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It is known that the problem of determining consistency of a finite system of equations
in a free group or a free monoid is decidable, but the corresponding problem for systems
of equations in a free inverse monoid of rank at least two is undecidable. Any solution to
a system of equations in a free inverse monoid induces a solution to the corresponding
system of equations in the associated free group in an obvious way, but solutions to
systems of equations in free groups do not necessarily lift to solutions in free inverse
monoids. In this paper we show that the problem of determining whether a solution
to a finite system of equations in a free group can be extended to a solution of the
corresponding system in the associated free inverse monoid is decidable. We are able to
use this to solve the consistency problem for certain classes of single variable equations
in free inverse monoids.
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1. Introduction

An dnverse monoid is a monoid M with the property that for each a € M there
exists a unique element a~! € M such that ¢ = aa"'a and ¢~ ! = a~taa"!. Equiv-
alently, M is a von-Neumann regular monoid whose idempotents commute. The
idempotents of such a monoid form a (lower) semilattice with respect to multipli-
cation as the meet operation, and we denote the semilattice of idempotents of an
inverse monoid M by E(M). Inverse monoids arise naturally as monoids of partial
symmetries (partial one-one structure-preserving maps) throughout mathematics.
We refer the reader to the books by Petrich [21], Lawson [12], and Patterson [20]
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for much information about the structure of inverse monoids and their connections
with other branches of mathematics.

Inverse monoids form a variety of algebras (in the sense of universal algebra) with
respect to the operations of multiplication, inversion, and choosing the identity. As
such, free inverse monoids exist. We denote the free inverse monoid on a set A by
FIM(A). The free monoid on A will be denoted by A* and the free group on A
will be denoted by FG(A). It is convenient to denote the alphabet A U A~! by A
and the free monoid on this alphabet by A*. The monoid FIM(A) and the group
FG(A) are quotient of A*. We denote by =; (resp. =¢ ) the kernel of the projection
A* — FIM(A) (resp. A* — FG(A). It is easy to see that FG(A) is the maximal
group homomorphic image of FIM (A). The structure of FIM (A) is determined by
considering finite subtrees of the Cayley tree of the free group (with respect to the
usual presentation of FG(A)).

Denote the Cayley tree of FG(A) by T'(A). The vertices of T'(A) may be identified
with reduced words (elements of F'G(A)), and there is an edge in I'(A4) labeled by
an element a € A from g to ga for each g € FG(A). Note that if a labels an edge
from g to ga, then a~! labels an edge from ga to a. For each word w € fl*, let
MT (w) be the Munn tree of w. Here MT(w) is the finite subtree of I'(4) obtained
when the word w is read as a path in I'(A) starting at 1 and ending at the reduced
form r(w) of w. A theorem of Munn [19] (see also [26,21,12]) states that two words
wand v in A* are equal in FIM (A) if and only if MT(u) = MT(v) and r(u) = r(v).
This provides a solution to the word problem for FIM (A). If T is any finite subtree
of I'(A4) containing the vertex 1 and if ¢ is any vertex of I', then there is at least one
word u € A* (in fact infinitely many words, as soon as I' has at least two vertices)
such that (MT (u),r(u)) = (I, g). The monoid FIM (A) may be identified with the
set {(MT(w),r(w)) : w € A*} with multiplication

(MT(u),r(w)) x (MT(v),r(v)) = (MT(uw) Ur(u)MT(v), r(uww)). (1)

The idempotents of FTM (A) are represented by Dyck words in A*, i.e. words whose
reduced form is 1. Two such Dyck words represent the same idempotent in F'IM (A)
if and only if they have the same Munn tree. There is a natural partial order on
any inverse monoid M defined by a < b if and only if a = eb for some idempotent
e € E(M). The congruence on M induced by this relation is denoted by oy (or just
o if M is understood) and is the minimum group congruence on M (i.e. M /o, is the
maximum group homomorphic image of M). For FIM(A), each o-class contains
a maximum element (the reduced form of a word in the o-class) and of course
FIM(A)/o = FG(A).

Let X be an alphabet that is disjoint from A. We will view letters of X as variables
and elements of A* as constants. The sets A and X will be assumed to be finite
and non-empty throughout this paper. An equation in FG(A) or in FIM(A) with
coefficients in FG(A) (or in FIM(A)) is a pair (u, v), where u,v € (AUX)*. Usually
we will denote such an equation by w = v. Similarly an equation in A* is a pair
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(u,v) with u,v € (AU X)*, and again we will denote this by u = v. If needed to
distinguish where equations are being viewed, we will denote an equation u = v in
A*, [resp. FG(A), FIM(A)] by u =1 v [resp. u =g v,u =1 v].

Any map ¢ : X — A* extends to a homomorphism (again denoted by ¢) from
(AU X)* in such a way that ¢ fixes the letters of A and ¢(y~1) = (¢(y))~* for
every y € AU X. We say that ¢ is a solution to the equation u =¢ v in FG(A)
[resp. u =7 v in FIM(A) or u =y v in A*] if ¢(u) = ¢(v) in the appropriate
setting. A solution to a set of equations u; = v; for i = 1,...n is a map ¢ that is a
solution to each equation in the set. If a set of equations has at least one solution
it is called consistent: otherwise it is called inconsistent. It is easy to give examples
of equations that are inconsistent in any of the three possible settings where we
are considering such equations, and it is easy to give examples of equations that
are consistent in FG(A) but not in FIM(A) or in A*. For example, if A = {a, b},
then the equation ax = xb is inconsistent in all three settings, while the equation
ax = bis consistent in FG(A) but inconsistent in A* and in FIM (A). On the other
hand it is obvious that any set of equations that is consistent in F'IM (A) must be
consistent in F'G(A): if ¢ is any solution to a set of equations in FIM(A), then v
is also a solution to the same set of equations, viewed as equations in FG(A).

The consistency problem for systems of equations in A* [resp. FG(A), FIM(A)] is
the problem of determining whether there is an algorithm that, on input a finite
set {u; =v; : i =1...n} of equations in A* [resp. FG(A), FIM(A)], produces an
output of “Yes” if the system is consistent and “No” if it is inconsistent. Theorems
of Makanin [16,17] imply that the consistency problems for systems of equations in
A* and in F'G(A) are decidable. Much work has been done on solutions to systems of
equations in free monoids and free groups: we refer the reader to [14,10,22,24,5,11,9]
for just some of the extensive literature on this subject. On the other hand, a
theorem of Rozenblat [25] shows that while the consistency problem for systems of
equations in F'IM(A) is decidable if |A| = 1, this problem is undecidable if |A| > 1.
The consistency problem for equations of some restricted type (for example, single
variable equations, or quadratic equations) is open as far as we are aware. Some
work on special cases of this problem has been done by Deis [6]. For example, Deis
[6] has shown that while the consistency problem for single multilinear equations
in FIM(A) is decidable, the consistency problem for finite systems of multilinear
equations is undecidable. We will show later in this paper that the consistency
problem for single-variable equations of a particular type is decidable.

Now consider an equation u =y v in FIM (A), let ¢ be a solution to this in FIM(A),
and let ¢ be a solution to the corresponding equation in FG(A), where ¢(z) is a
reduced word for each x € X. We say that 1) is an extension of ¢ (or that ¢ extends
to ¢) if for each x € X there is some Dyck word e, such that (x) =1 eyé(x). If
1 is a solution to an equation v = v in FIM(A) and if ¢(x) =p r(¢p(x)) for each
2 € X, then of course ¢ is a solution to v = v in FG(A) and v is an extension of ¢.
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A given solution ¢ to an equation u = v in FG(A) may admit finitely many ex-
tended solutions (up to =;), infinitely many extended solutions (up to =j), or
no extended solutions, to the same equation in F'IM(A). For example, the equa-
tion bb~lz = aa~'bb~! has trivial solution in FG(a,b), and this has exactly two
extensions 1 (x) = aa"'bb~! and o(x) = aa~! in FIM(a,b). The equation
bb~lz = aa~lx has trivial solution in FG(a,b) that extends to infinitely many
solutions .(z) = e for any idempotent e < aa~'bb™! in the natural order on
FIM/(a,b). The equation a'az = aa™! has trivial solution in F'G(a,b) but no
solution in FIM (a,b). These facts are easy to check via the multiplication of Munn
trees in the free inverse monoid, as described in equation (1).

