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This paper presents the determination of Eringen’s small length scale coefficient ¢, for buckling of
nonlocal Timoshenko beam from a microstructured beam model. The microstructured beam model
is composed of discrete rigid elements (of equal length), which are connected by rotational and
shear springs that model the bending and shearing behaviors in a beam. The exact solution of e,
is given for nonlocal Timoshenko beam with small length scale term appearing in the normal
stress-strain relation only. It is shown that e, approaches 1/ V12 ~ 0.289 which coincides with the

one calibrated for nonlocal Euler beams. © 2013 AIP Publishing LLC.

[http://dx.doi.org/10.1063/1.4821246]

. INTRODUCTION

Identification of the small length scale parameter is
important when dealing with the characteristics of the micro-
structure in materials.' In order to allow for the small length
scale effect in nanostructures, Eringen’s nonlocal elasticity?
has been widely adopted in studies on nano-scale mechanical
behavior.? For example, Wang®* proposed nonlocal Euler and
Timoshenko beam theories for wave propagation problem.
Wang and Hu® found that nonlocal Timoshenko beam theory
can predict good agreements of wave speeds in wave propa-
gation with those obtained by molecular dynamics simula-
tions on carbon nanotubes. Lu er al.® studied free vibration
of nonlocal Euler beams with various boundary conditions.
Wang and Varadan’ reported the frequencies of nonlocal
Euler and Timoshenko beams with simply supported ends.
Their theory has been developed in terms of a double-beam
theory in order to represent the free vibration of double-
walled carbon nanotubes. Wang and Liew® studied the bend-
ing of nonlocal Euler and Timoshenko beams. Reddy’
formulated the governing equations for bending, buckling,
and free vibration of beams based on nonlocal Euler,
Timoshenko, Reddy, and Levinson beam theories.

In Eringen’s nonlocal elasticity, the stress at a point is
defined to be dependent on the interaction of all points
within the range of interactions.? According to Eringen,” the
nonlocal constitutive relation is given by

(1 — 122V =D : ¢, (1)

where D is the fourth-order elasticity tensor, ¢ and & are
macroscopic stress second-order tensor and strain tensors,
respectively. The notation “:” represents the double
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contraction between a fourth-order tensor and a second-order
tensor and V? is the Laplacian operator. Note that u = 5
where the quantity epa represents an intrinsic characteristic
length of a material. This intrinsic length is the size of a
representative elementary volume over which the local stress
is integrated. The length scale coefficient ey is a constant
appropriate to each material and « is an internal characteris-
tic length (e.g., lattice spacing and granular distance),
and /, is an external characteristic length (e.g., crack length,
wavelength). It has been found that a larger value of eg
implies a more significant effect of the small length
scale.'”!! Nevertheless, owing to the difficulty in determin-
ing the internal characteristic length a, most researchers have
adopted ega as a single parameter.* For example, a conserva-
tive estimate of the scale coefficient ega < 2.0nm for a
single walled carbon nanotube (SWCNT) if the measured
frequency value for the SWCNT is assessed to be greater
than 10 THz."

In order to identify the Eringen’s small length scale
coefficient ¢g, a promising approach is to make use of the an-
alytical equivalence between the discrete microstructured
models and nonlocal continuum models. For example, based
on this equivalence, Eringen” identified o as 0.39 by match-
ing the dispersion curves of plane waves from nonlocal
theory to the Born-Karman model of lattice dynamics. In a
discrete lattice model, the length of a representative micro-
structure is interpreted as the length of a discrete element
or accommodated by the inter-particle spring stiffness. The
basic assumption based on the equivalence between a dis-
crete lattice model and the nonlocal continuum model is that
the concerned wavelength is much longer than the character-
istic length, which could be taken as the inter-particle
distance. The analytical relations between equivalent contin-
uum models and discrete lattice models have been confirmed
by recent results. It has been reported that the higher
order gradient continuum theories can be derived from

© 2013 AIP Publishing LLC
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discrete lattice models."*"'* Askes and Metrikine'> presented
that continuum models can be related to discrete models
through continualisation strategies. From these continualisa-
tion strategies, not only the classical continua but also
higher-order continua in one-dimension and two-dimension
can be developed. The continualisation on the governing
equation and on the energy furnished the identical results.
Pichugin er al.'® established equivalence between the dis-
crete lattice model and higher-order continuum theories.
Polyzos and Fotiadis'’ derived Mindlin’s first and second
strain gradient elastic theories from simple lattice and contin-
uum models.

