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Abstract. As a one-parameter family of singular space curves, we con-
sider a one-parameter family of framed curves in the Euclidean space.
Then we define an envelope for a one-parameter family of framed curves
and investigate properties of envelopes. Especially, we concentrate on one-
parameter families of framed curves in the Euclidean 3-space. As appli-
cations, we give relations among envelopes of one-parameter families of
framed space curves, one-parameter families of Legendre curves and one-
parameter families of spherical Legendre curves, respectively.
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1. Introduction

For regular plane curves, envelopes are classical objects in differential geome-
try [1,2,6,7,10,12]. An envelope of a family of curves is a new curve which is
tangent to curves of the given family. An envelope of a family of submanifolds
in the Euclidean space were studied in [3,15]. Using the notion of stability for
germs of family, they investigate the singularities of the envelope of the sub-
manifolds in the Euclidean space via Legendrian singularity theory. However,
by using implicit functions, the definition and calculation of the envelope of
space curves are complicated.

On the other hand, if we look at the classical concept of envelope we see that
the envelope is the set of characteristic points and avoiding singularities of the
elements of the family. Moreover, for singular space curves, the classical defini-
tions of envelopes are vague. In [14], the second author clarified the definition
of the envelope for families of singular plane curves. In [11], we clarified the
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definition of the envelope for families of singular spherical curves. In this pa-
per we pursue second author’s method and treat the envelope of smooth space
curves with singular points. We would like to define an envelope of parametric
space curves with singular points in the Euclidean space. As a singular curve,
we consider a framed curve in the Euclidean space. A framed curve in the
Euclidean space is a smooth curve with a moving frame (cf. [8]). It is a gen-
eralization of a regular curve with linear independent condition, a Legendre
curve in the unit tangent bundle over the Euclidean plane and a Legendre
curve in the unit spherical bundle over the unit sphere.

In Sect. 2, we consider one-parameter families of framed curves in the Euclidean
space. We give a moving frame and the curvature of a one-parameter family
of framed curves. Then we give the existence and uniqueness theorems in
terms of the curvatures of the one-parameter families of framed curves. In
Sect. 3, we define an envelope of a one-parameter family of framed curves in
the Euclidean space. We obtain that the envelope is also a framed curve. As a
main result, we give a necessary and sufficient condition that a one-parameter
family of framed curves has an envelope (Theorem 3.3). In Sect. 4, we focus
on the framed curves in the Euclidean 3-space. The theory of one-parameter
families of framed curves relate to the theory of surfaces with singular points
(cf. [4,5]). The envelope is independent of rotated frames and reflected frames
of the framed curves. We also define a parallel curve of a one-parameter family
of framed space curves. The parallel curve is also a one-parameter family of
framed curves. Then the envelope of parallel curves and a parallel curve of the
envelope of a one-parameter family of framed curves coincide (Proposition 4.7).
In Sect. 5, as applications, we give relations among envelopes of one-parameter
families of framed space curves, one-parameter families of Legendre curves in
the unit tangent bundle over the Euclidean plane and one-parameter families of
Legendre curves in the unit spherical bundle over the unit sphere, respectively.
In Sect. 6, we give concrete examples of envelopes of one-parameter families
of framed curves.

All maps and manifolds considered here are differentiable of class C*°.

2. Framed curves and one-parameter families of framed curves
in the Euclidean space

We first recall some definitions and results of framed curves in the Euclidean
space. For more details see [8].

Let R™ be the n-dimensional Euclidean space equipped with the inner product
a-b=>3" ab, where a = (ai,...,a,) and b= (by,...,b,). We denote the
normof a by |a| = /a-a.Letay,...,a,_1 € R" bevectors a; = (a;1,--.,ain)
fori=1,...,n — 1. The vector product is given by
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where {ei,...,e,} is the canonical basis of R”. Then we have (a3 X --- x

an_1)-a; =0fori=1,...,n— 1. Note that for the case of n = 3,

a1 a2 ais €1 €2 €3
a; Xay=det | asr  ass ao3 | =det | a1 a2 ais
€1 €2 €3 Ga21  G22 (23

Let S"7! = {(z1,...,2,) € R" | 23+ --- + 22 = 1} be the unit sphere. We
denote the set A, _1,

An_lz{V:(Vl,...,Vn_l)ERnX---XR"|V~;-VJ' :57;j,i,j=1,...,n71}

={v =1, sm1) €S X xS Yoy =0,i £ 40,5 =1,...,n— 1}
Then A,,_1 is a n(n — 1)/2-dimensional smooth manifold.

Let I be an interval of R.

Definition 2.1. Let (v,v) : I — R™ X A,,_1 be a smooth mapping. We say that
(v,v) is a framed curve if 4(t) - v;(t) =0 forallt € T and ¢ = 1,...,n — 1,
where v = (v1,...,Vp-1).

We define p : I — S™! by u(t) = v1(t) x -+ X v,_1(t). By definition,
(v(t), u(t)) € Ay and {v(¢t), u(t)} is a moving frame along y(¢). Then we have
the Frenet type formula.

(563) =0 (1) w0 =

where A(t) = (w;(t)) € o(n),4,j =1,...,n, o(n) is the set of n x n alternative
matrices and o : I — R is a smooth function. We say that the mapping (v, )
is the curvature of the framed curve (v, v).

Definition 2.2. Let (y,v) and (7,v) : I — R™ x A, _; be framed curves.
We say that (v,v) and (7,v) are congruent as framed curves if there exist a
special orthogonal matrix X € SO(n) and a constant vector € R™ such that
F(t) = X(y(t)) + x and v(t) = X(v(t)) for all ¢t € I.

Then we have the existence and uniqueness theorems in terms of the curvatures
of the framed curves.

Theorem 2.3 (Existence Theorem for framed curves [8]). Let (cvj, ) : I —
o(n) x R be a smooth mapping. Then there exists a framed curve (y,v): 1 —
R™ x A, _1 whose associated curvature is given by (ovj, c).
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Theorem 2.4 (Uniqueness Theorem for framed curves [8]). Let (v,v) and
(7,v) : I — R™ x A,_1 be framed curves with the curvatures (a;j,c) and
(evij, @) respectively. Then (v,v) and (7,V) are congruent as framed curves if
and only if (a;j, ) and (o, &) coincide.

Next, we consider one-parameter families of framed curves in the Euclidean
space. Let A be open interval of R.

Definition 2.5. Let (v,v) : I x A — R™ x A,,_1 be a smooth mapping. We say
that (v,v) is a one-parameter family of framed curves if v;(¢t, \) - v;(£,A) =0
for all (t,A\) eI x Aandi=1,...,n—1, where v = (v1,...,Vp_1).

By definition, (y(-,A),v(-,A)) : I — R™ x A,,_; is a framed curve for each
fixed parameter A € A. It is easy to see that (—v,v) and (y,—v) are also
one-parameter families of framed curves.

We define p(t,\) = v1(6,A) X -+ X vp_1(t,A). Then {v(t,\), u(t,\)} is a
moving frame along (¢, A) and we have the Frenet type formula.

() =200 () (o)) =men (56))-
(8. 2) = e Nt ), (6.0 = Ple

where A(t, )\) = (Oéij(t, A)),B(t,/\) = (/Blj(t,A» S U(H),Z, = .. .
I x A — R is a smooth function and P : I x A — R"™, P(t,\) = (Pi(t,\),...,
P, (t,\)) is a smooth mapping.

By ya(t, A) = me(t, A), via(t, A) = vae(t, A) and py, (8, A) = py(t, A), we have
the integrability condition

(vig (T, A)a + (i (8, X)) (Biz (8, A)) = (Bij (8, A))e + (Big (M) (g (E, A)),

a(t, \)Bni(t,\) = (By)e(t, \) + Z Pi(t,N)eyi(t,A), (i=1,...,n—1), 21

an(t, A) + a(t, A)Ban(t, A) = (Pa)e(t;2) + ) Pyt Aagn(t,A)
j=1
for all (¢, \) € Ix A. We call the mapping (j, Bij, o, Pi, ..., P,) with the inte-
grability condition (2.1) the curvature of the one-parameter family of framed
curves (v, v).