A natural question arises here: when does a solution to an equation v = v in
FG(A) extend to a solution to the same equation in FIM(A)? We refer to the
corresponding algorithmic problem as the extendibility problem for equations in
FIM(A). More precisely, the extendibility problem for equations in FIM (A) asks
whether there is an algorithm that, on input a finite set {u; = v; : i = 1,...n} of
equations in F'IM(A) that is consistent in FG(A) and a solution ¢ to this system
in FG(A), produces the output “Yes” if ¢ can be extended to a solution to the
system of equations in FIM(A) and “No” if ¢ cannot be extended to a solution
to this system in FIM(A). Some special cases of the extendibility problem were
considered by Deis [6]. The main result of this paper shows that the extendibility
problem is decidable (theorem 7 in section 2).

In section 3, we show how the main result may be applied to study the consistency
problem for systems consisting of one single-variable equation in FIM(A).
In section 4, we mainly discuss some relations with other works.

2. The Extendibility Problem

In order to study the extendibility problem, we first reformulate it somewhat in
terms of Munn trees. Let u = v be an equation in FIM(A) and ¢ : X — A* a
solution to this equation in F'G(A). Thus ¢(u) = ¢(v) in FG(A) (but not necessarily
in FIM(A) of course). The edges of MT(u) [and MT(v)] are labeled over the
alphabet AU X. For each variable z that occurs in the word u, there is at least one
edge in MT(u) labeled by . The Munn tree MT(¢p(u)) has edges labeled over the
alphabet AU A~L. It is obtained from MT(u) by replacing each (directed) edge e
labeled by a variable x € X by the tree MT(¢(z)): in this replacement, the initial
root (i.e. 1) of this copy of MT (¢(z)) is identified with the initial vertex of the
edge e and the terminal root of MT(¢(x)) is identified with the terminal vertex of
e. This process is well defined since if v’ is another word with MT(u') = MT(u)
and r(u') = r(u) then v’ = v in FIM(AU X), so ¢(u') = ¢(u) in FIM(A), and
so MT(p(u")) = MT(é(u)). The relationship between MT(v) and MT(p(v)) is
described in a similar fashion.

The extension of ¢ to a homomorphism (again denoted by ¢) from (A U X)

*

to
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A* naturally induces a homomorphism ¢ from FG(A U X) to FG(A). Thus each
vertex of MT (u) [resp. MT(v)] that is the initial vertex of an edge of MT(u)
[resp. MT(v)] labeled by a letter € X has a unique image in MT(¢(u)) [resp.
MT(¢(v))] under this homomorphism. We refer to the vertices obtained this way
as images of initial vertices of edges of MT (u) [resp. M T (v)] labeled by the letter
x € X as designated x-vertices of MT(¢(u)) [resp. MT(¢p(v))]. For example, if
w = abr b 'bbryta and ¢(r1) = b~' and ¢(z2) = a, then MT(¢p(w)) has two
designated vertices: namely ab is a designated zi-vertex and aba™' is a designated
x9-vertex. Similarly, if w’ = abx1b~'bbxoa and we take the same map ¢ as above,
then ab is both a designated x;-vertex and a designated xo-vertex.

Now suppose that 1(z) = e ¢(z) for all x € X, where each e, is a Dyck word.
Since the terminal root of M T (e;) is the same as its initial root (1), it follows that
the designated x-vertices of MT (¢(w)) and of MT (¢(w)) coincide, for each word w
and each z € X. Furthermore, MT(¢(w)) is obtained from M T (¢(w)) by adjoining
to MT(¢p(w)) a copy of MT(e,) rooted at each designated a-vertex of MT (¢p(w)).
Recall that this map v defines an extension of ¢ if ¢ is a solution to u = v in
FIM(A), ie. if MT(¢Y(u)) = MT((v)).

Now let {u; = v; : i = 1,...,n} be a system of equations in FIM(A), and let ¢
be a solution to this system in F'G(A). For each variable z € X denote the set of
designated z-vertices of MT'(¢(u;)) [resp. MT(¢(vi))] by a; » [resp. o ,] and denote
the set of vertices of M T (¢(u;)) [resp. MT (¢(v;))] by B; [resp. 3i]. It is convenient
to denote multiplication in F'G(A) by - and to denote the union SUT of two subsets
of FG(A) or (AU A™1)* by S+ T. Finally, let us denote the set of vertices of the
Munn tree M T (e;) of some (unknown) Dyck word e, by T, (for each x € X).

The requirement that ¢ should be extendible to some solution ¥ (z) = e,¢p(x) to
the system in FIM (A) translates as follows. Consider the system of equations over

Pi(FG(A)):

ZO‘W Ty + Bi =p(Fa(a)) Za;,m T+ pBi:i=1,...,n. (2)

Here the ., ] ,,3i, 3; are finite subsets of F'G(A) and the T, are unknowns. A
solution of (2) is any vector {T, : € X} of finite subsets of FG(A), that satisfies
this system of equations. We would like to decide whether the system of equations
(2) has at least one solution such that each T, is prefix closed. (A subset T of
FG(A) is prefiz closed if the corresponding set of reduced words is prefix closed).
We will show that this problem is decidable by appealing to Rabin’s tree theorem
[23]. From the discussion above, this will show that the extendibility problem is
decidable.

We assume some familiarity with basic definitions and ideas of (first order) logic.
See, for example, Barwise [3]. In monadic second order logic, quantifiers refer to sets
(i.e. unary or monadic predicates) as well as to individual members of a structure.
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The syntax and semantics of terms and well formed formulae are defined inductively
in the usual way. Atomic formulae include those of the form ¢ € Y where t is a term
and Y is a set variable. A sentence of the form VY v(Y') where Y is a set variable,
in particular, is true in a structure M iff v(Y) is (inductively) true in M for all
subsets Y of the universe of M. We denote by M SOL(M) the set of well-formed
formula . If a formula § € MSOL(M) is true in the structure M we write M = 6
and we define The(M) = {6 € MSOL(M) : M = 6}. The (second order monadic)
theory of M is decidable if there is an algorithm that tests whether a given sentence
0 € MSOL(M) belongs to Thy(M) or not.

Let A be a set, which is finite or countable, and consider the structure T4 =
(A*{r, : a € A}, <). Here 7, : A* — A* is right multiplication by a, ar, =
za,Yr € A* and < is the prefix order z < y iff Ju € A*(xu = y). The theory
Tho(T4) is called the theory of A-successor functions. For |A| = 2 this is often
denoted by 525, and sentences in MSOL(Tj;) can be reformulated as sentences
in MSOL(Ty,,)). Rabin’s tree theorem stated below is one of the most powerful
decidability results known in model theory: the decidability of many other results
can be reduced to Tha(T4) (see, for example, [3]).

Theorem 1. (Rabin [23]) For every countable set A, Tho(T4) is decidable.

The main theorem of this paper is the following.

Theorem 2. There is an algorithm that will decide, on input a system of equations
of the form (2), whether this system of equations has at least one solution {T, : x €
X} such that each T, is a finite prefiz-closed subset of FG(A).

In order to use Rabin’s theorem to prove this, we need to show that the existence
of a solution of the desired type to (2) is expressible in MSOL(T};) .

