THE JOURNAL OF CHEMICAL PHYSICS

VOLUME 58,

NUMBER 2 15 JANUARY 1973

Equations-of-motion method including renormalization and double-excitation mixing*

Tai-ichi Shibuya, John Rose, and Vincent McKoyt

Arthur Amos Noyes Laboratory of Chemical Physics, California Institute of Technology,i Pasadena, California 91109

(Received 20 August 1971)

The equations-of-motion method is discussed as an approach to calculating excitation energies and transi-
tion moments directly. The proposed solution [T. Shibuya and V. McKoy, Phys. Rev. A 2, 2208 (1970)] of
these equations is extended in two ways. First we include the proper renormalization of the equations with
respect to the ground state particle-hole densities. We then show how to include the effects of two-particle-
hole components in excited states which are primarily single-particle-hole states. This is seen to be equivalent
to a single-particle-hole theory with a normalized interaction. Applications to various diatomic and poly-
atomic molecules indicate that the theory can predict excitation energies and transition moments accurately

and economically.

I. INTRODUCTION

The conventional approach to predicting the excita-
tion energy of an excited state of a molecule would be
to solve Schridinger’s equation separately for the
energies and wavefunctions of the ground and excited
state. In this way one calculates the total energies and
absolute wavefunctions of two states in order to cal-
culate the excitation energy. In spectroscopy the
quantities of direct physical interest in a transition are
excitation frequency and oscillator strength and not
really the total energies and wavefunctions of the
states. On the other hand the equations-of-motion
method! attempts to calculate the excitation frequency
of a transition directly. Observables such as the excita-
tion energy of an excited state and its transition matrix
elements involve not so much the total wavefunc-
tions as certain relationships between them. Accord-
ingly in the equations-of-motion method one cal-
culates excitation operators rather than wavefunctions.
An excitation operator, O)\*, relates one state | N) to
the ground state | 0) through a set of amplitudes. These
amplitudes and an excitation frequency are the solution
of the equations of motion. In summary, the philosophy
of this approach is to shift emphasis away from absolute
quantities such as total energies and to concentrate on
the relative quantities, e.g., excitation energies directly
accessible to measurement.!

The main objective of the equations-of-motion
method is to obtain excitation energies of excited states
relative to a correlated ground state directly. Thus the
excitations are out of a correlated ground state. This
provides some definite advantages over an approxima-
tion in which the excited state wavefunction is correlated
but the Hartree-Fock (HF) wavefunction is used for
the ground state. With a correlated ground state,
potential energy curves should dissociate to the
correct dissociation limits. Moreover the results in this
approximation satisfy the energy-weighted sum rule
which for electric dipole transitions is the Thomas-

Reiche-Kuhn theorem.? This is very useful if one is
looking at various electric dipole transitions of a mole-
cule since the predicted intensities would be distributed
in a way consistent with the sum rule. Finally, Harris?
has shown that in the time-dependent HF approxima-
tion, which is just the lowest order solution to the
equations of motion with an implied correlated ground
state, the different expressions for the oscillator
strengths are equivalent with one another. If the dipole
velocity and length forms of the oscillator strength
disagree with each other in a basis set calculation, the
difficulty is in the finite basis set. This result can be
very useful in practical applications. Harris® also shows
that in this approximation the two expressions for the
rotational strength are also equivalent. There is no
origin dependence and the rotational strength sum rule
holds. These properties are necessary for a theory to
have wide applicability in spectroscopy.

