n,L,M,N) and let e : U → I × Λ, e(u) = (t(u), λ(u))
be a smooth curve, where U is an interval of R. We denote Eγ = γ◦e : U → S2

and Eν = ν ◦ e : U → S2.

We call Eγ an envelope (and e a pre-envelope) for the one-parameter family of
spherical Legendre curves (γ, ν), when the following conditions are satisfied.
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(i) The function λ is non-constant on any non-trivial subinterval of U . (The
Variability Condition.)

(ii) For all u, the curve Eγ is tangent at u to the curve γ(t, λ) at the parameter
(t(u), λ(u)), meaning that the tangent vectors E′

γ(u) = (dE/du)(u) and
µ(e(u)) are linearly dependent. (The Tangency Condition.)

In [13], the relations between framed curves and spherical Legendre curves
are discussed. Here we discuss relations between one-parameter families of
framed curves and one-parameter families of spherical Legendre curves, see
Example 6.4.

Proposition 5.5. Let (γ, ν1, ν2) : I × Λ → R3 × ∆2 be a one-parameter fam-
ily of framed curves with the curvature (ℓ,m, n, α, L,M,N, P,Q,R). Suppose
that γ(t, λ) is non-zero. We denote γ̃(t, λ) = γ(t, λ)/|γ(t, λ)| and γ̃(t, λ) =
a(t, λ)ν1(t, λ)+b(t, λ)ν2(t, λ)+c(t, λ)µ(t, λ) with a2(t, λ)+b2(t, λ)+c2(t, λ) = 1.
If a2(t, λ)+b2(t, λ) �= 0 for all (t, λ) ∈ I ×Λ and ν̃(t, λ) = (γ̃×µ/|γ̃×µ|)(t, λ),
then (γ̃, ν̃) : I×Λ → ∆2 is a one-parameter family of spherical Legendre curves
with the curvature

m̃(t, λ) = −am + bn + ct√
a2 + b2

(t, λ),

ñ(t, λ) =
(a2 + b2)(an − bm + cℓ) + (abt − atb)c√

a2 + b2
(t, λ),

L̃(t, λ) =
−a(bλ + aL − cN) + b(aλ − bL − cM)√

a2 + b2
(t, λ),

M̃(t, λ) = −aM + bN + cλ√
a2 + b2

(t, λ),

Ñ(t, λ) =
(a2 + b2)(aN − bM + cL) + (abλ − aλb)c√

a2 + b2
(t, λ).

Proof. Since γ̃(t, λ) = a(t, λ)ν1(t, λ)+ b(t, λ)ν2(t, λ)+ c(t, λ)µ(t, λ) and ν̃(t, λ)

=
(
(bν1 − aν2)/

√
a2 + b2

)
(t, λ), we have γ̃(t, λ) · ν̃(t, λ) = 0. Moreover,

γ̃t(t, λ) · ν̃(t, λ) =

(
γt|γ| − γ|γ|t

|γ|2 · ν̃

)
(t, λ) =

(
γt

|γ| · ν̃ − |γ|t
|γ| γ̃ · ν̃

)
(t, λ)

=
γt · (bν1 − aν2)

|γ|
√

a2 + b2
(t, λ) = 0.

Therefore (γ̃, ν̃) : I × Λ → ∆2 is a one-parameter family of spherical Legendre
curves. By a direct calculation, we have

µ̃(t, λ) = γ̃(t, λ) × ν̃(t, λ) =
1√

a2 + b2
(acν1 + bcν2 − (a2 + b2)µ)(t, λ).
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By using the Frenet type formula of a one-parameter family of spherical Le-
gendre curves, we also have