Step 1: View each element of each set o 4, ag,w, Bi, B; and T, as a reduced word
in A*. In order to translate the equations (2) over subsets of FG(A) into similar
equations, but over subsets of A*, we decompose the coefficients ; o, and as
well, the sets T, into a finite number of components.

Let us consider the set

S ={(a,u) € (AU{e}) x A* | e A" v-u¢c Z Qig + 0, and a = vV}

zeX,1<i<n

where v(!) denotes the last letter of v | if |v] > 1, and the empty word, €, otherwise.
Let us denote the elements of S by {(a;,u;) | 1 < j < k}. For every j € [1,k] we
write:

Tjo={uec A*| u;l -u € T, and first-letter(u) # a;l} (ifa; € A) (3)
Tjz = {u€ A |u;' - ueT,} (if aj = e) (4)
Accordingly, for every 1 <i<mn,1 <j <k ,x € X, we define the sets

Qije={veEA |v-u; € @i, and vV =g }
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and o] ; . is defined similarly.

The equations (2) reduce to the system of equations and inequations:

k k
DD e T+ Bi=p, iy 2, D Vi Tiw+Bhi=1,..,n (5)

zeX j=1 zEX j=1
u;' - Tj, C RED(A")
Tj» C RED(A%) —a; ' A* (6)
(where RED(A*) denotes the set of all reduced words over A*). Note that the effect

T,, is that all products in the
system (5) are reduced as written - so (5) may be viewed as a system of equations

of our chosen decompositions of the sets o,

over Pf(fi*), where @ j agm, B; and (. are prescribed elements of ’Pf(/i*), and
the T , are the unknowns. A solution to (5) is a vector {1, :z € X,1 < j <k} of
elements of Py(A*) that satisfies (5). We seek to decide whether (5) has a solution
which also fulfills (6) and such that that each T}, is prefiz-closed.

Lemma 3. The system (2) has a solution {T : © € X} which is prefiz-closed if
and only if the system (5)(6) has a solution {T;, : v € X,1 < j < k} which is
prefix-closed.

Proof. 1- Suppose {1} : ¢ € X} is a prefix-closed solution to system (2).
Let us consider it as a vector of sets of reduced words. Let {Tj,w x e X, 1<j<k}
be defined by formula (3,4). One can check that

k
r(@ia - To) = iju-Tin
i=1

Applying the map r on both sides of equations (2) we thus obtain equations (5).
Hence {7}, : x € X,1 < j < k} is a solution to system (5). Formula (3,4) show
that inequalities (6) are fulfilled too. Finally, the assumption that T}, is prefix-closed
implies that Tj . is prefix-closed too.

2- Suppose {7}, : z € X,1 < j <k} is a prefix-closed solution to system (5)(6).
Let us define, for every z € X,

k
Tp=> u;' Ty (7)
j=1

Each T}, is clearly a finite subset of A*. By the first inclusion of (6), T, € RED(A*).
The definition of the set S shows that {u; | 1 < j < k} is suffix-closed, which implies
that {u;l | 1 < j <k} is prefix-closed. As well each T}, is assumed prefix-closed.
It follows that formula (7) defines a prefix-closed subset T,. The second inclusion
of (6) entails:

k
r(@ieTo) = iju-Tin
j=1
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which, together with system (5), shows that {7, : z € X} is a solution to system

D (@i To) +7(B:) =p, 4oy D1, To) +7(B), i=1,...,n

xr xr

Hence, the vector {7}, : * € X}, viewed as a vector of subsets of FFG(A), is a solution
to (2). O
Step 2: For each set U of words in A*, let Pref(U) denote the set of prefixes of
words in U. Though the existence of a finite solution {E; , : x € X,j =1,...,k} to
(5)(6) does not necessarily imply the existence of a finite prefix-closed solution to
these equations, we can note that this is in a sense “almost” the case, and we will
see how to impose additional conditions to obtain a finite prefix closed solution to
this system of equations. Let N be the maximum length of a word in any of the
sets a jz, A ; ., Bi, and B
Suppose that {E; ,:z € X,j=1,...,k} is a solution to (5)(6). We first prove the
following Lemma.

Lemma 4. Suppose that u € Pref(E; ;) for some j and some x, and that |u| > N.
Then for alli=1,...,n, if v € ajjq, thenv-u € > o, - Pref(Ejs) + B

Proof. There exists a reduced word s € A* such that u-s € Ej;, and u- s is reduced
as written. It follows that v-u-s € >3 > . o, - Ej. + B;. Since [u] > N it

gy
follows that v-u-s & B, sov-u-s €3> > a;; . - Ej,. Hence there exist y,J and
v' € aj;,, € € E;y such that v-u-s =" ¢’ But again, since [u[ > N, s must be a

suffix of €/, so ¢/ = /- s for some u’. So we have v-u-s=v'-u’- s in A*. It follows
that v-u = v" -« where v’ € Pref(Es,). O

Step 3: Lemma 1 shows that if {F;, : 2 € X, j =1,...,k} is a solution to (5,6),
then {Pref(Ej.):z € X, j=1,...,k} is “almost” a solution to (5,6). In order to
arrange for a prefix-closed solution to (5,6) we need only assume some additional
conditions on the “short” prefixes of elements of each set E, ;. Since these prefixes
must be included in a finite set that we know in advance, we are able to formulate
appropriate additional conditions as follows.

Denote by AN [resp. A<N] the set of words in A* of length N [resp. < N]. Let us
introduce another vector of unknowns, {P;, : z € X, j = 1,...,k} and consider
the additional conditions:

Pj,xgEj,m;xeX7j:17--'ak (8)
Ej,a:ng,a:""(Pj,a:mAN)'A*vxeXyj:17"'ak (9)
P, CASN zeX, j=1,...,k (10)

We have the following two lemmas.

Lemma 5. Let {(Pj 4, Ejz) :x € X,j =1,...,k} be a solution to (5,6,8,9,10)
such that each P;, is prefiz-closed. Then {Pref(E;q):x € X, j=1,...,k} is a
prefiz-closed solution to (5,6).
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Proof. Since {E;, : = € X,j = 1,...k} is a solution to (5), it is clear that
Bi © 32,20 0 Ejw + B for each @ = 1,...,n. Let u € Pref(E;,) and
vV € 04, for some ¢, j, . If |[u] > N then we already know by Lemma 1 that
vou €YD, >, Eja+ 3 So assume that [u| < N. There exists some (reduced)
word s such that u-s € E; , and u-s is reduced as written. If u-s € Pj ., thenu € P; ,
since we are assuming that each Pj, is prefix-closed. Otherwise we must have
u-s € (PjzNAN)-A* by (9). But then since u is a prefix of u-s of length < N, we must
have that u is a prefix of a word in P; ;;, and so (again since P; , is prefix-closed) we
must have u € P; ;. Hence v-u € o j o Ej o by (8).Since {E, , :x € X, j=1,...,k}
is a solution to (5), this implies that v-u € 37, > 7 af ;. - Ej . + B;. It follows that
D2 i Pref(Eje)+8i C 32,3, Pref(Eja)+ 6] foreachi=1,...,n.
The reverse inclusion follows dually and so {Pref(E;;):z€ X, j=1,...,k}isa
solution to (5), as required.

The hypothesis that E; , satisfy (6) implies that Pref(E; ) satisfy the same in-
clusions (6). O

Lemma 6. Let {T;, : z € X,j = 1,...,k} be a finite prefiz-closed solution to
(5,6) and set E; , =T » and Pj, = Tj 4 N ASN for each x € X and j =1,... k.
Then {(Pj s Ejz):x € X, j=1,...,k} is a solution to (5,6,8,9,10) and each Pj,
is prefix-closed.

