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Abstract

A space-time spectral analysis is applied to the 900 mb meridional
wind component over the Equatorial Pacific Ocean. Cloud drift vectors,
in the form of movie loops derived manually from cloud tracking satel-
lites, constitute the data base for this investigation.

The major conclusions are as follows:

1) The maximum energy density levels of the wind occur at low
wavenumbers over a broad range of frequencies. These disturbances
appear to manifest themselves as fluctuations occurring simultaneously
over a large span of longitude.

2) Investigation of the high frequency-high wavenumber structure
is difficult due to the general shortage of reliable data and the
uneven satellite sampling intervals. Selection of spectral parameters
becomes a compromise between the problems of high aliasing and low
reliability. A high frequency-low wavenumber (time lag of 5 hours and
space separation of 2.1° longitude) study was selected.

3) There was no indication of a distinct 4-day signal in our
spectra.

4) There appears to be less high-frequency energy in the equa-
torial band (1.05°S-1.05°N) than in the other two more southerly bands

(5.25°S-3.15°S and 3.15°S-1.05°S).
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I. Introduction

Knowledge of the large scale spatial and temporal structure of the
tropical wind field is essential to our understanding of global ocean-
atmosphere climatic variability as well as a variety of other oceanic
and atmospheric processes. Recently, much attention has been focused
on the description of the equatorial Pacific wind field [Barnett, 1977;
Halpern, 1978; Wyrtki and Meyers, 1976]. 1In this region, the trans-
port of heat by the equatorial ocean current system is dependent on the
overlying wind field. Of course, the wind field is influenced by the
oceanic heat budget thereby insuring a complex feedback system. The
purpose of this paper is to describe, through the statistics of the
energy spectrum, the frequency-wavenumber structure of the meridional
component of the wind field over the eastern equatorial Pacific Ocean.
Waves in only the east-west direction are considered. The initial
impetus fér this study was provided by results reported by Groves and
Miyata [1967]. 1In that study, peaks in the sea-level spectrum of
Canton Islands (2°49'S, 171°40'W) in the Phoenix Group at periods of
four and five days were found to be coherent with the local meridional
wind component. We were thus interested in verifying the existence of
the four and five day signals from the present analysis. Wallace
[1971] summarizes other pertinent literature on the 4-5 day wave being
sought.

To study the large scale variability of the wind field, a satel=-
lite observational system must be used. Estimated low-level (900 mb)
wind vectors from geostationary satellites have been derived since

June 1969 from NASA's Application Technology Satellites ATS-1 and




ATS-3. These satellites relayed sequences of cloud position photo-
graphs to an earth receiving station. The photographs were then used
to prepare a film loop displaying cloud motions for both cirrus level
and cumulus, stratus level clouds. The operational procedures for
estimating wind vectors from the film loops are described elsewhere
[Young, Doolittle and Mace, 1972]. The launch of NASA's Synchronous
Meteorological Satellite SMS-1 in May 1974 as part of NOAA's Geosta-
tionary Operational Environmental Satellite (GOES) program provided for
the automatic extraction of low-level wind estimates by computer
pattern matching. Cloud imaging for both manual and computer estimates
is accomplished by a visible and infrared spin scan radiometer (VISSR),
sensitive to both visible and infrared portions of the spectrum. Wind
sets by computer pattern matching are generated by different techniques,
one of which is described in Suomi [1975]. The present study utilizes
the SMS-1 and the SMS-2 manual cloud photograph-movie loop data exclu-
sively, from October 1974 to June 1977. Description of the data set is
given in Section II.

There have been some questions as to the accuracy with which low-
level cloud motion vectors represent the near-surface wind field,
especially near the equator. Some of the editing procedures are
suspect; for example, a cloud motion vector is accepted when deviations
between it and the geostrophic wind derived from the previous 6-hourly
surface analysis are less than 60° and 16 knots [Green, 1975; Young,
1975]. The use of geostrophy in editing cloud motion vectors casts
some doubt as to the data's representativeness for near-surface winds

near the equator. The uncertainty of the cloud's vertical position is




another cause of skepticism. Fortunately, confidence estimates are
recorded for each cloud position recorded as well as for each velocity,
thereby enabling the user to reject those uncertain wind vectors based
on the confidence estimates. Confidence estimates were given as inte-
gers from 0 (lowest confidence) to 9 (highest confidence). Only data
for which the analyst had the highest confidence of knowing both the
level and velocity of the cloud were used in this study.

