
87 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
EQUIVALENT PLATE ANALYSIS  OF AIRCRAFT WING BOX 
STRUCTURES WITH GENERAL PLANFORM GEOMETRY zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
Gary L. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAGiles 

MARCH 1986 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
Na(ional Aemnau:cs and 
Space Ad in, nist ration 

Langley Research Center 
Hampton Virglnid 23665 



EQUIVALENT PLATE ANALYSIS OF AIRCRAFT WING BOX STRUCTURES 
WITH GENERAL PLANFORM GEOMETRY zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

* 
Gary L. Giles 

NASA Langley Research Center 
Hampton, V i rg in ia  23665 

Abstract 

A new equ iva len t  p l a t e  a n a l y s i s  formulat ion 
is descr ibed which is capable of modeling 
aircraft wing s t r u c t u r e s  wi th  a genera l  planform 
such as cranked wing boxes. Mu l t ip le  t rapezo ida l  
segments are used t o  represent  such planforms. A 
R i t z  s o l u t i o n  technique is used i n  conjunct ion 
wi th  g loba l  displacement f u n c t i o n s  which 
encompass a l l  t h e  segments. This R i t z  s o l u t i o n  
procedure is implemented e f f i c i e n t l y  i n t o  a 
computer program so  t h a t  i t  can be used by 
r igorous  op t im iza t ion  a lgor i thms f o r  a p p l i c a t i o n  
i n  e a r l y  p re l im inary  des ign.  A d i r e c t  method t o  
i n t e r f a c e  t h i s  s t r u c t u r a l  a n a l y s i s  procedure wi th  
aerodynamic programs f o r  use  i n  a e r o e l a s t i c  
c a l c u l a t i o n s  is descr ibed.  This  equ iva len t  p l a t e  
a n a l y s i s  procedure is used t o  c a l c u l a t e  t h e  
s t a t i c  d e f l e c t i o n s  and stresses and v i b r a t i o n  
f requencies and modes of an example wing 
conf igura t ion .  The numerical r e s u l t s  are 
compared w i th  r e s u l t s  from a f i n i t e  element model 
of t h e  same conf igura t ion  t o  i l l u s t r a t e  t y p i c a l  
l e v e l s  o f  accuracy and computation times 
r e s u l t i n g  from use of t h i s  procedure. 
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Nomenclature 

Planform dimensions (see Figure 3) 
Area of r i b  o r  s p a r  cap 
Coef f i c ien t  of polynomial 

displacement f u n c t i o n  
Orthot rop ic  p l a t e  s t i f f n e s s e s  

Modulus of e l a s t i c i t y  
Concentrated f o r c e  a t  point  i 

Wing box depth 
S t i f f n e s s  mat r ix  
Coordinate a long length  of 
r i b  o r  spar  cap 

Length of r i b  o r  s p a r  cap 
D is t r ibu ted  mass 
Mass matr ix  
Concentrated mass a t  point  i 

Dis t r ibu ted  load o r  pressure 
Applied load vec tor  
Thickness of cover s k i n  layer  
Energy terms (see equat ion (3)) 
Wing d e f l e c t i o n  
Displacement f u n c t i o n  

Global chordwise and spanwise 
coord ina tes ,  r e s p e c t i v e l y  

Polynomials i n  x and y f o r  

de f in ing  displacement func t ions  
Local nondimensional chordwise and 
spanwise coord ina tes ,  r e s p e c t i v e l y  
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In t roduc t ion  

One o f  t h e  major tasks i n  t h e  des ign of 
a i r c r a f t  wing s t r u c t u r e s  is t h e  s i z i n g  of t h e  
s t r u c t u r a l  members t o  g ive t h e  desired s t r e n g t h ,  
weight, and s t i f f n e s s  c h a r a c t e r i s t i c s .  
Mathematical op t im iza t ion  a lgor i thms have been 
coupled w i th  s t r u c t u r a l  a n a l y s i s  programs f o r  use  
i n  t h i s  s i z i n g  process. An ex tens ive  review o f  
t h e  l i t e r a t u r e  dea l ing  wi th  t h i s  sub jec t  area is 

*provided i n  re fe rences  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA1 and 2. A r e c e n t  survey 
of papers which describe s t r u c t u r a l  op t im iza t ion  
wi th  a e r o e l a s t i c  c o n s t r a i n t s  that have been 
published s i n c e  1975 is conta ined i n  r e f e r e n c e  3. 
This survey i n d i c a t e s  t h a t  i n  such work a t rade-  
o f f  e x i s t s  between the  de ta i l  o f  t h e  s t r u c t u r a l  
model used f o r  a n a l y s i s  and t h e  scope and r i g o r  
of the  op t im iza t ion  approach. 

For detai led f i n i t e  element models, t h e  
opt imizat ion procedures are o f t e n  based on 
h e u r i s t i c  but  e f f i c i e n t  techniques such as f u l l y -  
s t ressed-design.  A demonstrat ion of t he  
a p p l i c a t i o n  o f  mathematical op t im iza t ion  
procedures t o  t h e  s t r e n g t h  des ign of a l a r g e  
f i n i t e  element wing s t r u c t u r a l  model is descr ibed 
i n  re fe rence zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA4.  Such f i n i t e  element models a r e  
capable of represent ing  detai led stresses i n  
s t r u c t u r e s  w i th  complex geometry but they may be 
cumbersome i f  used i n  s t u d i e s  where c o n s t r a i n t s  
on dynamic behavior, such as f l u t t e r ,  are 
considered o r  t h e  conf igura t ion  geometry is 
changing dur ing t he  opt im iza t ion  process. To 
provide a more comprehensive a n a l y s i s  c a p a b i l i t y ,  
inc lud ing e f f e c t s  of s t a t i c  and dynamic 
a e r o e l a s t i c i t y  and shape des ign v a r i a b l e s ,  
usua l ly  r e q u i r e s  t h a t  op t im iza t ion  a lgor i thms be 
employed i n  conjunct ion with s impl iP ied beam or 
p l a t e  models of  t h e  s t r u c t u r e .  

