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Abstract: A new heterodyne nano-displacement with error reduction is presented. The 

main errors affecting the displacement accuracy of the nano-displacement measurement 

system including intermodulation distortion error, cross-talk error, cross-polarization error 

and phase detection error are calculated. In the designed system, a He-Ne laser having 

three-longitudinal-mode is considered as the stabilized source. The free spectral range of 

the 35cm laser cavity is about 435-MHz at 632.8-nm wavelength, which a secondary beat 

frequency equal to 300-kHz is produced by combining the reference and measurement 

beams. The resolution of the displacement measurement resulting from intermodulation 

distortion, cross-talk and cross-polarization errors is limited to 18-pm. Also, the phase 

detection uncertainty causes an error of only 5.9-pm in the displacement measurement. 

Furthermore, frequency-path models of two- and three-longitudinal-mode laser 

interferometers are modeled as the ac interference, ac reference, dc interference and optical 

power terms. A comparison study between two- and three-longitudinal-mode laser 

interferometers confirms that the performance of the designed system is considerably 

improved. 

 

Keywords: Cross-Polarization, Frequency-Path Model, He-Ne Laser, Heterodyne 
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1 Introduction1 

Distance or displacement measurement systems based 

on the coherent methods provide a high accuracy 

measurement in different axes [1-7]. The high precision 

displacement measurement is needed in many 

applications e.g. Space Interferometry Mission (SIM), 

scheduled for lunched in 2009, should be repeatedly 

measure the relative angular position of about 2000 stars 

to 5prad accuracy over five years [8-9]. This system 

requires to measure displacement with linearity about 

10pm-rms over a distance of several meters. To reach 

the SIM, various errors in the displacement 

measurement system should be minimized. On the other 

hand, the fabrication of semiconductor chips necessarily 

implies lithographic stepper machines in order to 

measure high accuracy displacement [10, 11]. Accuracy 

improvement of the displacement in high velocities 

causes the minimum feature of the integrated circuits to 

decrease, and therefore, the number of devices in the 
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substrate will be increased. The laser heterodyne 

interferometer system is the best choice for these 

applications. 

The basic principals of optical displacement 

measurement based on interferometer have been 

presented by Michelson in 1881. The dynamic range 

and accuracy of displacement measurement were 

improved by designing the heterodyne interferometers. 

The basis of classical multiple-wavelength 

interferometric (MWI) method was described in the 

1970s [2]. Frequency and power stabilization, 

nonlinearities, modeling, implementation and simulation 

of displacement measurement system using two-mode 

He-Ne laser were widely presented and discussed [12-

16]. The first nanometric displacement measurement 

system on the basis of three-longitudinal-mode He-Ne 

laser was reported by Yokoyama et al. in 2001 [17] and 

then was improved in 2005 [18]. 

In this paper, we design and analyze a frequency-path 

model for two- and three-longitudinal-mode heterodyne 

interferometers. Design and simulation of an electronic 

section of an improved three-longitudinal-mode laser 

interferometer are discussed and the main errors 

including intermodulation distortion, cross-talk, cross-

polarization and phase detection errors are also 

calculated. A comparison study between two- and three-
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longitudinal-mode laser interferometers is also 

presented. 

 

2 Principles 

The source of the multiple-wavelength interferometer 

should produce an appropriate emission spectrum 

including of several discrete and stabilized wavelengths. 

Some efforts are still being devoted to stabilize three-

longitudinal-mode He-Ne lasers [19-21]. 

The optical frequency differences determine the range 

of non-ambiguity of distance and the maximum 

measurable velocity. The stability of the laser source 

will limit the absolute accuracy of the measurement. On 

the other hand, the maximal absolute distance which can 

be measured by multiple-wavelength is limited by the 

coherence length of the source. 

If we consider a two-wavelength interferometry using 

the optical wavelength 1λ  and 2λ , the phase shift of 

each wavelength will be 

 

ii πd/λ4φ =  (1) 

 

where d is the optical path difference and iφ  is the 

phase shift corresponding to the wavelength iλ . 

Therefore, the phase difference between 1φ  and 2φ  is 

given by: 

 

( )21 /λ1/λ1πd4∆φ −=  (2) 

 

And the synthetic wavelength, 
IIΛ , can be expressed as: 

 

212121sII ννc/λλ/λλλΛ −=−==  (3) 

 

where 1ν  and 2ν  are the optical frequencies 

corresponding to 1λ  and 2λ , and c  is the velocity of 

light in vacuum. 