Based on a microstructured Euler beam model compris-
ing rigid segments connected by rotational springs, Challamel
et al."*'® showed that ¢ is 0.289 for buckling of nonlocal
Euler beams with any combination of end conditions. The
present study extends this work to determine the small length
scale coefficient e for the buckling of nonlocal Timoshenko
beams that allows for both the effects of small length scale
and transverse shear deformation. The earlier microstructured
Euler beam model used for calibrating ¢y will be refined to
include shear springs at the nodes. This new model will be
referred to as microstructured Timoshenko beam model. The
paper is organized as follows. The governing equation and
boundary condition for the buckling of nonlocal Timoshenko
beam with simply supported ends will be developed based on
the method of weighted residuals. The length scale coeffi-
cients in the Eringen’s nonlocal theory are then estimated by
comparing the buckling load formulations with the exact
expression furnished by a microstructured Timoshenko beam
model.

Il. NONLOCAL TIMOSHENKO BEAM THEORY AND
SOLUTION FOR SIMPLY SUPPORTED BEAM

Eringen’s normal and shear stress-strain relations are
given by

2
2 d 0y

2
: and o, — al
¢ dx? X

cdz

= E¢y,

Oxx — ¥ =Gy, (2)
where o, is the normal stress, ¢, is the normal strain, o,, is
the shear stress, 7.. is the shear strain, E is the Young’s mod-
ulus, G is the shear modulus, /. = ega is the intrinsic charac-
teristic length, and « is a scalar indicator which may take the
value of either 0 or 1. When o = 0, we obtain the case where
the small length scale effect is neglected in the shear stress-
strain constitutive relation. When o = 1, we have the case
where the small length scale effect is considered in shear
stress-strain constitutive relations.

According to the Timoshenko beam theory,
displacement relations are given by

do dw

o — —Z d 7.=—— ; 3
& z I and v, I ¢ 3)

the strain-

where z is the distance away from the normal plane, ¢ is the
rotation due to bendmg, — ¢ is the rotation due to shear-
ing since 2 o is the total slope of a deformed cross section.

Multiplying Eq. (2) by zdA and integrating over the
cross sectional area A of the beam, one obtains
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2
M
M — éii{z ——EI%, (4a)
d? d
Q—azfdg_ GA(d—W—g{)) (4b)

where M is the bending moment, Q is the shear force, / is the
second moment of area, and x is the shear correction factor.
The equilibrium equation for a Timoshenko beam under a
compressive axial load P is given by Timoshenko?"*!

M
(2— -0=0, (5a)
do d*w
— —P—=0. 5b
dx dx? (5b)

By substituting Egs. (5) into Egs. (4), the nonlocal bend-
ing moment and nonlocal shear force can be expressed as

dp — ,
M= —E19% 4 pp
I + 0 R (6a)
d Bw
0 = kGA <d—v: - ¢> n sz— (6b)

In view of Egs. (6a) and (6b), the governing equations
given by Egs. (5a) and (5b) can be written as

2 3
KGA<C;—‘;}—¢> +E M—( )zde—zo, (7a)

d*w d¢) Pw L dw
KGA( » P62+ ol P e =0. (7b)
When o = 0, Eqgs. (7a) and (7b) reduce to the fourth order
differential equations of the nonlocal Timoshenko beam as
derived earlier by Wang et al.?? However, when oo = 1, one
has to contend with a sixth order differential equation as
derived by Reddy and Pang.>

