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ERROR ANALYSIS FOR THE ELASTIC FLOW
OF PARAMETRIZED CURVES

KLAUS DECKELNICK AND GERHARD DZIUK

Abstract. We analyze a semidiscrete numerical scheme for approximating
the evolution of parametric curves by elastic flow in R

n. The fourth order
equation is split into two coupled second order problems, which are approx-
imated by linear finite elements. We prove error bounds for the resulting
scheme and present numerical test calculations that confirm our analysis.

1. Introduction

Let x : [0, 2π] → R
n (n ≥ 2) be the parametrization of a closed curve. For λ > 0

we consider the functional

(1.1) Eλ(x) :=
1
2

∫ 2π

0

κ2ds + λL(x),

where κ denotes the curvature of the curve and L(x) is its length. Furthermore, ds
is the arclength element. The first part in Eλ is the well–known bending energy;
in view of its scaling properties, it is common to penalize length giving rise to the
second term in (1.1). The critical points of Eλ are called elasticae. A natural way
to obtain stable elasticae is to consider the limits as t → ∞ of the gradient flow
associated with Eλ which is given by the following evolution equation

(1.2) xt = −∇2
ssy − 1

2
|y|2y + λy,

where y = xss is the curvature vector and ∇sf = fs − (fs, τ )τ , τ = xs denoting the
unit tangent. Obviously the velocity xt has no tangential component.

For n = 2, Polden [6] proved the global existence of smooth solutions for (1.2).
The corresponding result for curves in arbitrary codimension was obtained in [5].
That paper also suggests a numerical method in order to calculate approximate
solutions of (1.2). A different scheme was used in [1] for the length preserving
elastic flow. A special feature of their approach is that it introduces a tangential
motion which leads to good numerical properties of the scheme. However, up to now
there is no error analysis for the two above-mentioned methods. The purpose of this
paper is to introduce a new finite element scheme, which respects the variational
structure of the problem, and to carry out an error analysis.

The elastic flow for surfaces is called the Willmore flow. Error estimates for
the Willmore flow of two-dimensional graphs have been obtained by the authors in
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646 K. DECKELNICK AND G. DZIUK

[2]. The underlying evolution equation for the height function is a nonlinear strictly
parabolic PDE of fourth order. In contrast, the equation (1.2) is a nonlinear system
of fourth order which is in addition degenerate in a tangential direction. This
degeneracy is due to certain invariance properties of the operator and complicates
the analysis. A numerical scheme for the Willmore flow of two-dimensional surfaces
is presented in [4] for the semidiscrete problem.

For a survey over numerical methods for geometric PDEs we refer to [3].

Notation. We denote by ‖ · ‖Lp(1 ≤ p ≤ ∞) and ‖ · ‖H1 the norm of Lp(0, 2π) and
H1(0, 2π), respectively. For p = 2 we write ‖ · ‖L2 = ‖ · ‖. Finally, (·, ·) is the
euclidean scalar product in R

n.

2. Variational formulation and discretization

Let us begin by deriving a formula for the first variation of Eλ which we shall use
in order to deduce a suitable variational form for (1.2). The curves x = x(u) to be
considered are defined on [0, 2π] and are in general not parametrized by arclength
so that we have

τ =
xu

|xu|
, y =

1
|xu|

( xu

|xu|

)
u

=
1

|xu|
τu.

Thus,

Eλ(x) =
1
2

∫ 2π

0

|y|2|xu| + λ

∫ 2π

0

|xu|

and hence for all φ ∈ H1
per

(
(0, 2π), Rn

)
,

〈E′
λ(x), φ〉 =

∫ 2π

0

(y, yφ)|xu| +
1
2

∫ 2π

0

|y|2(τ, φu) + λ

∫ 2π

0

(τ, φu),

where yφ denotes the derivative of y in direction φ and H1
per

(
(0, 2π), Rn

)
is the

space of all periodic functions in H1
(
(0, 2π), Rn

)
. In order to calculate yφ we write

the relation between x and its curvature vector y in variational form, i.e.

(2.1)
∫ 2π

0

(y, ψ)|xu| +
∫ 2π

0

(τ, ψu) = 0 ∀ψ ∈ H1
per

(
(0, 2π), Rn

)
.

