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ABSTRACT 

The angular momentum effects in deep inelastic processes and fission 

have been studied in the limit of statistical equilibrium. The model 

consists of two touching liquid d~op spheres. Angular momentum fraction-

ation has been found to occur along the mass asymmetry coordinate. If 

neutron competition is included (i.e., in compound nucleus formation and 

fission), the fractionation occurs only to a slight degree, while 

extensive fractionation is predicted if no neutron competition occurs' 

(i.e., in IIfusion-fission" without compound nucleus formation). Thermal 

fluctuations in the angular momentum are predicted to occur due to 

degrees of freedom which can bear angular momentum, like wriggling, 

tilting, bending, and twisting. The coupling of relative motion to one 

of the' 'wriggling modes, leading to fluctuations between orbital and'intrinsic 

angular momentum, is considered first. Next the effect of the excitation 
, ' 

of all the collective modes on the fragment spin is treated. General 
, ~' 

expressions for the first and second moments of the fragment spins are 

der.ived as a function of total angular momentum and the limiting behavior 

at large and small total angular momentum is examined. Furthermore, the 

effect of collective mode excitation on the fragment spin alignment is 

explored and is discussed in light of recent experiments. The relevanc~ 
,. 

of the present study to the measured first and second moments of the 

y:"ray multiplicities as well as to sequential fission angular distributions 

is illustrated by applying the results of the theory to a well studied 

heavy ion reaction. 
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1. Introduction 

Slowly, but unerringly, the study of heavy 'ion reactions has brought 

problems involving angular momentum to the forefront of inv~s~igatjon. 

The untangling of the complex time evolution problems associated with 

heavy ion reactions requires a good understanding of the relevant, 

degrees of freedom and, to the extent to which angular momentum is 

involved, of the amount of angular momentum these degrees of freedom can 

carry. The importance of angular momentum in recent studies is illustrated 

by the work on gamma-ray multiplicities~-8 gamma-ray angular distributions,9 

d lh lO d tOlfo ° bb010tO d 1 dOtObtO 11-13 an a p a an sequen la lSSlon pro all les an angu ar lS rl U lons. 

All of these topics have as a major theme the angular momentum and its 

partitioning among several, though not necessarily yet identified, 

degrees of freedom. 

Transport equations have been advocated for the description of the 
•• c 

time evolution of the intermed.iate complex formed in heavy-ion collisions 
•• J , • ,'Jf 

and have even been applied with moderate success to the angular momentum 

t f b' dOh ° 14-16 rans er 0 serve ln t ese reactlons. . However, the constant difficulty 

of the problem and the occasional occurrence in literature of 

ad-hoc generalization of results to models with additional degrees 

of freedom not explicitly treated, has led us to the conclusion that a 

good deal could be learned by simplifying the problem in two ways: first, 

by making the model as simple as possible, striving to obtain trans­

parent analytical results; second, by considering the long time limit of 

statistical equilibrium, to which all the transport equations must tend. 

With the latter simplification we are, in a way. losing sight of 

the most exciting part of the game, namely the time dependenceo However; 

we believe this to be a small and temporary sacrifice to make, considering 

.. 
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the clarity of the results. Yet, even the statistical equilibrium limit· 

is not deprived of interest. .On ttie' one hand, such a 1 imitappl ies to 

all of the compound nucleus processes, fission in particular. On the 

other hand, many of the collective degrees of freedom which we consider 

are quite likely to be in most cases, either close, or at the statistical 

equilibrium limit. There are, of course, most interesting and notable 

exceptions. 

The plan of the paper is as follows: . Section 1 deals with angular 

momentum fractionation along the mass asymmetry coordinate. As this 

degree of freedom is perhaps the slowest to equilibrate, this section 

is perhaps more relevant to fission than to deep-inelastic processes. 

'Yet there exists; in heavy ion reactions, components which are apparently 

equilibrated along the mass asymmetry mode and yet are ·difficult to 

explain by compound nucleus decay:7-20 It is possible that our formalism 

may enable one to learn about these components as well. Section 2 deals 

with the equil i bri urn partiti on of angul a r momentum between orbital arid. ,: .. 

intrinsic rotation which involyes the excitation of the collective modes 

k . l' 21 nown as wrlgg lng. In it both the average values and flu~tuations are 

consi der,ed. The effect of the wri ggl i ng mode on the fragment spi n a 1 ign­

ment is di scussed. Secti on 3 general i zes Secti on' 2 by a 11 owi ng the di s­

integration axi.s to tilt with respect to the plane normal to the total 

angular momentum. The average fragment ang~lar momentum is obtained and 

the spin and angular fluctuations are estimated. In Section 4 the 

thermal excitation of twisting and bending modes is studied for a system 

with zero total angular momentum. The average and rms angular momenta of 

the fragments are calculated. Section 5 generalizes Section 4 by consider­

ing the twisting and bending modes in a system with a finite total angular 
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momentum. The fi rst and second moment of the fragment angular mOrrie!,l.~um 

as well as the fragment angular momentum depolarization are ev~q,u~ted. 