Definition 2.6. Let (v,v) and (7,7) : I x A — R™ x A,_; be one-parameter
families of framed curves. We say that (v,v) and (¥,7) are congruent as one-
parameter families of framed curves if there exist a special orthogonal matrix
X € SO(n) and a constant vector & € R™ such that (¢, \) = X(v(¢t,\)) + «
and v(t,A\) = X (v(t, A)) for all (¢, \) € T x A.

We give the existence and uniqueness theorems in terms of the curvatures of
the one-parameter families of framed curves.
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Theorem 2.7 (Existence Theorem for one-parameter families of framed curves).
Let (auj, Bijya, Py .., Py) : I x A — o(n) x o(n) x R"™ be a smooth mapping
with the integrability condition. Then there exists a one-parameter family of
framed curves (y,v) : I x A — R™ X A,,_1 whose associated curvature is given

by (aij,ﬁij7a,P1,...,Pn).

Proof. We denote that M (n) is the set of n x n matrices and I,, is the identity
matrix. Choose any fixed value (t9, A\g) € I x A. We consider an initial value
problem,

Fi(t,\) = A(t, \)F(t,\), Fx(t,\) = B(t, \)F(t,\), F(to,\o) = In,
where F'(t,\) € M(n) and A(t,\) = (c;(t, N)), B(t,A) = (8i;(t, N)) € o(n) for
ii=1,....n. By

Fix = A\F + AF) = A\F + ABF = (Ax + AB)F,
Fxi = B.F + BF, = B,F + BAF = (B, + BA)F.

and the integrability condition Ay + AB = B; + BA, we have F;y = F);. Since
I'x A is simply connected, there exists a solution F'(¢, A). Since A(t, A), B(t,\) €

o(n),

8 t o 8 t a t

a(F(zf, AN'F(t,N) = F(ﬁ,A)5 F(t,\) + gF(t,)\) F(t,\)
=F(t,\)("A(t, A) + A(t,\)'F(t,\) = O,

0 t o 0 t 9 t

) (F(t,\)'F(t,\) = F(t,)\)ﬁ F(t,\) + ﬁF(W‘) F(t,\)

=F(t,\)("B(t,\) + B(t,\))'F(t,\) = O.
It follows that F'(t, \)'F (¢, \) is constant. Therefore, we have
F(t,\)'F(t, ) = F(to, M) F (to, \o) = In.
Let F(t,\) = "(v1(t,A), ..., vn—1(t, A), u(t, A)). Since
(0/0t)(detF(t,N)) =0, (0/OX)(detF(t,\)) =0,
we have
detF(t, \) = detF(to, \o) = detl,, = 1.

Hence F'(t, ) is a special orthogonal matrix. Then w(t, A) = vq(¢,A) X -+ X
Vn—1(t, A). Next we consider differential equations

M =oap, yn=Puv+-+ Pyavp 1+ Pop.

By the integrability condition, we have v (¢, A) = yaz(t, A) for all (¢, \) € TxA.
Then there exists a solution v(¢, ). It follows that (v,v) : I x A - R" x A, _;
is a one-parameter family of framed curves whose associated curvature is given

by (auj, Bij, o, Pr,..., Py). U

Lemma 2.8. If (aijaﬂija «, Pl, ceey Pn)(t7 )\) = (&ij,gij, &, 151, . 7ﬁn)(t, )\) and
(’Y» V) (t()a )‘0) = (aa ﬂ)(t()a )‘0) fOT some pOZTLt (t07 )‘0) € IXA! then (77 V) :(ﬁa a)
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Proof. We put v, (t,\) = p(t,\) and v, (t,\) = (¢, ). We define a smooth
function f: I x A — R by

Zyl Uit N).

i=1
By V(to,Ao) = B(to,)\o), we have l/z'(to,>\0) = fl\//l'(to,>\0) (’L = 1,...771) and
hence f(tp,A\o) = n. Since ay;(t, A) = @;;(¢, A) and oy (t, A) = —a;i(t, ), we

have n

ft(tv /\) = Z(Vit (t7 )‘) : Di(t’ )‘) + Vi(t’ )‘) : (;i)t(t7 )‘))

i=1

i (L Ny (6N | it A) + vilt, A) - Z%“

Il

.

Il 3
-
O~
.

Il 3
-

= 22”22”2 (vij (8, A) + aji(t, A)vi(t, ) - 78, A) = 0.

In the same way, we have f)(t,A) = 0. It follows that f is constant with value
n. By the Cauchy-Schwarz inequality, we have

Vi(taA) : Dl(tv)‘) < ‘VAt,A)HiE(t,A)‘ =1

for each i = 1,...,n. If one of these inequalities is strict, the value of f(t, \)
would be less than n. Therefore, these inequalities are equalities, that is,
vi(t,\)-7;(t, \) = 1. Then we have |v;(t, \) —;(t,A)|> = 0 and hence v; (¢, \) =
v;(t,A) for all (¢,A) € I x A and i = 1,...,n. Since %(t,A) = a(t, \)p(t, A),
Fe(t, A) = at, p(t, A), Mt A) = Pr(t, Nva(t, A) ++ -+ P (8 N vn—1 (6, A) +
P, N p(t, A), Aot A) = Pr(t, Nva(t, A) 4+ Po—1 (8 ) Un—1 (8 A) + Pt A)
fu(t, \), and the assumptions a(t, \) = &(t, ), Pi(t,\) = Pi(t,\) (i =1,...,n),

we have
(Y A) = Tt A)e = 0, ({8, A) = F(t, ) = 0.

Tt follows that (¢, \)—7(¢, A) is constant. By the condition v(tg, A\g) = F(t0, Ao),
we have y(t,\) = ¥(t, \) for all (¢, \) € T x A. O

Theorem 2.9 (Uniqueness Theorem for one-parameter families of framed
curves). Let (v,v) and (7,v) : IXxA — R" XA,y be one-parameter families of

framed curves with the curvatures («uj, Bij, o, Pi, ..., P,) and (a”,ﬁ”,a P,

..,]gn), respectively. Then (v,v) and (¥,V) are congruent as one-parameter
families of framed curves if and only if (cvij, Bij, o, P1, ..., Py) and (@, Bij, a
1317 e ﬁn) coincide.

Proof. Suppose that (v,v) and (3, V) are congruent as one-parameter families
of framed curves, there exist a matrix X € SO(n) and a constant vector
x € R" such that

N, A) =X (vt N) + 2, v(E,A) =X (v(EN)
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for all (¢,\) € I x A. Since the definition of w, we have p(t, A\) = X (u(t, \))
for all (t,A) € I x A. By a direct calculation, we have

&ij (tv >‘) = (gi)t(t7 )‘) : gJ‘ (tv )‘)

= X (()e(t, V) - X (£, N) = ()e (8, A) - v (8, X) = (8, ),
Bij(t,X) = (T)A(t, A) - i (t, A)
= X((ri)a(t, V) - X (5 (t, ) = () a(t, N) - v (E,N) = By (t,N),
a(t,A) = F(6,A) - Bt )
= X(7:(t, V) - X(B(t, X)) = % (t,A) - p(t,A) = a(t, A),

(t,
Pit,A) = Fa(t, \) - it
=t A) - (e,
Po(t, ) = At A) - B(t, N)
= X (0 (6, A) - X(p(t, ) =t A) - u(t, A) = Po(t, A).
Therefore, (a;j, Bij, o, P1,. .., P,) and (avj, Bij, a b, ... ,f’n) coincide.

