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ABSTRACT. Using the works of Mané [14] and Paternain [18] we
study the distribution of geodesic arcs with respect to equilibrium
states of the geodesic flow on a closed manifold, equipped with
a C* Riemannian metric. We prove large deviations lower and
upper bounds and a contraction principle for the geodesic flow in
the space of probability measures of the unit tangent bundle. We
deduce a way of approximating equilibrium states for continuous
potentials.

1. INTRODUCTION

Let M be a closed and connected manifold equipped with a C*> Rie-
mannian metric. We study the distribution of geodesic arcs of M with
respect to equilibrium states. We prove large deviations lower and up-
per bounds for the geodesic flow in the space of probability measures
of the unit tangent bundle. More precisely, we consider Lebesgue mea-
sures supported on a finite number of geodesic arcs and show that they
define a process which satisfy a large deviation principle with action
function given by the topological pressure. As an application, we ob-
tain equidistribution results which describe the proportion of geodesic
arcs which support Lebesgue measures close to equilibrium states. We
show that this proportion converges exponentially fast to one when the
length of the geodesic arcs tends to infinity. We also prove a contraction
principle for these probability measures, which is a large deviation the-
orem with constraints. This work is based on two remarkable formulas
due to Mané [14] and Paternain [I8] which characterize the topological
entropy and pressure as a growth rate of the number of the geodesic
arcs (see Theorem 8 and Theorem 9). On the other hand, the technics
of convex analysis and large deviations in [I1] and [9] were particu-
lary usefull for this work. We adapt and extend certain of the general

arguments in [I1] to our situation.
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We have two important situations where the results of the paper ap-
ply. The first situation concerns the class of manifolds with negative
curvature. In this case, it is well known that for any Holder continuous
potential there exists a unique equilibrium state. There are three well
known invariant measures in this setting. The Bowen-Margulis mea-
sure, which is the equilibrium state (a measure of maximal entropy)
corresponding to constant potentials. The harmonic measure which
corresponds to the potential 2 |,_o(K o ") where K is the Poisson ker-

nel and @' the geodesic flow of SM, where M is the universal cover
of the manifold M. The Liouville measure which is the equilibrium
state of the potential £ |,_odet (dp;|ps) where E* is the stable tangent
bundle of SM (see [7] and [§] for more details). For the “Liouville
potential”, we obtain that the geodesic arcs are uniformly distributed
with respect to the Liouville measure.

The second situation deals with the more general class of Riemann-
ian manifolds of nonpositive curvature which are Rank 1. Then by a
result of Knieper [12] we know that there exists a uniquely determined
invariant measure of maximal entropy for the geodesic flow. But it
is not known up to now which class of raisonable potentials admit a
unique equilibrium state and this question remains open for Rank 1
manifolds. However, our results give a way of approximating equilib-
rium states of the geodesic flow of such manifolds. Indeed, these results
are applicable everywhere where Mané’s and Paternain’s formulas hold.

Finally, I'm very grateful to Frangois Ledrappier for helpful conver-
sations.

2. MAIN RESULTS

2.1. Preliminaries and notations. Let M be a closed and connected
manifold equipped with a C'*° Riemannian metric and ¢ : SM — SM
be the geodesic flow on the unit tangent bundle SM. We assume that
M has volume one, f 1 dr =1, where dx is the volume form induced
by the Riemannian metric of M.

We denote by P(SM) the space of probability measures on SM
equipped with the weak star topology. Let P;,,(SM) be the subset
of P(SM) of invariant probability measures. Given a potential F' €
Cr(SM), the topological pressure of F' is the number defined by the
variational principle [25],

(1) P(F) = supSM)(h(m) + /SM Fdm),

MEPiny (
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where h(m) is the entropy of m. For F' = 0 this reduces to

P0)= sup  h(m) := hiy
MEPiny (SM)
where Ry, is the topological entropy of the geodesic flow.
An equilibrium state for F, is a measure m € P, (SM) which
achieves the maximum in (1),

h(m) + /SM Fdm = P(F).

We denote by P.(F) the subset of Pj,,(SM) of equilibrium states cor-
responding to F. By a result of Newhouse [10], since the metric is C*°,
the entropy map m — h(m) is upper semicontinuous. Then h,, < co
and consequently, the set P.(F') is a nonempty closed, compact, convex
subset of P(SM) [25].

We define the functional Qr on Cr(SM) based on the potential F’
by,

(2) Qr(w) = P(F+w)— P(F).

By definition, @ is continuous on continuous functions (see Lemma
1 and Remark 1). Sometimes we will simply write @, if there is no
confusion to be been afraid.

We set for any probability measure p on SM,
3) Telp) = sup( [ i = Qr ().
where the sup is taken over the space of continuous functions w on SM.
Observe that since Qp(0) = 0, then Jp is a non negative functional and
clearly is lower semicontinuous. We will see that (Lemma 1 and Remark
1) that P.(F) = {Jr = 0}. Again, if there is no ambiguity we write .J
instead of Jg.

By duality, we have

(4) Qr(w)= sup ( / wdp — Jp().
neP(SM)
For any set £ C P(SM) put

Jp(E) = ;ng Jr(p).