In Section 6 all of the above cases are considered for the reaction , . . 

600 MeV Kr + Au, and numerical estimates of angular momenta and their 

alignment .are c~lculated. 

It is hoped that this simple exercise in statistical mechanics 

will prove as useful to many heavy ion practitioners, both theoretical 

and experimental, as it has been useful to us. 

1. Angular Momentum Fractionation Along the Mass AsymmetryCoo'rdi'nate 

. . ,: ,: i :~;,..,' 

Variat~ons in the total exit ch~nnel angular momentum along.the 
. . ~ .~ .. , ,", ", 

mass asymmetry coordi nate have been observed in non-equil i bri urn 'he~vy-i on 

reactions.5 In these processes the angular momentum fractionation appears 

to arise mainly from the decreasing rate of spread of the population 

along the mass asymmetry coordinate with increasing angular momentum 

due to the dependence of the interaction time upon angular momentum. 

It is interesting to note that angular momentum fractionation is 

expected even when statistical equilibruim is attained along the ridge-

line, either directly as the end product of diffusion, or through the 
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population of the compound nucleus. The reason for this can easily be 

seen. For sufficiently heavy systems the potential as a function of mass 

asymmetry (ridge potemtia1 22 ) has a minimum at symmetry whose second 

derivative increases with increasing angular momentum. At equilibrium, 

the mass distributions for large angular momenta are more sharply peaked 

about symmetry than the mass distributions for small angular momenta. 

It follows that, after summation over all partial .Q,-waves, the angular 

"momentum decreases with increasing asymmetry. This is a straightforward 

prediction that can be easily verified. More quantitatively, let us 

consider the ridge line as a function of mass asymmetry and angular 

'momenta. For tWo touching liquid drop spheres of mass numbers A1, A
2

, the 

energy is 

+' {5 x (1 - x) + x 5 I 3 + (-1 _ x ) 5 I 3 } 

EC 3 xl/3 + (1_x)1/3 

( 1.1) 

where E
R

, E
C

' ES are the rotational, Coulomb, and surface energies of 

the equivalent sphere and, x = All (A1+A2)· 

Expand i ng about x = ~, we ha ve : 

E = (0.45354 + 1.29584 y2)E
R 

+ (0.89244 + 0.46664 y2)EC 

+ (1.25992 - 0.55996 y2)ES = aER + BEC + yES (1.2) 

whe re y = x - ~ . 

Inci denta lly ,it may be of i nteres t to note the va 1 ue of the fi ss i on­

ability parameter, X=EC/2Es' at which the second derivative at symmetry is zero 
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3 ER 
= 5" - 1.3885 -E­

S 
(L,3) 

',~ ~: ~ . " ~ v· i . ";. 
Now let us assume that a compound nucleus has been formed and tnaf 

neutron decay and fission are the only competing processes. In "the 

constant temperature limit, dropping J/,-independent factors and assuming 

e = B-1, S = y-l, and J/, is the angul ar momentum .. 
~, " 

Integrating over angular momentum we obtain for a triangular distribution 

p (y) IX 

J eE + SE 1 J E
mx 1 

1 exp - e T S r 1 exp 6i + -1 r (1. 5) 

where E~x is the maximum rotational energy of the equivalent sphere, 

and 6i = -R. The last equation can be written in terms of the fission­

ability parameter X and the rotational parameter Y (X = Ee/2Es' 

,'. 

IX ~ exp (_ 2Es (eXT + ~ S )_ ). {(E ) 1 
P(y) ~ t P ~ 6lYmx - 1 J 

The first moment of the angular ~omentum is: 

where 

R:(y) = J/,mx 

F(x) 

x 

= e-x'f 
o 

(1. 6) 

(1. 7) 
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is the Dawson integral and 1mx is the maximum of the entrance 'charinel 

angular momentum distribution. The second moment of the angular momentum 

is 

i 2 (y) 
2 

= 5/, 
mx 

OtE
mx 

T ) 
OtE~X 

R '. T exp -- + --' 
T OtEmx 

OtEmx/T . R 
e - 1 

R 
(1 .8) 

These moments as well as the mass.distributions as a function of the 

mass asymmetryy are shown in Fig. 1 (a,b). ' 

From Fig. l(a) one sees that the mass distributions for low values 

of 1 are con~iderably .broader than those obtained for high-1 values. 