Beyond direct comparisons of independently measured winds
[Halpern, 1978], the quality of satellite winds can be assessed through
comparisons of the known dynamics of the wind field with features that
are represented in the cloud-drift data. It is hoped that the results
of this study will contribute information to aid us in the determina-
tion of the representativeness of cloud motions for the estimation of

the low-level equatorial wind field.

II. Data *

A low-level (900 mb) wind estimate is recorded at a position and
at a time in which a low-level cloud is available for tracing, thereby
rendering our data unevenly distributed in both space and time. All
of the satellite wind estimates used in this study were derived from
the film loop technique mentioned earlier. We were therefore limited
to wind estimates during daylight hours only.

For this initial study, we have chosen to examine three latitude

bands, each about 2° latitude wide. These latitude bands are 5.25°S-

3.15°S, 3.15°S-1.05°S and 1.05°S-1.05°N (bands 1, 2 and 3 respectively).

The longitudinal range of the study area is 80°W to 180° and the




temporal range is October 1974 to June 1977. All statistics and
spectra contain no latitudinal structure information within a given
latitude band.

The satellite wind estimates were obtained from a National
Enviromental Satellite Service (NESS) tape containing all satellite
derived low-level winds over the Pacific Ocean. The spatial and
temporal distribution of the data, for each of the three latitude bands
and the total of all three bands is illustrated in Figure 1.

The months of November 1974, April, June and August 1975 were
missing from the NESS-tape. There were no data from October 1974 to
March 1975 over the western part of the study area due to the absence
of the SMS-2 satellite, which was launched in February 1975. The SMS-2
was positioned over the equator and 135°W to increase coverage over the
Central Pacific Ocean. SMS-1 was initially positioned over the equator
at 45°W and then moved 105°W, arriving there on February 16, 1976.

The reason” for the decaying data coverage from April 1976 to the end
of the study period is that manually derived wind estimates were being
phased out in lieu of estimates derived from computer pattern matching
techniques.

This study is limited to the meridional component of the cloud
drift velocities as it was found in previous studies [Groves, 1956]
that the correlation between meridional wind and oceanic response
(sea level) is simpler than for the zonal wind component. The mean
and standard deviation of the satellite-estimated meridional wind

speeds are given in Table 1.
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Table 1. Statistics of satellite-estimated meridional wind

speeds, 900 mb level. (Averages over temporal
and spatial extent of the study area for all three
latitude bands.)

Latitude Band Mean Standard Deviation
(m/sec) (m/sec)

5.25°8-3.15°S 1.90 3.42

3.1578-1.,05"8 1.93 3.45

1.05°S-1.05°N 1.73 3.48




III. Frequency-Wavenumber Analysis

a. Method of Analysis

In order to examine the characteristic time and space scales of
the equatorial meridional wind field, a time-space power spectral
analysis of the cloud motion data has been made. Let v(x,t) be the
magnitude of the meridional component of the satellite derived wind in
a given latitudinal band, a function of longitude x and time t. The

apparent autocovariance function (R) can then be defined as

ROty = {vixt) Ve, tatly = REp-T); =T<xeT, —Leqe L
(I1I-1)

where brackets indicate averaging over both x and t,T is the longitude
separation, U is the time lag and T and L are the temporal and spatial
extent of the data, respectively, R is seen to be independent of x and
t, because we have assumed stationarity in both space and time. Also,
ergodicity is implicit as it is hoped that simple time and space aver-
aging wil£ provide information about the underlying process and not
just give information about the finite piece of record. Because we
have assumed ergodicity (of which stationarity is a necessary assump-
tion), we have eliminated the need for collecting an ensemble of
records for the statistical description of the cloud velocity field.
To obtain estimates of the true power spectrum, we need to
Fourier transform R. We applied a cosine (hanning) data window to R

in order to reduce sideband energy. Tapering with cosine window was

performed in both lag and separation space.
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4 L

o wh b4
H"l- 2_(' +Cos7lh>

where U, is the maximum lag and""ll.n is the

(I11-2)
represent the "hanning,"

maximum separation employed in the formulation of R.