The He-Ne laser can be applied to MWI using different 

laser lines, e.g. at 629.34-nm and 632.8-nm in the two-

longitudinal-mode interferometer. This allows us to 

obtain a synthetic wavelength about 117-µm [22]. 

Therefore, combining 1λ  and 2λ  and reaching to 

synthetic wavelength, IIΛ , the maximal measurable 

absolute distance will be increased. 

If the number of stabilized wavelengths in the gain 

curve is increased to three-longitudinal-mode, the 

synthetic wavelength is obtained as: 

 

b323121321III c/fλλλλ2λλ/λλλΛ =+−=  (4) 

 

Therefore, the synthetic wavelength in the three-

longitudinal-mode interferometer comparing to two-

longitudinal-mode system is considerably increased.  

The full width at half maximum (FWHM) gain profile 

of a He-Ne laser is about 1.5-GHz and the free spectral 

range (FSR) or mode spacing is obtained as: 

 

L2c/FSR =  (5) 

 

where L  is the cavity length. As a result, the number of 

standing modes in the gain profile can be adjusted by 

calibration of the cavity length. Because of a small 

asymmetry in the gain profile, the unequal primary 

(inter-mode) beat frequencies ( HL ff ≠ ) and hence the 

secondary beat frequency, HLb fff −= , produces. 

The error sources in the laser heterodyne interferometer 

systems includes the non-linearity in the optical section 

[23, 24], laser intensity fluctuations, laser frequency 

instability, environmental turbulences, misalignment in 

the optical instruments, phase detection error, cross-

polarization and cross-talk error. Most of them are 

considered as linear errors that can be reduced or 

eliminated [25-30]. 

 

3 Nano-Displacement Measurement Based on Two- 

and Three-Longitudinal-Mode Laser 

Interferometers 

The gain profile of the laser output and optical head of 

the nano-displacement measurement system on the basis 

of two- and three-longitudinal-mode lasers are shown in 

Fig. 1. In the both cases, the optical head consists of the 

base and measurement arms. First, the laser output is 

separated by a beam splitter (BS) so the base and 

measurement beams are produced. Then, the beam is 

split into two subsequent beams by polarizing beam 

splitter (PBS) and directed to each path of the 

interferometers.  

Two reflected beams are interfered to each other on the 

linear polarizer. Because of orthogonally polarized 

modes, the linear polarizer should be used to interfere 

two beams as shown in Fig. 2. The stabilized multi-

mode He-Ne lasers (having 1f , 2f  and 3f  frequencies 

in three-mode and having 1f  and 2f  in two-mode) are 

chosen in which the side modes can be separated from 

the center mode due to the orthogonal polarization of 

modes. But in reality, non-orthogonal and elliptical 

polarization of beams cause each path to contain a 

fraction of the laser beam belonging to the other path. 

Hence, the cross-polarization error is produced. In the 

reference path (path.1) of three-longitudinal-mode 

interferometer, 1f  and 3f  are the main frequencies and 

2f  is the leakage one, whereas in the target path 

(path.2), 2f  is the main signal and the others are as the 

leakages. 

The frequency-path models of two- and three-

longitudinal-mode interferometers are shown in Fig. 3. 

In the measurement arm of three-longitudinal-mode 

interferometer, there are three frequency components 

and two paths namely the reference and the target (the 

bold lines are the main signal paths and the dashed lines 
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are the leakage paths), whereas in two-longitudinal-

mode interferometer, there are two frequency 

components and two paths. The number of active 

frequency-path elements, n , is obtained by multiplying 

the number of frequency components by paths. Fig. 4 

shows the identification of the physical origin of each 

frequency-path element for the measurement arms. 

The wave intensity being received by an avalanche 

photodiode (APD) is proportional to the square of the 

total electrical field and the number of distinct 

interference terms is equal to 212/1)n(n =+ . In three-

longitudinal-mode laser interferometer, the reference 

path field is obtained as:  

 

( ) 1,2,3i,xktωcosEE 1i1ii1ii =+−= ϕ  (6) 

 

where 1iϕ  is the initial phases corresponding to the 

electrical field ijE , ik  is the propagation constant or 

wave number ( )iπ/λ2 , and 1x  is the motion of the 

corner cube prism in the reference path (CCP.1). Similar 

to Eq. (6), the target path field is described by: 

 

( ) 1,2,3i,xktωcosE
~

E 2i2ii2ii =+−= ϕ  (7) 

 

where 2x  is the motion of  the corner cube prism in the 

target path (CCP.2). In this system, the CCP.1 is fixed 

and hence, 
1

x 0= . Furthermore, the wavelengths are so 

close that propagation constants become almost equal to 

each other ( )kkkk 321 === .  