An example of such modeling is t h e  
equiva lent  p l a t e  model o f  t h e  wing for s t r u c t u r a l  
a n a l y s i s  purposes which is incorporated i n  t h e  
TSO (Aeroe las t ic  Ta i lo r ing  and S t r u c t u r a l  
Opt imizat ion)  computer program described i n  
re fe rences  5 and 6. This program is in tended f o r  
use e a r l y  i n  t h e  a i r c r a f t  des ign  cyc le  and has 
had widespread use f o r  a e r o e l a s t i c  t a i l o r i n g  of 
composite wings, e.g., r e f e r e n c e  7. However, t h e  
s t r u c t u r a l  a n a l y s i s  formulat ion used i n  TSO is 
l im i ted  t o  t rapezo ida l  planforms. 

The present  paper describes a new e q u i v a l e n t  
p l a t e  a n a l y s i s  formulat ion which is capable of 
modeling a i r c r a f t  wing s t r u c t u r e s  wi th  genera l  
planform geometry such as cranked wing boxes. 
The planform geometry of such wing boxes is 
def ined by m u l t i p l e  t r a p e z o i d a l  segments. The 
order  of the polynomials used t o  d e f i n e  t h e  wing 
depth and cover s k i n  l a y e r  th icknesses  can be 
s p e c i f i e d  by the a n a l y s t .  This new formulat ion 
provides a s i g n i f i c a n t l y  improved s t r u c t u r a l  
modeling c a p a b i l i t y ,  and t h e  a n a l y s i s  procedure 
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has been implementeU e f f i c i e n t l y  so tha t  it can 
be used by r i go rous  op t im iza t ion  a lgor i thms f o r  
app l i ca t i on  i n  e a r l y  pre l iminary des ign,  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

This paper conta ins  a d e s c r i p t i o n  of the new 
a n a l y t i c a l  fo rmula t ion  a long wi th  t h e  methods 
used fo r  e f f i c i e n t  implementation of  these 
ana lys i s  procedures f n t o  a computer program, 
This equ iva len t  p l a t e  a n a l y s i s  procedure is 
app l ied  to an  example wing con f igu ra t i on  t o  
c a l c u l a t e  s ta t i c  de f lec t i ons  and stresses and 
v ib ra t i on  f requenc ies  and modes. The numerical 
r e s u l t s  are compared wi th  r e s u l t s  from a f i n i t e  
element model of  the  same con f igu ra t i on  t o  
i l l u s t r a t e  t y p i c a l  l e v e l s  o f  accuracy and 
computation times r e s u l t i n g  from use of t h i s  
procedure. 

Ana ly t i ca l  Modeling 

The wing box s t r u c t u r e  is represented  as an  
equ iva len t  p l a t e  i n  tois formulat ion.  Planform 
geometry of  t h i s  equ iva len t  p l a t e  is def ined by 
mul t ip le  t rapezo ida l  segments as i l lus t ra ted by 
the  two-segment box i n  F igure  l a .  A separa te  
local coord ina te  system is associated with each 
segment. These local coord ina tes  are 
nondimensionalized such that zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA6 refers t o  a 
f r a c t i o n  of  the  l o c a l  chord and q refers t o  a 
f r a c t i o n  of  the span f o r  a g iven segment as 
i nd ica ted  i n  F igure lb.  The s u b s c r i p t s  on t h e  6 
and 1 coord ina tes ,  shown i n  F igure  1 t o  refer t o  
a p a r t i c u l a r  segment, are omi t ted  i n  the 
remainder of t h i s  paper s i n c e  t he  development o f  
the a n a l y s i s  method is descr ibed f o r  a t y p i c a l  
segment. 

The c ross-sec t iona l  view of a t y p i c a l  
segment shown i n  Figure zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA2 i l l u s t r a t e s  the 
a n a l y t i c a l  modeling of the  wing box s t ruc tu re .  
The depth of t h e  structural box v a r i e s  over t h e  
planform of  each segment and is expressed as a 
polynomial i n  the nondimensional coord inates 6 
and n. 

The c o e f f i c i e n t s  hm a r e  cons tan ts  which are 

def ined by the  ana lys t  f o r  each segment. The 
cover s k i n s  c o n s i s t  of o r t h o t r o p i c  layers w i t h  
the th ickness  of each l a y e r  be ing dePined 
independently by the ana lys t  aga in  i n  the 
polynomial form 

m6 n (2) t j ( E , Q )  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA= t 0 0 + t 1 0 € + t 2 0 E  +tO,rl+"'+t 
2 

The p r o p e r t i e s  of t h e  l a y e r s  can be def ined t o  
rep resen t  wing sk ins  which are s t i f f e n e d  panels  
or composite laminates.  
s t i f f n e s s  p r o p e r t i e s ,  a long w i th  the th ickness ,  
is s p e c i f i e d  f o r  each l a y e r  and t h e  l aye r  
o r i e n t a t i o n s  and th icknesses  can be d i f f e r e n t  i n  
d i f f e r e n t  planform segments. 
sk ins ,  and hence corresponding layers. are 
assumed t o  be symmetric about  t h e  mid-plane zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA00 
t h e  wing. 

Or ien ta t i on  of the 

The upper ana lower 

The degree of the polynomials i n  

equat ions ( 1 )  and (2) are s p e c i f i e d  by t h e  
ana lys t .  

Rib and s p a r  caps are represented  as a x i a l  
elements which are cont inuously  attached t o  t h e  
skin. These caps may be pos i t ioned a r b i t r a r i l y  
wi th in  a segment by spec i fy ing  the  l oca t i ons  o f  
t h e i r  end po in ts .  
cap can have a l i n e a r  v a r i a t i o n  a long its l eng th .  