γ̃t(t, λ) =
(
(at − bℓ − cm)ν1 + (bt + aℓ − cn)ν2 + (ct + am + bn)µ

)
(t, λ),

γ̃λ(t, λ) =
(
(aλ − bL − cM)ν1 + (bλ + aL − cN)ν2 + (cλ + aM + bN)µ

)
(t, λ),

ν̃t(t, λ) =
1

(a2 + b2)
3
2

(
(bta

2 + a(a2 + b2)ℓ − atab)ν1

+(−atb
2 + b(a2 + b2)ℓ + btab)ν2 + (a2 + b2)(−an + bm)µ

)
(t, λ),

ν̃λ(t, λ) =
1

(a2 + b2)
3
2

(
(bλa2 + a(a2 + b2)L − aλab)ν1

+(−aλb2 + b(a2 + b2)L + bλab)ν2 + (a2 + b2)(−aN + bM)µ
)
(t, λ).

By a direct calculation, we have the curvature (m̃, ñ, L̃, M̃ , Ñ) of (γ̃, ν̃). �

Proposition 5.6. Under the same assumptions in Proposition 5.5, suppose that
e : U → I × Λ is a pre-envelope of (γ, ν1, ν2) and Eγ : U → R3 is an envelope.
Then e : U → I × Λ is also a pre-envelope of (γ̃, ν̃) : I × Λ → ∆2. Moreover,

we have Eγ̃(u) = Ẽγ(u) for all u ∈ U , where Eγ̃(u) = γ̃ ◦ e(u) and Ẽγ(u) =
Eγ(u)/|Eγ(u)|.

Proof. Since (γ, ν1, ν2) : I ×Λ → R3 ×∆2 is a one-parameter family of framed
curves and e : U → I × Λ is a pre-envelope of (γ, ν1, ν2), we have γλ(e(u)) ·
ν1(e(u)) = 0 and γλ(e(u)) · ν2(e(u)) = 0 for all u ∈ U . It follows that

γ̃λ(e(u)) · ν̃(e(u)) =

(
γλ|γ| − γ|γ|λ

|γ|2 · ν̃

)
◦ (e(u)) =

(
γλ

|γ| · ν̃ − |γ|λ
|γ| γ̃ · ν̃

)
◦ (e(u))

=
γλ · (bν1 − aν2)

|γ|
√

a2 + b2
◦ (e(u)) = 0.

Therefore e : U → I × Λ is also a pre-envelope of (γ̃, ν̃). Moreover, Eγ̃(u) =

γ̃(e(u)) = γ̃(e(u)) = Ẽγ(u). Thus, we have Eγ̃(u) = Ẽγ(u) for all u ∈ U . �

Conversely, we have the following result.

Proposition 5.7. Let (γ, ν) : I×Λ → ∆2 be a one-parameter family of spherical
Legendre curves with the curvature (m,n,L,M,N). Then (γ, γ, ν) : I × Λ →
S2 × ∆2 ⊂ R3 × ∆2 is a one-parameter family of framed curves with the
curvature (ℓ,m, n, α, L,M,N, P,Q,R) = (0,m, n,m,L,M,N, 0, L,M).

Proof. Since (γ, ν) : I × Λ → ∆2 is a one-parameter family of spherical Le-
gendre curves, we have γ(t, λ) · ν(t, λ) = 0 and γt(t, λ) · ν(t, λ) = 0 for all
(t, λ) ∈ I × Λ. Therefore, (γ, γ, ν) : I × Λ → S2 × ∆2 ⊂ R3 × ∆2 is a one-
parameter family of framed curves. By a direct calculation, we have the cur-
vature of (γ, γ, ν). �

Proposition 5.8. Under the same notations in Proposition 5.7, suppose that
e : U → I×Λ is a pre-envelope of (γ, ν) and Eγ : U → S2 is an envelope. Then
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e : U → I × Λ is also a pre-envelope of (γ, γ, ν) : I × Λ → S2 × ∆2 ⊂ R3 × ∆2.
Moreover, Eγ is also an envelope of (γ, γ, ν).