Recently we proposed a solution of the equations of
motion which should be practical and accurate enough
for describing the electronically excited states of
molecules.* We started from Rowe’s variational form
of the equations of motion' which states that the
operator Oy* for creating an excited state | A) from the
ground state is exactly a solution of the equation

(0|[80x, H, Ox+]1 0)=n (0 [[30\, Ox*]} 0), (1)

where w) is the excitation energy (Ex—FE;) and the
double commutator is defined by

2[4, H,B]=[4,[H, B]}+[[4,H], B} (2)
The operator Oxt contains a set of amplitudes deter-
mining the relative importance of various particle-hole
excitations in generating the state | ) out of | 0), i.e.,

Oyt 10)= 1), (3)

We obtain these amplitudes and the excitation fre-
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quency w, from the solution of Eq. (1). One must
assume some approximate ground state | ¢) to evaluate
the expectation values of the commutators in Eq. (1).
However, the commutators will be of lower particle
rank than the operators themselves and hence their
expectation values should depend on relatively simple
properties of the ground state. For example, the
operator a;"enHa,*a, is of a particle rank two greater
than the operator [ai*a,, H, a,*a;]. This is a particular
merit of the equations-of-motion method. If one
evaluates Eq. (1) using the HF wavefunction as the
approximate ground state and Oy* with single-particle-
hole creation and destruction operators, the resulting
equations are those of the random phase approximation
(RPA). For some cases this approximation leads to
instabilities in Eq. (1).* In Ref. 4 we proposed a higher
order solution to Eq. (1) in which, with the same O)*
as in the RPA, the expectation values of the commuta-
tors were explicitly expanded in powers of the correla-
tion coefficients of the ground state. These equations
referred to as the higher RPAS gave encouraging results
for the N—V and N—T transitions of ethylene.”

In this paper we improve the theory of Ref. 4 in two
respects. First we include the proper renormalization of
the equations due to the particle-hole densities of the
ground state. The resulting equations now contain re-
normalized matrix elements and amplitudes but have the
same matrix form. Second, we discuss ways of estimating
the effect of two-particle-hole states on the excitation
energy of an excited state. Generally the most important
components of an excited state are the singly excited
configurations, i.e., single-particle-hole pairs. In the
complete expansion of the excitation operator O)* these
would have the largest amplitudes. However, for some
states doubly excited configurations (relative to the
ground state) can affect the excitation energy by a few
electron volts. We also illustrate how the theory in-
cluding two-particle-hole states is equivalent to the
single-particle-hole theory with a renormalized inter-
action.3?

II. A SUMMARY OF VARIOUS APPROXIMATIONS

In Eq. (1) one must specify which type of excitations
are to be included in the excitation operator Oyt and
which approximate ground state wavefunction will be
used to evaluate the expectation values of the com-
mutators. For atomic and molecular systems singly
excited configurations are the most important in low-
lying excited states and hence Ox* contains only single-
particle-hole operators (1p—1k). If we completely
accept the Hartree—-Fock approximation for the ground
state then O, is, in second quantized form,?

Ot(ASM) = 22 Yy (AS) Cnyt (SM), (4

~—

where Y., is the amplitude for the my particle-hole
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pair and C.,t(SM) are spin-adapted creation operators
defined by

Crnyt(00) = (1/V2) (Cma™ Crat-CmgTeyg),  (Sa)
Conyt(1M) = — Gma™Cys, M=+1
= (1/V2) (CmatCya—Cmgtys), M =0
= Cmf Coary M=-1.
(5b)

m specifies a particle state and vy a hole state, while o
and @ are the usual spin functions. The operators c;,*
and ¢;, are creation and annihilation operators for
spin—orbital fa. Note that C,,"(SM) creates a state
with spin symmetry SM when it acts on a singlet state.

With O*(ASM) of Eq. (4) and an HF state, the
excitation energy of state | A) relative to the HF energy
of the ground state is given by

A(SYY(AS) =(AS) Y (AS), (6)
where
Amyn(S) = (HF |[Cny(SM), H, Cos* (SM) ]| HF )
= 8mnbys (ém—€y) = Vintny +050(2Vmsyn).  (7)
In Eq. (7) ¢; is the HF orbital eigenvalue and
V= (i(1)7(2)|(r2) ™ [ B(1)2(2)). (8)

Equation (6) is the usual expression for the energy
from single-excitation configuration interaction (CI).
In the literature of many-body physics this equation is
referred to as the Tamm-Dancoff approximation
(TDA) .