The a x i a l  s t i f f n e s s  o f  each 

For s ta t i c  ana lys i s ,  loading is app l ied  t o  

Mass proper t i es  f o r  dynamic 
the  wing box as concentrated fo rces  or 
d i s t r i b u t e d  loads .  
ana lys i s  are def ined by concentrated or 
d i s t r i b u t e d  quan t i t i es .  

The s p e c i f i c a t i o n  of model c 
as continuous d i s t r i b u t i o n s  i n  PO 
requ i res  on ly  a zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAsmall f r a c t i o n  o f  t h e  volume o f  
input  data f o r  a corresponding f i n i t e  element 
structural model where geometry and s t i f f n e s s  
p roper t i es  are spec i f i ed  a t  discrete loca t i ons .  
The r e s u l t i n g  reduc t ion  i n  model prepara t ion  time 
is important dur ing  e a r l y  pre l iminary des ign when 
many candidate conf igura t ions  are being assessed. 
Also, the geometric l oca t i ons  of the r i b  and s p a r  
caps, the  mass quan t i t i es ,  and t h e  app l i ed  
loadings can be independently de f ined,  i.e., they  
are not referenced to a set of  j o i n t  l o c a t i o n s  as 
i n  a f i n i t e  element model. The ease of 
re loca t i ng  these q u a n t i t i e s  wi thout  d i s r u p t i n g  
o ther  aspec ts  of  t he  model is important dur ing  
early pre l iminary design when such changes o f t e n  
occur. F ina l l y ,  the  polynomial desc r ip t i on  of 
model c h a r a c t e r i s t i c s  l ends  i t s e l f  t o  use w i th  
opt imizat ion a lgor i thms s i n c e  the polynomial 
c o e f f i c i e n t s  can be used d i r e c t l y  as design 
va r iab les  . 

Ri tz  Solu t ion  Technique 

The Ri tz  method is used t o  ob ta in  an  
approximately s t a t i o n a r y  s o l u t i o n  t o  the 
v a r i a t i o n a l  cond i t ion  on t h e  energy of t h e  wing 
box structure and app l ied  lqading.  This method 
is a c l a s s i c a l  approach in  s t r u c t u r a l  a n a l y s i s  
and deta i l s  of i ts app l i ca t i on  t o  a s i n g l e  
segment t rapezo ida l  wing planform are descr ibed 
i n  re fe rence 5. Herein, a b r i e f  o u t l i n e  of the 
genera l  technique is given and the p a r t i c u l a r  
methods used t o  handle planforms w i t h  mul t i p le  
segments are discussed more thoroughly. 

The to ta l  energy, E, assoc ia ted  with t h e  
a n a l y t i c a l  model used is 

E V + Q - T  ( 3 )  

where V - p o t e n t i a l  energy of the s t r u c t u r e  i n  
bending 

Q = p o t e n t i a l  energy of  the  lateral  l oads  
moving through the bending d e f l e c t i o n s  

and T = k i n e t i c  energy assoc ia ted  with masses 

These energy terms can be expressed as a 
func t ion  o f  t h e  bending d e f l e c t i o n  of t h e  wing 
s t r u c t u r e ,  W. as shown i n  Table 1. In  t h i s  
app l i ca t i on  of  the  Ritz approach, the wing 
de f l ec t i on ,  W, is assumed t o  be the sum of 
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cont r ibu t ions ,  C i ,  from a set of spec i f i ed  

d isp lacement . funct ions,  Wi .  

w zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA= c,wl + c2w2 + c zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAw + zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA- - e  4 cnwn 
3 3  

( 4 )  

The Ri tz  so lu t i on  procedure is used t o  determine 
the numerical values of the set of unknown 
c o e f f i c i e n t s ,  C i ,  which minimizes the  t o t a l  

energy, E. The t o t a l  energy, E ,  is a func t ion  Of 

t h e  wing d e f l e c t i o n ,  W ,  and hence can be 
expressed i n  terms of  t h e  unknown c o e f f i c i e n t s ,  

Ci .  The extremum p r inc ip le  which states tha t  E 

is s t a t i o n a r y  wi th  respec t  t o  C i ,  expressed as 

dE/dCi=O, produces a system of  n simultaneous 

equat ions.  These equat ions are expressed in  
matrix form as 

2 
CKIICil + w [M1{Cil - { P i }  = 0 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA( 5 )  

The s t i f f n e s s  and mass mat r ices ,  [ K ]  and [MI, are 
produced from t h e  energy express ions  V and T 
shown in  Table 1 .  Subst i tu t ion ’  of the express ion 
f o r  de l e c t i o n  g iven in  equat ion  ( 4 )  i n to  the  
expres zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAf ions f o r  V and T g ives  a quadra t ic  form of 
the di$placement func t ions  and associated 
c o e f f i b i e n t s ,  1 1 C.C.W W . .  

t h e  energ ies ,  dV/dCiand dT/dCi, produces the  

s t i f f n e s s  and mass matr ices [K] and [MI 
corresponding t o  t h e  number of  displacement 
func t ions  used. Each term i n  these matr ices  
corresponds t o  a product o f  displacement 
func t ions  W . W .  and assoc ia ted  s t i f f n e s s  or  mass 

quan t i t i es .  These terms are produced by 
eva lua t ing  the  i n teg ra l  express ions  shown i n  
T a b l e  1 .  To complete the  matrices, these 
ca lcu la t i ons  are repeated f o r  a l l  combinations of 
displacement func t ions .  The energy express ion,  
Q, is a l i n e a r  form of  C .  and d i f f e r e n t i a t i o n ,  

dQ/dCi, produces a load vec to r ,  (.Pi], wi th  each 

term corresponding t o  a displacement func t ion .  