Given z and y in M, we denote by 7,y : [0, (V)] — M a unit speed
geodesic arc joining x to y with length [(v,,). Forany § > 0 and 7" > 0
we set,

Gor(t9) = {omy s T — 6 < l(owy) < T} and,
Gr(z,y) {%‘y : l(%cy) <T}.
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Recall from [3] that given T > 0, the set of geodesic arcs with length
< T is finite and its cardinality is locally constant for an open full
Lebesgue measure subset of M x M (see also [18] p53 for a proof
using Sard’s theorem). By a result of Burns K and Gutkin E [4], the
growth of #Gr(z,y) and a positive topological entropy are related to
the condition of “insecurity” of the manifold.

The integral f%y w of a function w over the geodesic arc 7, is defined

b
y {(Yay) '
/yw W A w(¢3(7my(0>)d8

Here 4,,(0) is the initial condition of the geodesic 7,,. The Lebesgue
measure J,, with support in 7., is now defined by,

1
wdo.,, = / w.
/SM 7 l(%’b‘y) Yzy

We will write G5 r and G for simplicity, since the dependence in (z,y)
will be always clear.

2.2. The results. Consider a real continuous potential F' defined on
SM. For any Borel subset F of P(SM) we set,

[ F
- fMXM(Z'nyeG&T:éf}/xyeE ey )dxdy
B F
fMXM(Z'YzyGG&T ef%y )dl’dy

This defines a process (v7)r=o on the space P(SM). The first result
gives large deviations bounds for this process, namely

(5) vr(E) :

1
lim sup T logvr(K) < —J(K)

T—+oo o

e 1
lim inf -~ logvr(0) = —J(0),
respectively, for any closed subset K and open subset O of P(SM).

Before we state the main theorem, we do the following assumption
under which we prove the lower bound part of the large deviation theo-
rem. This condition is well known when we deal with the lower bound
part (see [11] and [9]).

There exists a countable set C := {gi, k > 1} C Cr(SM) of contin-
uous fucntions such that their span is dense in Cr(SM) with respect
to the topology of uniforme convergence, ||gi|| = 1 for all k, and for all
B € R" the potential Y ;_, Brgr has a unique equilibrium state.
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Theorem 1. Let M be a closed and connected manifold equipped with
a C* Riemannian metric and F' € Cr(SM). Then for any § > 0 we
have

(1) For any closed subset K of P(SM)
f’Yac F
lim sup l log f (Z'nyEGg,T:é.myeK e rzy ) dl’d’y

Toee g f (Z“{zyGGa,T ef%y F) dxdy

(2) If for all 5 € R™ and g = (g1,...,9,) € C*, F + [ -g has a
unique equilibrium state, then for any open subset O of P(SM),

F
.. 1 f (Z'nyEGa,Tié—myEO 6f%y )dl’dy
l%mlnfflog —
o S (S ") dudy

As consequence of Theorem 1 (1) we have the following result which
asserts that the proportion of geodesic arcs supporting a Lebesgue
measure close to an equilibrium state is asymptotically equal to 1 :

< —J(K).

> —J(0).

limr o vr(V) = 1 and the convergence is exponential. Set V¢ :=
P(SM)\V.
Corollary 1. For any open neighborhood V' of P.(F') in P(SM) we
have |
F
lim f (Z%yecé,T:amev e ey ) dxdy .
e f (Z%yEGa,T efwy F) d:cdy
(ve) .

where the convergence is exponential with speed e~/

We know that large deviation principles are preserved under contin-
uous mapping, this is known as the contraction principle ([9]). In the
present case, the contraction principle reduces the preceeding theorem

to a finite dimensional one. First, we need some notations.
Set for g € Crn(SM) and o € R™, n > 0,

Pyoa(SM) :={m e P(SM) : / gdm = a}.

SM
We define the functional

~J inf(J(m) :m e Pyo(SM) if Pyo(SM) #
Jo(e) —{ oo it P, (SM) =

and for any FE, C IR",
Jy(E,) =1inf (Jy(a) € E,).
To simplify the notations set m(g) = [ gdm for m € P(SM).



6 ABDELHAMID AMROUN

Theorem 2 (Contraction principle). Let M be a closed and connected
manifold equipped with a C* Riemannian metric and F € Cr(SM).
Let g € Crn(SM). Then for any § > 0 we have

(1) For any closed subset K, C R",

F
. 1 f (Z'nyEGé,T35'ny (9)EeKn efW?! ) dIdy
lim sup = log

rovee 1 f (Z'YacyEGé,T efm F) dudy

(2) If for all p € R™, F+ - g has a unique equilibrium state, then
for any open subset O,, C R",

[, F
. . ]. f (Z’nyeGé,T:(S’Yzy (g)eo’” e ) dxdy
liminf — log

oo T J (Z%yegw ety F) dxdy

Part (1) of Theorem 2 is a consequence of Theorem 1 (1), by the
continuity of the function g. Note that we do not assume in part (2)
of Theorem 2 that g € C". This last condition is used in the proof of
part (2) of Theorem 1. In other words, the conclusion of Theorem 2 (2)
holds for any continuous ¢ such that for all 5 € IR", F' + - g admits
a unique equilibrium state.

For any é > 0 we define the probability measures on SM,

J (Z%yegw ey F 5%) dady
f (Z'waEG(gyT ef””y F) dxdy

As an application of Theorem 1 (1) we prove the following theorem.