) =X A) - X(vi(t, )
)=P; =1,....n—1),

Conversely, suppose that (a;;, 8ij,, P1,...,P,) and (@, @j, a b, .. ,1?’")
coincide. Let (tg, A\g) € I X A be fixed. By using a congruence as one-parameter
families of framed curves, we may assume ~y(to, Ao) = Y(to, Ao) and v(tp, Ag) =
U(to, Ao). By Lemma 2.8, we have (¢, \) = 5(¢,\) and v (¢, \) = v(t, A) for all
(t,\) € I xA. O

3. Envelopes of one-parameter families of framed curves in the
Euclidean space

Let (y,v) : IXA — R"Xx A, _1 be a one-parameter family of framed curves with
the curvature (o, Bij, o, Pi,...,Py) andlet e : U — I x A, e(u) = (t(u), A(u))
be a smooth curve, where U is an interval of R. We denote E, = yoe : U — R",
E, =vioce:U—S"1Tand E, =voe:U — A,_;.

Definition 3.1. We call E, an envelope (and e a pre-envelope) for the one-
parameter family of framed curves (v,r), when the following conditions are
satisfied.

(i) The function A is non-constant on any non-trivial subinterval of U. (The
Variability Condition.)

(ii) For all u € U, the curve E, is tangent at uw to the curve (¢, \) at
the parameter (t(u), A(u)), meaning that the tangent vectors £’ (u) =
(dE/du)(u) and p(e(u)) are linearly dependent. (The Tangency Condi-
tion.)

This definition is a generalization of the definition of an envelope of a one-
parameter family of Legendre curves in [11,14]. Note that the tangency con-
dition is equivalent to the condition E (u) - vi(e(u)) = E’ (u) - E,, (u) = 0 for
alueUandi=1,...,n—1.
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Proposition 3.2. Let (v,v): I x A — R" x A,_1 be a one-parameter family of
framed curves with the curvature (cvj, Bij, o, P1, ..., P,). Suppose thate : U —
Ix A e(u) = (t(u), \(u)) is a pre-envelope and E., : U — R™ is an envelope of
(v,v). Then (E4,E,) : U — R" x A,_1 is a framed curve with the curvature
aijp, (u) = ' (u)og;(e(w)) + X' (u) B (e(w)),
ap, (u) =t'(u)a(e(u)) + X' (u) Py (e(w).

Proof. By definition, E,, (u) - E,, (u) = vi(e(u)) - vj(e(u)) = d;; for all u € U
andi,j =1,...,n—1. Since E, is an envelope, E! (u)-E,,(u) =0 forallu € U
and i = 1,...,n — 1. It follows that (E,, E,) : U — R™ x A,_; is a framed
curve. By a direct calculation, we have the curvature

aijp, (u) = B, (u) - By, (e(u)) = (¢ (u)(v)i(e(w)) + X () (vi)a(e(w)) - v;(e(w)
= t'(w)auj(e(w)) + X' (u) B (e(w)),
ap, (u) = B (u) - ple(w)) = ('(w)re(e(w)) + N (u)ya(e(u)) - ple(w))
= t'(u)a(e(w)) + X'(u) Py (e(u)).
O

As a main result, we formulate a necessary and sufficient condition that a one-
parameter family of framed curves has an envelope. The envelope theorem is
as follows:

Theorem 3.3. Let (y,v) : I x A — R™ x A,y be a one-parameter family of
framed curves and let e : U — I X A be a smooth curve satisfying the variability
condition. Then the following are equivalent.

(1) e:U — I x A is a pre-envelope of (v,v) and E, is an envelope of (7y,v).
(2) va(e(w)) - vi(e(w) =0 for alu e U andi=1,...,n—1.
(3) Pi(e(u)) =0 forallueU andi=1,...,n—1.

Proof. Suppose that e is a pre-envelope of (v,v). By the tangency condition,
there exists a smooth function ¢ : U — R such that E! (u) = c(u)p(e(u)). By
differentiate E, (u) = v o e(u), we have

El(u) = t'(u)y(e(u) + N (w)yae(u)).

It follows from ~,(t,\) = a(t, \)p(t, A) that (¢ (w)a(e(w)) — c(uw))p(e(u)) +
N (uw)ya(e(u)) = 0. Then we have X (u)yx(e(u))-vi(e(u)) = 0. By the variability
condition, we have yy(e(u)) - vi(e(u)) =0forallu e U and i =1,...,n — 1.

Conversely, suppose that vy (e(u))-v;(e(u)) =0forallu € U andi = 1,. -
1. Since

B (u) - vi(e(uw)) = (' (w)yle(w)) + N (u)ya(e(u)) - vile(u)) =0,
e is a pre-envelope of (v, v). Therefore, (1) and (2) are equivalent.

By using the Frenet type formula of the one-parameter family of framed curves,
Pi(t, A) = (¢, A) - v4(t, A) for all (t,A) € I x Aand i =1,...,n—1. Therefore,
(2) and (3) are equivalent. O
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We say that the singular set of v : I x A — R" is the subset of the domain
I x A defined by

rank (v (¢, A), va(t, A)) < 1.

Here we discuss the relation between the envelope E, of (v, v) and the singular
set of 7. In order to consider the result, we need the following lemma.

Lemma 3.4. Let a,b: U — R™ be smooth maps. Suppose that the set of non-
zero points of smooth function k : U — R is dense in U. If k(u)a(u) and
b(u) are linearly dependent, then a(u) and b(u) are linearly dependent for all
ueclU.

Proof. Since rank(k(u)a(u),b(u)) < 1. By the condition and continuous prop-
erty, we have rank(a(u),b(u)) <1 for all u € U. O

Proposition 3.5. Let (y,v) : I x A — R™ x A,_1 be a one-parameter family
of framed curves, and let e : U — I x A be a smooth curve satisfying the
variability condition. If the set of reqular points of v on e(U) is dense in U
and trace of e lies in the singular set of v, then e is a pre-envelope of (v,V)
(and E, is an envelope).

Proof. Since e belong to the singular set of v, we have rank(v;(e(u)), va(e(u)))
< 1 for all w € U. Therefore vy(e(u)) = [le(u))p(e(uw)) and vyx(e(u)) are
linearly dependent. By the assumption, the set of non-zero points of foe(u) is
dense in U. Tt follows from Lemma 3.4 that p(e(u)) and v, (e(u)) are linearly
dependent. Therefore vy (e(u)) - v(e(u)) = 0 for all w € U. By Theorem 3.3, e
is a pre-envelope of (v, v). O

Proposition 3.6. Let (y,v) : I x A — R™ x A,_1 be a one-parameter family
of framed curves. Suppose that e : U — I x A is a pre-envelope and E. is
an envelope of (v,v). Then e : U — I x A is also a pre-envelope of (—v,v),
(v,—v). Moreover, —E, is an envelope of (—v,v) and E, is an envelope of

(’77_”)'

Proof. Since e : U — I x A is a pre-envelope, we have vy (e(u)) - v;(e(u)) =0
forall w € U and ¢ = 1,...,n — 1. It follows that —yx(e(u)) - vi(e(u)) = 0
and ya(e(u)) - (—vi(e(u))) = 0 for all w € U. Thus e : U — I x A is also a
pre-envelope of (—v,v), (v, —v). —E, is an envelope of (—v,v) and E, is an
envelope of (v, —v). O

Let T and A be intervals of R.

Definition 3.7. We say that a map @ : IxA—IxAisa one-parameter
family of parameter change if ® is a diffeomorphism of the form ®(s,k) =

(¢(s, k), (k).
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Proposition 3.8. Let (y,v) : I x A — R™ x A,_1 be a one-parameter family
of framed curves with the curvature (a;j, Bij, o, P, ..., P,). Suppose that @ :
IxA— Ix A, D(s, k) = (o(s, k), p(k)) is a one-parameter family of parameter
change. Then (7,0) = (yo®,v0®) : IxA — R"XA,_1 is also a one-parameter
family of framed curves with the curvature

Gij(s,k) = ij (B(s, k))ds(s. k), Bij(s. k)
= aij(R(s,k))du(s, k) + Bi; (2(s, k)¢’ (k),
a(s k) = a(®(s,k))ps(s, k), Py(s, k)= Pi(D(s, k)" (k) (i=1,....,n—1),
Pu(s,k) = a(®(s, k))di(s, k) + Pu(®(s, k)¢ (k).
Moreover, if e: U~—> I x A is a pre-envelope and E. is an envelope, then
P loe:U — I x A is a pre-envelope and E., is also an envelope of (V,V).

