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SHORT SUMMARY 

An Equilib:dum Theory of the "direct mode" Parametric Pump is presented. 

The origin of the separation is discussed in terms of a graphical representation 

of the system's characteristics. 
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SUMMARY 

AN ~UILIBRIUM THEORY OF THE PARAMETRIC PUMP 

Robert L. Pigford, Burke Baker III, 
and Dwain E. Blum 

. Department of Chemical Engineering 
and Lawrence Radiation Laboratory 

University of California 
Berkeley, California 

UCRL-18483 

Very large separation factors have been obtained by Wilhelm and his cdwork-

ers (1968a, 1968b) using cy~ling flow of a binary mixture upward and downward 

through a column containing a fixed bed of solid adsorbent which is alternately 

heated and cooled. The theory of such separations is developed here on the 

assumption of local equilibrium between solid and fluid phases. The origin of 

the separation is the ability of the solid phase to store solute deposited on it 

by fluid flowing from the bottom of the column and to release this solute later 

into another fluid stream which flows into the column fronl a top reservoir con-

taining enriched mixture. The proposed mechanism takes into account the difference 

in the speeds of propagation of concentration waves through the packing during 

upward and downward flow. 

INTRODUCTION 

The "parametric puirrp" described by Wilhelm, Rice, and Bendelius (1966), by 

Wilhelm, Rice, Rolke, and Sweed (1968b), by Wilhelm and Sweed (1968a), and by 

Wilhelm (1966), is a device which uses pulsating fluid motion and pulsating heat 

input to a tube filled with a fixed bed of solid adsorbent to effect a separation 

of the components of the fluid. Figure 1 is taken from Wilhelm, Rice, et a1. 

and shows how the separatl.on apparatus is operated l.nthe "direct mode". Heat 

flows through the walls of the tube containing the fixed bed of sol:i.d absorbent 
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particles. When the flow of heat is in phase with the changes in direction of 

the flow, as in Fig. 2, there develops a net transPQrt of matter along the flow 

direction which leads eventually, after several cycles, to a steady state differ

ence in the concentrations in reservoirs of fluid at the ends of the column. 

Thus, simultaneous forcing of flow and thermal parameters in the partial differ

ential equation of transport produces a "pumping" of components of the fluid 

which is able to sustain a concentration gradient along the flow coordinate. 

Wilhelm, Rice, Rolke, and Sweed demonstrated the main idea experimentally, showing 

that very large ratios of top and bottom concentrations could be obtained under 

some conditions. They also showed that numerical solutions of the equations of 

transport yielded performance curves which agreed at least qualitatively with 

the observations. The separation factors were predicted to increase gradually 

with each thermal-flow cycle and to be limited finally only by the mass transfer 

resistance to diffusion of material between solid and fluid phases. 

Despite the success of the computer calculations of separation factors re

ported by Wilhelm and his coworkers, one wonders what is the origin of the separa

tion. The equations of transport used in the numerical work are so unwieldy that 

only very qualitative explanations were offered~ It was noticeable, however, in 

the computer results reported by Wilhelm et a1. (1968b) that, despite the large 

differences in composition at the ends of the column of adsorbent, the local 

differences between fluid composition were always small. Thus, one is led to spec

ulate whether the assumption of perfect local equilibrium between the solid and 

fluid phases might lead to equations and solutions having simpler behavior. We 

call the theory of the parametric pump which is based on this assumption the 

"equilibrium theory". The simplest form of this theory, in which the concen

trations on the solid and in the fluid are proporti.onal, is found to yi.eld 

attractively simple results. 
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THE EQUATION OF TRANSPORT 

If we let x and y re~resent, respectively, the ratio3 of moles of solute to 

mass of solid or moles of fluid, the conservation equation far the fluid and the 

solid phase js 

OV "Oy ( ) "Ox 
E p ~ + Ep V '"""" + 1 - E P --.... :;: O. F C'lt F oz S 01" . 

(1) 

where E is the fractional void space in the packing, PF and Ps are fluid and 

solid densities, and v is the interstitial velocity of the fluid. If the equili-

brium relationship is linear, 

X ::: M(T)y (2) 

where M, a function of local temperature, is the equilibrium constant, we can 

eliminate x, obtaining 

(1 + m) ~+v ~ ::: 

Parametric pumping action. occurs when meT) ::: PS(l - E)M(T)/PFE and v(t) are made 

to vary synchronously, as the following development will show. 

Equation 3 is a hyperbolic partial differential equation which can be solved 

by the method of Lagrange-Gharpit, sometimes called the method of characteristics. 

We form the pair of ordinary differential equations, 

dt 
1 + m (4,5) 

The first equality represents characteristic curves in the z-t plane along which 

solution of the second equality yields values of y(z,t). Thus, values of the 

\. ) fluid concentration are propagated along the characteristic lines from the . 
boundaries, at wnich concentrations are known. 