< _Jg(Kn)-

> _Jg(On)-

(6) m57T =

Theorem 3. Let M be a closed and connected manifold equipped with
a C* Riemannian metric and F' € Cr(SM). For any § > 0, any weak
limit meo of (msr)r is an equilibrium states for the potential F | i.e
Moo 1S tnvariant and satisfies

h(mes) +/deoo = P(F).

These theorems apply to the geodesic flow of a manifold of negative
curvature and Holder continuous potentials . The following result
is particulary important when the unique equilibrium state pug corre-
sponding to F'is the Bowen-Margulis measure or the harmonic measure
(section 1). In particular, if F' is the “Liouvile potential” (section 1)
then this corollary says that the geodesic arcs are uniformly distributed.

Corollary 2. Let M be a closed and connected manifold of negative
curvature equipped with a C* Riemannian metric. Suppose that the
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potential F' is Holder continuous and let g be the unique corresponding
equilibrium state. Then, for any § > 0, the measures (msr)r converge
weakly to pp as'T" — +00.

Consider now the measure fi,,,, of maximal entropy [12] of the geo-
desic flow of a rank 1 manifold. Set

f (vaeG&,T 5%74) dxdy
f (Z'\/zyEG(syT> dxdy .

Corollary 3. Let M be a closed and connected rank 1 manifold equipped
with a C*° Riemannian metric. Then, for any 6 > 0, the measures
(usT)r converge weakly to ey as T — +00.

HsT =

3. CONSTANT AND POSITIVE POTENTIALS

We state in this section some results which are not a direct conse-
quence of the previous ones.

3.1. Positive potentials. Consider the probability measures defined
on SM by

f (Z%yeGT efm, F(S“{zy) dxdy
S (Sonyeap e ) dady

Theorem 4. Let M be a closed and connected manifold equipped with
a C* Riemannian metric and F € Cr(SM). Assume that P(F') > 0.
Then, the weak limits of (mr)r are equilibrium states corresponding to
the potential F'. If M has negative curvature then (mg)r converges to
the unique equilibrium state pg corresponding to F.

mp =

Theorem 4 is a consequence of part 1 of the following theorem.

Theorem 5. Let M be a closed and connected manifold equipped with
a C* Riemannian metric and F' € Cr(SM). Then

(1) If P(F) > 0 we have for any closed subset K of P(SM) such
that J(K) < P(F),

F
) 1 f (Z,meeGT:(S’meeK ef’ny ) dl’dy
lim sup — log -
T—+00 T f (Z’\/zyEGT e‘f"/zy ) dxdy

< —J(K).
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(2) If for all B € R™ and g = (g1,...,9,) € C", F+ - g has a
unique equilibrium state, then for any open subset O of P(SM),

F
. . ]- f (Z'YzyeGTi&yzy cO ef'}’xy ) dl‘dy
l%m inf 7 log T
e f (Z%yEGT ey ) dSL’dy

Observe that given F' and any constant ¢ we have P.(F') = P.(F +c).
On the other hand, we can find a constant ¢ > 0 such that F' 4+ ¢ > 0.
Thus up to a constant we can always assume that P(F') > 0.

> —J(0).

3.2. Constant potentials. We consider here constant potentials which
is equivalent to set F' = 0.

Theorem 6. Suppose that M is a closed and connected manifold equipped
with a C* Riemannian metric. If M has no conjugate points, then for
any § > 0,

(1) For any closed subset K of P(SM) and a.e (x,y) € M x M
. 1 #{%CyGG(;TI(S-Y GK}
limsup = lo ’ -
Toros T 0 #GCor

(2) For a.e (z,y) € M x M, the weak limits of

< —J(K).

Z'Yacy EG&,T 5'Yacy
#Gsr

are measures of mazimal entropy.

psr(,y) =

In part (1) of Theorem 6, the set of points (z,y) € M x M for which
we have the upper bound depends on the given closed set K, while in
part (2) it depends only on §.

Theorem 7. Suppose that M is a closed and connected manifold equipped
with a C* Riemannian metric. If M has no conjugate points, and
hiop > 0 then,

(1) For any closed subset K of P(SM) such that J(K) < hy,p, and
e (zr,y)e M x M

o €Gr o, €K
limsupllog#{vy T vy J

< —J(K).
Totoo 1 #Gr o (K)
(2) For a.e (z,y) € M x M, the weak limits of
Z'YacyEGT 6%?y
pr(z,y) = W’

are measures of mazimal entropy.
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4. PROOFS

4.1. Growth of geodesic arcs. The following two theorems of Mané
[14] and Paternain [18] are the main tools in the proof of our results.

Theorem 8 (R Mané [14]). Let M be a closed and connected manifold
equipped with a C* metric. Then

(1)

o1
htop = 111_1;20 T IOg M #GT(xv y)dl’dy

(2) If M has no conjugate points, for all (x,y)

o1
htop = Jlggo T lOg #GT(xv y)

(3) Suppose that the metric is of class C* and M does not have
conjugate points. Then for any § > 0 and all (z,y) we have

. 1
htop == 111_13;10 T IOg #G5,T(x7 y)

Theorem 9 (G P Paternain [18]). Let M be a closed and connected
manifold equipped with a C*° metric.