The method of weighted residuals may be used on
the established governing equations (7a) and (7b) to obtain
the boundary conditions. One can adopt d¢» and ow as resid-
uals for Egs. (7a) and (7b), respectively. Therefore, the weak
formulation of Egs. (7a) and (7b) can be written as

24,25

JL [KGA @—:— ¢> +EIj —-(1- )£2P—]5¢dx =

0 dx?
(8a)
H GA(‘ZZ—W—@) Pa—w—i— EzP—}é dx = 0. (8b)
0 : dx?>  dx Ox? a | T

After integrating Egs. (8a) and (8b) by parts, one obtains

("], de dg 2p d*w _d¢
O—J {E’a 0qc ~ (= bPoz gy

(-

+[( €2P— } [El—é(br (9a)

0
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and
L dw ) w aw _dw >w _d*w ]
= Al —— P—o0——u 62 —5
0 L {KG (d P )0 TP a2
L L
— |:KGA (d_w — (;’)) 5w} + {Pd—wéw]
dx 0 dx 0
dw }L [ d*w dw}
2
— |olP— P—
[oc/c 3 ow 0+ 0 e (9b)

In view of Egs. (9a) and (9b), the boundary conditions
are given by

dw dw a?
w GA|—— —P— 4 aPl?—
(dx ¢> d +ohe dx?
2
Specify ‘é_‘;} or gzp‘;_v;
X
d¢ 5 d*w
El—— (1 —a)leP—
¢ dx ( ) dx?

(10)

Consider a nonlocal Timoshenko beam with simply sup-
ported ends. The boundary conditions for such a supported
nonlocal Timoshenko beam are

& d
w=0, T;:: , d—i’zo when a=1 (1)
and
d
w=0, E[d—(b—ézPﬁ—O when «=0. (12

A. Case when a=1

For the case when o = 1, the buckling solution of the
nonlocal Timoshenko beam is obtained by solving Eqs. (7a)
and (7b) with boundary conditions given in Eq. (11) as
shown below. By using the following nondimensional terms:

X _w L. epa P,L? EI
X =— wW=—: —_— = — -
L LMt T M TR KGAL?
(13)

and after decoupling the deflection and rotation variables,
the governing equations (7a) and (7b) can be written as

A% d*w d*w
d6+A1d2+A2d2 07 (14&)
&Ly e do
dr —= Al dx =3 +A2 dx Oa (14b)
where
A= 1 1 n 1
T ORI NTe)
1
Ay = 0 (A, = A, for present case). (15)

The general solution to Eq. (14a) is given by
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w(x) =C; cosh(rx) + C sinh(rx) + Cs sin(sx)

+ Cycos(sx) + Csx + C, (16)

while the solution to Eq. (14b) is given by

¢(¥) =D sinh(rx) + D, cosh(rx) + D3 cos(sx)
+ Dy sin(sx) + Ds, (17)

where

B \/—A1 + /AT Z 44,
- . ,

(18a)

A+ \/A% —4A,

— (18b)
and constants C; (i=1,2---6) and D;(j=1,2---5) are
related by
Dy =nCy, Dy =nCy, D3 = 7C3,D4 = —yCy4, and Ds=Cs,

(19)

where = 1755 and i = =55 . Equation (19) is obtained by
substituting Egs. (16) and (17) into Eq. (7a).

The boundary conditions for a simply supported beam
are specified in Eq. (11). They can be expressed in non-
dimensional forms as

B B B d*w d¢

atx =0andx=1:w=0,——=0,and —=0. (20)
dx? dx

By substituting Egs. (16) and (17) into Eq. (20), one obtains

the following set of homogenous equation in terms of the

unknown constants C; (i =1,2---6) after replacing D;

(j=1,2---5) using Eq. (19):
[ 1 0 0 1 0 17
r? 0 0 —s? 00
m 0 0 —sy 00
cosh(r) sinh(r) sin(s) cos(s) 1 1
r>cosh(r) r?sinh(r) —s?sin(s) —s®cos(s) 0 0
| rncosh(r) rysinh(r) —sysin(s) —sycos(s) 0 0.6
Cq
Cs
Cs
X Ct =0 (21)
Cs
Cs ) 6x1