Proof. Since s(s,k) = (D(s,k))ds(s, k) and (¢, A) - v;(t,\) = 0, we have
YVs(s, k) -vi(s, k) =0 for all (s,k) € IxAandi=1,...,n—1. Therefore, (7,7)
is a one-parameter family of framed curves. By a direct calculation, we have
the curvature

ij(s,k) = Wi)s(s, k) - vj(s, k) = (vi)e(D(s, k)¢5 (s, k) - v (D(s, k)

+(@i)a(R(s, k)@ (k) - v(D(s, k)
= aij (D(s, k) ok (s, k) + Bi; (D(s, k)’ (k),
a(s, k) = 7s(s, k) - (s, k) = 71 (®(s, k))ds (s, k) - p(D(s, k))
= (s, k)5 (s, k),
Pi(s,k) = qk(s, k) - vi(s, k) = (3(2(s, k) Px (s, )

= a(P(s,k))dr(s, k) + P (D(s, k

(®(s,
By the form of the diffeomorphism ®(s, k) = (¢
A is given by the form ®~1(£, \) = (¢(t, A), !
tion. It follows that @~ oe(u) = (¢¥(t(u), M(u)
Aw) = (¢ Ha(AMu))N (u), the variability
have
= (Pl(k)'yk(q)(& k)) - vi(®(s, k)).
It follows that

(@ oe(w)) - mi(@7 o e(u)) = ¢ (¢ (A(w)))1a(e(w) - vile(u)) =0

(

( )’Sp(k))7 ¢_1:IXA—>TX
(M), where 1 is a smooth func-
)

;¢ (Mu))). Since (d/du)p™"
ondition holds. Moreover, we

Q
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forallu € U andi = 1,...,n— 1. By Theorem 3.3, ® ! oe is a pre-envelope of
(3, 7). Therefore, yo®loe =y0Po® loe=ryoe = E, is also an envelope
of (7,v). O

4. Envelopes of one-parameter families of framed curves in
R3 x Ao

In this section, we concentrate on the case of n = 3. We use the following
notations. Let (*y, Vl, V) : IXA — R3x Ay be a one-parameter family of framed
curves and p(t, A) = v1(t, A) x v2(t, A). We have the Frenet type formula.s

)-
() mE N\ [t )

vie(t, \) ( 0
var(t,A) | = | —L(t, \) 0 n(t,\) va(t,A) |,
“t(tv )‘) _m( ) /\) _n(tv )‘) 0 /'l’(t7 )‘)
via(t, \) 0 Lt,\)  MENY\ [t
vaa(t,\) | = ( —L(t, \) N(t,\) va(t,A) |,
K (t7 )‘) (t’ )‘> _N(t’ )‘> 0 N(t’ )‘>

Ve (ta )‘ O((t )\) (tv /\) 2\ (t7 >‘) P(t7 A)Vl (tv A)

FQE, N st ) + R(E, Aty \).

Then we have the integrability condition

Li(t,\) = M (¢, \)n(t, N) — N(E, N)m(t, N) + (¢, \),

Mi(t, A) = N (&, A)(t, A) — L(t, A)n(t, A) + ma(t, A),
Ni(t, A) = L(t, \)m(t, A) — M(t, A)E(t, A) + na(t, A), (4.1)
Pi(t,N) = Qt, Nl(t, N) + R(t, \)m(t, \) — at, \) M (t, \), '
Qi(t,\) = —P(t, \)l(t, \) + R(t, \)n(t,\) — a(t, )N (t, ),
Ri(t,\) = —P(t, \)m(t,\) — Q(t, \)n(t, \) + ax(t,\)

for all (¢,\) € I x A. We call the mapping (¢,m,n,«, L, M, N, P,Q, R) with
the integrability condition (4.1) the curvature of the one-parameter family of
framed curves (v, vy, v2).

By using the above notations and Theorem 3.3, we have the following Corol-
lary.

Corollary 4.1. Let (y,v1,10) : I x A — R? x Ay be a one-parameter family of
framed curves with the curvature (¢, m,n,a, L, M, N, P,Q,R) and let e : U —
I x A be a smooth curve satisfying the variability condition. Then the following
are equivalent.

(1) e: U — I x A is a pre-envelope and E., is an envelope of (y,v1,v2).
(2) vale(w)) - vi(e(w)) =0 and ya(e(u)) - va(e(u)) =0 for allu € U.
(3) P(e(u)) =0 and Q(e(u)) =0 for allu e U.
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We give two examples. One is an example that a one-parameter family of
framed curves has an envelope and the other is that a one-parameter family
of framed curves does not have an envelope.

Example 4.2. Let (vy,v1,100) : R x R — R3 x A be
1 1,1 —t,1,0
Y(t, ) = (t2 + A =t t4> st A) = M

1+t2 71/2(t>)‘)

2 3 4
(=%, —t3,1 4+ %)

VO + )1+ 12 +t3)
Then (v, v1,v2) is a one-parameter family of framed curves. Since v, (¢,A) =
(17070)7 we have ’YA(t7)‘) . V1<ta)‘) = _t/(l + t2) and ’Y)\(t7)‘) ! V2(t?A)
—t2/3/(1 +t2)(1 + 12 + t%). By Corollary 4.1, ¢ : R — R x R,e(u) = (0,u
is a pre-envelope of (v, v1,12). Hence E(u) = yoe(u) = (u,0,0) is an envelope
of (v,v1,va). For more general cases see in Example 6.1.

Example 4.3. Let (y,v1,12) : R x R — R3 x Ay be
1 1 1 —t,1
Y(t,\) = (tQ, 3 F N, 4t4> it A) = (1.0)

1 +t2 7V2(t7)‘)

2 '3
(—t2, -3, 1+ t%)
O+ A+ 2+ h)
Then (v,v1,12) is also a one-parameter family of framed curves. However,
since va(t, ) = (0,1,0), we have (¢, \) - v1(t,\) = 1/(1 + ¢?) # 0 for all
(t,\) € I x Aand Y\ (t,A) - va(t, ) = —t3/1/(1 + 2)(1 + 2 + t4). By Corollary
4.1, (v,v1,v2) does not have an envelope.

4.1. Rotated frame and reflected frame of a one-parameter family of framed
curves

Let (y,v1,12) @ I x A — R® x Ay be a one-parameter family of framed
curves with the curvature (¢, m,n,a, L, M, N, P,Q, R). For the normal plane
of (¢, A), spanned by v (¢, A) and v5(¢, A), there are other frames by rotations
and reflections. We define (7;(t, A), 72(t, A)) € Ay by

U1(t, )\ [ cosO(t,\) —sinf(t, \) vi(t, \)

Ua(t,\) ) \ sinf(t,\) cosO(t, \) va(t,\) )’
where § : I x A — R is a smooth function. Then (y,71,72) : I x A — R3 x
Ay is also a one-parameter family of framed curves and @(t, A) = 7y (¢, \) x

(€7m7ﬁaa7L7M7N7P7Q7R) of (Vavth) is given by
(6 —0t,mcos —nsin@,msind + ncosf, o, L — 05, M cosd — N sin,
Msin@ + N cos 6, Pcosf — @Qsinf, Psinf + Q cos0, R).

We call the moving frame {7;(t,\),72(t, A), u(t,\)} a rotated frame along
(8, A) by 6(t, A).
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On the other hand, we define (71 (¢, A), 72 (¢, \)) € Ag by
(A (1 0 cosO(t,A) —sinf(t, ) vi(t, A)
m(t,N) ) \0 -1 sinf(t,\)  cosf(t, \) va(t,\) )’

where § : I x A — R is a smooth function. Then (v,77,75) : [ x A — R3 x

Ay is also a one-parameter family of framed curves and p(t, ) = v1(t, A) x

va(t,A) = v2(t, A) x v1(t,A) = —p(t, A). By a direct calculation, the curvature

(¢,m,7,&,L,M,N,P,Q,R) of (v,01, ) is given by

(=€+6;,—mcosO +nsinf,msinf + ncos@, —a,—L + 0\, —M cos + N sin#,
Msin@ + N cos@, —Pcosf + Qsinf, Psinf + Q cos, —R).