In the next approximation one simply recognizes that
the HF wavefunction is not the true ground state and
hence the excitation operators must include 1p-1%

destruction Cn,, as well as creation, C,,*, operators.
Thus

O+(>‘SM) = Z {Ymv()\S)Cm7+<SM)
- mv()‘S)Cmv(SM)}y (9)
where

Cuny(8M) = (—1)5+¥C,,, (S—M). (10)

If one substitutes Eq. (9) into the equation of motion
and uses the HF wavefunction to evaluate the expecta-
tion values in this equation, the random phase approxi-
mation is obtained,!?

|:A°(S) B(S) :I[Y(m)] [Y()\S)]
=w(\S) )
—B*(S) —A*(S) ||_z(xS) Z(\S)

(11)
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where the elements of A° are defined in Eq. (7) and
By (S) = — (HF |[Cpny (SM), H, Cos(SM) ]| HF)
=""<_1)San6'y+6S,0(2an‘yﬁ)- (12)

Since | 0) is the lowest state of the Hamiltonian, one
should require

Ov|0)=0  all\. (13)

But in deriving the equations of the RPA, Eq. (11), we
use the HF wavefunction to evaluate the expectation
values of Eq. (1). The HF wavefunction does not
satisfy Eq. (13) with the Oyt of Eq. (9). It is well
known that such inconsistency may be acceptable
because the equations of motion are comparatively
insensitive to the approximate ground state used to set
them up.! It is for this reason that one does not have to
be very concerned about the rigorous requirement that
the | 0) used to set up the equations of motion should
also satisfy Eq. (13). This also applies to the higher
order approximations we will derive below. One should,
of course, check the consistency of this assumption. It is
obvious that this assumption is weakest” for atomic and
molecular calculations using minimum basis sets but
improves in large basis set calculations with the
increasing density of particle-hole pairs. The approxi-
mation should also be good for large numbers of
particles.

To remove this inconsistency of the RPA we could
use a correlated ground state wavefunction to set up
the equations of motion. This leads to our next ap-
proximation.* The expectation values of Eq. (1) will
now explicitly depend on the correlation coefficients.
Exactly how these coefficients are determined is not
very crucial. To a good approximation we can write
the ground state wavefunction for a closed shell system

as
| 0)~No(14-U+--+)| HF), (14)
where N, is the normalization constant and
U= Z [Km7.n65ma+5nﬁ+55ﬂ5'ya+ % (Kmy,na— Kos .n-y)
mn,y
X % (Cma+cna+66a6'ya+ CmB+Cnﬁ+CGB€~,g) ] ( 15)

To set up a self-consistent theory we can require that
the | 0) of Eq. (14) satisfy Eq. (13), which gives

va()\S)f—‘—'ZCmv.nﬁ*(S) Yn&()‘S): (16)
nd
where
Conyins(S) = Ky ms+ (— 1) 5 (Kmy.ns— Emsny) . (17)

We can solve these equations and the equations of
motion iteratively, With the wavefunction of Eq. (14)
and omitting all terms quadratic and higher in the
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correlation coefficients, Eq. (1) becomes?

[ A(S) B(S) ][Y()\S):I |:Y(?\S)
=w(>\S) ’
—B*(S) —A*(S) Z(\S) Z()\S):I

where the matrix elements of A and B are e
Ay s (S) = Ay us® (S) +815 T — bma T s,
By n5(S) = By ns”(S) + (= 1) SSmy mst Xy (S),

(19)

and

va,rw = Z [Vﬂunapcpumv(o) + Vnuwcpu.mﬁ (0> ]7
Dy

Ton= _% Z [quuvcnn.qv*(o) + Vuvnqcmu.qv(o) ]:

apy

TW:% [quwcpﬂ,qv*(o)+V5qucm.qv(o)]»

pgv

Xm'y,n6<S) = Z Vuvybcmy.nv(s)+ Z anpqcp%qﬁ(s)
uy pq
- E [Vmupacpy,nu(s) +Vnﬂpvcp6,mu(5) ] (20)
Py