(1) For any 6 >0

1
P(F) = lim Tlog/M N Z el T dzdy.
X

T—+o00
Yzy GGJ,T

(2) If P(F) =0

1
P(F)= lim Tlog/M N Z el T dxdy.

T—+4o00
“/zyEGT
For any invariant probability measure p we set
7 ) = P(F) = () + | Faw).
SM

Lemma 1. (1) The functional QF is convexr and continuous on
continuous functions.

(2) Q(w) = sup,ep,. san ([ wdp —I(w)). In other words, the func-
tionals I and Jr agree on invariant measures.

Proof. Part (1) is a consequence of the convexity of the pressure func-
tion P and the variational principle (1) from which we can easily deduce
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that |P(f) — P(9)| < ||f — 9lle [25]. Part (2) follows from (7) and,

wp / wip — (1)

HEPiny (SM

= sup (/wd,u—P(F)+h(,u)+/Fd,u)

HEPiny (SM)
— P(F+w) - P(F) = Qr(w).

O

Remark 1. Qr is invariant by the geodesic flow : Qp(wo¢;) = Qr(w),
for all t and continuous function w. Thus, a probability measure m
satisfies Jp(m) = 0 if and only if m is invariant and I(m) = 0. In
particular, if K is a closed subset of P(SM) and inf,cx Jp(m) =
Jp(p) for some p € K, then infcx Jp(m) = 0 iff p is invariant and
h(u) + [ Fdp = P(F). In other words we have P.(F) = {Jp = 0}.

4.2. Proof of Theorem 1 (1).

Proof. We have to prove

limsup%logVT(K) < —inf J(m) = —-J(K).

T—o0 mekK

Let € > 0. There exists a finite number of continuous functions wy, - - - , w;
such that K C U!_, K;, where

K;={meP(SM): /widm—Q(wi) > J(K) —€}.

Put
Fz(xvva) = {wa € GJ,T : 6‘/17; < K2}7

Z,(T) = /M D SR

Yzy eFl (xvva)

We have vp(K) < 3L, vp(K;) and

and

T i) = .
fMXM(Z'nyEG(;,T 6‘[730@ F)dl’dy

We have

Z,(T) < / S ehren F lOran) ([ widday =Qi) (T )= gy
MxM



EQUIDISTRIBUTION RESULTS FOR GEODESIC FLOWS 11

Set C':= Y, sup(1, e” - QW=(JIF)=)) Thus, by taking into account
the sign of —Q(w;) — (J(K) — ¢),

Z(T) < / ey 90 1) (= Q) (T K)=) g iy
MXM'YZyEFi(mv%T)
< QN -UK)-0) / T ey,
MxM '\/zyeri (:E,y,T)

For T' sufficiently large, it follows from Theorem 9 (1),
Zi(T)
f Z’YzyGG&,T ef%vy Fdxdy

T(P(F+wi)+6) o ~T(P(F)=€) JT(~Q(wi) ~(J (K)—¢)

VT(K) S

.
Il ~
—

e

-

< C
1
T(—J(K)+3e)

2

Q
@

Take the logarithme, divide by 7" and the lim sup,

1
lim sup T logvp(K) < —J(K) + 3e.

T—o00

¢ being arbitrary, this proves Theorem 1 (1). O

4.3. Proof of Corollary 1.

Proof. 1t suffices to apply Theorem 1 to the closed set K = P(SM)\V.
We have J(K) = J(m) for some m € K and vp(V) =1—vr(K). By
Remark 1, J(m) > 0 and for T sufficiently large,

1>vp(V)>1—elm),

4.4. Proof of Theorem 2 (2).
Proof. Recall that P, o(SM) = {m € P(SM) : [ gdm = a} and

(8) Jy() = inf(J(m) : m € Py o(SM))
9) Jy(Oy) = aiglofn Jy(a).

Given a continuous function g : SM — R™ we set -9 = >, Big; for
£ € IR™. Then, by definition of the function @), we have

(10) QB g) = f&%w s = Jy(a)),
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and by duality,
(11) Jo(a) = sup (B-a—Q(B9g)).

BeR™

If J,(0,) = 400 then there is nothing to do. Suppose then J(O,) <
+00. Let € > 0 and choose a. € O,, with P, ,_(SM) # () such that

T,(0,) > Jy(az) — €.

We know from (23] Theorem 23.4 and 23.5) that, given « in the interior
of the affine hull of the domain D(J,) of J,, there exists § € IR" such
that

QB 9) =5+ o~ Jya).
Let then . € IR™ such that
(12) Q. - 9) = - - e — J, ().
Consider now a small neighborhood of a,
Onyr ={a€eR":|a. —a| <r},
such that O, , C O,. Define for any £ C R" :
Lr(E) == {Vey € Gs1 : 0,,(9) € E}