As a consequence for all ψ ∈ H1
per

(
(0, 2π), Rn

)
,∫ 2π

0

(yφ, ψ)|xu| +
∫ 2π

0

(y, ψ)(τ, φu) +
∫ 2π

0

1
|xu|

(Pφu, ψu) = 0,

where P is the projection matrix P = In− τ ⊗ τ . Using ψ = y in the above identity
then gives

〈E′
λ(x), φ〉 = −

∫ 2π

0

1
|xu|

(Pyu, φu) − 1
2

∫ 2π

0

|y|2(τ, φu) + λ

∫ 2π

0

(τ, φu).

It is therefore natural to introduce the following weak form of the gradient flow for
the functional Eλ:∫ 2π

0

(xt, φ)|xu| −
∫ 2π

0

(Pyu, φu)
|xu|

− 1
2

∫ 2π

0

|y|2(τ, φu) + λ

∫ 2π

0

(τ, φu) = 0,(2.2)

∫ 2π

0

(y, ψ)|xu| +
∫ 2π

0

(τ, ψu) = 0,(2.3)
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for all φ, ψ ∈ H1
per

(
(0, 2π), Rn

)
and 0 ≤ t ≤ T . It is not difficult to verify that for

a smooth function x (2.2), (2.3) is equivalent to (1.2).
We now use (2.2), (2.3) in order to define our numerical scheme. Let 0 = u0 <

u1 < · · · < uN−1 < uN = 2π be a partition of [0, 2π] into subintervals Ij = [uj−1, uj ]
and hj := uj−uj−1 as well as h := maxj=1,...,N hj . We require the following inverse
assumption

(2.4) h ≤ ĉhj for all j = 1, ..., N,

where ĉ is independent of h. Let us denote by Xh the space of linear finite elements,
i.e.

Xh = {ηh ∈ C0([0, 2π]) | ηh|Ij
is a linear polynomial, j = 1, . . . , N

and ηh(0) = ηh(2π)}

with the usual nodal basis {ϕ1, . . . , ϕN}. In order to deal with vector-valued func-
tions we also introduce Xn

h := {φh : [0, 2π] → R
n |φh,i ∈ Xh, i = 1, . . . , n}. We

denote by Ih the Lagrange interpolation operator,

Ihf =
N∑

j=1

f(uj)ϕj

for which we have the standard interpolation estimates

(2.5) ‖f − Ihf‖ + h‖fu − (Ihf)u‖ ≤ Ch2‖f‖H2 ∀f ∈ H2
per(0, 2π).

Furthermore, the following properties will be useful:∫
Ij

|φh|2 ≤
∫

Ij

Ih[|φh|2] ≤ C

∫
Ij

|φh|2,(2.6)
∫

Ij

(φh, ψh) =
∫

Ij

Ih[(φh, ψh)] − 1
6
h2

j

∫
Ij

(φhu, ψhu)(2.7)

for j = 1, . . . , N and all φh, ψh ∈ Xn
h . Let us finally introduce

Zh := {zh : [0, 2π] → R
n | zh|Ij

is constant, j = 1, . . . , N}

and define Qh : H1
(
(0, 2π), Rn

)
→ Zh by (Qhf)|Ij

:=
1
|Ij |

∫
Ij

f, j = 1, . . . , N .

Clearly,

(2.8) ‖f − Qhf‖ ≤ Ch‖f‖H1 , ∀f ∈ H1
(
(0, 2π), Rn

)
.

The semi-discrete problem corresponding to (2.2), (2.3) can then be stated as
follows: find xh, yh : [0, 2π]× [0, T ] → R

n such that xh(·, t), yh(·, t) ∈ Xn
h , 0 ≤ t ≤ T

and∫ 2π

0

Ih[(xht, φh)] |xhu| −
∫ 2π

0

(Phyhu, φhu)
|xhu|

− 1
2

∫ 2π

0

Ih[|yh|2](τh, φhu)

+λ

∫ 2π

0

(τh, φhu) = 0,(2.9)
∫ 2π

0

Ih[(yh, ψh)] |xhu| +
∫ 2π

0

(τh, ψhu) = 0,(2.10)

xh(·, 0) = Ihx0(2.11)
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for all φh, ψh ∈ Xn
h and 0 ≤ t ≤ T . Here, we have used the abbreviations

τh =
xhu

|xhu|
, Ph = In − τh ⊗ τh.

