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Equivariant W hitney immersion theorem

A. Wasserman has proved in 1969 a generalization of the classical 
Whitney immersion theorem to the case of (т-manifolds (G being a compact 
Lie gronp). In  the  present note another eqnivariant Whitney theorem is 
proved for a compact (x-manifold and G finite. In  th a t case our theorem 
implies Wasserman’s resnlt.

I  wish to thank B. Bubinsztein for pointing ont some errors in the 
first conception of this paper and for his critical observations.

Let G be a finite gronp. Let ns begin with some remarks on (x-maps. 
Suppose tha t E  is a subgroup of G, X  is a topological space and G j E x X  
is a <x-space with obvions G-action (trivial on X).  Let Y be a G-space and 
f:  GjE x l - > I  be a (т-map. Since /  is equivariant, we get f { E j E  x X )  
c  Y u ( YH =  {y e Y: Gy >  E}). Therefore we may define a m ap /: X ^ Y H 
by the formula f(x) — f ( E  Щ , x). On the other hand, let / :  X-+ YH be 
any map. Define / :  G/E-+Y  by the formula f ( g E / E , x )  — gf{x) for 
X E X,  g eG.  g* |Ш

Lemma 1 . In  the above situation the correspondence / - * /  yields an 
isomorphism of sets: (J-maps(G/H x X ,  Y) and Maps(X, YH).

For detailed proof see [4].
Suppose that M  is the w-dimensional C00 manifold with a smooth 

action of G. If m e  MH, then TmM  is a representation of E.  Let TmM  
— © Y) V, where V  is an irreducible representation of E,  lm{V) its 
multiple in TmM. Then by l ( M , V )  we denote maxZOT(Y). Bote that 
l { M , V ) < n .  meM

Let M  be compact. We are already prepared to formulate the first 
theorem.

Theorem 1. I f  the representation W satisfies the following condition: 
for every subgroup E  of G such that there exists the point m e M  with Gm — E  
and every irreducible representation V of E  with ЦМ, V) Ф 0, the in
equality
(*) l (W,  V) >  dim M H + l {M , 7)dim V
holds, then there exists a G-immersion f:  M-+W.
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Proof. The set M  is compact, therefore it has the structure of the 
finite 6r-CW complex (see [5] for the proof). We construct the immersion 
by an induction on в-cells attached. Let (H) be the maximal orbit type 
on M, G/H x d 0-dimensional cell, f°: d-+WH any map. We define an 
.ZZ-equivariant monomorphism <p0: TdM-^W,  afterwards (p0: TM\Gd->W by 
the formula cp0{vgd) = 99o(9~lvgd)> where vgd e TgdM. A small neighbour
hood of the orbit Gd in M  is 6r-diffeomorphic to a neighbourhood of the 
base in the normal bundle r(Gd, M) (see [2]). By means of the map exp 
we obtain the immersion from a ^-neighbourhood of the orbit Gd in W. 
Let us denote it by/®. Suppose tha t Ml~l is (г — 1 )-dimensional invariant 
skeleton of M  and a\. an г-dimensional Gr-cell. Assume that we have al
ready defined an immersion /р~г from a ^-neighbourhood U{_lp of i f 1-1 и

p
и U  ak' We extend this map to the immersion which will be defined

fc—1 p+1
on a G-neighbourhood of Жг_1и агк.

i=1
Let ap+1 = crp+x\ d eap+l, where deap+1 is the open invariant neigh

bourhood of dap+x on which we have defined the immersion f l~l. Observe 
tha t o!p+1 ^ G jK  x D 1’, moreover, on дагр+1 ^ G /K  х $ г-1 we have the 
map /  which is a restriction of fp~l. The map /  is a О-immersion, thus 
/ :  ^г-1->ТТг  is an immersion. We also have the map (p defined to be 
equal to Tfp~l restricted to K[K  x $ t_1, which has rank n = dim M  in 
every point of Si~1. We want to extend that map to the monomorphism 
ip: TM\ KjKxDi-*WK x W .  But:

T M  IKIKxDi ^ D * x  T 0M  ^  Dj x T 0MK x  v0{ MK, M) (0 e D*).

Let y x =  y  be restricted to $ г-1 x T 0Mz , =  (p restricted to x 
Xv0(MK, M). Observe tha t the image of <px is contained in WK x WK. 

We look for an extension of <px to ipx: B l x T QMK->WK x W K such that 
ipx\TDi is a map tangent to the immersion g being the extension of /  over 
the disk D \ The obstruction to extending lies in л*_1 (7Й, where « 
=  dim MK, Tc =  dim WK, Y \ is the Stiefel manifold of «-frames in an 
Euclidean ^-dimensional space (see [3]). This obstruction vanishes if 
г <  7c — «. That inequality follows from condition (*) which for trivial 
irreducible representation В  of the group К  has the form 2 dim MK 
<  dim WK (in that case l ( M, B)  =  dimif^-).