This iscdue to the fact ~hat the minimum in the potential energy, which 

is shallow for the lower 1 values,' becomes progressively deeper with 

increasing angular momentum, r.esulting in an increased cbncent~at!on,.of 

the,yield 'near.' symmetry. It is precisely this effect which'leads to 

the· fractionation of the angular momentum along the mass asymmetry 

coordinate· (see Fig. l(b)). However, it is important to realize that the 

,fissionability· increases rapidly with 1. This causes the distribution of 

angular momenta leading to fission to be narrower than the input triangular 

distribution and the overall average angular. momentum leading to fission, 

1D, to be larger than that obtained by averaging over a triangular dis­

tribution. The.resulting·mass distribution, P(y), is narrow and resembles 

the mass distributions obtained for the highest 1-values. 

With these points in mind, the interpretation of Fig. l(b), which 

depicts R. and 12 as a function of y, is fairly straightforward. For 

moderate values of y, both i/1D and 12/10 are constant and close to unity. 

This is due to the fact that the high 1-waves dominate the yield for this 
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range of asymmetries, so that averaging over 1 yields a value of i, 12~ 

- 2 which is essentially 1
D

,1
D

. However, the mass distributions for. high, 

1-waves are relatively narrow, and as one moves out to extreme asymmetries 

their contribution to the total yield for a given asymmetry becomes less 

important, resulting in a slightly lower average 1. 

The constant temperature approximation is fairly poor. In particular, 

it is rather unwise to drop the dependence of T on angular momentum. 

Furthermore, the approximation r T ~ Fn fails when the fission width is 

large .. At the expense of an analytic answer, a more accurate picture 

can be obtained by including the angular momentum dependence of T and 

by replacing rn with rT = rn + r f . The results are shown in Figs. 2(a,b). 

One sees that the mass distributions for the high 1-waves are narrower 

because of the lower temperature. On the other hand, the 1-integrated 

mass distribution is somewhat broader because of the diminished wei~ht 

given:to the high R,-waves by the lower T and the division by ft;· These 

refinements cause i,12 to drop off more as one moves to largerasym-;· 

metries (see Fig. 2(b)). Ho~ever, the qualitative interpretation is 

similar to that described above: i,12 are nearly constant as a function 

. of y for small y due to the dominance of the high 1 waves, and then 

drop off rather abruptly because of the small contribution of the high 

1-waves to the extreme asymmetries. 

Another case which may be relevant in heavy-ion reactions arises 

when the system equilibrates along the ridge line and decays without 

passing through the compound nucleus stage. In other words, there is no 

competition from neutron emission or from other particle decay modes. 

In this case, Eqs. (1.4, 5, 7, 8) must be modified as follows: 
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P(£,y) 
-(RER +CEC +SES)/T 

= A (£, T) £ e d£ dy. , (1.9) 

where 

Then , 

P (y) = f P(£,y)d£ (1.10) 

and 

£ (y) = f R, P (£ ,y) d£ / P (y) (1.11) 

£2(y) = f £2 P (£ ,y) d£ / P (y) (1.12) 

Notice that the difference between Eq. (1.4) and Eq. (1.9) resides only 

in the factor A(£,T) which is absent in the former case and pr~sent i~ 

the latter. Calculations based upon this second set of equations are 

shown in Fig. 3(a,b). The mass distributions for the individual £-waves 

shown in 'Fig. 3(a) are identical to those in Fig. 2(a) since the effect 

of neutron competition only changes the norma,lization (the mass d'istri­

bU,tions in the plots have all been normalized to unity to facilitate 

c,omparison). However, the distribution P(y) is now considerably broader 

than its counterpart in Fig. 2(a) due to the change in the weighting of 

P(£,y) in the integration over £. 

The most Significant effect of the assumption of equllibration along 

the ridge line can be seen in Fig. 3(b). In contrast to the preceding 

case (neutron competition), where i and £2 remained constant out to 

moderate asymmetries and then dropped off rapidly, i and £2 peak at 

symmetry and fall' off more gradually with increasing y, giving rise to 

curves which are gaussian in appearance. .The dramatic differences in the 
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i-fractionation imply that it may be possible to distinguish between the 

two mechanisms, i.e. compound nucleus fission and non-compound nucleus 

decay, by measuring the angular momentum as a function of asymmetry. 

This result is particularly important in light of the fact that there 

are a number of examp1es 17- 20 in heavy ion reactions where fission-like 

mass distributions occur which are difficult to explain in terms of 

compound nucleus decay, the reaction Xe + Fe being a recent examp1e)8 

Moreover, recent y-multip1icity results 23 for the reaction Cu + Au bear 

a remarkable resemb1ence to the calculations in Fig. 3b. 

