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Equivalence of two Series
of Spherical Representations of a Free Group (*).

ANNA MARIA MANTERO - TADEUSZ PYTLIK - RYSZARD SZWARC - ANNA ZAPPA

Summary. — The spherical principal series of a non-commutative free group may be analytical-
ly continued to yield a series of uniformly bounded vepresentations, much as the spherical
representations wy ) + i of SL(2, R) may be analytically continued in the strip 0 < Rez < 1.
This series of uniformly bounded representations was constructed and studied by A. M.
MANTERO and A. ZAPPA. Independently T. PYTLIK and R. SZWARC introduced and studied
representations of the free group which contain a series of subrepresentations indexed by
spherical functions. Both series consist of irreducible representations and include the spher-
ical complementary series. The aim of this paper is to prove that the non-uwitary uniformly
bounded representations of the two series are also equivalent.

Introduction.

The spherical prineipal series of a non-commutative free group may be analytically
continued to yield a series of uniformly bounded representations, much as the spheri-
cal representations (5. of SL(2, R) may be analytically continued in the strip
0 < Rez < 1. This series of uniformly bounded representations was constructed and
studied by A. M. MANTERO and A. ZaPpPA in[4], [5]. Quite independently, T. PyTLIK
and R. SZWARC introduced and studied in [7] representations of the free group which
contain a series of subrepresentations indexed by spherical functions. Both series
consist of irreducible representations and include the spherical complementary
series. It is natural therefore to ask if the non-unitary uniformly bounded representa-
tions of the two series are equivalent. The purpose of this paper is to prove the equiv-
alence also in the non-unitary case.

(*) Entrata in Redazione il 19 dicembre 1989; ricevuta nuova versione il 12 febbraio
1991.
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Genova, Via L. B. Alberti 4, 16132 Genova, Italia; T. PYTLIK e R. Szwarc: Institute of Mathe-
matics, Wroclaw University, pl. Grunwaldski 2/4, 50-384 Wroclaw, Poland.



24 A. M. MaNTERO - T. PYTLIK - R. SZWARC - A. ZAPPA: Equivalence, etc.

1. - Basic notation and preliminaries.

We refer to[3], [4], [7] and [8] for notations and unexplained results. For any inte-
ger > 1, let F, be the free group on r generators and let  be the related Poisson
boundary. We denote by v the probabiliyty measure on Q defined by

Q) =@+ D¢,  zxeF,,

where ¢ = 2r — 1, || is the length of the word  and Q, = {w € Q, w starts with x}.
Moreover for every x € F,, w e 2, we denote by P(x, w) the related Poisson kernel.
Let F(Q) be the linear space generated by the characteristic functions y,_, for all
2 e F,. For any complex number z in the strip S = {z e C, 0 < Rez < 1} we consider
the representation =, of F, acting on F(Q) according to

@ (@) flw) = P*(x, ») fle 'w), aweF,, wel, feFQ).

We recall that the constant function 1 on Q is a cyclic vector for each of these repre-
sentations and the coefficients

@) 0,@) = (m@1,1), zeF,,

are the spherical functions on F, (see[3]). When z € S, Rez = 1/2, the extension of =,
to L2(Q) gives the spherical principal series of F,. When z e S, Rez = 1/2, =, extends
to a uniformly bounded representation acting on a Hilbert space 3Cg,, (), obtained as
the eompletion of HQ) with respect to a suitable inner product (see [4]). In particular
for Imz = k=/Ingq, k € Z, we obtain the spherical complementary series of F,.

Let us consider now a family of representations of F, acting on the linear space
F(F,) generated by the characteristic functions &, = yy,,, for all x € F,.. Following [7],
we define two operators acting on F(F,). Let P be the operator on F(F,) defined
by

Ps,=0,
P % = S5 ifexze ,
where % is the word of F, obtained from x by deleting the last letter. For any complex
number £ in the open disk D = {{ e C, |¢| < 1}, we define an invertible operator T, on
F(F,) by
T.3,= (1 - %2,
T.s, =4, ife=e,
(1 -2 being the principal branch of the square root of 1 — ¢%
For any ¢ e D we consider the representation II, of F, acting on F(F,) obtained by

conjugating of the regular representation A with the invertible operator (I — ¢P) Ty,
thus:

@®) M) = Ty d - P a@)d — tP)T;, =z eF,.
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For any e D, I, extends to an uniformly bounded representation on {?(F,) and
{Il,,ze D} is an analytic family. Moreover, if ¢ belongs to Dy=
={¢eC, q 2 < |¢| <1}, then I, decomposes into a direct sum of two representa-
tions, one equivalent to the regular representation, and the other, denoted 7., irre-
ducible on the space Ker (I — {P)T,. Let us denote X,(F,) = Ker(I - {P)T,.

For any {e D, the function

q+1

7 N R Z (™

) f=

obtained as the projection of ¢, on %, (F,) along the range of T,(I — {P*) in I*(F,),is a
cyclic vector for x, and

©) @) ={f, LYy G@f, £, wxeF,,

is a spherical function.

There is a bijection between the set {®,,zeS,1/2 <Rez <1} and the set
{¥,, Ce Dy}. In fact if « denotes the map from the strip S; = {z e C, 1/2 < Rez < 1}
onto Dy, defined by «(z) = ¢*~%, then for any z e S, and ¢ = a(z) we have

W§= ¢z.