For a nontrivial solution, the determinant of Eq. (21)
must vanish. This furnishes the following characteristic
equation:

—125%(ry — sn)* sinh(r) sin(s) =0 — sin(s) = 0. (22)
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Based on Egs. (18b) and (22), one can develop a buck-
ling load relationship between nonlocal Timoshenko beam
and the classical Euler beam, i.c.,
P
P, = E for

Pg Pg’
1 +— [2 f2.——
+ GA+ LEI+ “xkGAEI

a=1, (23)

where Py is the buckling load of classical Euler beam with
simply supported ends and is given by
m’El

B. Case when =0

Consider next the case when o = 0, i.e., when the small
length scale is ignored in the shear stress-strain relation in
Eq. (2). The solution has previously being obtained by Wang
et al.* and it is given by

P
P =0 — —EZI)E, fOr

1+ —+ 1=
+GA+”EI

o=0. (25)

It is interesting that one can obtain the buckling load given
by Eq. (25) from Egs. (14) by dropping the sixth-order term.
This approximation has been previously adopted by Reddy
and Pang.>® The nonlocal buckling loads obtained from

Egs. (23) and (25) with respect to u = ‘ = %% are compared
in Figure 1 for Q@ = 1/300 and Q = 1/ 600 The significance
of these € values is that they represent typical properties of
macro scale materials®® and nano scale materials,”*** respec-
tively. It can be seen from Figure 1 that the differences
between the buckling loads (obtained from nonlocal beam
theories with o« =1 and o =0) are negligibly small.
Therefore, one can adopt the nonlocal Timoshenko beam
with o = 0 for calibrating the Eringen’s small length scale
coefficient in Sec. III.

10.0

Nondimensional buckling load, A,

FIG. 1. Nondimensional buckling load for nonlocal Timoshenko beam with
simply supported ends.
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lll. MICROSTRUCTURED TIMOSHENKO BEAM MODEL
FOR SIMPLY SUPPORTED BEAM

Consider a microstructured Timoshenko beam model
comprising #n rigid segments (each segmental length a =L/n)
that are connected by rotational and shear springs. The
microstructured Timoshenko beam is subjected to a com-
pressive axial load P. The problem at hand is to determine
the buckling load of the microstructured Timoshenko beam
with simply supported ends.

To illustrate the microstructured Timoshenko beam
model, a five segment beam example is shown in Figure 2.
There are four rotational springs and five shear springs in the
five-segment microstructured Timoshenko model. At each
node j, there are two degrees of freedom, representing the
nodal transverse displacement w; and nodal rotation 0;. For
a simply supported end with n segments, one will have
w1 = Wy = 0,01 = 0 at the ends.

The strain energy function due to deformed rotational
springs is given by Ostoja-Starzewski>’

1”71 )
Vp = E;C(HFH —0)
LEI:

where C = "7 % and L = na. The quantity n is the num-
ber of discrete elements. The value of C might be different
for other boundary conditions instead of simply supported
ends. This assumption is the same with the microstructured
Euler beam model as described in the authors’ previous
paper."’

The strain energy function due to deformed shear spring
is given by

) (26)

1 n 5
VS = 5; S(Wj+1 - Wj - a0j) s (27)

where S =
The work done by the compressive axial load on the
microstructured Timoshenko beam is given by Challamel

et al.’’

nkGA __ GA
L

1 n Wis1 — Ws 2
:EZlPa<—j+la f) : (28)
J=

Therefore, the total potential energy function can be
expressed as
Swjt

—1
=35, C0n 0
j=1 j=1
2
Wil — W,
-z Pa(’+ f). (29)
2; a

n

—_—

—w; —ab))’

I\JI'—

Obviously this energy function in Eq. (29) for microstruc-
tured Timoshenko beam would reduce to microstructured
Euler beam'® as one sets the shear angle to zero. For exam-
ple, in the five-segment beam with simply supported ends,
we have