2. Statistical Coupling Between Orbital and Instrinsic Angular 

Momenta and Wriggling Modes 

In the spirit of simplicity let us assume that we can approximate 
~.:f?:':\': ,':: ~~~ ..... 

the exit channel configuration by two touching, equal, rigid 

~~heres ~ith all the associated rotational degrees of freedom. As we 
.. ~ .: : .. , . 

iha11 see, this model leads to simple analytical predictions for the 
, .. :" . "'''' , 

relevant statistical distributions.* 

First, let us consider the equilibrium between intrinsic rot~ti6h 

of the fragments andtheir orbital rotation, assuming that the relevant 

angular momenta are all parallel to each other. If the total angular 

momentum is I and the spin fragment is s. the energy for an arbitrary 

partition between orbital and intrinsic angular momentum is: 

E(s) (2. 1 ) 

* In this model the normal modes do not have any restoring force and because 
of this it may be thought that some relevant physics may be missing. However, 
insofar as the angular momenta associated with these normal modes are con­
cerned, the model does not suffer any limitation. This can be easily seen 
by observing that the angular momentum arises only fro.m the momentum com­
ponent of the phase space which is indeed accounted for in the present model. 
The addition of restoring forces introduces a coordinate component of the 
phase space which would have to be integrated out. 
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The first term is the orbital and the second the intrinsic rotational 

energy, ~ being the moment of'inertia of one of the two equal spheres. 

The pa'rtition function is given by: 

f -E(S)/T 
Z" e ds 

The average spin for both fragments is given by 

f 
-E(s)/T 

2s = 2 s e . ds = 
Z 

The second moment 52 is gi ven by 

~. . 

~ I = 
7 

From this we obtain the standard deviation 

= .lQ dT 
7 

(2.2) 

(2.3) 

'(2.4) 

(2.5) 

The result in (2.3) is temperature independent as one should have expected 

from the fact that (2.1) is quadratic in s. It could in fact be obtained 

by solving the equation 

dE 
ds 

= 0 (2.6) 
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This result corresponds to the mechanica~ limit of rigid rotation .when _':: 

the orbital and the intrinsic angular velocities are matched. 

The result in (2.5) could have been obtained also by appreciating 

that the thermal fluctuations about the average in (2.3) are controlled 

by the second derivative of (2.1) at the minimum, or: 

2 . 

4a
s 

= T/b (2.7) 

where 

It is important to appreciate the meaning of (2.5). The quantity 4a 2 

represents the amount of angular momentum trade-off allowed by the 

temperature, between orbital and intrinsic rotation. It should corre­

spond exactly to the long time 1 imit of a~ of Ayik et a1.16 Just b_ecause 

of the meaning of this trade-of~ it is Unwarranted to assume a priori that 

similar values should be taken by a~ and a~. however defined (other 

orthogonal rotational modes). as implied in the same paper. 

In some instances, such as y-multiplicity measurements, one is 

interested in the average sum of the moduli of the fragment spins. 

This can be obtained fiom 

f -E(s)/T / 
2151 = I s I e ds Z 

which yields 

[ )~ (- !lI
2 

2.7) ) 
21ST gr 2J1'. exp = 2 (n(w' + 2.1) llr 2T(llr 2 + 

..{ 
\ ( .1 )k!J + I erf I 2 

(llr 2 + 25) llr 2T(llr 2 
+ 25) 

(2.8) 
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or, in dimensionless form, 

21sl· = 2 [~'IT exp(-x
2
) + xerf(X)] 

J5*T V-II 

(2.9) 

where x = IR/ J!/*T and 5* = ]Jr2..{ /(]Jr
2 

+ 25). Al so IR = 1/7 is 

the spin per fragment arising from rigid rotation. The above expression 

is plotted in Fig. 4. In the l~mit of large I, one recovers (2.3): 

2TSI 

For small I, 

= 

2 

..;rr 

to order x2
, so for 1=0 one obtains 

~ I . 
7 

The second moment, still given by Eq. (2.4) can be rewritten as: 

(2.10) 

4S:2 =2 j*T + 41~. In this case the fragment angular momentum at zero 

angular momentum arises from the excitation of a collective mode (wriggling
2l

) 

in which the two fragments spin in the same direction while the system as 

a whole rotates in the opposite direction in order to maintain 1=0. Contrary 

to what has been assumed thus far, the wriggling mode is actually doubly 

degenerate, as illustrated in Fig. 5. Considering first the two-fold 

degenerancy of the wriggling mode in the limit, 1=0, one contains 

E (s) 
~ 

2 - 4s· 2 = _s_ + 

5 2]Jr 2 (2.11) 