Energy Expressions 

D i f f e ren t i a t i on  of  
I i j  1 3 1 3  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

1 3  

1 

Expressions of  t h e  energ ies  t h a t  a r e  used i n  
t h i s  ana lys i s  are given i n  Table zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA1 .  Evaluation 
of these i n t e g r a l  express ions  us ing the assumed 
displacement func t ions ,  W i ,  produce the terms i n  

[ K ] ,  [ M I ,  and ( P i } .  The D . .  terms i n  t h e  

express ion f o r  the p l a t e  are the an iso t rop i c  
p l a t e  bending s t i f f n e s s e s .  These bending 
s t i f f n e s s  terms, D i j ,  are polynomials which are 

ca lcu la ted  from t h e  depth and th icknesses  g iven 
i n  equat ions ( 1 )  and (2) a long wi th  the  
or tho t rop i c  material proper t i es  of the composite 
layers. 
p l a t e  Segment, and t h e  i n t e g r a l  express ions are 
eva lua ted  over t h e  planform area o f  each segment. 
The displacement de r i va t i ve  terms W f X x ,  W , y y ,  and 

w,xy  are ca lcu la ted  from the assumed displacement 

func t ions  which are used i n  the  Ritz ana lys is .  
The choice of  the displacement func t ions  is 
discussed subsequent ly  i n  t h i s  sec t i on .  

13 

These proper t i es  are def ined f o r  each 

The 

i n t e g r a l  express ions  f o r  the r i b  and spa r  caps 
are eva lua ted  over the l eng th  of t he  caps. The 
cap a r e a ,  A ,  can vary l i n e a r l y  a lon  

The energy Of the app l ied  loads and masses 
are func t ions  of t h e  va lues of these q u a n t i t i e s  
and t h e  displacement func t ions ,  W i .  

d i s t r i b u t e d  q u a n t i t i e s  are in teg ra ted  over t h e  
appropr ia te  areas and t h e  concentrated q u a n t i t i e s  
are summed with the displacement func t ion  being 
evaluated a t  t h e  l oca t ions  of t h e  i nd iv idua l  
fo rces  or masses. 

The 

Displacement Functions 

In  t h e  present  formulat ion,  the assumed 
displacement func t ions  are spec i f i ed  as products  
of polynomials i n  t h e  x -d i rec t ion  wi th  
polynomials i n  the y-d i rec t ion  of t he  g loba l  
( x , y )  coord ina te  system 

T h i s  approach d i f f e r s  from t h a t  i n  re fe rence  5 
where t h e  displacement func t i ons  are expressed i n  
t h e  l o c a l  t rapezo ida l  s y s t e m  (E , r l ) .  The g l o b a l  
express ion f o r  the displacement func t ions  
au tomat ica l l y  satisfies the  con t inu i t y  
requirements across common boundaries of mu l t i p le  
segments, but does not necessa r i l y  s a t i s f y  t h e  
na tu ra l  boundary cond i t ions  a long the  t i p  and 
leading and t r a i l i n g  edges of the  wing box. 
approach rel ies on t he  minimizat ion of  energy t o  
provide an  approximation t o  t h e  boundary 
cond i t ions  a t  these l oca t i ons .  

This 

An a l t e r n a t i v e  approach t o  handling mu l t i p le  
Yegments is t o  spec i f y  sets of displacement 
func t ions  f o r  each segment and develop a method 
t o  insure  con t inu i t y  of t he  func t ions  and t h e i r  
de r i va t i ves  ac ross  ad jacent  boundaries, Such an  
a l t e r n a t i v e  would resemble the Global Element 
Approach as d iscussed i n  re fe rence  8. 
a l t e r n a t i v e  was not  pursued i n  t h i s  Study, s i n c e  
it appeared that  a more s imple approach of  us ing 
g lobal  d isp lacements func t ions  would r e s u l t  i n  a 
more e f f i c i e n t  program. 
of t h i s  paper is t o  determine i f  the l e v e l  of 
accuracy of  r e s u l t s  is s a t i s f a c t o r y  f o r  des ign  
purposes when g loba l  displacement func t ions  are 
used over mu l t i p le  segments. 

Such an 

One of t h e  main purposes 

Another aspec t  of the formulat ion involved 
s e l e c t i n g  the t ype  of polynomials t o  be used t o  
form the displacement func t ions .  A t  one stage i n  
the development of t h i s  method, the 
implementation al lowed the a n a l y s t  t o  select o r  
input  the  s e t  of polynomials t o  be  used. The 
f i r s t  set  of  polynomials tested were t h e  Legendre 
polynomials from re fe rence  5. 
polynomials, the number of  terms i n  the 
displacement func t ions  conta in ing  t h e  h igher  
degree polynomials becomes l a r g e  because of the  
product of a l l  t h e  terms i n  t h e  x-d i rec t ion  with 
a l l  the terms i n  the  y -d i rec t ion .  This  number of  
terms is compounded s i n c e  the  s t r u c t u r a l  energy 
express ions con ta in  the displacement func t i on  
de r i va t i ves  t o  t h e  second power. 

Using these 
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Use of sets of terms from a power series, zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
0 1 2  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA0 

i.e., (x 

y , y , zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAa a e  y 1 for Yi(y), for forming the 
displacement functions was also evaluated. 
Several alternative implementation methods were 
tried in an attempt to achieve a high level of 
computational efficiency using both Legendre 
polynomials and power series terms.. Comparison 
of numerical results and computational times from 
this study, led to the selection of terms from a 
power series for use as the assumed displacement 
functions. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAThis selection was based on the 
increased computational efficiency which can be 
obtained, compared to Legendre polynomials, by 
taking advantage of the obvious simplifications 
in calculations that occur with only one term, 

x y , in each displacement function. However, 
this selection results in an upper limit on.the 
degree of the power series terms which can be 
specified because of ill-conditioning of the 
resulting set of equations. This ill- 
conditioning is manifested when the higher degree 
terms produce nearly linear dependent equations. 
The upper limit is reached when the library 
subroutines used for solution of these equations 
terminate with a message to indicate excessive 
numerical error. Typical upper limits were found 
to be 5th degree in x and 8th degree in y for 
static solutions and 4th degree in x and 7th 
degree in y for vibration solutions. The levels 

of accuracy of results obtained with these 
degrees of globally-defined power series terms 
are presented in a subsequent section. 