Note tha t the image of is contained in WK x WKL =  W.  We 
look for an extension of <p2 to ip2: D l x vQ(Mz , 31)->W. Such an extension 
exists by assumption (*) and Lemma 2 (bellow) applied to each irre
ducible representation separately.

Thus we have the IT-equivariant monomorphism ip : Dix T 0M->WKx W  
covering the immersion g: Di->WK. We choose a neighbourhood U of 
JDl so small tha t the map exp is a diffeomorphism of a neighbourhood
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of the base in the normal bundle v{D\ Ж) with TJ. By means of the map 
exp we obtain an immersion g' of U in W  (and (x-immersion g': GTJ-FW 
by equivariântness). Note that = f  = Гр'1 l^-i, Wl g t - i  =
We can choose an open neighbourhood V of $ t-1 in UnUi_liP such that 
F c  Ur\U{_1>p and homotopy Gt: UnUi_ltP->W such that

(a) for every t, Gt is the immersion,
(b) {Gt, TGt) =  (g', Tg ') on any small neighbourhood of d{Uп?7г-_1}Р),

(d) {Gt, TGt){x) =  {gf, Tg'){x) if (g’f Tg'){x) =  (/, Tf){x) (see [3],
Lemma 2.6).

Let Z  c  U be a neighbourhood of D- such tha t Z n U i_ltP =  F. 
We define

Let tv. E->N be a vector bundle over N  with the fibre IV, where F 
is an irreducible representation of G, N  is a trivial (x-space and l is a na t
ural number. Then Н о т (E, tV) is a (x-bundle over N  with the fibre 
Н о т  (я-1 (w), tV). Suppose tha t C is a closed subspace of I , s :  G 
-VELom{E,tV) is an equivariant non-singular section (it means that 5(c) 
is an equivariant monomorphism for every c eC).

Theorem. I f  t ^  dim W-f Zdim F, then s can be extended to an equi
variant non-singular section s: Ж~>Hom(E, tV).

This theorem is a special case of Theorem 2 .1 in [7].
Let E  = Dl x l V  be a trivial (x-bundle, W  a trivial contractible 

(x-space, and F  a representation of G containing exactly t copies of F. 
Let cp be a G monomorphism

Lemma 2. I f  t ^  i 1 dim F, then the monomorphism cp Gan be extended 
to the monomorphism of G-bundles E-FW xF .

Proof. Obviously, <р($г--1 x IV) <= W x tV) thus it is sufficient to 
show that 9/  = h-(p can be extended over the disk (h is a homotopy con
tracting W  to *). But we have the same situation in the theorem above:

and Гр+\(х) =
fp l {x) if x e и {_1)Р,
g’ (x) if x  e GZ.

E

S i_ 1------->W

”1
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Corrolary  1. I f  31 can be immersed in tW, then M can be immersed 
in 2nW  (Proposition 1.1 in [7]).

Proof. The representation 2nW  satisfies condition (*): if И  
is a subgroup of G such that there exists the point m e M  with Gm =  H  
and V is an irreducible representation of H  and ЦМ, V) Ф 0, then 
1{M, V)V  has an iLmonomorphism in tW, Thus V has an Tf-monomor- 
phism in W  and l(2nW, V) >  2n ^  dim Mn + l(M,  F)dim P.

T h eo rem  2. I f  M  and W satisfy the assumptions of Theorem 1, then 
every smooth G-тар g : M->W can be Ck-approximated by a G-immersion. 
The approximation is also uniform.

Proof. From Theorem 1 we know that there exists an immersion 
/ :  M -^W . The approximation g will be of the form g =  g + ôf, where

к
ô = e/sup N kf{x), N kf(x) — fy and <p: Rn-*M  is a local coor-

xeM  j = 0

dinate chart. Let m e M  and у  be the local coordinate chart such tha t 
y(0) — m\ the vectors д/дх{ (i = l , . . . , n )  span the space TmM.  Note 
that the vectors

= [■£(o)’ ■£<o)] <whcre s = dim  ж>

are lineary independent in W. We define an isomorphism A  : 1F->TF 
and show that the vectors A -Tmg{d /дх{) are independent; thus also 
Tmg(dIдх{) are lineary independent.