The frequency-wavenumber (-X) spectrum is then defined as

SO)= Re{ [ (RGN Hexpilu vy

(11I-3)
= SS R(’[,T) Ht Hﬁl cos()(qJ,v’t) d‘rldt

For future computational procedures, following the development used by
Munk, Snodgrass and Gilbert [1964], it will be useful to introduce the

mixed quantity

C('?,vr) = fR(q,'t) He exp (¢¥ T)dr
= [ Ry M cos(oe)dr + RGN Hesn(vexr

(ITI-4)

= Crlpw) 44 Colnw)
S(?Y,U) = g C (’?,V) H’l exp(AX'[ ) drl
— gCR("]J\T} Hrl cos (X?)d’) = SCI(’},V’) Hm? Slﬁ(}('l)d"’ —

At this point we may also note the following symmetry relations:

S(xv)= SEx,-v)
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(IT1-6)

Cr ("J ) = Caln-o)=Crl-w)
C: (n,9)= ~Ca(n,-")=-Cz (),

For the actual computations, the integrals are replaced by
summations. Let us define time lag and longitude separation incre-
ments, AT and A"[ respectively. Then

’.t:/‘:A't ) ,(:='-m, eee ) Openeny¥M

URFE IENPE R R

(I11-7)

where m and .X are integers denoting the maximum lag and separation
used in the analysis. In accordance with the intervals of Equations

(I11-7), the frequency and wavenumber increments are given by

AT= 211 /(ame) ATy AXE 211/(2£u)4\7. ——
We also set
v:cb_av:2v0§/(2m+ﬂﬂ't; OB,-:-mj____,oj._.-,-rm
and . (III-9)

K= rCAX= mr/(zfﬂ)z.vl : T R . SRR ¥

From this point hence, we will be concerned with positive time lags
only, i.e. i, q = 0, ..., m. The negative time lag half-plane can
be obtained from the symmetry relation (III-6). On the other hand, we
will want to retain both positive and negative spatial separations,
due to the important directional information (eastward and westward
traveling energy) inherent in the definitions.

We are now ready to reformulate the spectral relationships in

discrete form. From Equation (III-4) and the symmetry of R,
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Caly)= AT{R(q,oB e 3 [REyeat)s Ren,eavy] 21+ cos (204 )

A= ) Cos(sz%'> (I1I-10)
2 M+
and
Cciw)= AT{Z [R (,iaT) " R(-qlmﬂ}ﬂu cos (2 2“"‘ ]*
* SN (—%\Tr—:ﬁj') (I1I-10a)

The frequency-wavenumber spectrum, Equation (III-5), can then be

computed from

Sxw)= M Cﬂ(OV)—FZZ CR% 7,507 [HCOS 2f+:):{

27T .
¥ COS (Tzﬁ ?.Z Cs (451] [I +Cos%§§.ﬂ31n 2231\’ |

r= —X)____

20

oo +d

J

(I11-11)

The energy density spectra were computed from Equations (III-10)
and (III-11). For all spectra in this paper, we have used m = 59 and
L= 19, resulting in real values of maximum time lag and space separa-
tion of 59 ATand 19 An. We are therefore calculating (m+1)(2f+1) =
(60) (39) = 2340 separate values of the energy density S(K,0) for each
spectrum. (It will be seen later that the selection of AT and An will

be such that the maximum lag and separation are much smaller than the
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total time and space scales of the study, thus reducing the variance
of the spectral estimates.) The energy density over the 39 x 60 (k,0)-

matrix constitutes the principal result of this paper.