J (Zmemm el F) dady

f <Z%y€Gs,T efwy F) drdy
We have, Zr(0,,) > Zr(0,,,) and
Tt
Yoy ELT(On,r)
e N oy F =T (Be- (80 (9)=0e)) Tz 050y (9)
Yoy €L 7 (On,r)
> e Therce o=rlBelT Z ooy F oTBe0vay (9)
Yoy ELT (On,r)
= ¢ ThoelEIT N ey F ol (o) Be-0vay (9) o (T—U(Yay))Be-0ry (9)
Yoy ELT (On,r)
By the condition, 0 < T — [(v,,) < J, we have

e T=1005))B 810 (9) > =0l1Bz-lloc

ZT<E) =

Thus
Z ef’Yacy B 2 e_TBE'afe_r||55||T6_5||55'9||00 Z 6f'yxy (F+ﬁ5-g)‘

'YacyEFT(On,r) 'nyEFT(On,r)
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Set
Ft6e
- I(Z%yerip(on,r) ehey 7 g))dfcdy
Zi(Onr) = Ty FB29)
I(Z%yeG&T 'y Ydxdy
and
F4p.
1 f(z%cyeG&T 6I’Y’Cy( +8 g))dl’dy
Zr(f.g) = Slo .
Ik D eyeGey €77 dzdy
Therefore,
(13)
1 0B - glloo 1 .
208 Zr(0,) = -0 7,5,y pa) 4 2 how 230,

From Theorem 9 (1) and by definition of Q) = QF (see (2)) we get,
:Ili_{I;OZT(ﬁe'g> :P(F_'_ﬁe'g) _P(F) :Q(ﬁs'g)'
Thus
1 1
liminf —log Zr(0,) > —r||B || +(Q(Be-9)— o)+ lim —log Z7(O,,. ).
T—oo T T—oo T
We will show that
(14) lim Z%(0y,) = 1.

T—o00

Let us see how to finish the proof using (14) :

—r[|Bell + Q8- - 9) — = - ac

= —rllBell = Jy(ae)
> =r[|Bell = Jo(On) —¢,

for any € > 0. Since r > 0 was arbitray choosen, we let » — 0 and
e — 0 respectively and we get lim infT_,oo%log Zr(On) > —J4(0y)
which completes the proof Theorem 2 (2).

It remains to show (14). Let K, , be the complement set of O,, - in the
image g*(P(SM)) of P(SM) under the continuous map g% : m — g-m.
We have Z5.(0,,,) + Z5(K,,) = 1. The goal is to show that Z5(K,, )
decrease exponentially fast to zero as T'— oo using Theorem 1.

Consider J¢ := Jpig..4, which is the functional J corresponding to

Q7 = Qr4p..g- We have
Q(w) =PF+P:-g+w) - P(F+f:-g),
and by (3),

A%

.1
hTIILIOI.}f T log Z7(0,,)

J5(m) = sup(/ wdm — Q% (w)).

w
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From this we deduce easily that

JE(m) = J(m) + Q(B- - g) — / 8. - gdm,

and
inf Ja(m) = 'nf: J(m) + Q(ﬁa : g) — B - a.

m(g)=a m(g)=a

The set K, , is compact in IR™ and by Theorem 1 (1),

1
lim sSup T IOg Z%(Kn,r) S _JE(K)>

T—o0

with K := (gx)~(K,,) which is a closed subset of P(SM). We have,
F(K) = inf (J(0) + QA -9) - B, - a).

If J¢(K) = +o0 there is nothing to do and the result follows. The key
point is to prove that J(K) > 0. Set

Jo(@) = Jg(a) + Q(B: - g) — B: - .

The functional J¢ is non negative (since Q°(0) = 0), lower semicon-
tinuous and then it achieves its minimum on compact sets. We have
Jo(a) > 0 and J5(a.) = 0 (see (12)). Recall that, if J;(a) = 0 for
some o € K, ,, then there will correspond to a an equilibrium state
m, € K for the potential F'+ 3. - g such that m,(g) = a. The vector o,
is the unique point realizing the minimum, i.e the unique solution for
the equation J¢(a) = 0. Indeed, two different solutions will produce
two distinct equilibrium states for the potential F' + 3. - g which con-
tradicts our standing assumption of Theorem 1. Since a. € O,,,, then
J5(a) > 0 for a € K, . On the other hand the set K, , being compact,
by the lower semicontinuity of J* we have J*(K) = inf,c,, . J5(a) > 0.
Thus we have proved that

1
limsup?log Z7(Kp,) < —J°(K) <0

T—o00

from which (14) follows immediately. O

4.5. Proof of Theorem 1 (2).

Proof. Let O C P(SM) be an open set and € > 0. Choose m, € O
such that

J(me) < J(O) +e.



EQUIDISTRIBUTION RESULTS FOR GEODESIC FLOWS 15

We endow the space P(SM) with a compatible topology generated by
the distance given by

d(m,m') ==Y 27 m(g) — m'(ge),

where the functions g, were defined in section 2.2. Following [11] we
define,

dn(m, m') := Z 27 m(gr) —m'(gi)l-

Set 2r = inf{d(m,m.) : m € P(SM)\O}. We have r > 0, since
P(SM)\O is a compact subset of P(SM). Since for all k, |gx|| = 1,
we have 0 < d(m,m’) — d,(m,m’) < 27D Thus, for n suffuciently
large,
Ocr:={m e P(SM) : d,(m,m.) <r} C O.
For each a = (aq,...,a,) € R™ write ||af, = > p_, 27 "|ax|. Set
ac = ([ gidme, ..., [ gndm.) = m(g™) and
Opy i={aeR": |a.—all, <r}.