We note that 7, is unitary if and only if £ € Dy is real; moreover «(z) is real if and only
if Imz = kn/lng, k e Z. So the representations 7., for ¢ real in Dy, coincide (up to uni-
tary equivalence) with the spherical complementary series of F, defined in[4].

2. - Equivalence between =, and 7,.

In order to prove the equivalence between the representations =, and 7, for
¢ = a(z), we define a correspondence between the functions on F, and those on . Let
¢ e Dy. For any complex function f on F,, we define the following sequence of function
on (2

Fo(fs Ow) = (g + D71 q(l = Y2 flo),
Fn(f; C)(w)z(qg)nf(wn)’ nZI’ (,UEQ,

where w, denotes the first % letters of w.
For any integer = the function F, (f; {) is measurable (with respect to the finite o-
field B,(Q2) generated by {Q, |x| = n}).

LEMMA 1. — () The sequence (F,(f; () is a martingale on Q if and only if
fe X, (F,). '
iy If F,(f; 0) are uniformly bounded with respect to m, then the limit of
F,(f; ©) ewists a.e. in Q and defines a bounded measurable function L,(f).
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Proor. — For any n = 0, let £, denote the n-th conditional expectation with re-
spect to B,. For any w e 2 and 2 = w,, we have

By Foa (f; O0) = @) [ oy @) dot') =

N

=v@2,) ' X Q@D fwa) = @O X flxa),

lal =1, xzla la| =1, zle
where x L y means that no cancellation is possible in the product xy. Since fe X, (F,)
if and only if ¢ D f(wa) = f(x), then

la| =1,zla

E Fy o 1(f; Do) = (q0)" flw,) = F (f; N w)
if and only if fe X.(F,).
Let £ e Dy. For any bounded measurable function g on @ let us define

Vilg) = j Q. (&, W g(w dvw), xekF,,
g

where

Qe w) =(g+1g - B~z
Qc(%w)=(q+1)(1_15_'“}{%(0)), fx=e, wel.

LemMA 2. — (i) For every bounded measurable function g on Q the function V,(g)
belongs to X.(F,) and
L (Ve(9) = g3
moreover, for every fe X.(F,)
| V(Lo () =1
(i) V(FQ)) is the space XYF,) spanned by {7 (%) fy), x e F,}.
PROOF. - (i) Let us consider the sequence (F,(V.(9); ©)); for a.e. wel
lim (7, (Vy(); (@) = g(w)

and |F,(V;(g); O@)| < gl
Moreover, if fe X.(F,), then by definition of the sequence F, (f; {) we have

@) = [ Q@ D L@ dfw), weF,.
Q

(ii) By straightforward calculations F,,(f;; {) = 1, for any n = 0, so we have, for
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any Ze Dy,
®) 1=L(f).
Moreover for any « € F, we have, for all n = 1
Fo G @) fr3 D) = (0" () fr(w,) = @O"(fr, T (x7H8,,)-

In fact, by Lemmas 1 and 2 of [7], IT,(x ~1) and A(x ~!) coincide on the orthogonal com-
plement of the finite dimensional subspace spanned by {s,, P4,, ..., P'"ls, =4,}.
Therefore for » > |z]|,

Hz(x_l) a\mn = )\(x_l)a(un = o\m_lwn’

hence

F, (@) f; Do) = @0 f,@  w,) = (@0~ 17l = P(x, o).
Then by definition (1) we have the following identity:

@ m@1=L,G@f), zeF,

THEOREM. — For any z € Sy and ¢ = «(z) = q* L, let R be the linear map, from the
space XY(F,) spanned by {7, (x)(f,), x € F.}, into FQ), defined by

RI(F) = e L, (f)

where ¢, = (f;, )% a(z) = ¢ Then R extends to a topological isomorphism of X (F,)
onto Hye, () and

ac%c(x):ﬂz(x)mc, ﬂcEF,,.

ProoOF. — For any ¢ e D, we consider the linear map ®?; the identities (6) and (7)
imply that

ﬂig(ﬁg(ﬂc)ﬁ)ZCgﬂz(x)l, mEF,,..

If ¢ is real, then R is an isometry. Indeed in this case both the representations 7, and
7., { = o(z), are unitary, so far x, y e F,, we have

(RE7, (@) fry RETL (W) fidoege, = et {m, @) 1, 7, () gy, =

=cf®,(y a) =2 ¥, (y ') = 7y ') £, f) = (m@) fr, @) f).

Hence in this case ®! extends by continuity to an isometry from X,(F,) onto
xRez (‘Q)
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If ¢e Dy is not real, we define an operator A, on I*(F,) by
A, =1 - - |g]?) s,
A, =" gl  fx=e.
It is easy to prove that A, is invertible on I12(F,), maps X.(F,) onto Kyy (F,) and
RE = czefef Ry oA

Therefore ®? extends to an invertible operator &, from X, (F,) onto g, (Q). Finally
we note that, by the identities (6) and (7), we have for every {e D,,

Re 7o (@) fr = € Ly(Fy@) f) = ey, @)1 = =, (0)(e Ly (f)) = m(®) R f;, weF,.

So R, intertwines the representations 7, and =,.
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