x , x , zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA* - e  ,xw) for Xi(x) and (y 

1 2  M 

n m  

Evaluation of Integrals 

Plates. The terms in the stiffness matrix, 
[K], of equation (5 )  are produced by evaluating 
the integral expressions from the structural 
energy, V, in Table 1 as described earlier in the 
general discussion of the Ritz solution 
technique. The evaluation of the integral 
expressions for the plate requires that the 
displacement functions be expressed in terms of 
the local coordinate system of each plate segment 

by applying the coordinate transformations , 

x = e + a5 + (f-e)n + (c-a)gn zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA( 7 )  

y = g + b n  ( 8 )  

The coordinate transformation of the differential 
area is given by the determinant of the Jacobian 

as 

dxdy = c ab + (c-a)bn 1 dcdn (9) 

The planform variables for each segment that 

are used in these transformations are shown in 

Figure 3. 
stiffnesses, Dj j, are also polynomials in €, and 

n. Hence, the terms in the integrand of the 
expression for plate energy (products of D with 

the transformed displacement derivatives and 
differential area) are given by power series 
expressions in €, and n. These expressions can be 

The anisotropic plate bending 

ij 

integrated over each segment using exact, closed- 
form expressions to produce the plate segments 

contributions to the stiffness matrix. 

Rib and Spar Caps. The coordinates (x,,y,) 

and (x2,y2) and corresponding cross-sectional 

areas, A 

each rib and spar cap. The expression for energy 
of the caps is given in Table 1 .  Coordinate 

transformation equations between the global (x,y) 
system and the local coordinate, zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAI I ,  along the 
length of a cap are 

and A2, are specified at the ends of 
1 

x zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA5 xl + (II/L)(x2-xl) (10) 

y * yl + (II/L)(yZ-y1) (11) 

The curvature along the length of a cap is 
expressed as 

where dx/dII = (x2- xl)/L and dy/dE = (y2- yl)/L. 

The cap area is taken to vary linearly along the 
length, A = A1 + (11/L)(A2- A,). 

wing, h. is expressed in terms of €, and n in 
equation (1). Expressing the depth, h, in the 
local coordinate system of the cap results in a 
complicated (not simple power series) integral 
equation. Therefore, evaluation of the integral 
expressions for the caps are approximated using 
the trapezoidal rule with the number of intervals 
used for numerical integration along the cap 
length specified by the analyst. 

The depth of the 

Mass Properties. Mass properties associated 
with the analytical model are defined as being 
distributed over the wing planform and/or 
concentrated at specified.points. Distributed 
masses are often defined directly as a function 
of €, and n, e.g., the mass per unit area of the 
cover skin is given by the product of the 
material density and the skin thickness given in 
equation (2). Evaluation of the integral 
expressions for such distributed masses is 
performed using the same exact, closed-form 
expressions that are used for the plate stiffness 
integrals. Contributions of the concentrated 
masses to the mass matrix are the products of 
each mass with the quadratic form of the 
displacement functions which have been evaluated 
at the location of that particular mass. 

Applied Loads. The expressions of energy 
for distributed and concentrated applied loads 
are similar to the expressions for masses except 
the loading expressions are linear functions of 
the wing deflection, W. Application of the Ritz 
method to this linear form results in a load 
vector for each set of applied loads. For 
aircraft- wings, the distribution of aerodynamic 
loading is usually calculated as a table of 
pressure coefficients at a specified set of chord 
stations and semispan stations. 
can be converted to a set of concentrated loads 
by multiplying each pressure Coefficient by its 

associated area. These concentrated forces are 
then multiplied by the values of each 
displacement function at the point of load 

These pressures zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
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app l i ca t i on  t o  g ive  the  approp r ia te  terms in  t h e  
load vector .  The continuous d e f i n i t i o n  of the 
displacement func t ions  exped i tes  t h i s  process 
s i n c e  the  va lues  of  d isp lacements can be 
ca l cu la ted  d i r e c t l y  at t h e  d e s i r e d  po in ts  of t h e  

process t h a t  must be performed between t h e  
aerodynamic g r i d  and s t r u c t u r a l  j o i n t s  when 
f i n i t e  element s t r u c t u r a l  modeling is used zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAis not  
requi red.  This  continuous d e f i n i t i o n  of 
displacement func t ions  prov ides a d i r e c t  method 
t o  i n te r face  t h i s  equ iva len t  p l a t e  s t r u c t u r a l  
ana lys i s  procedure wi th  aerodynamic programs f o r  
use i n  aeroelastic ca lcu la t i ons .  

r i d .  Hence, t h e  t ransformat ion 

Implementation of  Method 

Implementation of t h i s  R i t z  so lu t i on  method 
i n t o  a computat ional ly  e f f i c i e n t  computer program 
is an important f a c e t  of t h i s  development. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA' 

Clear ly ,  t h e  terms assoc ia ted  wi th  ca l cu la t i ng  
c o e f f i c i e n t s  of  a s t i f f n e s s  mat r ix  are 
a l g e b r a i c a l l y  cumbersome and ted ious  t o  
manipulate. T h i s  is e s p e c i a l l y  t r u e  f o r  an 
an iso t rop i c  p l a t e  segment. Therefore,  several 
a l t e r n a t i v e  s t r a t e g i e s  f o r  o rgan iz ing  and 
performing the  ca lcu la t i ons  were explored be fore  
reaching the fo l lowing methods of implementation. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