Proof. Since γλ(e(u)) · ν(e(u)) = 0 for all u ∈ U , e : U → I × Λ is also a
pre-envelope of (γ, γ, ν). Therefore, Eγ is also an envelope of (γ, γ, ν). �

6. Examples

Example 6.1. Let n1, n2, n3, k1 and k2 be natural numbers with n2 = n1 + k1

and n3 = n2 + k2. Let (γ, ν1, ν2) : R × R → R3 × ∆2 be

γ(t, λ) =

(
1

n1
tn1 + λ,

1

n2
tn2 ,

1

n3
tn3

)
, ν1(t, λ) =

(−tk1 , 1, 0)√
1 + t2k1

, ν2(t, λ)

=
(−tk1+k2 ,−t2k1+k2 , 1 + t2k1)√

(1 + t2k1)(1 + t2k1+2k2)
.

Then (γ, ν1, ν2) is a one-parameter family of framed curves. By a direct calcu-
lation, we have

µ(t, λ) =
1√

1 + t2k1 + t2k1+2k2

(1, tk1 , tk1+k2).

Then the curvature is given by

ℓ(t, λ) =
k1t

2k1+k2−1

(1 + t2k1)
√

1 + t2k1 + t2k1+2k2

,

m(t, λ) =
−k1t

k1−1

√
(1 + t2k1)(1 + t2k1 + t2k1+2k2)

,

n(t, λ) = − tk1+k2−1(k1 + k2 + k2t
2k1)√

1 + t2k1(1 + t2k1 + t2k1+2k2)
,

α(t, λ) = tn1−1
√

1 + t2k1 + t2k1+2k2 ,

L(t, λ) = M(t, λ) = N(t, λ) = 0,

P (t, λ) = − tk1

1 + t2k1
, Q(t, λ) = − tk1+k2

√
(1 + t2k1)(1 + t2k1+2k2)

,

R(t, λ) =
1√

1 + t2k1 + t2k1+2k2

.

If we take e : R → R × R, e(u) = (0, u), then the variability condition holds
and we have P (e(u)) = Q(e(u)) = 0 for all u ∈ R. Therefore e is a pre-envelope
and an envelope Eγ : R → R3 is given by Eγ(u) = (u, 0, 0).
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Figure 2 Eγ

If we take (n1, n2, n3) = (2, 3, 4), we have a one-parameter family of framed
curves

γ(t, λ) =

(
1

2
t2 + λ,

1

3
t3,

1

4
t4

)
, ν1(t, λ) =

(−t, 1, 0)

1 + t2
,

ν2(t, λ) =
(−t2,−t3, 1 + t2)√
(1 + t2)(1 + t2 + t4)

.

See Figs. 1, 2 and 3.

Example 6.2. Let n1, n2, n3,m1,m2,m3,k1, k2, h1 and h2 be natural numbers
with n2 = n1+k1, n3 = n2+k2, m2 = m1+h1, m3 = m2+h2, h1k2 = h2k1 and
h1 or k1 is 1, or h1 and k1 are relatively prime. Let (γ, ν1, ν2) : R×R → R3×∆2
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Figure 3 γ and Eγ

be

γ(t, λ) =

(
tn1

n1
+

λm1

m1
,
tn2

n2
+

λm2

m2
,
tn3

n3
+

λm3

m3

)
, ν1(t, λ) =

(−tk1 , 1, 0)√
1 + t2k1

, ν2(t, λ)

=
(−tk1+k2 ,−t2k1+k2 , 1 + t2k1)√

(1 + t2k1)(1 + t2k1+2k2)
.

Then (γ, ν1, ν2) is a one-parameter family of framed curves. Moreover, by
γλ(t, λ) = (λm1−1, λm2−1, λm3−1),

γλ(t, λ) · ν1(t, λ) =
λm1−1

√
1 + t2k1

(−tk1 + λh1),

γλ(t, λ) · ν2(t, λ) =
λm1−1

√
(1 + t2k1)(1 + t2k1+2k2)

×
(
−tk1+k2 − t2k1+k2λh1 + (1 + t2k1)λh1+h2

)
.