By squaring the total fields, the photocurrent of the 

avalanche photodiode is given as: 
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Fig. 1 The gain profile and optical head of the nano-displacement measurement system based on the two-longitudinal-mode (top) and 

three-longitudinal-mode (bottom) He-Ne laser interferometers. PBS: polarizing beam splitter; CCP: corner cube prism; BS: beam 

splitter. 
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The high frequency components such as iω , iω2 , and 

ji ωω +  are eliminated by the avalanche photodiode 

( )1,2,3ji, = . Therefore, ignoring the high frequencies in 

the fully unwanted leaking interferometers, there are 21 

distinct interference terms for three-longitudinal-mode 

interferometer and 10 distinct interference terms for 

two-mode type. 

The distinct interference terms can be divided into four 

groups namely dc interference, ac interference, ac 

reference, and optical power [31]. These components in 

the three-longitudinal-mode interferometer are 

respectively given by: 
 

( )
( ) ( )2323122221

21211DI

kxcosE
~

EkxcosEE
~

kxcosE
~

E/KI

+

+=
 (9) 
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Figure 5 shows the combination of the frequency-path 

elements in the measurement arm of two systems. The 

main signals and leakages are depicted by large and 

small solid circles, respectively. On the other hand, the 

diameter of the circles presents the amplitude of the 

signals. The small solid circles are exaggerated for 

clarification. All of the distinct interference terms are 

shown in Fig. 5 by different lines.  
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Fig. 2 Combination of orthogonally polarized beams on the 

linear polarizer. 

 

4 System Design 

As shown in Fig. 1, the incident optical power is 

converted to photocurrent signal by two avalanche 

photodiodes. The schematic of the electronic section of 

the designed system is shown in Fig. 6 for three-

longitudinal-mode laser interferometer. According to 

the figure, the photocurrent of the avalanche 

photodiodes is converted to voltage and amplified by 

two current to voltage converters ( 1IVC  and 2IVC ) and 

low noise amplifiers ( 1A  and 2A ), respectively. 
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Fig. 3 The frequency-path model in two- and three-longitudinal-mode laser interferometers. 
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Fig. 4 Identification of the physical origin of each frequency-path element in the reference and target paths (measurement arms). (a) 

Two- and (b) Three-longitudinal-mode laser interferometers. 
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Fig. 5 The combination graph of the frequency-path elements in (a) two-longitudinal-mode and (b) three-longitudinal-mode 

interferometers. 
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Fig. 6 The schematic of the electronic section of the designed nano-displacement measurement system based on the three-

longitudinal-mode laser interferometer. 
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The unwanted electrical induction between the base and 

measurement paths can be reduced by using two 

isolated power supplies for APD biasing and by 

separating the grounds (analog-base, analog-

measurement and digital grounds). Furthermore, 

because of switching noise of digital section including 

frequency and phase measurement circuits and 

microcontroller, two high-speed opto-couplers isolate 

the analog circuits from digital section. Fig. 7 shows the 

designed circuit with cross-talk error reduction. 

The non-leakage base and measurement signals at the 

end of the amplifiers are respectively described by: 

 

( )( ) ( )
( ) DtωCcos

tωBcostωωAcosv

L

HLHbas

+

+++=
 (13) 

( )( )
( )( )

( )( ) D'tωωcosC'

Φt∆ωωcosB'

Φt∆ωωcosA'v

LH

L

Hmea

++

++±

+−= ∓

 (14) 

 

where ∆ω  is the frequency shift due to the Doppler 

effect ( )kx/t∆ω =  which can be calculated as: 

 

( )2/λVn2π2∆ω =  (15) 

 

where 2λ  is the central wavelength, n  is the refractive 

index of the medium and V  is the target velocity.  