Z o:.!f*T (2.12) 
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21s1 = J TIS*T 

4? = 4$*T (2.14) 

and 

2 (4- TI )5*T (J = (2.15) 

Let us now co~ple this doubly degenerate mode to the spin arising 

from rigid rotation. If the aligned component of the angular momentum 
, 

arising from rigid rotation is IR indthat due to wriggling is R, the 

total angular momentum for each fragment is 

222 
S =. IR + R+ 2IRR cose 

The orbital angular momentum is 

= (I - 2IR)2 + 4R2 - 4(1 - 2I
R

)R cose 

arid the total energy is 

E = 
10.1 

The partition function 

. • ~ "f • 
Z ex: f f R exp( -E/T)dRde 

is readily evaluated and yields 

2 

ln 
.1T _ 3.5I R 

1 n Z = + const 
1.4 5T 

(2.16) 

(2.17) 

(2.18) 

(2.19) 

• 
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The angular momentum of either fragment is 

so the average sum of the moduli of the fragment spins is 

21s1 = ~JfJf-!I~ + R' + 2IRR cose Rexp(-EjT)dRde (2.20) 

The double integral in Eq. (2.20) cannot be evaluated in closed form. 

However, for large 1R and small 1R one can immediately obtain the 

integral over 8: 

21R + 
R2 

21R 
for 1

R
» R 

12 
2R + 

R 
2R 

for 1R« R 

The above .areon1y limiting expressions, but they can be used as inter­

polat;on~f~rmu1ae from 0 to JR and from 1R to 00. Taken together the 

expressi,onsabove form a continuous function at R = IR. The integral, 

moreove~is a .continuous function along with its first derivative on the 

interval .(0,00) and yields a rather accurate approxiamtion to 21sl. It 

is given by: 

21s1 ( 2) . ~*T IR 
- 1 (I . + -) exp - -

2 R IR ~*T 

(2.21) 

where again . ~*' = ~r2g /(~r2 + 2d) = !//1.4. In dimensionless form: 



21s1 

J ,!f*T 

1 = 2x + -2x 

-16-

~ (x + ~) exp( _x 2
) + fi (1 + ,~; J>erfc(x) 

(2.22) 

This function, which is plotted in Fig. 4, has the following limiting 

va 1 ues: 

21s1 
2 

= ..rrr (1 +~) 

J,g*T 2 
(2.22a) 

21s1 1 
= 2x +-

J.:J*T 2x 
1 arge IR (2.22b) 

Also in the limit of large IR, one obtains 

2R2 = 2R2 = 20*T (2.23) 

where R2 = ":::;*T. 

It is interesting to note that the wriggling mode generates'ia:': 1 " 

random angular momentum in a plane perpendicular to the line of:cehters:·;. 

of the fragments. The vector sum of thi s random angul ar momenti.lln' clt,d" ,"> 

that arising from rigid rotation thus leads to a fluctuation in the 

orientation of the total spin, again in the plane perpendicular to' the 

separation axis. The corresponding rms angle is easily obtained from 

- ~2 _p;f-*T _fJl-1T tan8 = ~ - I2 - ~ 
. R R R 

(2.24) 

Now let us consider the effect of this spin depolarization on the 

in-plane and out-of-plane angular distributions of fission fragments 

produced via the sequential decay of heavy products produced by deep-
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inel~stic collisions. (The fission process itself can lead to an out­

of-plane width,23 although one need not consider that in this -discussion.) 

If the recoiling nucleus fissions perpendicular to the separation axis 

in a plane perpendicular to ,its spin, then wriggling will contribute 

to the out-of-plane anisotropy via Eq. (2.24). On the other hand, if the 

fission occurs along the separation axis, the wriggling process will have , -

no effect on the out-of.,..p1ane width; however. an in-plane anisotropy 

will be generated due to the intersection of all possible fissiori decay 

planes along the original separation axis. 

Interestingly enough, a depolarization of the type discussed above 

has been employed in calculations aimed at reproducing sequential fission 

data for Kr + Bi 11 where an i n-p 1 ane ani s tropy has been observed experi­

mentally. However, it is not possible to attribute .the in-plane 

anisotropy to wriggling alone since other measurements 13 have not shown 

any appreciable variation in the out-of-p1ane.widthwith the in-plane 

angle. 

At any rate, the fragment spin depolarization arises from other 

sources as well, as will be discussed in the next chapters. 

·3. Thermal Fluctuation of the Angular Momentum Projection on the 
Disintegration Axis: Tilting 

Above, we have assumed that the two touching fragments are aligned 

with their common axis perpendicular to the total angular momentum. 