We call the moving frame {7y (¢, A), 72 (¢, A), —pu(t, \)} a reflected frame along

~v(t,\) by 6(t, A). By using Corollary 4.1, we have the following result.

Proposition 4.4. Under the above notations, if e : U — I X A is a pre-envelope
of (v,v1,v2), then e : U — I x A is also a pre-envelope of (v,71,V3) and

(v, 71, 2).

Proof. By Corollary 4.1, we have P(e(u)) = Q(e(u)) = 0 for all u € U. It
follows that P(e(u)) = Q(e(u)) = 0 and P(e(u)) = Q(e(u)) = 0 for all u € U.
Therefore, we have the result. O

It follows that the envelope is independent of rotated frames and reflected
frames of the framed curves.

4.2. Parallel curves of one-parameter families of framed curves

The parallel curve of a framed curve is defined in [9]. We define a parallel curve
of a one-parameter family of framed curves.

Definition 4.5. Let (v,v1,10) : I x A — R3 x Ay be a one-parameter family
of framed curves and 6§ : I x A — R be a smooth function which satisfy
O:(t, \) = £(t, \) and 05(t,\) = L(¢, A) for all (¢,\) € I x A. Then we define a
parallel curve y(qp) : I X A — R3 of the one-parameter family of framed curves
(77 v, V2) by
Yiap) (L, A) = v(t, A) 4+ (acos O(t, \) + bsin O(t, A))v1(t, A)
+(—asinf(t, A) + beos(t, A))va(t, \)
where a,b € R.

Remark 4.6. Since 0:(t, \) = £(t,A) and 0x(t,\) = L(t, \), €x(t, \) = L¢(t, A
holds for all (¢t,A\) € I x A. By the integrability condition (4.1), £x(t,\) =
L(t, \) is equivalent to M (¢, \)n(t,A) — N(t, \)m(t,A) =0

Proposition 4.7. Let (y,v1,1v2) : [ x A — R3 x Ay be a one-parameter family of
framed curves with the curvature (€,m,n,c, L, M, N, P,Q,R) and 0 : I x A —
R be a smooth function which satisfy 0:(t, \) = £(t, \) and 0x(t,\) = L(t, \) for
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all (t,\) € IxA. Then (Yap),v1,v2) : IXA — R3 x Ay is also a one-parameter
family of framed curves with the curvature (€,m,n,a + m(acos + bsinf) +
n(asin@—bcos®), L, M, N, P,Q, R+M (acosf+bsinf)+N(—asinf+bcosb)).
Moreover, if e : U — I X A is a pre-envelope of (v,v1,vs), thene:U — I x A
is also a pre-envelope of (Yap),v1,v2). We have B, (u) = (E)(ap)(u) for
all u € U, where Ey, ) = Y(a,b) © €-

Proof. Since

(Vap))t (. A) = (ap + (—aby sin 6 + bb; cos 0
+(acos® + bsin0)(lvy + mpu)
+(—ab; cos @ — bl sin O) vy
+(—asinf + beos 0)(—Llvy + np)) (¢, \)
= ((a+m(acosf + bsinf) + n(—asinf + beos0))p) (£, ),
(YVap))a(tA) = (Pry + Qua + R+ (—aby sin 0
+b0y cos O)vy + (acosf + bsin@)(Lvs + Mp)
+(—aby cos O — bl sin )y
+(—asing + beos0)(—Lvy + Np))(t, \)
= (Pv1+ Qua + (R+ M(acos 6 + bsin6)
+N(—asing + bcos6))p) (¢, \),

we have (Y(a,p))e(t; A)-v1(t, A) = 0 and (y(a,p))e(t, A) -va(t, A) = 0 for all (¢, A) €
I x A. Hence (7(a,p), V1, V2) is a one-parameter family of framed curves. It fol-
lows that (¢, A) and (4 5) (%, ) have the same moving frame {1 (¢, \), v2(t, A),
wp(t, A)}. By a direct calculation, we have the curvature (6, m,n, a+m(acosf+
bsin0)+n(—asin0+bcosd), L, M, N, P,Q, R+M (a cos 0+bsin 0)+N(—asin 6+
bcos 9)) of (Ya,p, V1, 12).

Ife: U — I'xAis a pre-envelope of (v, 11, ), then P(e(u)) = 0 and Q(e(u)) =
0 for all w € U. It follows that (v(4,5))a(e(u)) vi(e(u)) = 0 and (v(,p))a(e(u))-
vo(e(u)) = 0 for all w € U. Thus e : U — I x A is also a pre-envelope of
(Y(a,p)s V1, v2) by Corollary 4.1. Moreover, we have

By (u) = ’Y(a b) ° G(U)
+ (acosf(e(u)) + bsinf(e(u))) v (e(u))
+(—asm9( (u ))+bcos€( (u)))vale(w))
= Ey(u) + (acosf(e(u)) + bsinb(e(w))) Ey, (u
+(—asinf(e(u)) + beosb(e(u))) By, (u)
= (Ey)(ap)(u)

1

for all w € U. O
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5. Relations among envelopes of one-parameter families of
framed curves, Legendre curves and spherical Legendre
curves

First, we give relations between one-parameter families of framed curves and
one-parameter families of Legendre curves in the unit tangent bundle over the
Euclidean plane. We review one-parameter families of Legendre curves. For
more details see [14].

Let (v,v) : I x A — R? x S* be a smooth mapping. We say that (v, ) is a one-
parameter family of Legendre curves if v, (¢, \)-v(t,\) = 0 for all (¢, ) € I xA.

We denote J(a) = (—ag,a;) the anticlockwise rotation by /2 of a vector
a = (a1, az). We define p(t, \) = J(v(t, \)). Since {v(t, \), p(t, \)} is a moving
frame along (¢, \) on R2, we have the Frenet type formula.

() = (ot ”) (i)
(a8) = Catn 57) (i)
Ye(t, A) = alt, \p(t, N), va(t, A) = P(t, Nv(t,\) + Q(t, M) p(t, N).

By the integrability condition, we have

é/\(t7 >\) = Lt(tv )‘)7 Pt(ta /\) = g(tv )‘)Q(t7 )‘) - a(tv )‘)L(ta )‘)7 a/\(tv >‘)
= Qt(tv /\) + Z(ta /\)P(tv )‘)

for all (¢,\) € I x A. We call the mapping (¢, v, L, P, Q) with the integrability
condition the curvature of the one-parameter family of Legendre curves (v, v).

We consider two projections to the planes. Let (v,v1, 1) : IXA — R3x Ay be a
one-parameter family of framed curves with the curvature (¢, m,n,«, L, M, N,
P,Q,R). For a fix point (g, \o) € I x A, we consider two projections from
R? to the v1(tg, A\g) and o (tg, \o) directions, respectively. We consider the
projection of «y to the v (g, Ag) direction. We denote

Yy - I'xA— sz (t7 )‘) = (’Y(tv)\) . V2(t07)‘0)7’7(ta)‘) . N(th)‘O))

Then (v,,)e(t, A) = a(t, \)((t, A) - va(to, Xo), p(t, A) - pu(to, No)). There exist
subintervals I; of I around ty and A; of A around Ag such that (w(t,\) -
1/2(to, Ao))z + (/L(t, )\) . M(to, )\0))2 §£ 0 for all (t, A) S Il X Al.

Proposition 5.1. Let (v, v1,v5) : I x A — R3 x Ay be a one-parameter family of
framed curves with the curvature (¢, m,n, o, L, M, N, P,Q, R). Then (7y,, vy, ) :
I x Ay — R? x St is a one-parameter family of Legendre curves with the
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curvature (L., s Ly, Py, @y, ), where

1

(A= V(- va(to, Mo))? + (1 - u(to, M))? (b - 6os Jo),
—p - va(to, Ao))(L, A),
lor (8, N) = !