Consider operation of the apparatus in the "direct mode" described by 
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Wilhelm, Rice, Rolke, and Sweed (1968b) and in which ~he fluid velocity is either 

upward or downward but always at a constant speed, v , rer resented by the square
o 

wave :\:'unction, 

v = v sq(rut) 
o (6) 

The synchronous temperature change produces an in-phase, square-wave change in 

the equilibrium constant, which gives 

m = m - a sq(aIT) o 

The negative sign before the time-dependent term in this equation is owing to 

the fact that heating of the bed, which occurs ~uring periods of up-flow, causes 

a reduction in the ratio of equilibrium solid..,to-fluid concentrations. Equations 

4 and 5 become 

I v sq (rot) dz dt = 0 
~l-+-:--m------a-· s-q-:('*"ru-:-t""'") 

o 

= 
u sq(rut) o . 

I - b sq(rot) 

representing the characteristics and 

d lny = 
dt 

d In(l - b sq (rot)) 
dt 

representing the change in 'y along the characteristic directions. 

(8) 

(8) 

At the mean temperature, the velocity of propagation of concentration waves 

through-the packing is u= v 1(1 + m ), which is smaller than the fluid velocity. 
0,0 0 

Obviously, the characteristic curves are straight lines having slopes of u I(l-b) 
o 

or u I(l+b) in the hot and cold periods, i.e. the up-flow and the down-flow per
o 

iods, re~ectivelY. Equation 8 indicates that along a characteristic path com-

posed of connecting straight line segments, the product y( z, t) (l-b sq (cot)) is 

constant. Thus, y(z,t) undergoes a change in value proportional to the ratio 

(l+b)/(I-b) when the characteristic line passes from a cold region into a hot 
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one, or in the ratio (l-b)/(l+b) when the change is from heating to cooling. 

Along each of the straight segments of a characteristic line y(z,t) is constant • 

. The problem of' constructing a solution is therefore reduced to the geometrical 

problem of locating the characteristics in the z-t plane and counting the number 

of changes in slope which each characteristic experiences. 

CALCULATION OF ENRICHMENT FOR DIRECT MODE 

Fig. 3 shows several characteristic lines crossing the z-t plane for a 

column which operates in the direct mode. Time periods of heating, each of 

duration -rr/m, alternate with cooling periods. During each such half cycle the 

characteristics have all the same slopes; these slopes change when the temper-

atures change. 

The average characteristic slope, or, more accurately, the slope at the ave:-

rage temperature depends on the fluid velocity, v, and on the average equilibrium 

constant. During passage through the column the fluid behind the wave front re-

mains constant in composition unless the temperature changes during the passage. 

Therefore, if u is great enough it is possible for some of the material to leave 
o 

one of the end reservoirs and to pass through the colUIl1!l into the other reservoir 

without enrichment and thereby to decrease the separation effect. To avoid this 
u 

it is necessary to have l~b < ruZ/~, which is the basis of the construction in 

Fig. 3. Note that the method of operation described by Wilhelm et al. (1968b) 

was such that the volume of fluid in each of the end reservoirs was equal to that 

in the column, corresponding to v (7f/m) = Z or to nu /Z = 1/(1 + m ) < 1, o ·00 

" J as assumed. 
to' 

The operation begins with the colwnn filled with fluid of concentration Yo' 

everywhere at equilibrium with the solid. The initial temperature is high. 

r 

---------..-----
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In addition, there is ~luid o~ the same initial concentration in a cylinder, at 

the bottom o~ the column, o~·volume equal to the free vol1.'me o~ the column. 

The first fluid motion is upward and the column is hot. 

We call the mean composition of the ~luid leaving the top of the column 

during the hot period < YT >n ; to find this quantity it :is necessary to find the 

source of the characteristic lines which cross the line z = Z during the hot hal~ 

cycle and for each characteristic to 60unt the number of concentration changes 

which occur owing to temperature changes inside the packing. During the ~irst 

hal~ cycle, ° < mt < TI, the characteristic lines which cross z = Z all begin 

along the line t = 0, where y(z,t) = y. This concentration remains constant o 

along each o~ the characteristic lines crossing the z-t plane diagonally in 

region A o~ the ~igure and .leads to the following concentration of the top 

product during the ~irst hot half-cycle: 

Note that this is also the concentration of tqe ~luid ~ed to the top o~the col-

umn during the cold part o~ the ~irst cycle. 