Because of the thermal fluctuations. this condition can be relaxed 

(see Fig. 5). Assuming now that the two fragments are rigidly attached 

one to the other, the energy is given by 

E = = + 

29 eff 
(3. 1 ) 
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f'7 f'7 2 r7"'" -1 1'1-1 (1-1 
where: vi = 2-..1 + llr ; vII = 2J; and 2 eff = v II - v 1. ; K is the 

projection of the angular momentum I along the line of centers."The'· 

partition function is! 

Z = rrr exp(- r2/211 T) 121effT erf(II/2JeffT) '(3.2) 

from which 

2, '3 
"2 r12 1effT exp - I 12 . effT 
K = d T - _----.::...:....c.-­

eff 

For small 1we have 

while for large I we have: 

The t6tal fragment spin is given by 

25 = j K2 + 4~ (I2 - K2) 

and the averaged square quantity is 

452 = K2 +.-i 1
2 _ 449 K2 = 45 K2 +...i I

2 

, 49 , 49 49 

and for large I, 

The average, on the other hand, is 

f'{ I' (1 + 45 K2 )~ -E/T 
e dK 

25 
7, 4 12 

~ .£ I + = 
Z 7 

~ r + 45 K2 .£ r (1 + 45 K') = = = 
7 28 I 7 8 I 12 

(3.3) 

(3.4a) 

(3.4b) 

(3.5) 

(3.6a) 

(3.6b) 

f 45 
K2 - EIT 
- e dK 

28 I 

Z 

9 :1T (3.7) 21R + 14 
~ 
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where we have dropped terms of order higher than K2/I2. 

From the above equations one learnS that the total angular momentum of 

the fragments is only slightly affected by the thermal fluctuations of 

the separation axis and that the correction to the ordinary rigid 

-1 rotation limit, at constant temperature, decreases as I Furthermore, 

the fluctuation 0
2 ~ 0 up to order K2/I2 and can be neglected in 

most cases. 

Due to the excitation of this mode the reaction plane is not 

perpendicular to the total angular mo~entum of the system I, but is 

"tilted" by an angle at given by 

(3.8) 

The angle more relevant to sequential fission angular distributions is 

the angle between the total spin of one fragment and the normal to the 

line"of centers (in the same plane as I), which is given by 

sine -/4:: (3.9) 

Since I may be considerably larger than s, this angle can be considerably 

larger than 8t . One should note that the combined effect of wriggling 

and tilting will produce spin components along all the coordinate axes. 

If the separation axis is the z-axis, tilting will l'ead to an rms 

z-component Of" J K2j 4 = 0.84 J $T for each fragment. On the other 

hand, the rms x- and y-compon~nts due to wri ggl i ng wi 11 be V R'2/2 = 

0.60 W; hence~ tilting and wriggling together generate an angular 

momentum which is almost random. 
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4. Twisting and Bending Modes Excited in a Zero Angular Momentum System ;; 

These three degrees of freedom are illustrated in Fig. 6. They 

are degenerate in our two-equal-sphere mode1~2 A splitting of the degen­

eracy could easily occur in the cas~ of fragment deformation .. We shall 

not conside'r this rather important pos.sibility at the moment, although 

it is completely trivial, because of the arbitrariness in the choice 

of deformation. 

and 

R2 _ _ a 1 n Z 

a [l/-7'TJ 
= lJ'T 

2 

a~ = (~- ~) 5T ~ O. 227 ~ T 

( 4.1) 

(4.2) 

(4.4) 

(4.5) 

Notice that R is th~ angu1.ar momentum of each fragment and that, for 

each mode, the angular momenta of the two fragments cancel out pairwise. 

Furthermore, for each fragment the resulting angular momentum is 
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randomly oriented. It is worth stressing again that this angular 
"" 

moment~m can exist even when the total angalar momentum;i$ zero because 

of the pairwise cancellation mentioned above. 

5. Coupling of Twisting and Bending Modes to Rigid Rotation 

We want to generalize the previous calculation to the case of non­

zero total angular momentum. Let us assume that each fragment has an 

aligned angular momentum'component IRarising from rigid rotation and 

a random component R due to the bending and twisting modes. The overall 

rotational energy arising from the fragment spins is: 

(5.1) 

The average total angular momentum of the fragments is: 

21 s I = 

2~J J ( JI~ + R' + 2IRRcose + JI~ + R' - 2IRRcose )R'exp(- fr)dR sine de 

21T J J R2 exp(- ;~) dR sine de 

The integral over e yields 

12 
2R + ~ R 

3 R 

for IR > R 

for IR < R 

Thus caution is necessary in calculating the thermal average. The 

result is: 

(5.2) 
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2 j;1 = (2IR + {;) erf(IR/J.'JT ) + Jrr J.:JT expH~/JJ) ".,. 