Remark 2.1. a ) In view of (2.3), (2.10) the terms λ
∫ 2π

0
(τ, φu) and λ

∫ 2π

0
(τh, φhu)

can be replaced by −λ
∫ 2π

0
(y, φ)|xu| and −λ

∫ 2π

0
Ih[(yh, φh)]|xhu|, respectively.

b) By inserting φh = xht into (2.9), ψh = yh into (2.10) differentiated with re-
spect to time and observing (3.5), (3.6) below, we immediately obtain the following
energy decrease as long as the discrete solution exists:∫ 2π

0

Ih[|xht|2]|xhu| +
d

dt

{1
2

∫ 2π

0

Ih[|yh|2]|xhu| + λ

∫ 2π

0

|xhu|
}

= 0.

An analagous testing procedure will be at the heart of our error analysis.

Note that our choice of the initial datum in (2.11) determines yh(·, 0) ∈ Xn
h

through the relation∫ 2π

0

Ih[(yh(·, 0), ψh)]|(Ihx0)u|

+
∫ 2π

0

(
(Ihx0)u, ψhu

)
|(Ihx0)u|

= 0 for all ψh ∈ Xn
h .

(2.12)

The following result shows that yh(·, 0) is a good approximation of y(·, 0).

Lemma 2.2. Suppose that xh0 = Ihx0. Then for h ≤ h0,

‖y(·, 0) − yh(·, 0)‖ ≤ Ch.

Proof. Recalling (2.12), (2.7) and the relation y(·, 0) = 1
|x0u|

(
x0u

|x0u|
)
u

we obtain∫ 2π

0

Ih[(Ihy(·, 0) − yh(·, 0), ψh)]|(Ihx0)u|

=
∫ 2π

0

(Ihy(·, 0) − y(·, 0), ψh)|(Ihx0)u|

+
∫ 2π

0

(y(·, 0), ψh)(|(Ihx0)u| − |x0u|) +
∫ 2π

0

( (Ihx0)u

|(Ihx0)u|
− x0u

|x0u|
, ψhu

)

+
1
6

N∑
j=1

h2
j

∫
Ij

((Ihy(·, 0))u, ψhu)|(Ihx0)u|

≡
4∑

j=1

Sj

for all ψh ∈ Xn
h . Clearly, (2.5) and an inverse estimate implies that

|S1| + |S2| + |S4| ≤ Ch‖ψh‖,

while

S3 =
N∑

j=1

(
ψhu|Ij

, ej

)
, ej = hj

( x0(uj) − x0(uj−1)
|x0(uj) − x0(uj−1)|

−τ0(mj)
)
+

(
hjτ0(mj)−

∫
Ij

τ0du
)
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with τ0 = x0u

|x0u| and mj = (uj−1 + uj)/2. The error formula for the midpoint rule
and a Taylor expansion yield |ej | ≤ Ch3

j and hence

|S3| ≤ Ch‖ψh‖

again by an inverse inequality. The result now follows by setting ψh = Ihy(·, 0) −
yh(·, 0). �

Our main results are the following error bounds:

Theorem 2.3. Let x : [0, 2π] × [0,∞) → R
n be the solution of (1.2) with smooth

initial value x(·, 0) = x0 and T > 0. Then there exists h0 > 0 such that (2.9)–(2.11)
has a unique solution on [0, T ] and

sup
t∈[0,T ]

‖x(·, t) − xh(·, t)‖2
H1 +

∫ T

0

‖xt(·, t) − xht(·, t)‖2dt ≤ Ch2,(2.13)

sup
t∈[0,T ]

‖y(·, t) − yh(·, t)‖2 +
∫ T

0

‖yu(·, t) − yhu(·, t)‖2dt ≤ Ch2(2.14)

for all 0 < h ≤ h0. The constant C depends on T , inf(0,2π) |x0u| and on higher
norms of the solution x of the continuous problem.

In order not to overburden the presentation and in view of the global existence
results for the continuous problem, we do not trace the precise norms of the con-
tinuous solution.