b. Estimation of the Autocovariance

In each of the three latitude bands the longitude separation n
and time difference T for every pair of v values were examined. For
cases in which the values of (n,T) lie within the maximum values con-
sidered, the product of the corresponding pair of v values is accumu-
lated into a running sum R(n,T) of such products for which jAn, iAt is
nearest to the actual values (n,Tt). After all products have been
accumulated, each sum is divided by the number of products contributing
to that sum to provide an estimate of the average value of the product.
The variance of the autocovariance function is discussed in the appen-
dix. It is evident that the more products in each sum the greater will
be the accuracy of the estimate. Also, the greater the values of An
and AT, the larger will be the number of products in each sum. But the
larger the values of An and AT, the smaller will be the folding wave-
number and folding frequency and, consequently, the larger will be the
amount of aliased energy. It is thus seen that selection of these
parameters is a compromise between confident statistics and low
aliasing.

The high frequency-low wavenumber analyses discussed in Section
(I1Id) seemed to offer the best compromise in the selection of An, AT.
Basically, this indicates that there is so much high-frequency and
high-wavenumber noise in the data that the amount of existing cloud-

velocity data are barely sufficient to allow one to make a
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statistically-significant estimate of spectral energy.

Due to the necessity of examining higher frequency signals (to
relieve the aliasing), and even though a large longitudinal separation
increment was used (for higher statistical reliability), some of the
values of the autocovariance matrix R(n,T) were formed from very few
product pairs, i.e. there were large data gaps at certain lag-separa-
tion intervals. We therefore modified R according to the following
prodecure. The largest lagged product value should be R(o,0), the
variance. If any R(n,T) is greater than R(o,0) or less than -R(o,0),
that value is replaced by R(o,0) or -R(o,0). Approximately 47% of R
was modified in this way for latitude band 1.

The stability of the modified R (n,T) estimates can be examined
by looking at the distribution of numbers of products used in estimat-
ing R(n,T). The distribution is illustrated in Figure 2 for latitude
band 1. A continuous record would show a solitary spike at Npy,x»

i.e. at N for R(o,0). If the data were more evenly distributed with
respect to longitude separation and time lag, the statistical
reliability of the poorer R(n,T) estimates. The smoothing could be
accomplished by either employing an interpolative scheme to our raw
velocity data or smoothing the modified R values directly. Both
alternatives seem to accomplish the same goal, i.e. improved statistics
of our spectra, but smoothing the modified R values requires less
computational effort. For those estimates based on a number of
products less than a preselected minimum ng, the estimates are replaced
by averages of products over a larger range of time lag and longitude

separation (in the actual case, over a range of 3AT and 3An).
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This is essentially a smoothing operation carried out with a two-
dimensional boxcar kernel. The consequence of this smoothing operation,
besides enhancing the reliability of the poorer estimates of R(n,T),
is to reduce the spectral energy in the higher frequencies and wave-
numbers. If the smoothing kernel were applied over the entire (n,T)
domain it would represent a usual low-pass linear filter, and the
effects are complicated and so no such compensation was attempted.
The reader is just cautioned that the spectral values for the higher
frequencies and wavenumbers, approaching the folding values, are
somewhat too low, depending on the value n_ selected.

Three levels of smoothing have been arbitrarily chosen. The
levels are a, - 50, 175 and 350. For a smoothing of 50, for example,
an individual modified R estimate composed of 50 products or less is
replaced by a smoothed value. The reduction in the variance of the
spectral estimates produced by the different smoothing levels will be

illustrated.

c. High-frequency, high-wavenumber analysis

This study was carried out with AT = 5 hours and An = 0.3°,
giving folding frequencies of .l cph and 1.67 cycle/degree. These
values were selected on the basis of a preliminary study at lower
frequencies and wavenumbers (higher values of AT and An) which seemed
to indicate aliasing problems. The present study, with admittedly too
small values of AT and An to insure adequate statistical reliability,
was made to roughly delineate the distribution of spectral density in

order to assist in the selection of parameters for a study that would
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be adequate in view of both the aliasing and statistical problems. The