, " ,,(5.3) 

This expression can be written in dimensionless form as 

21s1 
v-zrr 

= (2X + ~ ) erf(x) + _2_ exp(-x 2
) 

..rrr 
(5.4) 

where X'=: IR/.j$T. This function is plotted in Fig. 7. For small x 

one obtains 

4 

VTI 

2 

(l + L ) 
3 

In the limit of IR = 0, one obtains 

-
21s1 ~ = 2R 

in agreement with the results of the last section. For large x ~ 

or 

21 s1 
J..:JT 

1 
e;; 2x + -

x 

2 1 s 1 = 2 I + .:1T 
R IR 

= .£ I (1 + 49 $T) 
7 ~ 12 

Similarly the average square angular momentum is 

(5.5) 

(5.6) 

(5.7) 
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". -1 (.··.2IRR)\ 2 
s 1 n . . . R 

.' 12 + R2 
R 

x exp (- ;~) dR (5.9) 

which, to order R2/I~, yields 

(5.10) 

. (5.11) 

1rilhis case as well as in (3.7) and (2.22b) we see that the correction 

to the rigi~ rotatio~ limit decrea~es as 1-1 in Eq. (5.8), but wifh a 

slightl~ large~ coefficient.· However, there is some appreciable contri­

bution~t6 the width. Of greatest importance is the fact that a sizeable 

II til til of the angul a.r momentum of each fragment about the di re:Ction bf 

the total angular momentum is introduced 

tane "ffi = ~ !;~ T (5.12) 

This depolarization is of great importance for the proper interpretation 

of the out-of-plane angular distribution of gamma rays emitted by the 

fragments and of the out~of-plane angular distribution of sequential 

12 fission fragments. Note that the effect on the depolarization in 

Eq. (5.12) is larger than that due to tilting in EQ. (2.24). 
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6. A Simple Application to a Typical Heavy-Ion Reaction 

. It should be 'stressed again that the above formalism applies 

strictly to a system which has reached statistical equilibrium. In 

general this is not the case in heavy-ion reactions, especially insofar 

_ , . 
t." 

as the mass asymmetry degree of freedom is concerned. However, for other 

degrees of freedom statistical equilibrium may be reached or 

closely approached. At any rate, it is interesting to compare the 
. . 

predictions of an equilibrium model with experiment. 

The reaction which we want to consider is 600 MeV 86 Kr + 197Au . 

Some of the vital statistics of this reaction are summarized in Table 1. 

If we allow the system to evolve to the configuration of two touching 

spheres (r = 1.22) we have (either for J/, or i) an excitati on energy o rms 

of 113 MeV, so T = 1.78 MeV and OT = 131 fl2 or v"gT 2'!12 fl. 

Now let us first consider the effect of the doubly degenerate 

wriggling mode. For the average angular momentum the total spin is 

gi ven by Eq. (2. 22b), 

21s1 = ~ 190 + Z 93.75 
7 2 190 

= 54.29 + 1.73 = 56.02 fl 

and from Eq. (2.23), 

4cr2 
= 2(93.75) = 187.50fl 2 

The fluctuation of the separation axis with respect to the total angular 

momentum yields the following from Eqs. (3.4b) and (3.7) 

. ' 'K2 = = 367.50 fl2 

~' 



-25-

,," . 

TABLE 1. 
,~ 

600 MeV 86 Kr + 197 Au 

Elab = 600 MeV 

·E = 418 MeV em 

BCoul = 283 MeV 

E/BCoul = 1. 48 

R, ~ . 285 fl 
max 

R, 
r.m.s = 202 

R, = 190 . 
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25 = £ 190 + ~ 131. 25 
7 2 190 

= 54.29 + 3.11 = 57.40 ~ 

The out-of-plane tilting of the separation axis from Eq. (3.8) is 

e = sin - 1 ( v' 367.50) = 5.79 0
' 

1'90 

S'i nce wri ggl i ng and ti lti ng together produce an angul ar momentum whi ch is 

nearly random we can estimate their combined effect on th~ depolarization 

of the fragment spin from E~. (3.9) 

e = sin -1 ( ~ v' 367.50 .) = 19.51 0 

28.70 

which is indeed substantial. The twisting and bending mod~s lead to 

= l.!lT = 196.88 fl2 
2 

2s = £7 190 + 7 131.25 
190 

= 54.29 + 4.84 = 59.13 fl 

402 = 2(131.25) = 262.50 fl2 

This produces an angular momentum depolarization of 

e = tan - 1 ( v' 196.88 . ) = 27.34 0 

27.14 

which is considerably larger than that arising from the combined effect 

of wriggling and the fluctuation of the separation axis. 
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If one assumes a triangular distribution for the angular momentum 

distribution (i~e., no l-fractionation), there is an additional co~tri-

bution to the sigma squared of both fragments of 

4,0-2 = 449 (1~2a,x 4 2 ) = 368.3711 2 

-9 lmax 

Summing a 11 the f1 uctuati onS we obta i n 

40-2 = 818.37. fl2 or 20- = 28.6111 . 