Then, g™ (O.,) = O,, N g™ (P(SM)). From Theorem 2 (2) we get,

L F
f (Z'nyeGé,Tl(S’ny €0 ey > dl’d’y

1
lim inf — log

et f (Z'ywyeG(s,T ef”y F) dxdy
F
minf / (Zwec;a,mwyeoe,r. el ) dxdy
o f (Z%yeG&T e ey ) dxdy
F
im inf — / (ZVWEG&T“SW(g("))eow ehey ) dxdy
= l%m inf T log o
o f (Z“fzyEG(g’T ey ) dSL’dy
Z _Jg(On,T’)
> —Jy(a) > —J(me) > —J(0) — e,

for any € > 0. This completes the proof of the main Theorem 1. O

4.6. Proof of Theorem 3.
Proof. We have to show that the weak limits of

J (E%yeam ehen F(s,m) dady
J (Z%yeGé,T ehe F) dxdy

msrT = 5



16 ABDELHAMID AMROUN

are contained in P.(F).

Let V' C P(SM) be a convex open neighborhood of P.(F') and € > 0.
We consider a finite open cover (B;(€));<n of P.(F') by balls of diameter
€ all contained in V. Define the measures on SM,

[ F
f (Z'YﬂcyEGé,T:&mere Yoy 5'Yacy> dIdy

mry =
f (Z%yEGa,T efwy F) d:cdy
Decompose the set U := UY, B;(€) in a disjoint union as follows,
N €
U=u,_,Uj,

where the sets Us are disjoints and contained in one of the balls (B;(€) )i<n-
We have

P.(F)cCUCV.
We fix in each U; a probability measure m;, j < N', and let mg be
a probability measure distinct from the above ones (for example take
mo € V\U )
Set as usual,

L F
f (Z'nyeGé,Tl(S’ny er ey > dl’d’y

(15) vr(E) =
f (Z%yEGa,T efwy F) d:cdy
and define,
N
(16) Br =Y vr(Us)m; + (1 = vp(U))m.
j=1

We have Z;VZII vr(US) = vr(U). The probability measure fr lies in V/
since it is a convex combination of elements in the convex set V. We
have then d(msr, V) < d(msr, Br). We will show that

d(”’hﬁ,TaﬁT) < EVT(U) + gVT(UC),

where U¢ = P(SM)\U which is closed.
By definition of msr and myy and the fact that U C V,

1
> 27 msr(gr) — mryv(gi)| < Svr(U°).

k>1
It remains to show that d(mry, 8r) < evp(U) + v7(U€). We have for
all k> 1,

imay (9x) — Br(gr)| <A+ B+C
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where,
_ Zj\il (ZmeGa,T:‘sm evj efm F|5%”y (9) = M (gk)o dudy
/ (Z%yecm Fiay ) dxdy

J s, e658,,,ev0 el 16, (o)) ddy
f (Z%yEGéT b )dIdy

C = (1 = vr(U))mo(gr)l-
Thus, since we have for all k£ > 1, ||gx|| = 1, by definition of v (15) we
get,

Y

B =

Z 2_k\mT,v(gk) — Br(gw)|

< ZVT ) ur(U) + 5 (1 = vr(0))

= EVT(U) + vp(U°).
Finally we have obtained that

3
d(ms, Br) < evp(U) + §VT(U0)'
This implies the desired inequality,
3
d(m&T, V) S EVT(U) + §I/T(UC).

By Corollary 1, since U¢ is closed, we know that limy_, vr(U) = 1.
Thus, limsup;_,. d(msr,V) < ¢, for all € > 0. We conclude that
limsup;_,. d(msr, V) = 0. The neighborhood V' of P.(F') being ar-
bitrary, this implies that all limit measures of msr are contained in
P.(F). In particular, if P.(F') is reduced to one measure p, this shows
that mr converges to u. U

4.7. Proof of Theorem 5.
4.7.1. Proof of Part 1.
Proof. Set for any E C P(SM),

[ F
fMXM(Z%UyEGTI(S—yxyEE e’ ry )dl’d’y

vp(E) =
fMXM(Z'nyEGT f’Yry )dxdy
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Let € > 0. There exists a finite number of continuous functions wy, - - - , w;
such that K C U!_, K;, where

K;,={meP(SM) : /widm—Q(wi) > J(K) —€}.

We can suppose that all the w;’s are non negative since adding a con-
stant ¢ > 0 we have,

[ chdm = QG +0) = [ widm — Q).

Put
Li(x,y,T) == {Vay € Gp : 05, € K},
and
Zi(T) = Z et Fdady.
Yoy €L (2,y,T)

From the definition of I';(x,y,T) we get,

Z(T) < 3 ety F el ([ widbrey =Q) =)= gy gy
'Yfﬂyeri ((E,y,T)

We decompose the interval [0, 7] into subintervals [T — (j 4 1), T — jd]
and set

Pij(2,y,T) = {2y - T = G+ 1)0 < Uymy) <T = jo, oy, € Ki}.