In Eq. (20) m, n, p, g, refer to particle states, and
7, 8, u, » to hole states. Equations (16) and (18) are the
higher RPA.# For practical purposes one need not
necessarily solve these equations self-consistently but
could simply estimate the correlation coefficients by
perturbation theory and substitute these into Eq. (20).
Usually iteration does not change the excitation fre-
quency by more than a few percent. This is expected
since the equations are designed to be as insensitive as
possible to the approximations made for the ground
state. For molecular calculations with small basis sets
the terms linear in the correlation coefficients in Eq.
(20) are quite important.” Extensive calculations on the
excited states of N, and CO also illustrate this.!®

III. RENORMALIZATION OF THE EQUATIONS

We now show that we can obtain a more consistent
set of equations than Egs. (18)-(20) by including
second-order density terms in the matrix elements
Ay 2s(S). With these additional terms we can write
the equations exactly as in Eq. (18) but now with
renormalized interaction matrix elements and ampli-
tudes.

The most general equation one obtains from Eq. (1)
with the 1p-14 form of Ot Eq. (9), is

l:a(S) ®(S) I:Y(xS):l
—®*(S) —G*(S)] Z(\S)
D 0 Y(\S)
=w(>\5)l: :“: ] (21)
0 D*|LzN)S)
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where the matrix element of @, ®, and D are
Qyns (8) = (0 |[Cy(SM), H, Cos™(SM) ]| 0),
By (S) =— 0 |[Cny(SM), H, Cus(SM) ]| 0),

Dyins(S) = (0 |[[Cry(SM), Cost (SM) ]| 0). (21)

In deriving the equations of the higher RPA we
retained all terms linear in the correlation coefficients.
These include the dominant corrections but it would be
more complete to include terms in matrix elements,
Eq. (21"), consistent with a given order in perturbation
theory, e.g., VC and (e;—e;)C? are of the same order
where V is an interaction matrix element and C a
correlation coefficient. To second-order terms we can
write

iy 13 (S) = Ay 6" (:S) +8s[ Tonn—F (€m +n— 26y) prn® ]
~bmnl Tys— 5 (2em—e,—es) pp @],

By ,ns(S) = Bnyms(S),
Doy 18 (S) = Omabys + Omnpys® —8180ma®. (22)
In Eqgs. (22) A°is given by Eq. (7), B by Eq. (19),
and 7”s by Eq. (20). The p®’s are quadratic in correla-

tion coefficients,*

prn@ =1 3 T Copms () Copums*(S),

puy S=0,1
P76<2)= —% E Z Cp.uqv’(S)Cpu,qB*(S)y (23)
pap S=0,1
where the C’s are defined in Eq. (17) and
Cmv.nGI(S) =Km7m5+ (_ l)s%(Kmv.mS_Km&.ny) . (24)

To derive Eqgs. (22) we use the results
Ni~1—(HF | U*U | HF),
HF | UtU | HF)=—= X pry®= 2 pmn®. (25)
¥ m

Note that the ground state correlation energy is

Eeorr=2 Z T77+2(Z €7P77(2)+ E memm(z))
Y Y m

==22 Tont2(2 v P+ 22 €mpmn®), (26)
m ¥ m

which is just E® if the correlation coefficients of

Rayleigh-Schriodinger perturbation theory are used to

evaluate the 7’s and p@®’s leading to

Eeorr= Z T77= - 2 Tom. (261)
¥ m

The correction term of @ in Eq. (22) is typically

about half of that of 4 in Eq. (19). We will see, how-

ever, that the effect of this change in the elements of @
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on the excitation frequencies is partly compensated for
by renormalization terms in D. The over-all effect is
usually less than 59, for the cases we have studied.®
To a good approximation we can write
Dony,n8= Gmnbys (1+Pw(2) - Pmm(2)) . (27)