In conclusion, without allow1ng fo~ angular momentum fractionation, we 

obtain for the overall fragment spin 

21s1 ~ 64± 29 fI 

" 

'Another interesting case is spin generated by the wriggl{ng, -bending 

and twisting modes for zero total angular momentum. 

obtain 

....... 21 s 1 =. J n$*T = 17. 16 fl 

,{ 

Bending and twisting contribute 

25 = 4 

v'Tr 
J!JT = 25.8511 

Combining both angular momenta one obtains 

= 15.5 fl 

for ,each fragment. 

. I' ' .• I ~'1" l. ::{ :., '. .; i' '.1 ,; ~ t~ 

For wri ggling we 
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7. Conclusion 

In conclusion, using a simple model we have investigated,th~ 

angular momenta associated with a number of collective degrees of freedom. 

For the mass asymmetry mode we have found that there can be appreciable 

R,-fractionation along the mass asymmetry coordinate, even in the equilibrium 

1 imit. Furthermore, the di sti nctly di fferent patterns observed for the 

case of compound nucleus decay and for non-compound nucleus decay (i.e., 

equilibration along the ridge line) imply that it may be possible to 

experimentally distinguish between these two mechanisms, perhaps via 

y-ray multiplicity measurements. ,Six other collective modes have been 

considered: two wriggling, one tilting~ two bending, and one twisting. 

Excitation of these modes causes a modest increase in the average 

fragment spins over the rigid rotational value but lead to a sizeable 

spread in the fragment's angular momenta about the average value. In 
, ~ '1 ." 1\. ~ :' . ,.'" ~ 

addition, ,~hese modes also result in a depolarization of the fragment 
; -~ ", ,,: , :'J ~ .1. .' ; ~. • 

spins and induce significant spin in the fragments for zero total 

angular momentum. 

Comparisons with experimental results are, of course, welcome and 

left to the readers. To many the agreement may appear remarkable. 
. , 

However, we caution against excessive confidence in view of the crudeness 

of the model. Yet we hope that the wise use of this exercise ("cum grans 

salis") may help in understanding the much more intricate aspects of 

everyday life in fission and heavy-ion reactions. 
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Figure Captions 

Fig. 1. (a) Mass distributions for the indicated reaction obtained by 

integrating over all ~-waves leading to fission (squares) and 

for selected individual ~-waves (solid curves). The ~-values 

are ~ = 0, ~ /2 and ~ . All curves have been normalized to mx mx 

uni ty at symmetry. 

(b) Mean (crosses) and mean squared (squares) angular momentum 

divided by the corresponding quantities obtained by averaging 

over the ~-distribution which leads to fission vs asymmetry. 

Fig. 2. (a) Same as Fig. l(a) except that the angular momentum dependence 

of the temperature and total reaction width have been incorporated 

into the calculations (see text). 

(b) Same as Fig. l(b) but including the same refinements as the 

calculation shown in Fig. 2(a). 

Fig. 3. (a) Same as Fig. 2(a) but in the absence of neutron competition. 

Note that only the total mass distribution (squares) is different 

from Fig. 2(a). (b) Same as -Fig. 2(b) but without neutron competition. 

Fig. 4. Total spin of the fragments arising from wriggling as a function 

of the spin arising from rigid notation alone plotted in 

dimenstonless form. The upper solid curve shows the result for 

both of the wriggling modes while the lower solid curve 

corresponds to the excitation of a single wriggling mode (see 

text). The limiting behavior for both small and large x are 

indicated in both cases. 
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Fig. 5. Schematic illustrating the tilting mode and the doubly degenerate 

wriggling modes for the two equal sphere model. The long arrows 

originating at the point of tangency for the two spheres is 

the orbital angular momentum while the shorter arrows represent 

the individual fragment spins. 

Fig. 6. Schematic illustrating the twisting and bending modes for the 

two equal sphere model. Note the pair wise cancellation of the 

fragment spins. 

Fig. 7. Total fragment spin as a function of the spin arising from 

rigid rotation for the twisting and bending modes. Dimensionless 

forms are utilized. The limiting behavior for large and small 

x are indicated_ 
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197Au + 288 MeV 40Ar 
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Wriggling modes 
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8 

Bending and twisting modes 
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