A l l  q u a n t i t i e s  i n  t h i s  equ iva len t  plate 
formulat ion are represented  as polynomials 
conta in ing t h e  sum of  a sequence of  terms 
composed of  a c o e f f i c i e n t  and two va r iab les  wi th  
in teger  exponents. These polynomials are 
represented as matr ices  of t h e  c o e f f i c i e n t s ;  each 
coe f f i c i en t  is located with t h e  row index being 
one g rea te r  than t h e  exponent of the  f i r s t  
variable and t h e  column index being one g r e a t e r  
than t h e  exponent of t h e  second var iab le .  The 
s h i f t i n g  by one is necessary t o  handle t he  
constant  terms ( va r iab les  t o  t h e  zero  power). 
These matrices are s to red  as vec to rs  wi th  the 
f i r s t  two e n t r i e s  conta in ing the  t o t a l  number of 
rows and number of columns i n  t he  matrix. Th is  
rep resen ta t i on  a l lows t h e  computations t o  be 
independent of t h e  order  and type (e.g. power 
series, Legendre, e t c . )  o f  polynomials used t o  
represent  wing box depth,  th icknesses  of t h e  
cover s k i n  l a y e r s ,  and assumed displacement 
funct ions.  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

A s p e c i a l  l i b r a r y  of  subrout ines  was 
developed t o  perform a l l  mathematical opera t ions  
on these polynomials. These opera t ions  inc lude 
add i t ion ,  sub t rac t i on ,  mu l t i p l i ca t i on ,  
d i f f e r e n t i a t i o n ,  i n teg ra t i on ,  and eva lua t ion  a t  a 
po int  of polynomials rep resen t ing  q u a n t i t i e s  i n  
two dimensions. This l i b r a r y  of  subrout ines is 
used t o  genera te  t h e  terms i n  matr ix  equat ion (5)  
by forming and eva lua t ing  t h e  i n t e g r a l  and 
summation express ions of Tab le  1 i n  the manner 
descr ibed i n  t h e  prev ious s e c t i o n .  

The matr ix  rep resen ta t i on  o f  the polynomials 
and t h e  s p e c i a l  mathematical l i b r a r y  of 
subrout ines  f o r  opera t ing  on  the  polynomials are 
key t o o l s  used f o r  e f f i c i e n t  implementation of  
t he  equ iva len t  p l a t e  a n a l y s i s  procedure. 
However, a detai led desc r ip t i on  o f  how these  
too l s  were a c t u a l l y  represented  and appl ied t o  

form a computer program f o r  t h i s  p a r t i c u l a r  
app l i ca t i on  is beyond the  scope of t h i s  paper. 

Typica l  Application and Results 

Analy t ica l  Modeling 

The planform of t he  wing box which is u s e d  
t o  eva lua te  t h i s  new formulat ion is shown i n  
Figure 4 .  T h i s  example is rep resen ta t i ve  of  a 
t yp i ca l  f i g h t e r  a i r c r a f t  wing box and prov ides a 
model w i t h  two p l a t e  segments. The conf igura t ion  
provides a good test case s i n c e  tw is t i ng  behavior 
is dominant i n  t h e  inner segment, and bending 
behavior is dominant i n  t h e  outer segment. The 
numerical r e s u l t s  from t h i s  model i nd i ca te  how 
w e l l  the s i n g l e ,  g lobal  set of displacement 
func t ions  rep resen ts  t h e  s t r u c t u r a l  response o f  
t h i s  cranked wing box. 

The wing box depth has a d i f f e r e n t  l i n e a r  
spanwise v a r i a t i o n  i n  each segment and the  depth 
is constant  i n  t h e  chordwise d i rec t i on .  The 
cover s k i n  is a s i n g l e  layer of constant  
th ickness  aluminum. Clamped boundary cond i t ions  
a r e  app l ied  t o  t h e  wing box a t  t h e  a i r c r a f t  
cente ' r l ine.  

Resu l ts  from the equ iva len t  p l a t e  a n a l y s i s  
a r e  compared w i t h  corresponding results from t h e  
EAL f i n i t e  element ana lys i s  program, re fe rence  9 .  
The EAL model zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAis b u i l t  up of  membrane r i b ,  s p a r ,  
and cover elements with t h e  g r i d  of cover 
elements shown i n  Figure 4 g iv ing  1320 degrees of 
freedom i n  t h e  f i n i t e  element ana lys i s .  
Displacement func t ions  used i n  the  equ iva len t  
p la te  a n a l y s i s  contained exponents from 0 t o  4 i n  
the  chordwise ( x )  d i r e c t i o n  ( 5  terms) and 
exponents from 2 t o  7 i n  t h e  spanwise ( y )  
d i r e c t i o n  (6 terms) r e s u l t i n g  i n  30 unknown 
c o e f f i c i e n t s  which correspond t o  genera l i zed  
degrees of freedom. 

Numerical Resu l ts  

S t a t i c  Analysis. For numerical t e s t i n g  of  
t h i s  method, a uniform pressure  loading is 
app l ied  t o  t h e  wing box. The r e s u l t i n g  s t a t i c  
displacements a long t h e  l ead ing  and t h e  t r a i l i n g  
edges of t he  wing box are shown i n  F i g u r e  5; t h e  
s o l i d  l i n e s  i nd i ca te  r e s u l t s  from t h e  equ iva len t  
p la te  a n a l y s i s  and the i nd iv idua l  symbols 
i nd i ca te  da ta  from t h e  f i n i t e  element ana lys i s .  
Displacements from the  two a n a l y s i s  methods ag ree  
wi th in  one percent  throughout t h e  wing box. 