Let

- / L (°) .. UO&i
dU
dxn 0 .. 0

f  (0) .. ■ f  (0)dxn
0 .. 0

^ ( 0 )  ..OX̂ dxn
1 .. 0

dfs
—Ч о )  ..uX2

dfs• -r--(O) dxn
0 .. 0 1

We may assume that the determinant of the matrix 

(1 <  i, j  <  n) does not vanish, thus \A\ Ф 0

A o T mf ( 0 ) 3 l
дх. (0 ) =  [0 ... 1 ... 0],
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A o T mg& (0)’ L°(
dg}

dXi
(0)1 +

rl 0 ... 0-J
0 1 ... 0

— Й (0)] +  Ô
0 0 ... 1

_0 0 ... 0_

ЙИ

Let В  denote the matrix build up from initial n rows of А  о (О))
\dXi J

( Ô9i \and C be the matrix build up from initial n rows of i o  (0)1. Note
\ дщ J

that \B\ — 0 iff some eigenvalue of G is equal to — <5. If <5 satisfies the
do •

inequality 0 <  < 3 < тт{ |Л г-|: ^  0}, then the vectors —-^(0) ( l < i , j
i

<  n) are lineary independent in m therefore also in a neighbourhood 
of m. The manifold M  is compact thus we can choose a finite covering 
{Uk} and numbers ôk such that the map g is an immersion on Uk for 
ô <  Ôk. Let 00 =  min ôk ; the map g is an immersion if ô <  <50.

к
Let G be a finite group, W  its representation, and M  a compact 

n-dimensional в -manifold with the following property:

(**) every point m e M  has a G-neighbourhood Um and an equivariant 
embedding of Um in iTP\0 for some t.

Corrolary 2. I f  M has property (**) and s >  2n, then every smooth 
map f: M-+sW can be Gk uniformly approximated by an equivariant im
mersion. (Of. [7], Corollary 1.10.)

P roof. I t  follows from (**) that l ( M , V ) V  has an Л -топотог- 
phism in tW  {H is a subgroup of G occurring on M  and V is an irreducible 
representation of H). Thus it is easy to see that the representation sTF 
satisfies condition (*).

E xample 1. Let Z 2 acts on B n+1 = Bp+1 x B n~p by reflection in B p+1 
and on В к+й = BQx B k by reflection in Bq. We consider equivariant 
immersions of the unit sphere Bn e  B n+1 with the induced Z 2 action 
into Bk+q. Since (8n)z2 = Sp, inequality (*) holds if

(a) 2p <  q.
Since (8n)e = Sn, inequality (*) holds if
(b) 2n ^7 c  + q (for trivial group e).
If В  denote the non-trivial representation of Z 2 , then l(Sn, B) = n —p 

and l(Bk+Q, É) =  7c. Inequality (*) holds if
(c) n <  Tc.
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Therefore, if inequalities (а), (Ь), (c) hold, then every smooth Z2-map 
/ :  8n-+Rq+k (with the actions described above) can be approximated 
by a Z2-immersion.

In particular, if we consider 8n with the antipodal action of Z2 (it 
means that p = —1), we only need the condition: 2n <  k + q.

Let f  be a representation of G.
D e f in it io n . G-manifold M  is said to be a W-manifold if for every 

m e M  its tangent space TmM  is (rm-isomorphic to Ж with the action 
resrticted to Gm. (For properties and applications of Ж-manifolds see [6].)

Observe that if Ш is a Ж-manifold, then l(M , V) =  l(W , V) for 
every subgroup occurring on M  and every V. In particular, every com
ponent of MH has the dimension equal to dim WH. Thus the representa
tion 2 Ж satisfies condition (*) for an irreducible trivial representation 
of every subgroup H  occurring on M.

E x a m ple  2. Let V = TcRÇ&lÉ be the representation of Z 2 and let 
Ж be a compact F-manifold. Any smooth Z2-map f:  M-+2V @t& can 
be O^-approximated by a Z2-immersion for t ^  max{& — Z, 0}.

P roof. I t  is sufficient to check condition (*) for a non-trivial rep
resentation of Z2: l ( 2V@tè,  &) =  2Z +  Z>ft +  Z = dim. M Z2-\-l.

E xa m ple  3. Let Ж be a representation of Zp , p Ф 2 prime. Then 
Ж =  ^ © A q F j©  ... ®kp_1Vp__1, where Yi is a 2-dimensional repre
sentation of Zp with the action:

cos j 6 , sinj0 
—sinj0, cosjG

Suppose that Ж is a compact Ж-manifold,

2n
P

ô _  J 0, if h  = 0,
( 1, if Тс{ Ф 0,

then:
p

Any Zp-map (smooth) / :  M->2W  ©ft о © У* can be approximated 
by Zp-immersion. г==1

p - i
P roof. Denote the representation 2 W @ b @ ô i Vi by V.

i = 1
If Mzp Ф 0  and bi Ф 0, th en l (V,  Vt) — 2к{фк  =  dim Mp +  dim Vi .
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