The proof of the theorem will be carried out in §3. It turns out that in order to
gain control on the first derivatives of x it is necessary to deal separately with the
directions and the lengths of xu, xhu, respectively. This is due to the degeneracy
of the PDE in the tangential direction.

3. Error analysis

Let us fix T > 0. In view of the smoothness of the continuous solution there
exist constants 0 < c0 ≤ C0 such that

(3.1) c0 ≤ |xu| ≤ C0, |y| ≤ C0 in [0, 2π] × [0, T ],
∫ T

0

‖yu‖2
L∞dt ≤ C0.

Standard ODE theory implies that (2.9)–(2.11) has a unique solution (xh, yh) on
some time interval [0, Th] (Th > 0) such that

(3.2)
1
2
c0 ≤ |xhu| ≤ 2C0, |yh| ≤ 2C0 in [0, 2π] × [0, Th],

∫ Th

0

‖yhu‖2
L∞dt ≤ 2C0.

Let us define

T̂h := sup
{
t ∈ [0, T ] | (xh, yh) solves (2.9)–(2.11) on [0, t] and

1
2
c0 ≤ |xhu| ≤ 2C0, |yh| ≤ 2C0 in [0, 2π] × [0, t],

∫ t

0

‖yhu‖2
L∞dt ≤ 2C0

}
.

Our aim is to show that T̂h = T for small h. To this purpose we shall prove the
bounds (2.13) and (2.14) on [0, T̂h] with constants only depending on T , c0, C0 and
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norms of the continuous solution allowing us to continue the discrete solution. By
the definition of T̂h we have

(3.3)
1
2
c0 ≤ |xhu| ≤ 2C0, |yh| ≤ 2C0 on [0, 2π] × [0, T̂h),

∫ T̂h

0

‖yhu‖2
L∞dt ≤ 2C0.

For later use we note some useful identities:

(v, w) = 1 − 1
2
|v − w|2 for v, w ∈ R

n, |v| = |w| = 1,(3.4)

|xu|t = (xtu, τ ), |xhu|t = (xhtu, τh),(3.5)

τt =
1

|xu|
Pxtu, τht =

1
|xhu|

Phxhtu.(3.6)

We split the error analysis into several steps starting with two lemmas that
provide the basic estimate.

Lemma 3.1.

c0

4
‖xt − xht‖2 −

∫ 2π

0

( 1
|xu|

Pyu − 1
|xhu|

Phyhu, xtu − xhtu

)
−1

2

∫ 2π

0

(
|y|2τ − |yh|2τh, xtu − xhtu

)
≤ C

(
h2 + ‖y − yh‖2

H1 + ‖ |xu| − |xhu| ‖2
)
.

Proof. Inserting φh = Ihxt − xht in (2.2) and (2.9), taking the difference of the
resulting identities and recalling Remark 2.1 as well as (2.7) we infer

∫ 2π

0

|xt − xht|2|xhu| −
∫ 2π

0

( 1
|xu|

Pyu − 1
|xhu|

Phyhu, (Ihxt)u − xhtu

)
−1

2

∫ 2π

0

(
|y|2τ − |yh|2τh, (Ihxt)u − xhtu

)
=

∫ 2π

0

(xt − Ihxt, xt − xht)|xhu|(3.7)

+λ

∫ 2π

0

(y − yh, Ihxt − xht)|xhu| + λ

∫ 2π

0

(y, Ihxt − xht)
(
|xu| − |xhu|

)

+
1
6

N∑
j=1

h2
j

∫
Ij

((
xhtu, (Ihxt)u − xhtu

)
|xhu| −

1
2
|yhu|2

(
τh, (Ihxt)u − xhtu

)

−λ
(
yhu, (Ihxt)u − xhtu

)
|xhu|

)
+

∫ 2π

0

(xt, Ihxt − xht)
(
|xhu| − |xu|

)

≡
5∑

i=1

Si.