Proof. It is trivial to verify that conditions (5,6), (8), and (10) are satisfied by our
choice of the P;, and E;,. To verify (9), simply note first that any word in T} ,
of length < N is in P;, by definition of P; . Also, if u is a word in T , of length
> N, then we may write u = u’ - s where ¢/ is a prefix of u of length N and s € A*.
But then since T}, is prefix-closed, u’ € T, and so u € (P;, N AN) . A*. This
completes the verification that (9) is satisfied. OJ

Step 4 - The Decision Algorithm: By Lemmas 5 and 6, we are reduced to
deciding whether, among all the prefix-closed P; , satisfying (10), there is a collec-
tion such that (5,6) (where the unknowns are renamed Ej;;), (8), and (9) are also
satisfied by some finite sets of words.

Enumerate effectively all of the prefix-closed P; , satisfying (10). We now translate
each of the conditions (5),(6), (8), and (9) into their “mirror” conditions in the dual
semigroup to A*. For each word w = $182...k (with each s; € jl), we define w to be
the mirror word w = sj, . .. s251. For each subset F' C A* we define F' = {:we F}.
For a given collection of prefix-closed sets P, x € X,j =1,...,k, one can consider
the mirror versions of (5),(6), (8), and (9).

The mirror version of (5) is
DD Fiu-bijetBi=) ) Fiu-dij.+0i=1...,n (11)
T J z J

Notice that in these equations, the variables F} ; are on the left and the constants
are on the right. Also, the equations (11) have a solution {F; . : z € X,j=1,...,k}
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if and only if the equations (5) have a solution {E; , : z € X,j = 1,...,k}, where
Fj.=Ej, for each z € X,j = 1,...k. Also notice that the existence of a solution
to (11) is expressible in M SOL(T;), because right product by given words is a
finite composition of successor functions. Similarly, a system of mirror inequations
can be written for (6):

Fj.-a;" C RED(A)
Fjo C RED(A*) — A*a}! (12)

But this implies that the existence of a finite solution to (5,6) (i.e. a solution
where all sets Fj, are finite) is also expressible in MSOL(T;), simply because
finiteness is expressible in M SOL(T;). [Let us recall this standard trick: by Konig’s
Lemma, a set F C A* is infinite iff it admits a set of prefixes F’ such that every

element of F’ has some successor inside F’; this characterisation is expressible in
MSOL(Ty)).

The mirror version of (8) is
P CFjap,xeX,j=1,... k. (13)

Here each ij is a fixed finite subset of A* (corresponding to the fixed choice of the
P; ,, that we are working with), and each F} , is a variable. Clearly the existence of
a solution to these conditions is expressible in M SOL(T';).

In order to express the mirror version of (9) in MSOL(T;), notice that the mirror
image Rj . of (Pj,NAN)- A* is the smallest subset X of A* such that w-s € X for
all w € A* and all s in the fixed finite set consisting of mirror images of words in
(Pjo NAN ). Since there are again just finitely many choices for these words s, since
all variables w occur on the left, and since it is possible to express in MSOL(T ;)
the fact that a set X is the smallest subset satisfying some other property that is ex-
pressible in MSOL(T ;), membership in the sets R; , is expressible in MSOL(T ).
The mirror version of (9) then becomes

Fjo CPia+RjpzeX,j=1,... k (14)

where the I, are variables and the R, . are described above. Hence it is possible
to express in MSOL(T;) the fact that the F} , satisfy these conditions.

Finally, notice now that for fixed finite prefix-closed sets P, (x € X,j=1,...,k)
satisfying (10), the existence of sets Ej .(z € X,j =1,..., k) that satisfy (5,6,8,9)
is translated in the mirror conditions to the existence of sets Fj, that satisfy
(11),(12),(13) and (14), and that Fj, = Aj7m for each = and j. We can decide,
using Rabin’s tree theorem, whether (11,12,13,14) has at least one finite solution
{Fjo 1z € X,j=1,...,k} in P(A*), and the answer to this decides whether
(5,6,8,9) has at least one solution {F;, : z € X,j = 1,...,k} in P;(A*) (for the
P; , under scrutiny). If, for some finite prefix-closed sets P; ., satisfying (10), the
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answer is “Yes”, then (5,6) has some prefix-closed solution: otherwise, (5,6) has no
prefix-closed solution. This completes the proof of Theorem 2. [

As an immediate corollary we obtain the following result.

Theorem 7. Let A be a finite set. Then the extendibility problem for FIM(A) is
decidable.

3. The Consistency Problem for Single-variable Equations

Recall that the theorem of Rozenblat [25] shows that the consistency problem for
finite systems of equations in FIM(A) is undecidable. Deis [6] has shown that
the consistency problem for a system consisting of one multilinear equation in
FIM(A) (i.e. an equation v = v in which each variable labels exactly one edge in
MT(u)U MT(v)) is decidable, but that the consistency problem for finite systems
of multilinear equations in FIM(A) is undecidable. In this section we show how
the results of the previous section may be applied to study the consistency problem
for systems consisting of one single-variable equation in FIM(A). A single-variable
equation in FITM(A) is an equation involving just one variable z (that may occur
many times in the equation, with exponent +1). We are able to solve the consistency
problem for a large class of single variable equations in FIM(A).

It is clear from Theorem 7 that the consistency problem for a class of equations in
FIM(A) is decidable if the corresponding equations in F'G(A) have only finitely
many solutions. A class of single-variable equations for which this is the case was
identified in a paper of Silva [27].

In the following, we consider a single-variable equation w(x) =1 in F'G(A), where
w(z) is the reduced word

w(z) = arxeaz® .. r e, (15)
with each ¢; € A* and ¢; € {-1,1}.
The proof of the following result in [27] is attributed to James Howie.
Theorem 8. Let w(x) = 1 be a single-variable equation in FG(A) and suppose that

the exponent sum of the single variable x in w(x) is not zero. Then the equation
w(z) =1 can have at most one solution in FG(A).

As an immediate corollary of this and Theorem 7, we obtain the following fact.

Corollary 9. Consider the class C consisting of single-variable equations u = v in
FIM(A) in which the sum of the exponents of the variable in u is not equal to the
sum of the exponents of the variable in v. Then the consistency problem for this
class is decidable.

That is, there is an algorithm such that on input one equation v = v in C, will
produce the output “Yes” if the equation is consistent in FIM(A), and “No” if it
is inconsistent.
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Remark 10. The same result holds for finite systems of equations , all written
with the same single variable.

In order to extend this result to other classes of single variable equations in FIM (A),
we recall some of the established literature on single variable equations in free
groups. A parametric description of the set of all solutions to a single-variable
equation w = 1 in FG(A) was obtained by Lyndon [15]. Lyndon’s result was refined
somewhat by Appel [1] and subsequently by Lorents [13] (Gilman-Myasnykov [9]
give a variant).

Let M be twice the maximum of the lengths of the ¢; in equation (15). In the
following result, a parametric word is a word of the form u = wiw§ws in which «
is a parameter, wjwSws is reduced for € € {—1,1}, and wy is cyclically reduced and
not a proper power. A value of u is the element of FG(A) obtained by substituting
an integer value for a. The refinement of Lyndon’s and Appel’s result that we shall
use (due to Lorents [13]) is the following.

Theorem 11. The set of solutions to any equation of the form w(z) = 1 in FG(A),
where w(x) is the word (15), is the union of:

(A) a finite set of solutions whose lengths are < 4M ; and

(B) the set of all values of some finite set of parametric words.

We remark that the proofs of the theorems in the papers by Appel and Lorents
are effective, so the set of parametric words that can yield solutions to w(z) =1 in
FG(A) is effectively constructible (in fact |wywows| < 5M, in the notation above).
This, together with the following definition, will enable us to extend Theorem 8
to a larger class of single-variable equations for which the consistency problem is

decidable.
Define V : (AU {z,2"'})* — FIM(z) by V(a) = 1if a € A and V(z) = z.
Thus if u = wiz“ws - - - 2w, where w; € A* for j = 1,...,n and ¢; = %1, then

V(u) = a2 - x% in FIM(z).