Since the functions w; were supposed non negative, we have Q(w;) > 0
and then Q(w;) + J(K) > 0. Thus, from Theorem 9 (1) and for T
sufficiently large,

Zi(T) < > ey FH00) ol00) (=Qwi) = (T(K) =€) gz
'nyEFi(Z‘,ZJ,T)
< 37 e G(-Q) ~(I(H)-0) 3 ey 0 gy
J ’YacyEFij(x,y,T)

< Z e(T=+1)0)(=Q(wi) = (J(K) =€) o(T=58) (P (F+w;)+e)

J
T PRI =) +20) =5~ Qur) = (K)=9),
J

We assumed that J(K) < P(F), then C':= 3~ e IIPIE)=I(K)+26) < o0,
Setting \; := e 9(-QW)-U(K)=9) " we get for T sufficiently large and
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Theorem 9 (2) (P(F) > 0),

Zi’:l Zz(xa Y, T)
f Z'nyEGT ef’Yacy Fdxdy

I
Z Z T (=T (K)+36) \ o =30(P(F)=J (K)+2¢)
i=1 j

I/T(K)

IN

l
_ eT(—J(K)+3E)C Z A

i=1

Take the logarithme, divide by T and take the lim sup,

1
lim sup T logvp(K) < —J(K) + 3e.

T—o00

¢ being arbitrary, this proves Theorem 5 (1). O

4.7.2. Proof of Part 2.

Proof. As for the proof of part (2) of Theorem 1, the proof will be a
consequence of the contraction principle,

F
.. f (Z%cyEGTI(S’me(Q)EO" eﬁ/zy )dzdy
1121[n inf [ F
oo f (Z'nyeGT e ) dl'dy

We follow the lines of the proof of Theorem 2 (2) with the same nota-
tions. Let 6 > 0. We have,

J (Z%yeGT:ém(g)eon ehen F) dxdy . / (Z%yepT(on) ey F) dxdy
f (E%yEGT efwy F) drdy - f <Z'chy€GT efwy F) dxdy

where,

> _Jg(On)-

Y

FT(On) = {f)/my € G&,T : 5’yzy (g) € On}
Set
/ <ZmerT<on> el F) dedy

O T e o)y
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Then Zr(0,) > Zr(0,,,) and (see (13)),

1
TlOgZT(On)
1
Z TlogZT(On,r)
3118 - gllso I
> ol - W (76 )~ )+l Z2(O0),

where we have set,

, ehey (FHP=9) dxdy
’nyEFT(On,r)
I(Z'ymyEG(; . 6f’ymy (F—I—ﬁs'g))dl,dy

Z7(Opy) =

and
F+B.
1 f(Z%yEG&T ef%vy( +8 g))dl’d’y
Zp(B. - g) == ?log TF :
f Z%yGGT e’y " dxdy

From Theorem 9 (1) and (2) respectively,

jli_{I;OZT(ﬁe'g) :P(F_‘_ﬁe'g) _P(F) :Q(ﬁa'g)'
We proved in (14) that limp_,o Z5(0,,,) = 1. Thus,

S F
J (Z%yEGTﬁm(meon ere )dxdy

liminf — log

e f (Z%yGGT ef'Yacy F) dl’dy
f’Yac F
. . 1 f (Z’meEG(;,TZ(S—my(g)EOn € Y ) dxdy
> hj{n inf T log T
o f (E%yEGT emey ) dl’dy
R
> _THBEH + (Q(ﬁe : g) — B 045) + Thm — log ZT(On,r)
—oo T
= —r[|B| = Iy(ae)
> =r|[Bell = J4(Oy) — €,

for any € > 0. Since r > 0 was arbitray choosen, we let r — 0 and ¢ — 0
respectively, this completes the proof of the contraction principle. [

4.8. Proof of Theorem 4.
Proof. We have to prove that the weak limits of

J (2, car €061, ) dady
/ (Z’nyEGT e F) dzdy

mr =
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are in P.(F'). For this and in order to follow the proof of Theorem
3, we must show that we are able to apply Theorem 5 (1) to any
open and convex neighborhood V' of P.(F), V' C P(SM). There are
minor changes due to the conditions P(F) > 0 and J(K) < P(F) in
Theorem 5 (1). Let v € P.(F) and p a probability measure which is
not invariant, i.e a non invariant element in P(SM)\P.(F). We have
J(v) = 0 and J(u) > 0 (by Remark 1). Consider a convex sum of
these two measures, m = au + fv, where a + 8 = 1 (a # 0 and
B # 0). Observe that m ¢ P.(F). Indeed, assume that m lies in
P.(F). In particular it is then invariant. But then, since v is invariant
by assumption, for all ¢ we will have

ap+ v =apo ¢+ Prog, = auo d + Pr.

Thus p = po ¢, for all t, which is a contradiction.

From the convexity of J we get, J(m) < aJ(u). Let V.C P(SM) be
an open and convex small neighborhood of P.(F') such that m € V¢ :=
K (note that in particular, for all other contained small neighborhood
V we will have m € V°¢). Therefore,

(17) inf J(k) < J(m) < aJ(p).
keK
Now, since we have assumed that P(F") > 0 then for a sufficiently small
a > 0 we get from (17),
c— 3 <
J(K) : Iig(J(k) < P(F).

Thus P(F) — J(K) > 0. We can then apply Theorem 5 (1) to the
closed sets K = V¢ and conclude with the proof of Theorem 3. 0

4.9. Proof of Theorem 6.

4.9.1. Proof of Part (1).

Proof. 1t is essentially the proof of Theorem 1 (1) with the following
modifications since it is in part based on Theorem 8 and the following
lemma (see [I4] Lemma 4.3, [19] Lemma 3.33 p68).