energy density spectrum for latitude band 1 is shown in Figure 3. The
mean error of the spectral estimates in Figure 3 is 18 x 102 m2 sec-2/
hour~! degree~l. This value represents the square root of the variance
of each individual spectral estimate of the 39 x 60 matrix. Clumps of
high energy wvalues are, of course, more significant than are the
individual values and thus the broad energy density highs of Figure 3
seem to be significant. A variance matrix of 39 x 60 values was com-
puted for Figure 3 and all other spectra reported here. The matrix of
variance was extremely flat at the mean variance level, hence the
justification in basing our confidence estimates on the mean value of
the variance. The computational formulae as well as a discussion
of the statistical significance of the spectra presented in the paper
are given in the Appendix.

From Figure 3, most of the energy density appears to reside in
very low wavenumber regions at a variety of frequencies. Table 2
presents values of the energy,jj-S(K,G) dkdo, for each of the four
specified regions. Region I defines the area under study in our
preliminary low frequency-wavenumber analysis, which is seen to
encompass an inadequate portion of the entire energy to insure suffi-
ciently low aliasing error. The total energy, from a separate analysis
of this region alone, was found to be 8.35 m2 sec~2. Comparison of
this number with the energy found in Region I (see Table 2) indicates
high levels of aliasing. From Figure 3, we can see that, for latitude
band 1, most of this aliased energy is coming from the higher fre-

quencies, rather than the higher wavenumbers. This is also verified
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Table 2. Energy, m2 sec_z, of the regions
I, IT, and IIT depicted in Fig. 3

Region Energy
i 3.86
II 3.54

I1I 1.67
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by the low energy level in Region III. Thus, the results of Figure 3

guide us in selecting high frequency-low wavenumber parameters for
future studies. (The energy in Region I + II, the region we are about
to analyze, is approximately 80% of the total energy.) This result
enables us to somewhat alleviate the problem of aliasing without

incurring overwhelming statistical uncertainty.

d. High frequency-low wavenumber analysis

The primary results of this paper will be extracted from the high
frequency-low wavenumber spectral analysis of the estimated satellite
wind data. We choose AT = 5 hours and An = 2.1° longitude, giving
folding frequencies of .1 cph and .238 cycles/degree. Frequency
resolution is thus 1.67 x 10=3 cph and wavenumber resolution is 1.25 x
10-2 cycles/degree.

The most striking feature about the frequency-wavenumber struc-
ture of the satellite estimated meridional wind velocity in this
latitude band is the apparent lack of structure, except for one
important feature (see Fig. 4). There appear to be high energy density
levels at low wavenumbers at a variety of frequencies. This indicates
fluctuations in the wind field that are simultaneous over long spans
of longitude. The mean error of an individual estimate is high;
however, the same comments expressed about the errors of the high
frequency-wavenumber analysis apply here, that large areas of high
energy density levels appear to be statistically significant.

The effects of smoothing on the energy density spectrum is to
dramatically reduce the mean error for all smoothing levels (each

smoothing level is applied to the original unsmoothed modified R, i.e.
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the smooth 50 level is not further smoothed to level 175, etc.).

The "smooth spectra' are illustrated in Figures 5 through 7.

In all smoothed spectra (as well as the unsmoothed spectrum)
there appears a diurnal peak at wavenumbers indicating eastward-
moving activity as well as at a variety of other wavenumbers. As the
error estimates are based on randomly distributed product contributions
to the covariances they will overestimate confidence at frequencies
near the diurnal, because of the lack of nighttime observations, and
thus it is difficult to draw conclusions regarding this diurnal peak.
Major spectral features throughout the smoothing process are conserved,
lending confidence to the method. In Figure 7 an interesting feature
emerges. There appears to be a variety of disturbances moving with
different phase velocities eastward but all with approximately the
same group velocity éf about 2000 km/day. However, the dominant
features throughout all levels of smoothing is the high energy density
at low wavenumbers, disturbances that appear to manifest themselves
as fluctuations occurring simultaneously over a large span of wave-
numbers through the entire frequency range examined.