If we take e : R → R×R, e(u) = (uh1 , uk1), then the variability condition holds,
γλ(e(u)) · ν1(e(u)) = 0 and γλ(e(u)) · ν2(e(u)) = 0 for all u ∈ R. Therefore e is
a pre-envelope and an envelope Eγ : R → R3 is given by

Eγ(u) =

(
uh1n1

n1
+

uk1m1

m1
,
uh1n2

n2
+

uk1m2

m2
,
uh1n3

n3
+

uk1m3

m3

)
.

If we take (n1, n2, n3,m1,m2,m3) = (2, 3, 4, 2, 3, 4), then γ(t, λ) = (t2/2 +
λ2/2, t3/3 + λ3/3, t4/4 + λ4/4) and an envelope Eγ(u) = (u2, 2u3/3, u4/2), see
Figs. 4, 5 and 6.

Example 6.3. Let (p, νp1, νp2) : [0, 2π) → R3×∆2 be an astroid p(t) = (cos3 t−
1, sin3 t, cos 2t − 1), νp1(t) = (− sin t,− cos t, 0), νp2(t) = 1/5(−4 cos t, 4 sin t, 3)

and (q, νq1, νq2) : [0, 2π) → R3×∆2 be given by q(λ) = (cos3 λ,− sin3 λ, cos 2λ),
νq1(t) = (sin λ,− cos λ, 0), νq2(t) = 1/5(−4 cos λ,−4 sin λ, 3). Then (p, νp1, νp2)
and (q, νq1, νq2) are framed curves.
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We consider a one-parameter family of framed curves (γ, ν1, ν2) : [0, 2π) ×
[0, 2π) → R3 × ∆2,

γ(t, λ) = q(λ) + A(λ)p(t), ν1(t, λ) = A(λ)νp1(t), ν2(t, λ) = A(λ)νp2(t),

where

A(λ) =

⎛
⎝

cos λ − sin λ 0
sin λ cos λ 0

0 0 1

⎞
⎠ ,

that is

γ(t, λ) =

⎛
⎝

cos3 λ
− sin3 λ
cos 2λ

⎞
⎠ +

⎛
⎝

cos λ − sin λ 0
sin λ cos λ 0

0 0 1

⎞
⎠

⎛
⎝

cos3 t − 1
sin3 t

cos 2t − 1

⎞
⎠ ,

ν1(t, λ) =

⎛
⎝

cos λ − sin λ 0
sin λ cos λ 0

0 0 1

⎞
⎠

⎛
⎝

− sin t
− cos t

0

⎞
⎠ ,

ν2(t, λ) = 1/5

⎛
⎝

cos λ − sin λ 0
sin λ cos λ 0

0 0 1

⎞
⎠

⎛
⎝

−4 cos t
4 sin t

3

⎞
⎠ .

By a direct calculation, we have

γλ(t, λ) · ν1(t, λ) = sin t
(
15 sin λ cos λ − 2 cos3 t − cos t + 3

)
,

γλ(t, λ) · ν2(t, λ) = 4(cos t − 1)(45 sin λ cos λ − 2 cos t − 1).

If we take e : [0, 2π) → [0, 2π)× [0, 2π), e(u) = (0, u), then γλ(e(u)) ·ν1(e(u)) =
0 and γλ(e(u)) · ν2(e(u)) = 0 for all u ∈ [0, 2π). Therefore e is a pre-envelope
and an envelope Eγ : [0, 2π) → R3 is given by Eγ(u) = q(u) = (cos3 u,− sin3 u,
cos 2u), see Figs. 7, 8 and 9.
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Example 6.4. Let (γ, ν1, ν2) : R × [0, 2π) → R3 × ∆2 be

γ(t, θ) =
(
cos θ(t sin t + cos t) − sin θ(−t cos t + sin t) + θ sin θ + cos θ,

sin θ(t sin t + cos t) + cos θ(−t cos t + sin t) − θ cos θ + sin θ,
1

2
t
2 +

1

2
θ
2
)
,

ν1(t, θ) =
(
cos θ sin t + sin θ cos t, sin θ sin t − cos θ cos t, 0

)
,

ν2(t, θ) =
1√
2

(
cos θ cos t − sin θ sin t, sin θ cos t + cos θ sin t, −1

)
.