During this period, 'IT < art < 27r, all the characteristic lines crossing 

z = ° have originated on z = ° during the just preceding hot hal~-cycle; there 

the flui~concentration was y(O,t) = Yo and this concentration has been pre-

served until the vertical line at rut = TI is reached. There a change in slope 

occurs and the concentration changes to y (l-b/l +b), which continues to the 
0 

bottom o~ the column. Therefore, 

< YB >1 (I-b) 
Yo l+b (10) 

ib 

(/ 
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Note that this will be the concentration of material ente I'ing the column during 

the second hot half-cycle. 

During the second cycle two kinds of charact<bristics cross the upper boun-

dary, z = Z. Those in region C have come from the upper reservoir and have 

the composition < YT >l(l+b/l-b) = Yo(l+b)/(l-b). The enricl:nnent comes from the 

fact that these characteristics cross the vertical line at at = 2n, where there 

is a favorable temperature change. other characteristics in region B originate 

in the initial contents of the column, however. For these the concentration, 

Y , is preserved because there are compensating temperature changes before they o . 

leave the top of the column. To find the mean of the two compositions leaving 

the top, we must determine the fractions ac/ad and cd/ad. From the slopes of the 

characteristic lines it is easily determined that 

1 - b 
ac/ad = 1 + b 

2b 
cd/ad = 1 + b 

and the weighted average value of the second hot stream is 

{(I + b) (1 - b) + ( ) ( 2b )} ( 2b) 
< YT >2 = Yo. l'=b 1 + b 1 1 + b· = Yo 1 + 1 + b 

(lla) 

(lIb) 

(12) 

The increasing enricl:nnent is evident. For the second cold stream it follows 

that 

After the second full cycle the initial composition of the column no longer 

affects the solution. Then we can find a general solution for the top and bottom 

compositions. For the construction shown in the figure 

(14) 
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and 

This pair of difference equations can be solved easily. From Eq. (15) 
~I 

(16) 

.'-, 

and:from Eq. (14),. using Eq. (12) as an initial condition, 

1 - b 1 - b n-2 } 
+ 1 + b [1 - (r-+lb) ] 

n>O 

Thus the separation factor, 0: = < YT>n/< YB >n" is given by 

n > 0 (18) 

As the cycling operation continues without limit the separation ·factor approaches 

infinity, owing to the first factor. (The separation factor for a real system 

would be limited only by the resistance to mass transfer petween phases.) Fig,. 5 

is a plot of Eq. (16~ and (17) for two values of the parameter b, proportional 

to the change in the equilibrium constant. The figure shows that, although the 

top composition continues to increase as the operation proceeds, the rate of in-

crease becomes progressively smaller as the bottom composition falls toward zero. 

This is of course in agreement with Eq. (14), which indicates that ~ YT > = . n 

< YT >n-l in the limit. 

THE ORIGIN OF THE SEPARATION 

Referring to Fig. 3, note that the pattern of characteristics over one 

complete cycle has tbree d.:i.fferent l'eg:i.on s, one in which the characteristics 
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originate along the line z = 0 (Type 1), one in which they do not enter or leave 

the column (Type 2), and one in which they cross the line z = Z (Type 3). There 

is.a net upward movement in a characteristic as time goes on, owing to the f'act 

that the increase in the velocity of' a concentratiori wave during the hot half' 

cycle is greater than the subsequent decrease which occurE: when the equilibrium 

constant increases owing to cooling; consequently, a parb cular characteristic 

eventually moves into all the regions. Thus the boundari~s of' each region are 

not def'ined by a single, continuous characteristic. 

Of' primary importance, however, is that over each half' cycle, each section 

of' the column is crossed at dif'i'erent times by two of' the three types of' charac-

teristics. This, coupled with the concentration shifts in the column when the 

temperature changes, results in a net f'low of solute f'rom the bottom reservoir 

along Type 1 characteristics, then by Type 2 characteristi.cs, and finally into 

the top reservoir via Type 3 characteristics. 

The parametric pumping action of the column arises from concentration changes 

which the fluid experiences while it is in the column. The fluid which flows 

into the column f'rom the upper chamber maintains its origjnal concentration 

until the temperature changes. Then there is,a sudden increase in the concentra-

tion of this stream just as the f'low reverses, made possible by the previous trans-

port upward of adsorbed solute moelcules f'rom one packing piece to the next one 

higher. Likewise, lean fluid f'rom the bottom reservoir experiences no change 

in composition as it flows upward into the packing, until the temperature changes • 

The material which f'lows downward, back into the bottom reservoir, has just ex-

perienced a temperature drop while it was in the column. If' this fluid had any 

solute when it went in, some of this solute will have been retained on the solid 

OWing to the temperature drop and will eventually work its way to the top of the 

colluon. 
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Now it is easy to see why, as reported by Wilhelm et a1., the temperature 

and velocity changes must be either in phase or 180 0 out Jf phase for the maxi-

mum separation to occur. 