The d i s t r i b u t i o n  of stresses across  the wing 
chord are shown i n  Figures 6-8 f o r  t h ree  
d i f f e r e n t  semispan loca t i ons  ( y  = 54, 90, and 134 
as i nd ica ted  i n  Figure zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA4 ) .  I n  genera l ,  t h e  
agreement i n  s t r e s s e s  is good except i n  t h e  
reg ion of t h e  t r a i l i n g  edge; a t  and inboard of 
the wing box crank. As would be expected, both 
techniques provide a good rep resen ta t i on  of 
s t r e s s e s  i n  the outboard po r t i on  of t he  wing box 
where the  stress grad ien ts  a r e  small, but  both 
techniques are less accura te  i n  the  inboard 
reg ion where l a r g e r  g rad ien ts  occur from t h e  
crank i n  the t r a i l i n g  edge and clamped boundary 
cond i t ions  a t  t h e  wing r o o t .  
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Based on the comparison of  d isp lacements,  i t  
appears that  t h e  equiva lent  p l a t e  ana lys i s  should 
prov ide an adequate l e v e l  o f  accuracy of  t h e  
o v e r a l l  s t r u c t u r a l  s t i f f n e s s  c h a r a c t e r i s t i c s  for 
s ta t i c  aeroelastic ca lcu la t i ons  and their 
incorpora t ion  i n t o  an  a e r o e l a s t i c  t a i l o r i n g  
procedure. Stresses from the equ iva len t  p l a t e  
a n a l y s i s  m u l d  be used d i r e c t l y  i n  e a r l y  des ign 
phases t o  prov ide an  i n i t i a l  approximation t o  t h e  
s t r e n g t h  c o n s t r a i n t s .  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAAs the design is re f i ned ,  
t he  level o f  accuracy of  these c o n s t r a i n t s  could 
be improved through c o r r e l a t i o n  wi th  r e s u l t s  
obta ined from a f i n i t e  element s t r u c t u r a l  
ana lys is .  

V ibrat ion Analysis. Natura l  v ib ra t i on  
f requenc ies  and mode shapes f o r  t h e  cranked wing 
box are ca lcu la ted  us ing both the equ iva len t  
p l a t e  a n a l y s i s  and the f i n i t e  element ana lys i s .  
A comparison of  the f i r s t  seven n a t u r a l  
f requenc ies  is given i n  Table 2. The percent  
d i f f e rence  is zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAsmall (1 .2%)  f o r  the first 
frequency and t h i s  d i f f e rence  increases  with 
inc rease i n  frequency. The disp lacements a long 
t he  leading and t r a i l i n g  edges of  the  wing box 
f o r  t h e  s i x t h  v ib ra t i on  mode are presented i n  
F igure 9. This  mode shape is dominated by 
to rs ion  of the wing, and the agreement between 
r e s u l t s  from t he  equ iva len t  p l a t e  ana lys i s  and 
f i n i t e  element a n a l y s i s  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAi s  exce l l en t .  Therefore,  
v ib ra t i on  r e s u l t s  from t h e  equ iva len t  p l a t e  
a n a l y s i s  should provide an adequate 
rep resen ta t i on  of  the  dynamic characteristics o f  
t h e  s t r u c t u r e  needed t o  c a l c u l a t e  dynamic 
c o n s t r a i n t s ,  such as f l u t t e r  ve loc i t y ,  i n  an  
op t im iza t ion  procedure. 

Computation Times.  A comparison of the 
computational times requ i red  for  t he  equ iva len t  
p l a t e  ana ly i s  and the f i n i t e  element ana lys i s  is 
given i n  Tab le  3. The number of  CPU seconds is 
given f o r  s e l e c t e d  major tasks involved i n  a 
s t a t i c  and v ib ra t i on  ana lys i s .  An accumulation 
of these incrementa l  times is a l s o  given. A l l  
ca lcu la t i ons  were performed on a CDC Cyber-173 
computer. Comparison of the t o t a l  time requ i red  
t o  produce displacements and stresses from a 
s t a t i c  a n a l y s i s  i nd i ca te  tha t  t he  equ iva len t  
p l a t e  a n a l y s i s  is  a f ac to r  o f  30 faster than the 
f i n i t e  element ana lys i s .  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAFor v ib ra t i on  a n a l y s i s ,  
the  corresponding comparison is a f a c t o r  o f  60. 
The times f o r  t he  equ iva len t  p l a t e  ana lys i s  d id  
not  inc lude the 7.89 CPU seconds requ i red  t o  
generate the i n t e g r a l  tables. These t a b l e s  are 
independent of the S t i f f n e s s  o r i e n t a t i o n  and 
th ickness  of l a y e r s  i n  the cover sk ins  and do no t  
change dur ing  an op t im iza t ion  process. The 
t a b l e s  can be generated i n  a separa te  computer 
run  and saved for subsequent use. 

The computer times are f o r  a wing d e f l e c t i o n  
express ion wi th  30 unknown c o e f f i c i e n t s  (degrees 
of freedom) corresponding to  assumed displacement 
func t ions  which contained terms up t o  4th power 
i n  x and 7 th  power i n  y. These times a r e  reduced 
when fewer displacement func t i ons  are used but 
some loss i n  accuracy is incurred. Although i t  
is problem dependent, the upper l i m i t  on 
displacement func t ions  was found t o  be about 
seventh degree without encounter ing ill- 
cond i t ion ing  problems on CDC (60-b i t  words) 
computers. S ince  the  computer times f o r  30 

degrees of freedom are r e l a t i v e l y  small, use o f  
approximately t h i s  number of displacement 
func t ions  is recommended. 

In add i t i on  to prov id ing des i rab le  
computational speed,  the  equ iva len t  p l a t e  
a n a l y s i s  computer program has moderate memory 
requirements. Implementation methods which keep 
memory requi rements small are important f o r  
e f f e c t i v e  i n t e r a c t i v e  opera t ion  o f  t h e  r e s u l t i n g  
computer program or f o r  e f f e c t i v e  coupl ing of the 
ana lys i s  procedure with an op t im iza t ion  
procedure. 

Concluding Remarks 

A desc r ip t i on  is given of a new equ iva len t  
p l a t e  a n a l y s i s  formulat ion which is capable of  
modeling a i r c r a f t  wing s t r u c t u r e s  wi th  genera l  
planform geometry such as cranked wing boxes. 
Methods are discussed f o r  implementing these 
genera l  procedures i n to  a cbmputer program which 
is simply organized and computat ional ly  
e f f i c i e n t ,  hence desirable f o r  use i n  e a r l y  
pre l iminary design. 