114902-5 Zhang, Challamel, and Wang J. Appl. Phys. 114, 114902 (2013)
Shear spring f f S S S
S
Undeformed Ol ] £ 1410 gu lgu ] gl - P
A &7 &7 7 & 72y
4 7 o o C

Rotational spring

| »l »le

[« >« e >

a

Yy

1: W3

04
01:&; 92:W37W27 93 W47W3a
a a a
0, =221 g =B (30)
a a

Interestingly, by considering kGA — oo in this buckling
load formulation, the buckling load parameter of the five
segment Timoshenko beam reduces to 9.5492 which is the
solution for the five segment Euler beam (see Table 1 of
Challamel er al.'®). If we keep increasing the number of
elements, the buckling load converges to the buckling load
of the classical Timoshenko beam.

The Euler-Lagrange equations based on the energy func-
tion in Eq. (29) are

aS(wjrr —wj — ab;) + C(0;11 = 20;+ 6;1) =0, (31a)
Swirr = 2wj +wi1 — a(0; — 0;-1)]
- E (Wj+1 — 2M{,‘ + Wj;l) =0. (31b)

By eliminating 0, the simplified equation can be written as
— 4Wj+1 + 6WJ' — 4Wj,1 + ijz]

P, S
aS— P C

[Wj+2

=0.

Z(W/;H — 2Wj + Wj*l) (32)

Here, we use P’ to replace P in Eq. (31b), representing the
axial force applied on the Timoshenko beam. It is noted that
Eq. (32), applicable when j > 3, is a fourth-order model and
rigorously corresponds to a fourth-order differential equation
of the nonlocal Timoshenko beam model with o = 0.

The microstructured Euler beam model (without the
shear springs) with simply supported ends has the following
total energy function:

n 2
1 Wirl — 2w, +wi_y
_ - c Mt j J }
QZ { a

=
1 Xn:P Wil — W 2

- = a| ————| .
2 = a

From Eq. (33), one can have the corresponding Euler-
Lagrange equation for the microstructured Euler beam as

(33)

N FIG. 2. Five-segment microstructured
Timoshenko beam model.

— 4Wj+1 + 6Wj — 4Wj,1 + Wj,2]
Pra
C

[Wj+2

_|_

(Wj+1 — 2W] + Wj—l) - 07 (34)

where we use Pj; to replace P in Eq. (33). This formulation
is applicable when j > 3.

By comparing Eqgs. (32) and (34), their mathematical
similarity®® allows one to deduce that

Pp

P, S
F(l: T 2.

_ 35
—Py+asC” (33)
Therefore, the buckling loads of the microstructured
Timoshenko beam and the microstructured Euler beam are
related by

(36)

It has been shown'® that the exact buckling load of the
microstructured Euler beam is given by
PLL?

_ . T :
Pp = T 2nsin o
4
nz[l— " 1—|—'--].

360 n*
Therefore, the non-dimensional exact buckling load of the
microstructured Timoshenko beam is

1
12 n?

(37)

PyL? P
5. — _ E___ 38
Pr="p; |4 PEET (38)
KGAL?

Note that the mathematical similarity is valid only if both the
governing equation and boundary conditions match. Through
the mathematical similarity between Egs. (32) and (34), the
deflections of the microstructured Timoshenko beam and the
microstructured Euler beam are related by

wl = Bwf, (39)

where B is an arbitrary constant.
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2 by Wang et al. (2006): ey = %
93 ! L l l
0 20 40 60 80 100

n=L
a

FIG. 3. Comparison of microstructured Timoshenko model and nonlocal
Timoshenko model for simply supported beam (P = P,y for nonlocal
Timoshenko beams with o = 0 and P = P’T for microstructured Timoshenko
model).

The simply supported boundary conditions in the micro-
structured Euler beam model are imposed by setting wf =0
and ignoring the rotational springs at both ends.'®'? These
boundary conditions are readily realized in the microstruc-
tured Timoshenko model by defining ij = 0 and neglecting
the rotational springs at the boundaries. Therefore, in view-
ing of Eq. (39), the boundary conditions for simply sup-
ported microstructured Euler and Timoshenko models have
identical form as it is only necessary to define the displace-
ment w; = 0 at the boundaries.