With this diagonal form for ® Eq. (21) becomes
c(S)
—®*(S)

where the elements of @ ®, Y, and Z have the re-
normalized forms

®&(S) ]I:YO\S)'J l:f’(xS)]
=w(A\S)] _ ,
—&*(S) _LzKs) Z(\S)

(28)

é,,w né ( S) =fm-y_lam-y nd (S)fﬂﬁ_ly
(1_3,,.—,,,.5 ( S) =fm'y-l(Bm‘Yyn5 ( S)fms—l’
Ymv()"s) =fm7Y7n'v(>‘S) ’

Z-mv(ks) = frvZmy(NS), (28")
with the renormalization factor
for= (10— pan®) 1, (29)

A major advantage of the approximate expression
equation (28) is that the matrices @ and ® remain
symmetrical and the equations have the same form as
the RPA.

The orthogonality condition implies that the ampli-
tudes satisfy

VINS)DY (AS) =Zt(WS)D*Z(AS) =61 (30)

or, in terms of ¥ and Z,
YTNS)Y(AS) —Zt(NS)Z(AS) =8ya, (31)

which again has the same form as in all the other
approximations.

Iv. COUPLING OF DOUBLE EXCITATIONS

The low-lying excited states of molecular systems are
primarily one-electron excitations relative to the
ground state. These are single-particle-hole (1p-1k)
states and hence the excitation operator Oyt, Eq. (9),
contains just 1p-14 creation and destruction operators.
An excited state also contains two- and more-particle-
hole components corresponding to two, three, etc.,
electron excitations out of the ground state. The
amplitudes, ¥pyns® and Z,, @, of these components
of Oht, will be much smaller than those of the 1p-14
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TaBLE 1. The 242k creation operators Ty, ns.

S=M=0°

Ty, my = Cma 6mg  C1863a = Cony* (00) Ciny*(00)

Ty = (1/ VZ) [‘;ma+5n8++fna+cmﬁ+jcvﬂcva =VZCmy* (00) Cry ™ (00)
P+m1,m6 = ( 1/\/2) Cma+cmﬁ+[56ﬂ5‘ya+cyﬁcaa] = \aCm7+ (00) Coms* (00)

. r'+(m1,n6)1 = %[Cma+cnﬂ++Cnm+cmﬁ+][6635'ya+5730501]

(m#=n)
{v#8)

(ms£n, v#8)

= 3[Crny* (00) Cos* (00) +-Cns* (00) Gy (00) ]

T my.ntye= (1/V3) {{emaTena Ctatrat cmgTens Coptvs ]+ 3L cma st — CratCmp™ N Co8Cva—CrsCsal}

(ms=n, v5£8)

= (1/v3) [Cy* (00) Cas* (00} — Cs* (00) Cy " (00) ]

S=1, M=0v

Ty = (1/V2) [6ma™tng* —Cna* Cmg* Jerptva

(m#%n)

= (1/V2) [Cny* (10) Cy* (00) — Coy* (10) Cry*(00) ]

T (my,n8)1 = 3L Cma T — Cna™Cmg™ JL€oC1atCys6sa]

(m#n, v#8)

=4[ Cmy* (10) Cas*(00) — Crs*(10) Cay* (00) +Coms* (10) Cry* (00) — Gy * (10) Cous* (00) ]

T mymtre= (1/VI) matms [ CapCya—C46 5]

(v#£8)

= (1/v2) [Coy T (10) Crs™(00) — Crns™ (10) Cony 7 (00) ]

I.‘+(m7, né)g = %[Cma+0nﬁ++cna+6mﬂ+][08ﬁc‘ya - 6765601]

(m##n, v#=8)

= %[Cm‘y+( 10) Cn8+(00) - Cn8+(10) Cm1+ (00) - Cm6+( 10) Cn'y+(00) +Cn'y+( 10) Cm5+(00) :l

T e, ntys = (1/V2) [emaTnatCaatya— Cmp ™ ngtCastnp]

(m##n, y#8)

= (1/V2) [Cmy* (10} Cas* (00) +Cus* (10) Cray " (00) ]