For economic reasons, the frequency-wavenumber spectra for
latitude bands 2 and 3 were obtained for smoothing to level 175 only.
The spectra are illustrated in Figures 8 and 9. The modification of
R for latitude band 2 affected 3.5% of the R matrix. The equatorial
band needed the largest modification, where 4.77% of R was modified.
Again, we observe the high energy density levels at low wavenumbers
throughout the frequency range examined as well as the higher diurnal

energy density. As the equator is approached (band 3), we observe
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less low wavenumber energy density at the higher frequencies than was
present in the two more southerly latitude bands. Latitude bands 1

and 2 also show an energy density minimum at a period of approximately
10 days for low wavenumbers. Finally, we observe similarities in
latitude bands 1 and 2 but as the equator is approached, the meridional
wind structure changes significantly. This appears to be a reflection
of the data sparsity in the equatorial latitude band.

A check of our results is provided by the fact that we must
conserve energy at each step (raw data + a modified R —+ spectral
estimates) of our analysis, except for loss of spectral energy due
to the smoothing procedure described in Section IIIb. Table 3
presents such data for each of the three latitude bands. We see that
the formation of the modified R leads to the expected dimunition of
spectral energy. Otherwise there appears to be satisfactory agreement
with the variously computed total energy value.

We can identify a small 4 and 5 day "peak" in the equatorial band
at low wavenumbers although no such peak is evident in the two souther-
ly latitude bands. The energy density in surrounding frequencies is
approximately the same as the 'peak'" thus the significance of these
periodicities is questionable. It has been suggested that I might
turn my attention to latitude bands further south and also investigate
the regions immediately north of our study area with the idea that
perhaps the 4-day signal is generated more dominantly in these regions
forcing the oceanic response at a distance (Colin Ramage, private
communications).

Finally, I would like to briefly compare the magnitudes of our



Table 3. Energy conservation check. The energy derived
from the spectra are for smoothed spectra at
the 175 level. Units are m/sec.

RMS Velocity —q R(o,o)J '{—ggS(K,G)dOdK

from
Lat. Band Raw Data
1 3.91 3.91 3.02
2 3.95 3.96 3.24

3 3.88 3.85 3wd2

28
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energy densities with those of Halpern (1978). The energy density of
Halpern's satellite inferred low-level winds at a frequency of .02 cph
for the region 0°, 125°W is compared to the energy density at .02° cph
of our latitude band 2 (Fig. 8). To obtain the frequency spectrum the
frequency-wavenumber spectrum is integrated over all wavenumbers. At
.02 cph, the energy density is 118 (m/sec)Z/cph, whereas Halpern finds
a value of 120 (m/sec)Z/cph. The agreement between the two values is
good. The distribution of energy density in the overlapping frequency
range of the two studies is different. Halpern's spectrum is red in
this range whereas my results reveal a white spectrum. Figure 10 shows
a comparison of the two spectra. Values for the Halpern spectrum were

read directly from his spectral plots.

IV. Summary and Conclusions

The principal findings of this study are:

1) The maximum energy density levels of the meridional component
of the satellite estimated 900 mb wind occur at low wave-
numbers over a broad spectrum of frequencies in the Equatorial
Pacific Ocean.

2) It is difficult to investigate low frequency spectral struc-
ture with the satellite cloud drift data. Aliasing from high
frequency and high wavenumber disturbances is a major problem,
confusing the low frequency spectra.

3) Investigation of the high frequency-high wavenumber structure
of the equatorial meridional wind field using satellite cloud

drift data is difficult due to the general shortage of reliable



4)

5)

30
data and the uneven sampling interval of the satellite
system necessitated by proper level cloud occurrence fre-
quencies, daylight hours, avoidance of high level clouds and
low confidence in both cloud height and velocity estimates.
This results in statistically unreliable conclusions.

There was no clear indication of a distinct 4-day signal in
the meridional wind component in the two southerly latitude
bands studied, although the equatorial band does show some
activity at 4 and 5 days at low wavenumbers (Fig. 9).