(B - v2(to, X0))? + (1 - 1(to, Ao))?
(£((1 - va(to, X)) (1 - p(to, Mo)) — (1 - plto, Xo)) (ke - v2(to, Mo)))
+n((v2 - v2(to, M) (1 - 1(to, Ao))
—(va - p(to, M) (1 - v2(to, o)) (E, N),
ay, (£, A) = av/(p - valto, M))? + (1 - p(to, Ao))2(t, A),

LVl (ta >‘) -

1
(k- va(to, Ao))? + (k- p(to, Ao))?
(L((v1 - va(to, Ao)) (ke - (to Xo)) —
+N((v2 - v2(to, Xo)) (1 - p(to; Ao))
—(va - p(to, Mo)) (1 - v2(to, o)) (E, A
1
V(- va(to, Mo))? + (1 - u(to, M))?
(P((v1 - va(to, M) (e - p(to, Xo)) — (v1 - p(to, X)) (1 - va(to, Ao)))
+Q((v2 - v2(to; X)) (1 - p(to; Ao))
—(v2 - p(to, Xo)) (- v2(to, M) (E, ),
1
\/(N “va(to, Mo))? + (1 - p(to, No))?
(P((v1 - va(to, M) (e - va(to, Ao))
+(v1 - p(to, Ao)) (1 - p1(to, Xo)))
+Q((v2 - v2(to, Xo)) (1 - v2(to, Ao)) + (V2 - p(to, o)) (K - 1(to, Ao)))
+R((1 - v2(to, Xo))? + (1 - p(to, M))?)) (£, A).

(v1 - w(to, Xo)) (1 - v2(to, Ao)))

P, (t,\) =

QV1 (t7 )‘) =

Proof. We define a smooth map v, : I; x A; — St by
1

V(- va(to, M))? + (- p(to, Xo))?
- I/Q(to, )\0))(157 )\)

Then (v,,,v,) : I1 x Ay — R? x S is a one-parameter family of Legendre
curves. By definition, p,, : I X Ay — S1 is given by

My, (t7 >‘)
= J(Vm (t7 )‘)) =

VVl(t7>\) - (”'M(t07>‘0)a

1
V(1 v2(to, Ao))? + (1 p(to, Mo))?
(- vato, Xo), - p(to, Xo)) (£, A).
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By a direct calculation, we have the curvature (¢,,,c,, Ly, Py, @y, ) of
(’YV17VV1)' D

Proposition 5.2. Under the same notations in Proposition 5.1, suppose that
e: U — I) x Ay is a pre-envelope of (v,vi,v2). Then e : U — I X Ay is
also a pre-envelope of (V,,,vy,) @ I1 x Ay — R? x S*. Moreover, we have

E,, (u) = (Ey), (u) for allu € U, where E,, (u) =, o e(u).

Proof. Since (y,v1,12) @ I x A — R3 x Ay is a one-parameter family of
framed curves and e : U — I; x A; is a pre-envelope of (v,vq,12), we have
P(e(uw)) = Q(e(u)) = 0 for all uw € U by Corollary 4.1. By Proposition 5.1,
we have P,,(e(u)) = 0 for all u € U. Therefore e : U — I x Ay is a pre-
envelope of (v,,,v,) (cf. [14]). Moreover, we have E,, (u) = v, o e(u) =
(v(e(w))-v2(to, M), v(e(w)) p(to, M) = (B (u)-va(to, Ao), By (u)-p(to, Mo)) =
(Ey)u, (u) for all u e U. O

We also consider the projection of « to the va(tg, Ag) direction. We denote
Yoy I X A — R2 (£, \) = (y(t, A) - v1(to, Ao), ¥(t, ) - p(to, No)). There exist
subintervals Iy of I around ty and As of A around Ag such that (w(t,\) -
v1(to, Mo))? + (m(t, N) - pu(to, No))? # 0 for all (t,\) € Iy x Ay. We can prove
the following similarly.

Proposition 5.3. Let (y,v1,v5) : I x A — R3 x Ay be a one-parameter family of
framed curves with the curvature (¢,m,n,a, L, M, N, P,Q, R). Then (Yu,, Vu,)
I, x Ay — R? x St is a one-parameter family of Legendre curves with the
curvature (Lyy, Quyy Lyy, Puyy @y, ), where

Uy (t, N) = !
V(- vito, 20))? + (k- plto, Mo))?
x(p - p(to, Ao)s —p - v1(to, Ao))(E, A),
1
b0 = Gl 3o )E T (- ol 202
(((vr - va(to, M) (e - p(to, M) — (1 - pa(to, Ao)) (1 - v (to, Mo)))
+n((v2 - vi(to, M) (1 - p(to, M) — (V2 - (to, Xo)) (1 - w1 (to, Xo))))
x(t, A),
aw, (1, A) = av/ (- v1(to, Ao))? + (- plto, X)) (£, A),
L,,(t,\) = !
(B - vi(to, Xo))* + (1 - p(to, Ao))?

(L((v1 - va(to, X)) (1 - p(to, M) — (v2 - p(to, M) (- v1(to, Ao)))

+N((v2 - v1(to, Xo)) (e - p(to, Mo)) — (v2 - p(to, M) (1 - v1 (o, Xo))))
X (t, A),
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1
V(- vi(to, M))? + (- p(to, Xo))?
(P((v1 - va(to, M) (e - p(to, M) — (v - (to, Ao)) (1 - v (to, Mo)))

+Q((v2 - v1(to, Xo)) (e - p(to, Mo)) — (v2 - p(to, M) (1 - 1 (0, Xo))))
X (t, A),

P, (ta )\) =

1
V(- v(to, )2 + (- (o, M))?

QV2 (ta /\) =

(P((v1 - v1(to, M) (e - vi(to, Xo)) + (v1 - p(to, Xo)) (1 - pa(to, Mo)))
+Q((v2 - v1(to, M) (1 - vi(to, Ao)) + (v - p(to, Ao)) (1 - p(to, Xo)))
+R((p - v1(to, Xo))? + (1 - p(to, M))?)) (E, A).

Proposition 5.4. Under the same notations in Proposition 5.3, suppose that
e: U — Iy x Ay is a pre-envelope of (y,v1,v2). Then e : U — Iy X Ao is
also a pre-envelope of (Yu,,Vu,) @ Iz x Ay — R? x S*. Moreover, we have
E,,, (u) = (Ey)u,(u) for allu € U, where E,, (u) = v, o e(u).

Second, we give a relations between one-parameter families of framed curves
and one-parameter families of spherical Legendre curves in the unit spherical
bundle over the unit sphere. We review the one-parameter families of spherical
Legendre curves. For more details see [11].

Let (y,v) : I x A — Ay C 5% x S? be a smooth mapping. We say that (v,v) is
a one-parameter family of spherical Legendre curves if v (¢, A)-v (¢, \) = 0 for all
(t, \) € IxA. We define pu(t, \) = (¢, \)xv(t, N). Then {y(¢t, \), v(t, A), p(t, A) }
is a moving frame along (¢, \) on S2. We have the Frenet type formula.

Vi (t7 )‘) 0 0 m(tv )‘) 7(t7 )‘)
ve(t,A) | = 0 0 n(t, \) v(t,\) |,
1, (6, \) “m(t, ) —n(t,\) 0 p(t, )

X (tv )‘) 0 L(tv )‘) M(ta )‘) /V(tv >\)
A | = —L, N 0 Nt | | vt

By the integrability condition, we have

Ly (tv )‘) - M(ta /\)Tl(t, )‘) - N(tv )‘)m(ta )‘)7

mx (t7 /\) = Mt(t7 >\) + L(t7 A)?’L(f, A)a

na(t, A) = Ne(t, A) — L(t, \)ym(t, N).
We call the mapping (m,n, L, M, N) with the integrability condition the cur-
vature of the one-parameter family of spherical Legendre curves (v,v). Let
(v,v) : I x A — Ay be a one-parameter family of spherical Legendre curves
with the curvature (m,n, L, M,N) and let ¢ : U — I x A, e(u) = (t(u), \M(u))
be a smooth curve, where U is an interval of R. We denote E., = yoe : U — S?
and B, =voe:U — S2.