In view of Egs. (25) and (38), one obtains the following
expression for Eringen’s small length scale coefficient in the
nonlocal Timoshenko beam theory (i.e. o = 0):

1 7% — 4n? sin” (%)
22 T
7~ sin <2n>
1 ( w1 > . 1
_ 14+ —— 4. N limepg =——. (40
23 40 n? noo 2V3 40

It is interesting to note that the value of e is the same value
as the one obtained for the nonlocal Euler beam. The quan-
tity n :% denotes the ratio of the external length to the
internal characteristic length. When n > 10, the value of ¢,
converges to ﬁ for the present nonlocal Timoshenko beam
with o = 0.

To illustrate the formulation of ej in Eq. (40), we gener-
ate the numerical values for buckling load from the micro-
structured Timoshenko beam based on Egs. (37) and (38).
Consider the material properties given in the paper by Wang
et al.** The buckling loads are also produced by nonlocal

ey =

J. Appl. Phys. 114, 114902 (2013)

Timoshenko beam with e¢g = ﬁ As shown in Figure 3, the

results by nonlocal Timoshenko beam match well with that
furnished by the microstructured Timoshenko model. Note
that the value ¢y = ﬁ has been identified for nonlocal Euler

beam under buckling.'” It is therefore found that e, is not
affected by the kinematic assumptions of the Timoshenko
theory.

IV. SUMMARY AND CONCLUSIONS

In this paper, an analytical expression has been obtained
for Eringen’s length scale coefficient ey for the buckling
problem of nonlocal Timoshenko beams by using a micro-
structured Timoshenko beam model. The length scale coeffi-
cient is found to be asymptotic to ey = ﬁ which coincides
with the one obtained for nonlocal Euler beam. Future stud-
ies could examine the Eringen’s length scale coefficient eg
for buckling of nonlocal Timoshenko beams with other
boundary conditions.

'H. Askes and E. C. Aifantis, Int. J. Solids Struct. 48, 1962 (2011).

2A. C. Eringen, J. Appl. Phys. 54, 4703 (1983).

3B. Arash and Q. Wang, Comput. Mater. Sci. 51, 303 (2012).

“Q. Wang, J. Appl. Phys. 98, 124301 (2005).

SL.E. Wang and H. Y. Hu, Phys. Rev. B 71, 195412 (2005).

°p. Lu, H. P. Lee, C. Lu, and P. Q. Zhang, J. Appl. Phys. 99, 073510
(2006).

7Q. Wang and V. K. Varadan, Smart Mater. Struct. 15, 659 (2006).

8Q. Wang and K. M. Liew, Phys. Lett. A 363, 236 (2007).

°J. N. Reddy, Int. J. Eng. Sci. 45, 288 (2007).

19y, Q. Zhang, G. R. Liu, and J. S. Wang, Phys. Rev. B 70, 205430 (2004).

'L. J. Sudak, J. Appl. Phys. 94, 7281 (2003).

12Q. Wang and C. M. Wang, Nanotechnology 18, 075702 (2007).

3N. Triantafyllidis and S. Bardenhagen, J. Elasticity 33, 259 (1993).

14S. Bardenhagen and N. Triantafyllidis, J. Mech. Phys. Solids 42, 111
(1994).

'*H. Askes and A. V. Metrikine, Int. J. Solids Struct. 42, 187 (2005).

'°A. V. Pichugin, H. Askes, and A. Tyas, J. Sound Vib. 313, 858 (2008).

D, Polyzos and D. I. Fotiadis, Int. J. Solids Struct. 49, 470 (2012).

18N, Challamel, J. Lerbet, C. M. Wang, and Z. Zhang, Z. Angew. Math.
Mech., DOI: 10.1002/zamm.201200130 (published online).