Theorem 12. Let C be the class of single-variable equations of the form u = v
in FIM(A) for which V(u) # V(v) as elements of FIM (x). Then the consistency
problem for C is decidable.

That is there is an algorithm that on input an equation v = v in C, produces

the output “Yes” if this equation is consistent and “No” if it is inconsistent. Since
u,v € (AU {z,271})* then we have

U= ux usx® - - 21w, and v = vy V92 - - 2010y (16)
where u;, v; cA*for1<i<n,1 <j<tande;,d; €{l,-1}for1 <i<n,1<
Jj<t.

If there are only finitely many solutions to u = v in FG(A) then there is an effective
bound on the length of all such solutions, by Theorem 11. Thus in this case we can
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decide whether the equation u = v is consistent in F'TM (A) since the extendibility
problem is decidable. So suppose that there are infinitely many solutions to u = v in
FG(A). Then again by Theorem 11, we may effectively find finitely many parametric
words of the form w;w§ws such that ¢,,(x) = wrwHws is a solution to u = v in
FG(A) for any integer m. We will show that there are only finitely many values of
the integer m (for each such parametric word) such that ¢, can possibly extend to
a solution to u = v in FIM(A). Again, since the extendibility problem is decidable,
this will enable us to decide whether the equation u = v is consistent in FIM(A).

Recall that the free group on x, FG(z), is isomorphic to the additive group Z of
integers. Thus every Munn tree in the Cayley graph of FG(z) can be viewed as an
integer interval containing 0

{ieZ|p<i<s}=]|ps| wherep<0<s,

and if w € FIM (z) the rooted tree (MT(w),r(w)) can be identified with the triple
(p,q, s) with —p, s € N and p < ¢ < s. The initial root of the corresponding birooted
tree is 0 and r(w) = z9.

Let V(u) be identified with the triple (Iy,7n4,7,) and let V(v) be identified with
the triple (I, ny, 7). Since V(u) # V(v) it follows that (I, 1y, mw) # (Lo, Ny, 7). If
Ny 7 Ny, then the sum of the exponents of the variable  in u is not equal to the sum
of the exponents of the variable z in v. But then from [27] there exists at most one
solution to u = v in FFG(A). Since we are assuming that « = v has infinitely many
solutions, this does not occur. Thus n, = n, and since (L, Ny, 74) # (Lo, Ny, o)
then either I, # [, or ry # r,. Without loss of generality assume that

Ty > Ty (18)
(A dual argument will apply to the case when I, # 1,,).

Before proceeding to the proof of theorem 12 we need some preliminar results
about word combinatorics.

Let us restate a definition from [7, section 6], (generalizing the definition from
[14, section 12.1.5]). Let w € A* be some primitive, reduced word. Given a word
z € A* | its w-stable normal decomposition is the sequence of words

(Zlawp17z27"'7wpeaze+1) (19)
such that £ > 0, z; € A* (forall 1 <k </l+41),px €Z (for all 1 < k < ¢) and the
following conditions are satisfied:

o W=7z WP zo WP oy

2

e /=0 if and only if neither w? nor w2 is a factor of w

e if / > 1 then:

— 29 € A*ws(P1) — A*F2 A
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— zp € WP A* O A*sPr) — A*F2A* — {w,w 1Y, for all 2 < k </
— zpp1 € WHPOAF — A* 2 A*
where s(p), the sign of p is +1 (resp. —1) when p > 0 (resp. p < 0).
From the hypothesis that w is reduced and primitive, one can derive the unicity, for
every word z, of its w-stable normal decomposition. We define a function 6 from the

set of reduced words in A* to Z in the following manner. Let z € A* be a reduced
word. We define

0(z) =Y e (20)

k=1
where the integers p, are those appearing in the w-stable normal decomposition
(19) of z. For every non-empty finite subset S C FG(A) we define
0(S) = max{0(z) | z € S}; 6(S) = min{f(z) | z € S}; (21)

(in the above definition, we identify an element of the free group with its associated
reduced word ).

Lemma 13. Let z be a reduced word over A. Then 0(z~1) = —0(z).

Proof: It suffices to notice that the inverse of a w-stable normal decomposition of
2 is a w-stable normal decomposition of z~!. O

Lemma 14. Let z, 2’ be reduced words over A. Then |0(r(z-2')) —0(z)—0(z")| < 9.

Proof: We treat first the particular case where z - 2’ is reduced too, and treat the
general case afterwards.

Case 1: suppose that z - 2’ is reduced.

Let us consider the w-stable normal decompositions of z, 2’:

D1 pe IooP1 ol Py o)
(Zlaw ) R2y e ey W aZerl)v (’Zlvw 1,22,...,(,014’,251_’_1)

Clearly:

/

’ ’ ’ ’
zZ-z :Zl.wpl.Z2...wpe.ze+1.zl.wp1.Z2...wp1{’

2y
The word zg41 - 27 is thus reduced and has a w-stable normal decomposition:
(y1,w?, Y2, .o, W™ Ymt1).
The length m, of this decomposition must fulfill
m e {0,1,2}, (22)
2 is a factor of at least

one of the words zp11, 2], which is impossible by definition of a normal w-stable
decomposition. For every k € {1,m} we must have

since a value greater or equal to 3 would imply that w? or w™

la| <1, (23)
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2 2

otherwise, again, w? or w™2 would be a factor of at least one of the words 241, 2.

In the case where 2o, - 2] = wh, for some h € Z, by the same argument we must
have

In| < 3. (24)

Subcase 1.1:2,41 - 2] = w", for some h € Z
The w-stable normal decomposition of zz’ is thus

/
!
.. ..,wp”h“’l,z

!
p Py
(z1,WP, 29 9y WP 2z ).

Using inequality (24), we obtain: |0(r(z - 2')) — 6(z) — 6(z")| < 3.
Subcase 1.2:zp11 - 2] is not a power of w.
The w-stable normal decomposition of zz’ is thus

/ ’
P1 Pe q1 qm P ! P /
(z1, WP, 2oy oo, WPy, WPy, I Y1, WP 20, WP 2 ).

Using inequalities (22)(23), we obtain: |0(r(z - 2)) — 0(z) — 6(2')| < 2.

Case 2:General case.

Suppose that z = 21 - 29,2 = 22_1 - z3 where z1, 29, z3 are reduced words and zz3 is
reduced. Using case 1 we know that the three integers

0(z125) — 0(21) — 0(z5)], 10(2) — 0(z1) — 0(z2)], 10(2)) — 025" — 0(z)],
are smaller or equal to 3. Decompositiong the expression |0(z123) — 0(z) — 6(2)] as
|0(2123) = 0(21) = 0(z3) — 0(2) + 0(21) + 0(z2) — (') +0(23 ") + 0(z3)],
and using the triangular inequality we obtain
0(z12) — 0(2) — 0(=")] < 9.

O
Proof of theorem 12: Let us use the mapping 6 associated with the word ws,

which is reduced and primitive (and in addition, cyclically reduced). Let

P =Ui_{ur} UUi—i {uels D = max{|0(z)| | z € Pref(P)}

K =9(n+1)(2+|0(w)| + |0(w3)| + D).

We claim that if |m| > 2K + 2, then the solution ¢, of u = v in FG(A) does not
extend to a solution in FIM(A).