= The subscripts on the indices for I'* indicate different spin couplings of the four orbitals, m, v, #, and §; there are two independent
singlet excited states if m#n and y343. Formal development of the equations of Sec. IV up to and including (44) does not specify
these subscripts explicitly, but in fact indices describing 2p-2/ excitations must include them. Starting from Eq. (45), interaction
terms in 4922 are ignored. Thus the two singlet spin couplings are degenerate, and since they are also chosen here to be orthogonal
(diagonalizing the full P2 matrix) they can be combined into a single effective state for the index (my, ns).

b These operators diagonalize 2% of Eq. (45). The subscripts on the indices (m~, #8) indicate the three possible independent spin

couplings for the 2p-2% state when m=n and 5. See Footnote a.

components but their effect on large excitation energies,
e.g., 8-12 eV, can be significant.”® Their effect on transi-
tion moments will be very small. In this section we show
how these 2p-24 states should be rigorously included in
the theory. An important conclusion is that the theory
with both 1p-1% and 2p-2k states can be shown to be
equivalent to the 1p-1% theory with a renormalized
interaction.” Finally we derive a simple and practical
approximation for including the effects of these double
excitations.

To include the effect of double excitations we add

e ® Y QU

+

—~®* —q@* VA —RO*

—QRU.2*

2p-2k creation and destruction operators,
2 [Yoy mt® (AS) Ty, s (SM)

mynd
_va.nﬁ(2>()\s) vam&(SM)]y (32)

to the Oxt of Eq. (9). Here I'tpy s is a 2p-2k creation
operator and V@ and Z® are amplitudes to be deter-
mined. The explicit expressions for ' are shown in
Table I. Substitution of Oyt containing the terms in
Eq. (32) into the variational form of the equations of
motion, Eq. (1) gives

D 0y
= : (33a)
0 o |z

®L2 y®

yA)
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Ga*  Ruo Y e ®E@D ve DE2) 0 V@
+ = 5 (33b)
—@ar*x gua lt 7 —_@eax _qe2* || Zzo 0 Deaxll zo
The dimensionality of the equations is determined by the number of 1p—1% and 2p-2% amplitudes included in the

summations of Egs. (9) and (32). In Egs. (33), the matrix elements of @ and ® are given in Egs. (21'), and the
elements of @Y, 12, @22 B2 are defined by

and

@y imy P (S) = (0 [[Cowryr (SM), H, Ty.ns(SM) 11 0), (34a)
By imyms P (S) = — (0 [[Crror (SM), H, Try.s(8M) ]| 0), (34b)
Comryr 18 imy 8@ () = (0 | [Tty wri (SM), H, T s (SM) ] 0), (35a)
By ot imy s @ (S) =— (0 |[Trry w3 (SM), H, Ty ns(SM) 7 0), (35b)
Doy wsrimy 182 ? (8) = 0 [Ty mewr (SM), T any.ms (SM) 1] 0). (36)

In Egs. (33) we have dropped the state label S for where

convenience. = godi* - BS*E* — k| pARIK
We now show how Eqgs. (33) containing both 1p-1k Ao=aad® +b5%"— (agh*+08%a"),
and 2p-2k amplitudes are equivalent to a 1p—-1/ theory Ag= ad@*+ba*b*— (aBb*-+b8*a*),
with a renormalized interaction. Hence to include the
effect of double excitations on excitation energies we Ap= aob-+b5*a— (aBa+b5*b). (40)

can renormalize the single excitation theory. It is

obviously very important to recognize this in inter- Equation (33a) now reduces to an eigenvalue problem
preting semiempirical calculations. First, we note that in the 1p—1/4 amplitudes only:

the solution of Eq. (33b) for Y@ and Z® involves the

inverse of the matrix . B Y D 0 Y
(@@ —uDe} ®2D _oyr g 7 = o B g ,  (41)
. (37a)

—®eD*  —{@CD+eDEI}* with
The inverse of the matrix Eq. (37a) has the form W=q—A4,,
o 8 Ho=C— Ay,
I:—E* —5*:| G B=8B— A,
with the properties ®=2. (42)
a=a*,  o=o* (37¢) Note that @, 8, and § are functions of « and hence so are