Then (γ, ν1, ν2) is a one-parameter family of framed curves. By a direct calcu-
lation, we have

γθ(t, θ) · ν1(t, θ) = sin t
(
t cos t − sin t + θ

)
,

γθ(t, θ) · ν2(t, θ) =
1√
2

(
t cos2 t − sin t cos t + θ cos t − θ

)
.
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If we take e : R → R × [0, 2π), e(u) = (0, u), we have γθ(e(u)) · ν1(e(u)) = 0
and γθ(e(u)) · ν2(e(u)) = 0 for all u ∈ R. Therefore e is a pre-envelope and an
envelope Eγ : R → R3 is given by

Eγ(u) = (u sin u + 2 cos u,−u cos u + 2 sin u,
1

2
u2),

see Figs. 10, 11 and 12.

Since |γ(t, θ)| �= 0, for all (t, θ) ∈ R × [0, 2π), we can consider

γ̃(t, θ) =
γ(t, θ)

|γ(t, θ)|

=
( cos θ(t sin t + cos t) − sin θ(−t cos t + sin t) + θ sin θ + cos θ√

1
4
t4 + 1

4
θ4 + t2 + θ2 + 1

2
t2θ2 + 2(t sin t + cos t) − 2θ(−t cos t + sin t) + 2

,
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×
sin θ(t sin t + cos t) + cos θ(−t cos t + sin t) − θ cos θ + sin θ√

1
4
t4 + 1

4
θ4 + t2 + θ2 + 1

2
t2θ2 + 2(t sin t + cos t) − 2θ(−t cos t + sin t) + 2

,

×
t2 + θ2

2
√

1
4
t4 + 1

4
θ4 + t2 + θ2 + 1

2
t2θ2 + 2(t sin t + cos t) − 2θ(−t cos t + sin t) + 2

)
.

Moreover, we have γ̃(t, θ) = a(t, θ)ν1(t, θ)+b(t, θ)ν2(t, θ)+c(t, θ)µ(t, θ), where

a(t, θ) =
t + θ cos t + sin t√

1
4
t4 + 1

4
θ4 + t2 + θ2 + 1

2
t2θ2 + 2(t sin t + cos t) − 2θ(−t cos t + sin t) + 2

,

b(t, θ) =
1 − θ sin t + cos t − 1

2
t2 − 1

2
θ2

√
2( 1

4
t4 + 1

4
θ4 + t2 + θ2 + 1

2
t2θ2 + 2(t sin t + cos t) − 2θ(−t cos t + sin t) + 2)

,

c(t, θ) =
1 − θ sin t + cos t + 1

2
t2 + 1

2
θ2

√
2( 1

4
t4 + 1

4
θ4 + t2 + θ2 + 1

2
t2θ2 + 2(t sin t + cos t) − 2θ(−t cos t + sin t) + 2)

.

Then a2(t, θ) + b2(t, θ) �= 0 for all (t, θ) ∈ R × [0, 2π) and we have ν̃(t, θ) =
(γ̃ × µ/|γ̃ × µ|)(t, θ). By Proposition 5.5, (γ̃, ν̃) : R × [0, 2π) → ∆2 is a one-
parameter family of spherical Legendre curves. By Proposition 5.6, e : R →
R×[0, 2π), e(u) = (0, u) is also a pre-envelope of (γ̃, ν̃). By a direct calculation,
we have

Eγ̃(u) = Ẽγ(u) =

⎛
⎝u sin u + 2 cos u√

1
4u4 + u2 + 4

,
−u cos u + 2 sin u√

1
4u4 + u2 + 4

,
u2

2
√

1
4u4 + u2 + 4

⎞
⎠ ,

see Figs. 13, 14 and 15.
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