Let 7 be an integer such that

Ty = Z€k > 0. (25)
k=1

From hypothesis (18) it follows that ¢ > 0 and ¢; = 1. We shall denote by « the
word

a= <I>m((1:[ URT* )u;)
k=1
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(r(a) is a designated vertex of the lefthand-side w, for the solution ®,, in the free
group). Assume, for sake of contradiction, that:

m > 2K + 2 and ¢,, is extended to a solution (26)

of u=wvin FIM(A), where ¢(z) = e¢,(x) for some idempotent e.
Choose a vertex a € MT'(e) for which

0(a) = O(MT(e)). (27)
We distinguish several cases for a node ¢ € MT(¢(v)) (see figures 1,2) and show,

in every case, that 0(c) < O(MT(h(w))).
Case 1:6 = &,,,(( ?;11 vpa* );),0; = 1,b € MT(e),c=r(B-b).

Fig. 1. Case 1.

Using the quasi-additivity of § (Lemma 14), the choice of ¢ (property (25)) and the
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Fig. 2. Case 2.

fact that O(w8*) = m — 2, we get the two following sequences of inequalities:

05 -8)) < (3 k) (m — 2) + (Bun) + B(ws))( — 1) + 3 0ui) +06) + 15t

k=1

=

==

<.

IN
(]
=

)(m —2) +6(b) + K

B
I
—

IN
MQK

§o)(m —2) — (m—2) +0(b) + K

—

IN

—~
E B
Il |

er)(m — 2) — 2(m — 2) + 0(b) + K.

—
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~
|
-

er)(m —2) + i: O(ug) + 60(a) — 18n

k=1

O(r(a-a)) = (

oL

>
=l
—

v

(Y e)(m—2)—(m—2)+0(a) — K. (28)
k

Il
—

Since, by (26), (m — 2) > 2K, the two above inequalities give
0(r(5 b)) < 0(r(a-a)) < HMT (@ (u))).
Case 2:0 = @m(Hizl vpat), 65 = —1,b € MT(e),c=7r(3-b)).
Here we get
J

O(r(B-b)) < (O dk)(m —2) + (B(wr) + 0(ws)) () + Y _ O(vk) + 0(b) + 18t

k=1 k=1

IN

M)~

(5" 6k)(m —2) +0(b) + K

R
[l
=

< (Y G)m—2)—(m—2)+0(b)+ K

x>

sl

=

< (Y e)(m—2)—2(m—2)+00b) + K,

x>
=

which, together with (28) and assumption that m > 2K leads again to
0(r(B-b)) < 0(r(a-a)) < O(MT (P (u))).

Case 3:c = r(@m((nizl vpad*) - v%, 1)) with vj, prefix of vjq.
We get

J

k=1 k=1
J
<O G)m-2)+ K
k=1

< () e)m—-2)—(m—-2)+ K.
k=

Since, by (26), (m —2) > 2K ,using (28) we obtain

—

0(c) < 0(r(c - a)) < O(MT (D, (u))).

¢)
But every node ¢ € MT (v (v)) fulfills one of cases (1),(2) or (3). It follows that
4

(MT(4(0))) < O(MT((u)))
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contradicting assumption (26) that ¢ is a solution in FIM(A) of the equation u = v.
By similar arguments, one can prove that the assumption that
m < —2K — 2 and ¢,, is extended to a solution (29)
leads to some contradiction too: just consider an element a € MT'(e) for which
0(a) = 0(MT(e)). (30)

and show that, for every ¢ € MT(4(v)),0(c) > 0(r(a - a)) > O(MT(p(u))). Tt is
thus established that the only extendible solutions in the free group ly among a
finite set of solutions that we can compute. Decidability of the consistency problem
follows from Theorem 7. OJ

Remark 15. Decidability of the consistency problem also holds for finite systems
of equations, all of which fulfill the hypothesis of theorem 12.

In order to study the consistency problem for equations u = v for which V(u) =
V(v), it is convenient to note the following lemma.

Lemma 16. Let u = v be an arbitrary equation in FIM(A) and let ¢ : X — A*
be a solution to uw = v in FG(A). If the set of designated vertices in MT (¢(u)) is

equal to the set of designated vertices in MT(¢p(v)), then ¢ extends to a solution in
FIM(A).

Proof: Let {wy,ws, - ,wi} be the union of the sets of designated vertices in
MT(¢(u)) and in MT(¢p(v)). View each w; as a reduced word in A*. Let

9= o(u)g(u) " $(v)g(v) !
and note that MT(g) = MT(¢(u)) U MT(¢p(v)). Let
E = (wi ' gun)(wy ' gws) -+ (wy* gwy),
and let T'= MT(E).
Extend the map ¢ by defining
b X — A% by ¢(x;) = Eg(x;)
for each variable z; in the content of u and in the content of v.

From the definition of a designated vertex, it follows that at each vertex labeled by
w; (j=1,...,k), the tree

w; T = Uiy w; MT (w; " gw;)
is a subtree of M T (¢(u)) and that in fact
MT((u)) = unTUwsT ... weTUMT(p(uw)).
From the sequence of inclusions

MT(¢(u)) € MT(g) C w;MT (w; ' gw;) C w;MT(E) = w;T,
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it follows that MT'(¢(u)) C w;T for all j, and so MT (¥ (u)) = wiT UweT ... wiT.
Similarly, MT (¢(v)) = wiTUwsT ... wi T, and so MT (¢(u)) = MT(¢(v)), whence
1 is a solution to u = v in FIM(A) that extends ¢. (I

We will introduce the concept of a standard factorization or a Choffrut factorization
of a word. Let w € A*. A reduced factorization of r(u) is a tuple of words

(u17u27 T 7un)

such that every u; is a non-empty word and r(u) = w1 -ug---u,. Fori =1,2,--- /n
set u; = ule; where ¢; is the last letter of w;.

Theorem 17 (Choffrut [4]). Letu € A* and let (u1,us, - ,uy,) be a reduced fac-
torization of r(u). Then there exists a tuple of words (eg,u1,e1, U2, ,€n_1,Un, €n)
(which we call a Choffrut factorization of u ) of A* such that

CF1- eg,e1,€9, - , e, define idempotents of FIM(A)

CF2- u =1 eguieiug - - - €p_1Upey

CF3- for alli=1,2,--- ,n, ugufl >ei 1

CFj- for alli =1,2,--- .n, uiujl Zei1

CF5- for alli =1,2,--- .n, c{lci Z e

Moreover, this tuple is unique, up to componentwise equality in FIM(A).

(See figure 3).

() €1

€En

uy u u3 \ Un,

Fig. 3. Choffrut factorization.

The two following lemmas about Choffrut factorizations are useful. Let us denote
by d the usual distance over FG(A): for every x,y € FG(A),d(x,y) = |r(z~1y)|. The
diameter of a subset Q@ C FG(A) is then: diam(Q) = max{d(z,y) | z,y € Q}.

Lemma 18 (contraction). Let u € A* with Choffrut factorization:

(60; U1,€15...,U;—1,€4—1,U;, €4, ui—i—lv ei—‘,—l) ey Up, en)-
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Then

/
(60, U1,€15---,U;—1, 61;1, UiUi415 €j41y -+ -y Un, en),
—1y - . . .
where €,_, = ei—1(uie;u; ) is again a Choffrut-factorization of the same word.

Proof: Easy verification: just check that the proposed tuple satisfies conditions
CF1-CF5 of theorem 17. O

Lemma 19 (product). Let u € A* with Choffrut factorization:
(607 UL, €15 -+, Un, en)v

and let w € A*.
1- If diam(M T (w)) < |u1| then w - w admits a Choffrut factorization of the form

(ep, r(wu), €1, Uz, €2, ..., Un,en).
2- If dlam(MT(w)) < |uy| then u-w admits a Choffrut factorization of the form

(€0, U1, €1,U2,€2, ..., Un_1,€n_1,T(Upw), eh).

Proof: 1- Suppose (eg, u1,€1,...,Un, €,) and w fulfill the hypothesis. Let us check
that the choice

ep = weow ™!,

satisfies the announced property.