My, Az, and B. In the 1p-1% approximation only the

The submatrices «, 8, 6 have the same dimensions as matrices @ and & would appear in Eq. (41). The

@@, We can now write inclusion of 2p-2k excitations leads to a renormalized
interaction implied in Eq. (42).

y® a B a b Y Since the effects due to 2p—2k components are

=— _ , (38) expected to be small we can replace |0) by | HF) in

z® -+ o JL-b* —allz evaluating the matrix elements @*? etc., Eqs. (34)-

. (36). In this approximation ®8°®? and ®°@:? vanish and
where ¢=Q%?; p=®%?Y, With Eq. (38) the second
term on the left-hand side of Eq. (33a) becomes a= (42—, DPeD)-1

|: a b :":Y@) Ae A Y §* = (A0@D* 4, DIC.O*)—1
= N ,  (39)
—b* —a* || z® —&* —as Lz B=0. (43)
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TasLE II. Matrix elements of 4002,

S=00

AOD oty iy = \/2(57’7V7m’mm—'srn’mvwmv')
Am'z)rn"r’ smymy =0y v (Vammnt Vaminm) —8m'mVyyny ~8mmV yymsy’ (ms£n)
A%yt my,ms = Byra V smmm 858V mtmm —8mrm (V ysmy - Vsyma?) (y#8)
Ao(l,z)m,1, i(myné) = (1/\/Z) {57'1( Vemrmnt V6m'ﬂm) +047s ( VomemntVomrnm)
=bmrm (Vasny+Virny) —8mn(Vatmy+Voymy) ) (m=n, v#5)

Aoa’”m"y';(my,n&)z = ('3') 1z {57’6 ( V‘ym'mn_ Vm’mn) _57’7( Vﬁm’mn'— V&m’ﬂm) +6m’m ( V'ﬂwy’_ V67n7') _am’n( V76m7’ - V&m‘y') (m?é”, ’Y;él;)

S=1b

AN sy = —Oyy (Vammn— Vimram) —8mmVoymy +HommVoymy  (m#=n)
AD, oy miyy = (1/VE) { =8y Vsmmn—Vtmrnm) — 878 (Vymimn— Voymenm)
—8m'm(Vytny +Vivny) F8mn(Vetmy+ Viyme) } (m#=n, n8)
Aou’z)m'v';(mmmm = 57’7V8m’mm_57’6V7m'mm+5m’m ( Voysmy— Véym-y') (‘7?55)
A s sy = (1/VZ) {8y (Vimomn+ Vimenm) —8y5(VamemntVimenm) +dmom(Veytny = Vigmy) +dmn(Vasmyr— Vogmy) | (<0, v78)

Ao“'z)m"y’ s (my,nd)g = '—a'y'y’ ( V&m’mn— Vﬁm’nm) +57’6 ( Vm'mn— Vm’nm) +5m’m ( V’rv’wy'—' Vﬁyn’y’) —5m’ﬂ(V76m7"‘ V&'rm'y’) (m ;én’ ’Y#a)

& These elements should be used in Eq. (46).
b These elements should be used in Eq. (47).

With Eq. (43) Egs. (40) become follows that:

Ag= A0 Do J00. 2% Aty 8t imy P (S)
= (€m+€n_f’y_55)Dm”y’.n’&’;m‘y,nﬁo@'?)o (45)

We can make the matrix D*@®® diagonal by choosing
Ay=0. (44) the 2p-2k creation operators I' of Table I. The matrix
elements of A°®? in this basis are shown in Table II.
If we further ignore the interaction terms in A%2? it With these elements we have

Ag= Aoangoa D

* 01,2)%
2 Ay my? CD Anrgrimey mn? 2 > Amryrimy P Ay iy nn®

T Ym0 EE T ete—Ze—w(\)