Some t y p i c a l  numerical r e s u l t s  are presented  
from app l i ca t i on  of the procedure t o  a cranked 
wing box. Comparison of t hese  r e s u l t s  w i t h  
corresponding r e s u l t s  from a f i n i t e  element 
ana lys i s  program ind i ca te  that good agreement, 
genera l l y  less than 5% d i f f e rence .  is obta ined 
f o r  both s ta t i c  displacements and v ib ra t i on  
f requencies and mode shapes. In  genera l ,  t h e  
agreement i n  stresses is good except  i n  the 
reg ion  of the t r a i l i n g  edge; a t  or inboard of  the 
wing box crank. The computation time requ i red  by 
the equ iva len t  p l a t e  ana lys i s  t o  generate these 
results is a factor of 30 less than a 
corresponding f i n i t e  element ana lys i s  f o r  a 
s t a t i c  a n a l y s i s  and a f a c t o r  o f  60 less f o r  a 
v ib ra t i on  ana lys i s .  

I n  summary, app l i ca t i on  of  t h e  new 
equ iva len t  p l a t e  ana lys i s  formulat ion t o  a 
cranked wing box is shown t o  produce r e s u l t s  w i t h  
l e v e l s  of accuracy approaching t h a t  of a f i n i t e  
element ana lys i s  i n  s i g n i f i c a n t l y  less 
computation time. Hence, t h i s  formulat ion 
provides the des i red  s t r u c t u r a l  ana lys i s  
capab i l i t y  f o r  combination wi th  aerodynamic 
analyses and r igorous  op t im iza t ion  procedures t o  
perform a e r o e l a s t i c  t a i l o r i n g  of cranked wing box 
s t r u c t u r e s .  
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Table 1 .  Energy express ions  used i n  R i t z  a n a l y s i s .  

Q u a n t i t y  

P l a t e  

Rib o r  Spar Cap 

D i s t r i b u t e d  Load 

Concentrated Load 

D is t r ibu ted  Mass 

Concentrated Mass 

Energy Expression 

2 
+ QD6 6W, xy 1 dA 

L 2  
V = 1/22 EAh W,lllldll 

0 

Q = -22 pWdA 
A 

T = 1/2u211 mW2dA 
A 

2 N  
X i ' Y i  

T = 1/2w 1 M i W 2 1  
i - 1  
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Table 2. Comparison of natural frequencies from vibration analysis. 

Finite 
Element 

14.58 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAcps  

48.52 

97.22 

1 1  3.99 

174.73 

212.72 

277.38 

Equivalent 
Plate 

14.76 cps 

49.10 

99.99 

117.53 

181.22 

220.14 

294.80 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
% Difference 

Table 3. Comparison zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAof computer times. 

t Task 

Form Stiffness 
Matrix 

Static Solution 

Displacements 
and Stresses 

Vi brat ion 
Ana 1 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAys i s 

1 

Equivalent Plate 
Increment Total 

2.28 I 2.28 

1.21 

1.25 

3.49 

4.74 

1.2 

1.2 

2.9 

3.1 

3.7 

3.5 

6.3 

Finite Element 1 

352.33 I 478:82 1 
1 1 
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ing planform 

Structural zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAbox zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
X 

41 = O  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAai zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA= 1 

(a) Wing planform 0) Typical box segment zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
Figure 1 .  Coordinate systems used to define 

wing box structure. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
b -  )- Rib and soar zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

-rr 
hj/2 

1 

Figure 4. Planform of example wing box. 

Equivalent plate 

Displacement, 

W. 
in. 

ylwing semispan 

Figure 5. Displacements along leading and 
trailing edged of wing box. Figure 2. Analytical modeling of wing box 

structure. 

t 
X 

Equivalent plate 
0 Finite element 

Stress, 
ksi 

0 -  .2 .4 .6 .8 1 .o 
E 

Figure 3. Planform geometry variables 
for typical segment. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

9 

Figure 6. Stress distributions at y = 54. 



ksi zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
4 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

0 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

0 .2 .4 .6 1 .O zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
€ 

Figure 7.  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAStress distributions at y = 90, 
(crank location). 

8 

Stress, 
ksi 

- 
_I__ Equivalent plate 

0 Finite element 

- 

-2 I I I I 1 1 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
0 .2 .4 .6 .8 1 .o 

F, 

Figure 8. Stress distributions at y = zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA134.  

I Frequency 

Equivalent plate 220.15 cps 

0 Finite element 212.72 cps 

Displacement, 
W 

-1.0 I I 1 I I 
0 .2 .4 .6 .8 1.0 

ylwing semispan 

Figure 9. Sixth vibration mode shape. 
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A new equivalent plate analysis formulation i s  described which is capable of modeling 
a i rc ra f t  wing structures w i t h  a general planform such as cranked wing boxes. 
Mu1 tip1 e trapezoidal segments are used t o  represent such planforms. A R i  t z  solution 
technique is used i n  conjunction w i t h  global displacement functions which encompass 
a l l  the segments. T h i s  Ritz sclution procedure is implemented ef f ic ient ly  into a 
computer program so t ha t  i t  can be used by rigorous optimization algorithms fo r  
application i n  early preliminary design,  A di rect  method t o  interface this 
structural analysis procedure w i t h  aerodynamic programs fo r  use i n  aeroelast ic 
cal cul a t  i ons 5 s descri bed, Thi  s equi Val en t pl a te  anal ysi  s procedure i s used t o  
calculate the s t a t i c  deflect ions and stresses and vibration frequencies and modes 
of an example wing  configuration. The numerical results are compared w i t h  results 
from a f in i te element model of the same configuration t o  i l l us t ra te  typical levels 
of accuracy and computation times resulting from use of this procedure. 
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