We call E, an envelope (and e a pre-envelope) for the one-parameter family of
spherical Legendre curves (v, v), when the following conditions are satisfied.
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(i) The function A is non-constant on any non-trivial subinterval of U. (The
Variability Condition.)

(ii) For all u, the curve E is tangent at u to the curve (¢, A) at the parameter
(t(u), AM(u)), meaning that the tangent vectors £’ (u) = (dF/du)(u) and
wp(e(w)) are linearly dependent. (The Tangency Condition.)

In [13], the relations between framed curves and spherical Legendre curves
are discussed. Here we discuss relations between one-parameter families of
framed curves and one-parameter families of spherical Legendre curves, see
Example 6.4.

Proposition 5.5. Let (v,v1,v5) : [ x A — R3 x Ay be a one-parameter fam-
ily of framed curves with the curvature (£,m,n,c, L, M, N, P,Q, R). Suppose
that v(t,\) is non-zero. We denote F(t,\) = v(t,\)/|y(t,\)| and F(t,\) =
a(t, N)va (t, N)+b(t, Nva(t, N)+c(t, N p(t, ) with a®(t, \)+b2(t, \)+c*(t,A) = 1.
If a®(t, \) +b2(t, \) # 0 for all (¢, \) € Ix A and v(t, X\) = (Y x p/ |7 x p]) (¢, M),
then (7,7) : IxA — Asg is a one-parameter family of spherical Legendre curves
with the curvature

At ) = ‘%J’:;Ct(t,m,
2 g2 _ _
At ) = (a* + b*)(an bzz;;c:g) + (aby atb)c(t7 A,
Lt = —2arabz CNT)Q il;(;“ —OL M) ),
M(t,\) = —%(m»
_ 2 g2 _ _
N2 = (a® +b%)(aN b]\c/.LIQ—:ch2) + (aby a)\b)c(t’ z.

Proof. Since ¥(t, A) = a(t, \)v1(t, N) +b(¢t, Mo (t, A) + c(t, N (¢, A) and v(t, X)
= ((bvy — ava)/Va? + b2) (t, A), we have J(¢t,\) - D(t, A) = 0. Moreover,

Tt A) - D(tN) = (M .'ﬁ) (t,\) = <% o Dles ~) (t,\)

Iv]? 7] ol
Yt - (bl/l — aljg)

= ———(t,\) =0
pivarE oY

Therefore (7,7) : I x A — Ay is a one-parameter family of spherical Legendre
curves. By a direct calculation, we have

Gt N) = 3t A) X Bt A) = ——— (acvy + beva — (@ + b)) (t, V).
a® + b2
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By using the Frenet type formula of a one-parameter family of spherical Le-
gendre curves, we also have

Fe(t, A) = ((ar — bl — em)vy + (b + al — cn)vy + (¢ + am + bn)p) (¢, A),
(. A) = ((ax —bL — cM)vy + (by + aL — cN)va + (cx + aM +bN)p) (¢, N),

- B 1 2 2 12
Vt(t,)\) = m((btd +a(a +b )ffatab)yl
+(—ab* + b(a® + b*)0 + bab)va + (a® + b*)(—an + bm)p) (¢, A),
1
a(t,\) = ——— ((bxa® + a(a® + b*)L — arab)v
MEY) = (g (s e £ 1)L~ aran

+(—axb® + b(a® + b%) L + brab)vo + (a® + b*)(—aN + bM)p) (t, ).

By a direct calculation, we have the curvature (m,n, L, M, ZV) of (7,v). O

Proposition 5.6. Under the same assumptions in Proposition 5.5, suppose that
e:U — IxA is a pre-envelope of (y,v1,v2) and E, : U — R3 is an envelope.
Then e: U — I x A is also a pre-envelope of (7,V) : I x A — Ay. Moreover,
we have E5(u) = EA, (u) for all w € U, where E5(u) =7 oe(u) and Ev(u) =
Ey(u)/]Ey(u)]-

Proof. Since (v,v1,v2) : I x A — R3 x Ay is a one-parameter family of framed
curves and e : U — I X A is a pre-envelope of (v, v1,v2), we have v, (e(u)) -
vi(e(u)) =0 and yy(e(u)) - vo(e(u)) =0 for all u € U. Tt follows that

S (e(w)) - Ple(u)) = (% : 17) o (e(u)) = ((7' - b5 ~) o (e(u)

_%\.(bul—ayg)oeu _
= Thiverze =0

Therefore e : U — I x A is also a pre-envelope of (7,7). Moreover, E5(u) =
F(e(uw)) =y(e(u)) = Ev(u) Thus, we have E5(u) = Ew(u) forallue U. O

Conversely, we have the following result.

Proposition 5.7. Let (y,v) : IxA — Ay be a one-parameter family of spherical
Legendre curves with the curvature (m,n, L, M,N). Then (v,7v,v) : I x A —
5% x Ay C R? x Ay is a one-parameter family of framed curves with the
curvature (¢, m,n,co, L, M, N, P,Q, R) = (0,m,n,m, L, M, N,0, L, M).

Proof. Since (vy,v) : I x A — Ay is a one-parameter family of spherical Le-
gendre curves, we have y(t,\) - v(t,\) = 0 and (¢, \) - v(t,\) = 0 for all
(t,\) € I x A. Therefore, (v,7,v) : I x A — 5% x Ay C R? x Ay is a one-
parameter family of framed curves. By a direct calculation, we have the cur-
vature of (v,~,v). O

Proposition 5.8. Under the same notations in Proposition 5.7, suppose that
e:U — IxA is a pre-envelope of (v,v) and E., : U — S? is an envelope. Then
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e:U — I x A is also a pre-envelope of (v,7,v) : I x A — S? x Ay C R3 x A,.
Moreover, E., is also an envelope of (7,7, V).

Proof. Since ya(e(u)) - v(e(u)) = 0 for all u € U, e : U — I x A is also a
pre-envelope of (7, v, v). Therefore, E, is also an envelope of (v, ~,v). O

6. Examples

Ezample 6.1. Let ny,n9,n3, k1 and ko be natural numbers with ny = nqy + k;
and nz = ny + k. Let (7,v1,15) : R x R — R? x Ay be

1 1 1 (—tF1,1,0)
tA) = —t" + N, —t"2, —"3 t,\) = — t,A
’7(7 ) (nl + 7712 ’Tl3 )7 Vl(a ) ma V2(7 )

B (,tkﬁrkz7 —t2k1+k2, 14+ t2k1)
V(14 12k0) (1 4 12k +2k2)

Then (v, v1,v2) is a one-parameter family of framed curves. By a direct calcu-
lation, we have

1
V14 1%k 4 g2k 25

Bt \) = (1, ¢k ghathey,

Then the curvature is given by

kthkl +ko—1

0t \) = RNy
—kythr !
m(t7 )‘) = : )
V(14 2F0) (1 + 2 4 2R+2ks)
n(t )\) _ tkﬁ_kz_l(lﬁ + ko + ]ﬂthkl)

VI F 2R (1 + 201 §2R142k)
alt,\) = tM1\/1 4 2k 4 g2k 22
L(t,\) = M(t,\) = N(t,\) =0,
tha thitka
_172]97 Q(ta)\) = - ,
+ e \/(1 +t2k1)(1 +t2k1+2k2)
1
V1 + t2F 4 (2R +2ks

P(t.)\) =

R(t,\) =

If we take e : R — R x R, e(u) = (0,u), then the variability condition holds
and we have P(e(u)) = Q(e(u)) = 0 for all u € R. Therefore e is a pre-envelope
and an envelope E., : R — R? is given by E. (u) = (u,0,0).
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FIGURE 1 v

1.01.0

FIGURE 2 E,

If we take (nq,nq2,n3) = (2,3,4), we have a one-parameter family of framed
curves

1 2 1 3 1 4
= — — — t =
7(t7A) <2t +>\a 3t a4t ) 3 Vl( 7)\)
(—t2, -3, 1 +12)

VI+2) A+ +th)

(7t, 170)
1+¢2 7

1] (t, A) =

See Figs. 1, 2 and 3.