{8a(X0) b sy =

0(1,2)%

0(1'2)14” oc1.2)% 1ro"y’,(rrry,m!)10(l '2)An’6’,(m7.n6)10(1'2)*+Am"y’;(my,nﬁ)zoa 'Z)An’ﬁ’;(m'y.ﬂdn

Am' 7 my 18! smy ,mi A
DI R DD D

m 1<b 2em—ey—es—w(NO) m<n <8 emten—e,—ea—w(A0)

(46)
for singlet states and

0(1,2)%

oa.2* Am’v’;(mv.mb)zo(l '2)An’8’:(m7-m6):

Am’ 5 (my,n 0(1'2)14"’ ’,(my,n
{A.,()\l) }m"y’.n’i’= 2 Z v’ (my.avh 87, (my,my)1 + ZZ

m<n ¥ €mten—2e,—w(A1) ™ v< 2em—ey—es—w(A1)

1,
Am'y';(m-y,ns),o(l’2)An’6’;(m-y.n3)10(1'2)*Am'-y’;(m'y,n8)zo(l’2)An’5’;(m~/.n6)zo(l'2)*+Am'7';(m'y‘nﬁ):o(l'2)Aﬂ’6’:(m'y.n8)lo( D 47
+ 2 (47)

m<n v<b emten—ey—e—w(Al)
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for triplet states. To obtain the matrix elements of
Ag(\S) one replaces —w(AS) by +w(AS) in Egs. (46)
and (47). In this approximation the matrices A, and
Ag4 are no longer equal and hence %, and A, are not the
same. The matrix equation, Eq. (41), will not have the
symmetry of the original 1p~1k theory, Eq. (21). The
simplest way around this difficulty is to treat that part
of the matrix containing the effects of 2p-2k states as a
perturbation on the 1p—1k theory. We then have for the
excitation frequency, o,

w= w7V — Ay, (48)
with Aw given by perturbation theory
A~ T*A Y+ Z*A* 2+ Z+ Z* MY . (49)

Y and Z are the amplitudes obtained in the 1p-14
approximation and A4, Ay, and Ay are evaluated using
the corresponding frequency. With the approximation
equation (44), Eq. (49) reduces to

Ao~Y*A Y+ Z*0*Z. (50)
Also Z is much smaller than ¥ and A, is also small
compared to A, and hence we neglect the second term
on the right hand side of Eq. (50) and use the ¥
amplitudes of the TDA. This is just the energy lowering
of the excited state due to double excitations.

V. CONCLUSIONS

We have discussed the equations-of-motion method
as an approach to calculating excitation energies and
transition matrix elements of excited states directly
as opposed to the conventional approach of obtaining
the total energies and wavefunctions of the stationary
states of the total Hamiltonian. We have extended our
proposed solution of Rowe’s variational form of the
equation of motion'—referred to as a higher random
phase approximation*—in two ways. First we include
the proper renormalization of the equations with
respect to the ground state particle-hole densities.
These equations now contain renormalized matrix
elements but have the same matrix form as the RPA.
We have shown that the corrections to the transition
energies due to this renormalization are small.’?

We have also shown how to include the effects of two-
particle-hole contributions in the excited states. The
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single-particle-hole amplitudes are by far the most
important in the excitation operator but doubly excited
configurations can affect the excitation energies by as
much as 2-3 eV. An important conclusion of this section
is that the theory with single- and two-particle-hole
states can be shown to be equivalent to a single
particle-hole theory with a renormalized interaction.
Some of these conclusions have been obtained previously
using either the quasiboson approximations or time-
dependent variational methods.!® Our approach on the
other hand, starts from Rowe’s equations,’ enabling
us to derive more general equations, Eq. (41).

We have applied the theory developed in this paper
and in Ref. 4 extensively to the excited states of nitro-
gen, carbon monoxide, ethylene, and benzene. A com-
parison of the calculated results for N, and CO with
experiment shows that the theory can predict excitation
energies and transition moments accurately and
economically.’

* Work supported in part by a grant from the National Science
Foundation.
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