High frequency energy seems to be lower in the immediate

vicinity of the equator (band 3) than in other latitude

bands.
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APPENDIX

Statistical Significance of the Results

Al. Variance of a Product

In the estimation of the autocovariance function R(n,T) the
products of velocity component values at different times and long-
itudes are summed. Let v; and v, be two such individual velocity
component values, and let us assume that they are distributed as
bivariate normal random variables with each having the same mean m,
the same variance 02 and correlation coefficient 0. Thus, the
probability density distribution is given by

o :
_)C(V“v,_): _(:‘;E—)— EXF -}[(\«;—m) —%ﬁfv‘-m\(v:-m‘)

27Tt
+ (Va- r‘ﬂz]
(Al-1)

where

1
29*(1-p*)

\=

We now wish to consider the distribution of the quantity p = vj vj.

If m# 0 it is difficult and perhaps not feasible to obtain the
distribution function f(p) from (Al-1) in closed form, but satisfactory
error estimates can be based on the mean and variance of this distri-

bution, which are readily obtained. The nth moment of f(p) is given by

ao oD

M= g g \ARVA f(vl,\/z)cj\/.‘ dv,

- o —-0o (Al_z)
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The above integrals are readily evaluated, for the cases n = 1 and
n = 2, with the help of formulas 3.225.3 and 3.271 of Ryzhik and

Gradstein (1957), with the result
2 %
= Vg
/4&m'"djp A

/b(2=(| * 2/?1)“”* 2(‘!*2j’)ﬁ\2v1 + mt,

(Al1-3)

The variance of p about its mean value is given by

Tt M = (1epet+2(1epdmie?
(Al1-4)
It is convenient to find an expression for this variance which does not
contain the unknown correlation coefficient p. It is possible to
estimate reasonable values of the common mean and variance of the
individual v values, but the correlation coefficient between pairs
of values depends on their proximity in longitude and time. Now p is
an estimate of R, which is the true value of the desired autocovariance
function at a particular longitude separation and time lag. Eliminat-
ing p between (Al-3) and (Al-4) gives
v?= 2.+ v+ 2.““1<T1" mt
P =M (A1-5)
in which the unknown M, can be approximated by substituting for it
the corresponding estimated value of the autocovariance function.

Such an approximation is usually referred to as large sample theory.
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A2. Variance of the Estimated Autocovariance Values

These values are just the averages of a number n of products
p where n is the number of products whose corresponding longitude
separations and time lags fall within certain limits. The actual
v values will occur at widely varying longitudes and times, and there
is no convenient way to estimate the correlations between the indivi-
dual p values. The easiest procedure is to assume that the p values
are independent, and this assumption is hereby made. The variance of

each estimate of R is then just

2 - 3
Ur =T /” (A2-1)

A3. Variance of the Estimated Spectrum Values

Here we shall similarly assume that the individual estimates of
R at the different longitude separations and time lags are independent.
Then, as is seen from formula (III-11), each S value is just a linear
combination of the R estimates. Thus, its variance is just the sum

of the o & values weighted by the square of each coefficient of the

R

linear combination. The result for each value S(k,0) of spectral

density for longitudinal wave number K = kAK and frequency 0 = jAO, is

£ m
2 ’s
235 s
=4k Qé"‘f‘tr Req
p=-4 ¢ (A3-1)

where Uépq are the variances of the individual estimates of R(n,T) at

longitude separation n = pAn and time lag T = qAT. Here, ijpq is

given by
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Aqu't’ cos [?‘né-ﬁ e ___3‘ (A3-2)

2L+ 2 m+l

where {, m are as defined in (III-7).

The intracacies of the quadruply-subscripted Q hampers under-
standing of the error dependence on the fundamental parameters of the
problem. Also, many computations are required. For these reasons it
is convenient to define a mean variance of the spectral estimates,

y 4 [1a
2 | \

U5 = 2841 2m+) QTS“

LT Loy

where ™

QHT 2f\+| 2m+| Z- Z é’hf"g (A3-4)

Thus,

Qoo = M7 2T
Qpy =7 M74T 5 pg 00

(A3-5)

2 — .
The value GS is what is indicated as the mean variance of the spectral

estimates.
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