Lemma 2. Let (X, A, ) be a probability space, and f, : X — (0, 4+00)
a sequence of integrable functions. Then for u a.e x € X

1 1
lim sup — log f,,(x) < limsup — log/ fadp.
X

n—oo 1 n—oo 1N
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Set F' = 0 and proceed as in the proof of Theorem 1 (1) with the
same notations. We have Q(w) = P(w) — hy,, and,

Zi (x" y7 T) S Z ef"{;vy wi el(“{zy)(—Q(wl)—(J(K)_E))

'Yivyeri(mv%T)
< CMCAE-UE-) §7 -
'Yivyeri(mvyT)
We have
(,y,T
<
Z e

For all (z,y) and T sufficiently large (depending on (z,y)), it follows
from Theorem 8 (2) that,

#Gsp > el Por=e),

On the other hand it follows from Lemma 2 above (which can be applied
to continuous time) and Theorem 9 (1),

. 1 f Wy
lim sup T log Z e’y

Tmro0 ’waeri(%y,T)
Jray @i
hmsup T log Z e’rey

T—o00
Yzy GGJ,T

1 o
< limsupilog/ Z ey @i dzdy

T—o00
'chyEGd,T

IA

< P(wi),

for (x,y) in a subset B; of M x M of full Lebesgue measure and i < [.
The set B; can be taken independent from ¢ for evident reasons, and
then we will say that the above inequalities hold for a.e (x,y) in a set
B. However, note that B depends on the set of functions {w;,i < [}
which means that B depends on K. The proof can be now achieved
similarily : let (z,y) € B fixed and T sufficiently large (depending on

(z,9)),

I/T(K)

l
S C Z 6T(P(wi)+5)6—T(htop_e) eT(_Q(wi)_(J(K)_E)

— Cl€T(_J(K)+3E).
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Thus limsup;_, ., 7 logvp(K) < —J(K). O
4.9.2. Proof of Part (2).

Proof. Set
_ #{’ny c G&T : (&ny c E}

VT(E) #GéT )

and
1 (at y) . ZszGGs,T:cS%er 5%7,
TV =
’ #Gsr

Thus, proceeding as in the proof of Theorem 3, we get for any open
and convex neighborhood V' of P.(0) and all (z,y),

3
(18) d(pr(z,y),V) < evr(U) + §VT(UC)'
Let (V;)i>1 be a decreasing sequence of sets of the type V such that
Ni>1V; = P.(0). For (x,y) in a set By, of full Lebesgue measure we get
from Theorem 6 (1) and (18),
lim sup d(IU“T(x> y)> ‘/;) < €,

T—o0
for all € > 0. Thus limsup;_, ., d(pr(z,y),V;) = 0. Therefore, if u(z,y)
is a weak limit of uz(x,y), (z,y) € By,, we will have d(u(x,y),V;) = 0.
Also, there exists a set B of full Lebesgue measure where we have
d(p(z,y),V;) = 0 for all i > 1. From this we deduce that u(x,y) €
P.(0) for (z,y) € B. O

4.10. Proof of Theorem 7.
4.10.1. Proof of Part (1).

Proof. The proof adapts the arguments of the proof of Theorem 5 (1).
Set for any E C P(SM),

i) - P € Cr b, € B}
#Gr
Recall that the functional ) corresponding to the potential /' = 0 is
given by Q(w) = P(w) — hip.
Let € > 0. There exists a finite number of continuous functions
wi, -+ ,w; such that K C UL_; K;, where

K;,={meP(SM) : /widm—Q(wi) > J(K) —€}.

Again we can suppose that all the w;’s are non negative.
Put
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and
Zi(x,y,T) = #Ti(z,y,T).
From the definition of I';(x,y,T) we get,
ZiayT)< 3 0mfendorny-Q)-0K)-)
Yoy €T (2,y,T)

Set
Uiz, y, T) = {7y : T — (j+1)6 < (7ay) < T — 48, 6,,, € Ki}.

Since the functions w; were supposed non negative, we have Q(w;) > 0
and then Q(w;) + J(K) > 0. Thus, from Theorem 9 (1) and for T
sufficiently large,

Zi(z,y, T) < 3 ey i L) (—Qwi) = (J (K)—e))
Yoy €T (2,y,T)
< Y T UHDNCaE) G- §7 p—
J Yoy €L (@,y,T)
< 3 el UHDNQE) K= T —0)(Plen)+o)
J
= ) T haop I +20 =5 Qen) = (I ()=,
J
We assumed that J(K) < heop, then C = 37 e 70er=/(F)F29) < o0,

Setting \; := e 0(-QW)-(J(K)=9) " we get for T sufficiently large and
Theorem 8 (2),

l
Zi(xv Y, T)
vr(K) < Y =g
~  #Gr
l
Z Z eT(—J(K)+3e))\ie—jé(htop—J(K)-l-%)
=1

J

IN

l
_ 6T(—J(K)+3E)Cz A
=1

Take the logarithme, divide by T" and take the lim sup,

1
lim sup T logvp(K) < —J(K) + 3e.

T—o00

¢ being arbitrary, this proves Theorem 7 (1). O

4.10.2. Proof of Part (2). The proof follows readily from the proof of
Theorem 6 (2) and Theorem 7 (1).
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