CF1: Tt suffices to see that e is a Dyck word, hence defines an idempotent element
of FIM(A).

CF2: The equality

eor(wuy) =r weouy (36)
is equivalent with wegw ™ r(wu1) =1 weguy, which amounts to
{r(z) | x € Pref(weow *r(wui))} = {r(z) | z € Pref(weou1)}.
This last equality can be easily checked. From (36) follows that
eqr(wuy )ejusges - - - Upen =1 Weguiey -+ - Upen

hence that CF2 is fulfilled.
CF3: Let us check that r(wu))r(wu})™' > weqw™!. There exists reduced words
w1, Wwa, v2 such that

/ —1 /
W= wiwe, U] =ws vz, T(wuj)=wivs.
By hypothesis

r,'—1
ujuU, - > €g-
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Multiplying on the left by w = w;ywy on the right by w=! = w;lwfl we get

1 1

!
wiwauhuy twy oyt > wegw L

Replacing ) by wy 've we get
-1, -1 -1, —1 -
W1 W2Wy ~V2Vy ~ Wy Wy ~ = WeQW L

1

Since for every u € A*,1 > uu™!, we obtain:

wlvgvglwfl > wlwgwglvgvglwgwglwfl
and, finally, by the two last inequalities
U}11)21)2_1U}1_1 > weowfl,
ie. r(wul)r(wu)) ™t > weqw ™t
CF4: Let us check that r(wuy)r(wui)™t # €.
The Munn-tree of e, decomposes as:

MT (weqw™ ) = MT(w) Ur(w) - MT(e). (37)

Let us consider z = r(wuq).
Since d(r(w), z) = |ui|,r(w) € MT(w) and diam(MT(w)) < |ui|, we are sure that

x ¢ MT(w). (38)
By hypothesis uju; ' # ep and u’lu,l_l > eg, hence u; ¢ MT(egp), so that
x=r(wur) & r(w) - MT(ep) (39)

By (38,39) and the decomposition (37), z ¢ MT(e}), hence r(wuy)r(wuy)~t % ef.
CF5: Since the values of e;, ¢; for 1 < ¢ < n did not change, this property is trivially
preserved.

2-Let us choose the idempotents €], _;, e/, such that

(en—1,T(upw), ey,) (40)
is a Choffrut factorization of e,,_june,w. Let us check properties CF1-CF5 for the
tuple (eg,u1, €1,u2, €2, .., Un—1,€h_1,7(upw), el ) thus defined.

CF1: is clearly true.

CF2: is true because e,_jupe,w =g €, _ r(u,w)el,.

CF3,CF4: follow from the hypothesis that (eg,u1,e1,us,ea,..., Un_1,€n_1,Un,Ep)
and (40) do fulfill CF3,CF4.

CF5: For ¢ # n — 1 here again the property follows from CF5 applied on the two
initial Choffrut factorizations. Let us check that ¢, ¢ MT(e!,_,).

The Munn-tree of e,_jupe,w decomposes as:

MT(ep—1unenw) = MT (en—1tn) Uty - MT(ey) Uty - MT(w). (41)

By CF5 applied on the initial Choffrut factorization we know that ¢, ¢ MT(e,_1)
and, since ¢, _1uy, is a reduced word, ¢, * | ¢ MT(u,), which, alltogether, show that

il MT(en_quy). (42)
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If cflil belongs to u, - MT(e,), then the geodesics from c;il to u, would be
included in w, - MT(ey); since the vertex r(unc, ') belongs to this geodesics, by
left-translation by u, we would get that ¢,! € MT(e,), contradicting CF5 on the
initial Choffrut factorization. It follows that

el ¢ un - MT(ey). (43)
Since d(c,t,un) = |[un| + 1, Uy € uy, - MT(w) and diam(u,, - MT(w)) < |un]|, we
are sure that

ety ¢ u, - MT(w). (44)
The decomposition (41) combined with properties (42),(43),(44) show that ¢, ', ¢
MT(ep—1unenw), and, a fortiori

C;il ¢ MT(G;,—l)’

which proves that c;ilcn_l Fe .0

Theorem 20. The consistency problem for equations of the form uizSlus =
v17%2vy where u;, v; € (AUA™Y)* and ¢; = 1 fori = 1,2 in FIM(A) is decidable.

Proof: If (; # (2 then the consistency problem is decidable by Corollary 9. We will
assume that ¢ = (3. Without loss of generality assume that (; = (5 = 1. The case
when (; = (3 = —1 will follow by considering the equation u;lxul_l = vz_lxvl_l.
From Theorem 11 we know that there exists a finite set of parametric words defining
the solution set to this equation in FG(A). Choose one such parametric word: there
are corresponding reduced words wi,ws and ws so that wlwzﬂwg is reduced as
written, we is cyclically reduced and primitive, and wjw§ws is a solution in FG(A)
for all n € Z.

Let

E = (urwywi M uy M) (ug  wy wgug) (viwiwy  or ) (v3  wy  ws ) (wawy ),

D = diam(MT(E)).

Assume that for some value of n, the solution wiwjws extends to a solution to the
equation in F'TM (A). Without loss of generality we may assume that n > 0 (replace
wy by wy ! if necessary). Choose N € N minimal such that ¢(z) = wywd ws extends
to a solution ¥ (z) in FIM(A). We will show that N < 8D + 2.

Suppose on the contrary that
N >8D + 2. (45)

Factor v(x) using the Choffrut factorization based on the reduced word w;wd w3
to get

Y(x) =1 e_qwiepwaey - EN_1WENWIEN+1- (46)
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Let a, 8 be the integers defined by:

lwiw§ ™' < D < Jwiwg|, |wytwy " < D < fwytwy 7). (47)

Claim 21. :a<D+1, 8<D+1.
By definition of o, 3,
(@ =Dfwe| <D, (6—1)|ws| <D (48)
hencea < D+ 1,and < D+1. 0

Since |ui| < D < |wiwg|, the last letter of ws cannot be cancelled in any reduction
from w;wiw§ to its normal form r(u;wiws ). Hence, as wy is cyclically reduced, all
the words

r(ulwlwg‘)wg’

are reduced , for h > 0. Similarly all the words

r(vlwlwg‘)wg,wgr(wgwqu),wgr(wgwgvg) are reduced , for h > 0. By claim 21

and the above properties, the two following factorizations are reduced:
(r(ulwlwg)a wz, -, W2, r(wgwqu) (49)
—_——
N—(a+p)
(r(viwiws), wa, -+, wa, r(wh wavs)). (50)
—_———
N—(a+p)
Either r(u1) = r(v1) or r(u1) # r(v1) in FG(A). When r(u1) = r(v1), then the
designated u-vertex and designated v-vertex are the same and so by Lemma 16 the
equation u = v is consistent, so we may suppose that r(u1) # r(v1) in FG(A). This

implies that r(ujwiw) # r(vywiwg) in A*. Thus the reduced factorizations (49)
and (50) of 7(¢(u)) = r(é(v)) are not identical.

Without loss of generality assume that r(v;wiwg) is a proper prefix of r(ujwiwg).
Then there exists w’ € A* such that
r(uiwiwg) = r(vyw ws)w', w’wév_(a"rﬁ)r(wgwgw) S wév_(a+ﬁ)r(w§wgvg) (51)
in A*.
Claim 22. |r(ujwiw$)| < 3D and |r(viwiwg)| < 3D.
By inequality (48) |w§ ™| < D hence |w§| < D + |wy| < 2D. Since |r(ujw:)| <
D, the claim follows. [J
Let us show that the word w’ is a power of ws. Let ¢ € N such that
glwa| < |[w'] < (g + 1)|wa].