N. Challamel, Z. Zhang, and C. M. Wang, J. Nanomech. Micromech.,
DOI: 10.1061/(ASCE)NM.2153 (published online).

20S. P. Timoshenko, Vibration Problems in Engineering, 2nd ed. (D. Van
Nostrand Company, Inc., New York, 1937).

213, P. Timoshenko and J. M. Gere, Theory of Elastic Stability, 2nd ed.
(McGraw-Hill, Singapore, 1961).

22C. M. Wang, Y. Y. Zhang, S. S. Ramesh, and S. Kitipornchai, J. Phys. D:
Appl. Phys. 39, 3904 (2006).

23].N. Reddy and S. D. Pang, J. Appl. Phys. 103, 023511 (2008).

s, Papargyri-Beskou, K. G. Tsepoura, D. Polyzos, and D. E. Beskos, Int. J.
Solids Struct. 40, 385 (2003).

2J.N. Reddy, Energy and Variational Methods in Applied Mechanics (John
Wiley & Sons, New York, 1984).

5[, H. Shames and C. L. Dym, Energy and Finite Element Methods in
Structural Mechanics (Hemisphere Publishing Corporation, New York,
1985).

2TM. Ostoja-Starzewski, Appl. Mech. Rev. 55, 35 (2002).

28C. M. Wang, J. N. Reddy, and K. H. Lee, Shear Deformable Beams and
Plates: Relationships with Classical Solutions (Elsevier Science,
Singapore, 2000).


http://dx.doi.org/10.1016/j.ijsolstr.2011.03.006
http://dx.doi.org/10.1063/1.332803
http://dx.doi.org/10.1016/j.commatsci.2011.07.040
http://dx.doi.org/10.1063/1.2141648
http://dx.doi.org/10.1103/PhysRevB.71.195412
http://dx.doi.org/10.1063/1.2189213
http://dx.doi.org/10.1088/0964-1726/15/2/050
http://dx.doi.org/10.1016/j.physleta.2006.10.093
http://dx.doi.org/10.1016/j.ijengsci.2007.04.004
http://dx.doi.org/10.1103/PhysRevB.70.205430
http://dx.doi.org/10.1063/1.1625437
http://dx.doi.org/10.1088/0957-4484/18/7/075702
http://dx.doi.org/10.1007/BF00043251
http://dx.doi.org/10.1016/0022-5096(94)90051-5
http://dx.doi.org/10.1016/j.ijsolstr.2004.04.005
http://dx.doi.org/10.1016/j.jsv.2007.12.005
http://dx.doi.org/10.1016/j.ijsolstr.2011.10.021
http://dx.doi.org/10.1002/zamm.201200130
http://dx.doi.org/10.1002/zamm.201200130
http://dx.doi.org/10.1061/(ASCE)NM.2153
http://dx.doi.org/10.1088/0022-3727/39/17/029
http://dx.doi.org/10.1088/0022-3727/39/17/029
http://dx.doi.org/10.1063/1.2833431
http://dx.doi.org/10.1016/S0020-7683(02)00522-X
http://dx.doi.org/10.1016/S0020-7683(02)00522-X
http://dx.doi.org/10.1115/1.1432990

	s1
	d1
	n1
	n2
	n3
	s2
	d2
	d3
	d4a
	d4b
	d5a
	d5b
	d6a
	d6b
	d7a
	d7b
	d8a
	d8b
	d9a
	d9b
	d10
	d11
	d12
	s1A
	d13
	d14a
	d14b
	d15
	d16
	d17
	d18a
	d18b
	d19
	d20
	d21
	d22
	d23
	d24
	s1B
	d25
	s3
	d26
	d27
	d28
	d29
	d30
	f1
	d31a
	d31b
	d32
	d33
	d34
	d35
	d36
	d37
	d38
	d39
	f2
	d40
	s4
	c1
	c2
	c3
	c4
	c5
	c6
	c7
	c8
	c9
	c10
	c11
	c12
	c13
	c14
	c15
	c16
	c17
	c18
	c19
	c20
	c21
	c22
	c23
	c24
	c25
	c26
	c27
	c28
	f3