The represented signals in Eqs. (13-14) will be self-

multiplied by two double-balanced mixers ( 1Mix  and 

2Mix ). The secondary beat frequency in the base and 

measurement arms are extracted by two low pass filters 

(LPF) whose cut off frequency is 550kHz. The 

secondary beat frequency is clearly much smaller than 

the others ( )LHb f,ff << . Therefore, the output signals 

of the low pass filters for the base and measurement 

arms are written as: 
 

( )ϕ+= tπf2cosGV b1obas
 (16) 














+−










±= ϕΦ2t

λ

Vn4
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where 1G  and 2G  are the total gain of the current to 

voltage converter, low noise amplifier (see Fig. 8a), 

double-balanced mixer and low pass filter for the base 

and measurement arms, respectively. The above 

sinusoidal signals are converted to square waveform. 

Then, the secondary beat frequency is measured by a 

high bandwidth up/down counter. As a result, the 

Doppler shift frequency is measured. If the counted 

frequency resulting from the Doppler shift frequency is 

denoted as N , the displacement is given by [4]: 








 −
+=

π2

ΦΦ
N

4

λ
∆d 12  (18) 

 

The fractional term of Eq. (18) is obtained by measuring 

the initial and final phases between the base and 

measurement signals ( 1Φ  and 2Φ ) by an accurate phase 

detector. Fig. 9 shows the Doppler shift frequency and 

phase shift in terms of nanometric displacement. The 

operation of phase detector is important, especially in 

the lower velocities. The phase detection method has 

been used in conventional interferometers and there are 

many techniques for phase detection such as averaging 

of the pulse width, triangular wave generation, Vernier 

scheme, etc. [32]. The phase measurement circuit is 

shown in Fig. 8(b). In this circuit, the base and 

measurement signals are exerted to a half exclusive-or 

gate and the pulse width is measured by a high speed 

counter. The resolution of the phase detector is 

proportional to clock pulse of the counter. Here, we 

suggest a universal time-to-digital converter TDC-GP1 

as a high speed counter which can be also used as a 

frequency measurement device. The phase difference 

between the base and measurement signals is 

proportional to the output pulse width. For frequency 

measurement, the signal must be exerted simultaneously 

to the stop and start inputs. The maximum pulse width 

is bf2/1  and the phase detection resolution is obtained 

as: 
 

TDCbΦ /fπf2δ =  (19) 

 

where GHz8fTDC = . 

In summary, by measuring the shifted frequency 

( )∆f2fb ± , the velocity of the target ( )2CCP will be 

obtained. Also, and the displacement of the target can 

be calculated by integrating the velocity or by 

measuring the phase Φ2− , ( )2d/λπ4Φ = . 
 

5 Error Analysis 

Considering 35-cm cavity length for He-Ne laser at 

632.8-nm, the free spectral range is obtained from Eq. 

(5) as 428.275-MHz. The full width at half maximum of 

He-Ne laser is about 1.5-GHz and hence three stabilized 

modes can be found in the gain curve. Assuming the 

primary beat frequencies to be equal to 435.00-MHz 

and 435.30-MHz, the secondary beat frequency 

becomes 0.30-MHz [17, 18]. The maximum measurable 

velocity is limited by the secondary beat frequency and 

from Eq. (15) is given as: 
 

��� ���� �� bmax

2

πf2∆ω2

/λVn2π2ω

=

×=  

max 2b
V f .λ / 4 n

n 1
=

=
 

(20) 
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Fig. 7 The schematic of the electronic section of the designed nano-displacement measurement system with cross-talk reduction. 

 

 

The main sources that affect the accuracy of the three-

longitudinal-mode interferometer are as follows: 

 

a. The cross-polarization error 

The unwanted optical leakage of the reference and 

target paths causes cross-polarization error. For a fixed 

target, the ac interference and the ac reference 

components are coincident and the mode spacing is 

equal to the secondary beat frequency, 300-kHz. The ac 

reference terms, Eq. (11), don't change with variation of 

the target velocity. 

The maximum measurable velocity corresponding to 

Eq. (20) becomes 47.46-mm/s. In the lower velocity, the 

frequencies of the ac and dc interference are slightly 

shifted. However, reduction of the primary to the 

secondary beat frequency causes the maximum 

measurable velocity to be considerably reduced. 

 

b. The intermodulation distortion error 

The amplification and self-multiplication of the signal 

produce the nonlinear components. So, in addition to the 

main signal, there will be higher order harmonics.  

 

c. The phase detection error 

The displacement measurement can be limited by the 

accuracy of the phase measurement. As mentioned 

previously, by using the high-speed counter as shown in 

Fig. 8(b), the phase detection resolution is equal to 

0.014 o  and the displacement error due to the deviation 

of the phase detection is limited to 5.93-pm. 