Ezxample 6.2. Let nq,ns,ng, my, ma, ms,k1, ko, h1 and ho be natural numbers
with no = ni+k1, ng = no+ks, mo = my+hy, mg = mo+ho, h1ks = hoky and
hy or ki is 1, or hy and k; are relatively prime. Let (v, v1,v2) : RxR — R3x Ay
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1.01.0

FIGURE 3 «v and E,

be

VA U L B U B A D (L (—t*1 1,0)
)= (" v o 1) =D A
76 A) <n1+m1’n2+m2’n3+m3>71/1(’ ) \/1—|—t2’“17V2(’ )

(_tkl -i-kg7 —t2k1+k27 14+ t?kl)
\/(1 + t2k1) (1 4 t2k1+2k2)

Then (v,v1,12) is a one-parameter family of framed curves. Moreover, by
fY/\(ta )‘> = ()\ml_17 >\m2_1> )\m3—1)7
)\ml —1

V14 t2k

(N vt A) = (—thr 4 A,

)\mlfl

V(1 + 12k0) (1 4 2k +2k2)

% (_tk1+k2 _ t27‘01+k2)\h1 + (]_ + tle))\hH‘hz).

If we take e : R — RxR, e(u) = (u,u¥), then the variability condition holds,
Yale(w)) -vi(e(u)) = 0 and ya(e(u)) - vo(e(u)) = 0 for all u € R. Therefore e is
a pre-envelope and an envelope E., : R — R3 is given by

uh1’n1 uk‘1'fﬂ1 uh17l2 uk1m2 uhlnS uklmi‘}
+ + + .

Yty A) - va(t, A) =

EW(“) =

ni mi ’ N9 mo ’ ns m3

If we take (ni,ng,nz,mi,ma,mz) = (2,3,4,2,3,4), then y(¢t,\) = (t2/2 +
A2/2,83/3+X3/3,t* /4 + A" /4) and an envelope E.,(u) = (u?,2u3/3,u*/2), see
Figs. 4, 5 and 6.

Ezample 6.3. Let (p,vp1,vp2) ¢ [0,27) — R3x Ay be an astroid p(t) = (cos® t—
1,sin®t, cos 2t — 1), vp1(t) = (—sint, —cost, 0), vpa(t) = 1/5(—4cost,4sint, 3)
and (g, Vg1, Vg2) : [0,27) — R3x Ay be given by g(\) = (cos® A, —sin® \, cos 2)\),
vg1(t) = (sin A, —cos A, 0), v42(t) = 1/5(—4 cos A, —4sin A, 3). Then (p, vp1, Vp2)
and (g, V41, Vq2) are framed curves.
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1.0

FIGURE 4 v

1.0

1.0

FIGURE 5 E,

1.0

1.0

FIGURE 6 v and F,
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FIGURE 7 ~

We consider a one-parameter family of framed curves (v,v1,v2) @ [0,27) x
[0,27) — R3 x As,

Y(E,A) = q(A) + AN)p(t), vi(t, A) = AN)vpi (), va(t, A) = A(N)vpa (),
where

cosA —sinA 0
AAN) = | sinA  cosA 0],

0 0 1
that is
cos® A cosA  —sinA 0 cos®t—1
Y, \) = | —sin® X | + [ sinA cosA 0 sin® ¢ ,
cos 2\ 0 0 1 cos2t — 1
cosA —sinA 0 —sint
vi(t,A) = | sinA  cosA 0 —cost |,
0 0 1 0
cosA —sinA 0 —4cost
va(t,A\) =1/5| sinA  cosA 0 4sint
0 0 1 3

By a direct calculation, we have

At A) - v1(t,A) = sint(15sin Acos A — 2 cos® t — cost + 3),
Ya(t, A) - va(t, ) = 4(cost — 1)(45sin Acos A — 2cost — 1).

If we take e : [0,27) — [0,27) x [0, 27), e(u) = (0,u), then yx(e(w)) -vi(e(u)) =
0 and va(e(u)) - va(e(u)) = 0 for all u € [0,27). Therefore e is a pre-envelope
and an envelope F, : [0,27) — R3 is given by E. (u) = g(u) = (cos® u, — sin® u,

cos2u), see Figs. 7, 8 and 9.
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FIGURE 8 E,

FIGURE 9 «v and E,

Example 6.4. Let (vy,v1,1v) : R x [0,27) — R® x Ay be

¥(t,0) = (cosO(tsint + cost) — sin@(—t cost + sint) + fsin 6 + cos 6,
1 1
sin@(tsint 4 cost) + cos @(—tcost + sint) — O cosf + sin 0, 5752 + 592),
vi(t,0) = (cosHsint + sin 6 cost,sin @ sint — cos 6 cost, 0),

1
va(t,0) = ﬁ(cosecost — sinfsint,sinf cost + cosfsint, —1).

Then (7, v1,v2) is a one-parameter family of framed curves. By a direct calcu-
lation, we have
Yo(t,0) - 11 (t,0) = sint(tcost —sint + ),

Yo(t,0) - v2(t,0) = %(tCOSQt —sintcost + @ cost —0).
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FiGure 11 E,

If we take e : R — R x [0,27),e(u) = (0,u), we have vyp(e(u)) - v1(e(u)) =0
and vp(e(u)) - v2(e(u)) = 0 for all u € R. Therefore e is a pre-envelope and an
envelope F, : R — R3 is given by

1
E,(u) = (usinu + 2 cosu, —ucosu + 2sinu, ~u?),

see Figs. 10, 11 and 12.
Since |y(t,0)| # 0, for all (¢,0) € R x [0, 27), we can consider

()
[v(t,0)]
cos@(tsint 4 cost) — sin@(—tcost + sint) + 6sinf + cos

\/it“ 4 264 412 + 02 + 2202 + 2(tsint + cost) — 20(—tcost + sint) + 2

ﬁ(t’ 0) =

)
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FIGURE 12 v and E,

sinf(tsint + cost) + cosO(—tcost + sint) — 0 cos 0 + sin 6

X

\/it‘l + 2604 + 12 + 62 + 11202 + 2(tsint + cost) — 20(—tcost + sint) + 2’
y 2 + 62
2\/%&4 + i@‘l +12 4602+ %t292 + 2(tsint + cost) — 20(—tcost + sint) + 2

Moreover, we have J(t,0) = a(t, 0)v (¢, 0)+b(t, 0)va(t, 0)+c(t, 0)u(t, 0), where

t+ @ cost + sint

a(t, 9) = ’
\/%t‘l + %04 +12 4602 + %t292 + 2(tsint + cost) — 20(—tcost +sint) + 2
b(t,0) = 1705int+costf%t2f%02
\/Q(it‘l + i94 +12 462 + %t292 + 2(tsint + cost) — 20(—tcost + sint) + 2)
. 1 1
o(t,0) = 1 —0sint + cost + §t2+§92

\/Q(it‘l + 264 412 + 02 + $202 + 2(tsint + cost) — 20(—tcost +sint) + 2)'

Then a?(t,0) + b(t,0) # 0 for all (¢,0) € R x [0,27) and we have D(t,0) =
(¥ x p/|7 x p|)(t,8). By Proposition 5.5, (7,7) : R x [0,27) — Ay is a one-
parameter family of spherical Legendre curves. By Proposition 5.6, ¢ : R —
R x[0,27), e(u) = (0,u) is also a pre-envelope of (7, 7). By a direct calculation,
we have

~ usinu + 2cosu —ucosu + 2sinu u?

Bs(u) = By(u) = | == — —
\/Zu4+u2+4 \/Zu4+u2+4 2\/Zu4+u2+4

)

see Figs. 13, 14 and 15.
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10-1.0

0.5

Tol0

FIGURE 14 Ej

16-1.0

FIGURE 15 7 and Ej
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