If the first inequality was strict, then the following comparisons between the lengths
of prefixes of r(¢(u)) would hold:

[r(viwiwS)wl| < |r(viwws)w'| < |r(v1w1w§’)w§q+1)| < |r(uywiws)ws| < |r(v1w1w§‘)wg+2|,(52)



September 13, 2005 10:10 WSPC/INSTRUCTION FILE equations?

EQUATIONS IN FREE INVERSE MONOIDS. 25

r(uiwiws) w2

|
|
r(vlwlwg“) wg Iw‘Q
I
-
|

’LUQI
|

Fig. 4. the occurence of w’.

(see figure 4).

The first two inequalities follow from the definition of ¢q. The third and fourth
inequality are obtained from the first and second one, just by adding |ws| on both
sides of it. By claim 22, |r(ujwiw§)wows| < 5D, while , by claim 21, and inequality
(45), N —a— [ > 5D, hence the fifth word in the above inequality is really a prefix

of r(vlwlwg‘)wév_(a+ﬂ).

Suppose that glws| < |w'| < (¢ + 1)|ws]|, and let us examine several occurences
of the word w9 inside the same word r(1(u)) = r(y(v)):
-an occurence of wo ends at distance |r(ujwiwg )ws| of the leftside
-an occurrence of w3 begins at distance |r(viwiw$)wi| and ends at distance
[r(v1wiws w2
By the inequalities (52), the first occurence of wy would ly strictly inside the second
occurrence of w3, which is impossible since wy is primitive. We have established that

qlwa| = ||

and, since w’ is a prefix of wé\f*a*’g (see (51)),

w' = wi. (53)
Claim 23. ¢ < 3D.

By Claim (22) the word r(ujwiw$) has a length smaller than 3D. Since w' is a
suffix of this word, the claim holds. O]

We now compare two Choffrut factorizations of (u) =; ¢ (v) deduced from the
Choffrut factorization (46) of ¢(z) by means of the contraction lemma 18 and the
product lemma 19. Let

K=N-—(a+8+q).
Applying iteratively the contraction-lemma to the Choffrut factorization (46), we

obtain the Choffrut factorization of ¢ (z):

(e, T(W1WS), €y - - s Cat K —1, W2, e’l,r(w§+qw3), EN1)- (54)
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By the product-lemma, since uy| < D < |[r(wiwg)|, and Juz | < D < |r(ws tw; )],
we obtain a Choffrut factorization of ¥ (u):

(90, T(urw1wy ), €qs - - - €atK—1,W2, g1, r(w§+qw3u2), 92) (55)
and by similar arguments, a Choffrut factorization of ¥ (v):
(967 r(vlwlwgaJrq)y €a+tqy -y CatK+qg—1,W2, glla 7“(“’5“’37}2), gg)a (56)
for some idempotents go, g1, g2, 90, 91, 94 -

By unicity of the Choffrut factorization associated to a given reduced factorization,
(55) and (56) must coincide:

(eou Ca+1y---» e()ﬂ-’rK—l) =T (e()l+(I7 €a+q+17 ey €a+q+K—1)- (57)

By Claim 21 and Claim 23 and hypothesis (45)we know that a + 8 + 2¢ <
2D+ 2+ 6D < N or, in other words

qg<K.
Equating the prefixes of length ¢ of both sides of equation (57) gives:
(€as€atls -+ €atg—1) =I (CatqsCatqtls---sCat2g—1)- (58)
Let ¢'(z) =nm wlwé\f*qwg and consider the map:
Y'(x) =m e_1wieowaer - - - Waln 1W2Cat qW2Catqrl " CatqtriW2 €N 1WIENWIEN 41,

In other words, ¢’ (x) is obtained from the righthand side of (46) by cutting out the
factor woeqwoeqy1 - - - W2€a+q—1, as shown on figure 5.

Su
W
b(w) i
PR Iwg %\\g\ —
Sv
P,

to be cut

Fig. 5. Shrinking .
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Let us consider the decompositions over FIM (A): ¥ (u) =5 Py - Sy, ¥(v) =1 Py - Sy,
where:

Pu =M U1€E-1W1€0W2 * * * Eq4q—1W2, Su =M €a4qW2 ' EN_1W2ENW3U2,

Pv =M V1€-1W1€0W2 * * * Eq+2¢—1W2, Sv =M €a+2qW2 " EN-_1W2ENWIU2.
Claim 24. Pu =7 Pv, Su =T Sv,

Since r(P,) = r(uywiwy™) and r(P,) = r(vywiwd??), we know that r(P,) =
r(P,), and by cancellativity of the product in the group FG(A) we also know that
r(Sy) = r(Sy). Let us consider the decomposition of the tree MT(1)(u)) as

MT(¢(u)) =T1 U Ty,

where T1 — {r(P)} (resp. To — {r(P)}) is the connected component of MT (¢)(u)) —
{r(P,)} which posesses 1, (resp. is the union of the connected components which
do not posess 1) and {r(P,)} = T4 NTs. Since diam(MT (uy)) < D < |wiw§|, every
vertex of MT(P,) belongs to Ty. Analogously, since diam(MT (us)) < D < |whws|,
every vertex of r(T)- MT(S,) belongs to Ts. Using the same arguments about P,, S,
we arrive at:

MT(P,) CTy, MT(P,) CTy, r(P,) -MT(S,) CTs, r(P,) - MT(S,) CT>.

This shows that MT(P,) =Ty = MT(P,) and MT(S,) = r(P,)~"-To = MT(S,).
O
Let P, =n u1e—1wieowaer - - - €q—1we and P, = v1e_1w1eWe1 * - - Eqtq1Ws.

T, T

Fig. 6. Decomposition of MT (¢ (u)).

Claim 25. P, =; P).

v
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This claim is obtained by the same kind of argument as Claim 24: just consider
the decomposition of MT'(¢(u)) — {r(P.)} in connected components. [J
Let us look at the following decompositions (which follow from the mere definition
of ¢/'(x)):
P'(u) =u (wie—1wieqwzer - Waeq—1w2) - (€atq * EN-1WaENW3U2) (60)
Y (v) =m (vie—1wiegwaer - - Waa—1W2) (EatqW2 * * - €atag—1W2) (Eat2q - - WoeNW3V2)(61)
Plugging identity (58) into the equality (61) results in:
U (v) =1 (vie—1wieowzer -+ Wrea—1W2) (EaWs  * €atq—1W2) (€a+2q  + W2eNW3V2).(62)
With the above notations, equalities (60) (62) express that
W(U) =M RIL ! Su; 1!)’(1)) =I Pll) : Sv~
It follows from these two decompositions and Claims 24-25 that

¥ (u) =1 ¢'(v).
Finally, ¢’ is a solution of the equation in FIM(A) that extends ¢’ contradicting
the minimality of N. Hence, if there is any integer n € Z such that w;wjws extends
to a solution in F'IM(A), then there must be such an integer n with |n| < 8D + 2.
By Theorem 7, this implies that the consistency problem is decidable. [J

4. Final comments

In fact our treatment of the extension-theorem 7 does not use the full power of
Rabin’s theorem, since we only use decidability of the weak Monadic Second-Order
Logic over the tree T4. The decidability of WMSOL over Ty was proved by Doner
in [8].

Since we established theorem 7, M. Lohrey and N. Ondrusch have extended the re-
sult to inverse monoids presented by a finite number of idempotent relators over the
free inverse monoid (such monoids were previously studied in [18]); their extension
of our arguments really use the full power of Rabin’s tree theorem.

The treatment of left-linear equations over finite subsets of the free monoid (with-
out the prefiz-closedness constraint) by means of reduction to WMSOL and tree-
automata was already achieved in [2], where the authors also give a precise com-
plexity analysis of this problem: it is exactly Exp-Time complete.

The consistency problem for all single-variable equations in F'TM (A), remains open;
we hope that the arguments involved in the proofs presented here may be extended
to more general cases and, possibly, to all single-variable equations.
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