If they are just 90 0 out of phase, the characteristi(~s will exactly repeat 

'themselves over each cycle, i.e. there will be no net upward movement as shown 

in Fig. 4. Furthermore, considering the bottom reservoir, only two situations 

will occur over one cycle, beginning with a switch to the upflow velocity. Over 

part of the period characteristics enter the column which ultimately undergo two 

exactly compensating temperature changes; along them there is no net change in 
" 

concentration when they leave the column. Over the remainder of the period 

characteristics enter which undergo no temperature changes; again there is no 

concentration change when they leave. A. similar situation holds for the top 

reservoir. There may be a small separation during the first cycle because of the 

initial condition of the column, but there will be no progressive growth of·the 

sepa~ationfactor. 

The case in which the temperature and velocity are 180 0 out of phase is 

the reverse of the in-phase case and results in the bottom becoming the rich end 

and the top, the lean end. 

COMPARISON OF EQUILIBRIUM THEORY WITH DATA, 

Wilhelm et a1. (1968b) presented data for, the 'separation of binary liquid 

mixturesbf n-heptane and toluene ina column filled with silica gel particles, 

using different frequencies and slightly different temperature changes. Values 

of, the equilibrium constant, m , and of its change with temperature, a, were not 
, 0 

given so the equilibrium theory cannot be applied directly to forecast the 
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separation. It is possible, however, to compute values of b from the reported 

compositions at the bottom of the column at one time dUIoing each run and then to 

use these values to construct curves of the separation factor vs. cycle number 

for the whole of each run. Fig. 6, which is based on Fig. 4 of the paper of Wil-

hellll et al., shows the results of such computation and illustrates the; approximate 

agreement between theory and these p:reliminary data. The shapes of the curves 

given in Fig. 4 of the paper by Wilhellll et aL (1968b) are nearly the same as 

those computed. Evidently the separation factors might have gone much higher than 

the already high values observed during about sixty cycles, ° the limitations 

owing to finite mass transfer rates not yet having been felt very strongly. 

CONCLUSIONS 

The theoretical computations reported here, although based on a very ° 

simple set of equations for the transient response of the parametric pump, are 

capable of giving maximum values of the separations which can be obtained in a 

system having linear distribution isotherms. The separation factors increase 

without limit as pumping proceeds, until mass transfer resistance becomes impor-

tant, as was indicated by Wilhelm and his coworkers (1968b). The origin of the 

separation effect lies in the ability of the column to store solute temporarily 

on the solid adsorbent particles, withdrawing it from the lean bottom product and 

subsequently adding it to the top product as each of these penetrates portions 

of the column in turn. The vertical transport of solute along the packing is 

owing to the projection of characteristics into all sections of the column, enabl-

ing transport of material into the packing by fluid from below and, subsequently 

in another part of the cycle, the emission of temporarily stored material into 

fluid which will emerge eventually from the top of the column. Asa result there 

is a net displacement of adsorbed material from the bottom to the top of the column. 

\ 
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NOMENCLATURE 

a = 

b = 

M ::: 

m ::: 

n ::: 

T ::: 

t ::: 

u ::: 

V ::: 

X ::: 

y ::: 

Yo ::: 

Z ::: 

Z ::: 

Greek 

a = 

€ ::: 

p = 

ill ::: 

equilibrium constant change. 

a/ (1 + m ), equilbrium constant change parameter. 
o 

equilibrium constant (temperature dependent). 

equilibrium constant parameter, proportional to M. 

number of cycles. 

temperature, °C. 

time, sec. 

velocity of propagation of concentration wave, cm/sec. 

interstitial velocity, cm/sec. 

solids concentration, moles sOlute/mass of adsorbent. 

fluid concentration,moles solute/mole of fluid. 

initial" fluid concentration, moles solute/mole of fluid. 

bed length, cm. 

axial position in bed. 

Letters 

separation factor. 

. void fraction in packing. 

phase density. 

cycle frequency. 
\ 

Subscripts 

B ::: c.olumn bottom reservoir. 

F ::: relating to fluid phase. 

n = cycle number. 

o = at the mean temperature. 

S relating to solid phase~ 

T ::: column top reservoir. 

UCRL-18483 
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Fig. 1. Diagram of column. for parametric pumping in direct mode (from 
Wilhelm, Rice, Rolke, and Sweed (196Sb)). 
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Fig. 5. Calculated compositions of top and bottom products obtained by. 
parametric pumping. 
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Fig. 6. Comparison of separation factors according to equilibrium theory 
wi th observations of Wilhelm et ale (1968b) for the system n-heptane
toluene in silica gel column. 

. Lines are computed from the equilibrium theory after fitting equa
tion for bottoms composition at a point indicated by arrow. Values of 
b so chosen are shown on the figure. 'l'he theory gives the maximum 
possible separation; deviations of the data below curves are owing to 
finite mass transfer resistance between phases. 
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