 

d. The cross-talk error  

The combining the reference and target fields, the phase 

between them is shifted by: 

( )otolooerr /IIarctanΨθΨ −=−=  (21) 

 

where oθ  is the measurement phase, oΨ  is the real 

phase, otI  and olI  are the main signal and leakage 

amplitudes, respectively. The amplitude of the 

measurement signal is given by: 

 

( ) 2/1

errotol

2

ot

2

olom cosΨII2III ++=  (22) 

 

Therefore, the phase error and hence the systematic 

errors can be increased by increasing the leakage 

amplitude as shown in Fig. 10. The signal to leakage 

ratio is also defined by: 

 

2/1
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(23) 

 

where otI  and 
iolI  are the amplitude of the main signal 

and the i
th
 leakage, respectively.  

Since the detected phase is changed by leakage, the 

error in the nanometric displacement measurement ( )
dδ  

can be written as: 

 

( )[ ]π2//IItan4λ/δ otol

1

d1

−=  (24) 
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Fig. 8 (a) The low noise amplifier and (b) the phase 

measurement circuit. 
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Fig. 9 The Doppler shift frequency and phase shift in terms of 

nano-displacement. 
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Fig. 10 Phase shift error resulting from leakage. 

 

 

 
Table 1 A comparison between two- and three-longitudinal-mode He-Ne laser interferometers. 
 

Parameter Two-Longitudinal-Mode Laser 

Interferometer 

Three-Longitudinal-Mode Laser 

Interferometer 
Unit 

Wavelength 632.8 632.8 nm 

Cavity length 25 35 cm 

Synthetic wavelength 0.5 1000 m 

Maximum absolute distance 0.25 500 m 

Intermode beat frequency 600 435.00, 435.30, 870.30 MHz 

Secondary beat frequency --- 300 kHz 

Maximum measurable velocity 21 0.047 m/s 

Phase detection accuracy (similar circuit) 11.8 5.9 pm 

Cross-talk and intermodulation distortion 

error 
100 18 pm 

The number of active frequency-path 

elements 
4 6  

Optical power 
4 6 

AC 

interference 
2 6 

DC 
interference 

2 3 

The number of distinct 

interference terms 

AC reference 

Total: 10 

2 

Total: 21 

6 
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Fig. 11 The measured signals (a) before and (b) after the noise 

and cross-talk reduction (heterodyne technique). 

 

The measured signals before and after the noise and 

cross-talk reduction for two-longitudinal-mode 

interferometer are shown in Fig. 11. Similarly, the 

results of the simulations indicate that the signal to 

leakage and intermodulation distortion ratio before and 

after the noise and cross-talk reduction for three-

longitudinal-mode interferometer are about 17-dB and 

63-dB, respectively.  

As a result, accuracy of the nanometric displacement 

due to the cross-talk error and intermodulation 

distortion reaches about 0.018-nm. 

However, the cross-talk and intermodulation distortion 

errors can be dominated and as a result the displacement 

resolution can be limited to 18-pm without nonlinearity 

consideration. 

By comparing two-longitudinal-mode interferometer 

with three-longitudinal-mode interferometer, we will 

see that the displacement measurement resolution is 

doubled. Comparison data of these systems are 

described in Table 1. Although the maximum 

measurable velocity in three-mode is dramatically 

reduced, the displacement resolution due to the phase 

detection error is doubled and the beat frequency is 

considerably decreased. Also, the maximum absolute 

distance is improved by a factor of 2000. 

 

6 Conclusion 

The frequency-path models of the heterodyne nano-

displacement interferometers based on the two- and 

three-longitudinal-mode He-Ne lasers have been 

presented. These models described the ac reference, ac 

interference, dc interference and optical power 

components of the interferometers. Also, the system 

performance was improved by reduction of main errors 

including the phase detection uncertainty, 

intermodulation distortion, cross-polarization and cross-

talk errors. The displacement resolution limited by 

intermodulation distortion, cross-polarization and cross-

talk errors was calculated as 18-pm. In addition, the 

phase detection uncertainty causes 5.9-pm error in the 

displacement measurement. Finally, a comparison 

between two-longitudinal-mode and three-longitudinal-

mode heterodyne interferometers confirms that the 

displacement resolution due to the phase detection error 

was doubled in three-longitudinal-mode heterodyne 

interferometer. 
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