We deduce from (2.5) and (3.3) that

(3.8)
∑
i �=4

Si ≤
1
2

∫ 2π

0

|xt − xht|2|xhu| + C
(
h4 + ‖y − yh‖2 + ‖ |xu| − |xhu| ‖2

)
.
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On the other hand, an inverse estimate, (3.3), Young’s inequality and (2.5) imply

S4 ≤ 1
6

N∑
j=1

h2
j

∫
Ij

{
− |(Ihxt)u − xhtu|2 +

(
(Ihxt)u, (Ihxt)u − xhtu

)}
|xhu|

+C

N∑
j=1

∫
Ij

(
h2

j |(Ihy)u|2 + hj |(Ihy)u − yhu| + h2
j

)
|(Ihxt)u − xhtu|

≤ Ch2 + C‖yu − yhu‖2.(3.9)

Furthermore, since∫ 2π

0

(
xtu, zh

)
=

∫ 2π

0

(
(Ihxt)u, zh

)
∀zh ∈ Zh,

we obtain, with the help of (2.5) and (2.8),∫ 2π

0

( 1
|xu|

Pyu − 1
|xhu|

Phyhu, (Ihxt)u

)
=

∫ 2π

0

( 1
|xu|

Pyu − 1
|xhu|

Phyhu, xtu

)
+

∫ 2π

0

( 1
|xu|

Pyu − Qh[
1

|xu|
Pyu], (Ihxt)u − xtu

)
≤

∫ 2π

0

( 1
|xu|

Pyu − 1
|xhu|

Phyhu, xtu

)
+ Ch2,

and similarly

1
2

∫ 2π

0

(
|y|2τ − |yh|2τh, (Ihxt)u

)
≤ 1

2

∫ 2π

0

(
|y|2τ − |yh|2τh, xtu

)
+ Ch2 + C‖y − yh‖2.

The result now follows after inserting the above inequalities as well as (3.8), (3.9)
into (3.7) and observing (3.3). �

Lemma 3.2. We have for ε > 0,

1
2

d

dt

∫ 2π

0

Ih[|Ihy − yh|2|] |xhu| +
∫ 2π

0

( 1
|xu|

Pxtu − 1
|xhu|

Phxhtu, yu − yhu

)
−1

2

∫ 2π

0

|y − yh|2(xhtu, τh) +
∫ 2π

0

(
(xtu, τ )y − (xhtu, τh)yh, y − yh

)
≤ ε‖xt − xht‖2 + Cε

(
h2 + ‖y − yh‖2

H1 + ‖τ − τh‖2 + ‖ |xu| − |xhu| ‖2
)
.

Proof. We differentiate (2.3) and (2.10) with respect to time; in view of (3.6) and
(2.7), we obtain∫ 2π

0

Ih[(Ihyt − yht, ψh)] |xhu| +
∫ 2π

0

( 1
|xu|

Pxtu − 1
|xhu|

Phxhtu, ψhu

)
+

∫ 2π

0

(
(xtu, τ )y − (xhtu, τh)yh, ψh

)
(3.10)

=
∫ 2π

0

(Ihyt − yt, ψh)|xhu| +
∫ 2π

0

(yt, ψh)
(
|xhu| − |xu|

)

+
1
6

N∑
j=1

h2
j

∫
Ij

(
(Ihyt)u, ψhu

)
|xhu| +

1
6

N∑
j=1

h2
j

∫
Ij

(yhu, ψhu)(xhtu, τh)
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for all ψh ∈ Xn
h . If we choose ψh = Ihy − yh in (3.10) we obtain

1
2

d

dt

∫ 2π

0

Ih[|Ihy − yh|2] |xhu| +
∫ 2π

0

( 1
|xu|

Pxtu − 1
|xhu|

Phxhtu, (Ihy)u − yhu

)
+

∫ 2π

0

(
(xtu, τ )y − (xhtu, τh)yh, Ihy − yh

)
− 1

2

∫ 2π

0

|Ihy − yh|2(xhtu, τh)

=
∫ 2π

0

(Ihyt − yt, Ihy − yh)|xhu| +
∫ 2π

0

(yt, Ihy − yh)
(
|xhu| − |xu|

)

+
1
6

N∑
j=1

h2
j

∫
Ij

{
(yhu, (Ihy)u − yhu) +

1
2
|(Ihy)u − yhu|2

}
(xhtu, τh)

+
1
6

N∑
j=1

h2
j

∫
Ij

(
(Ihyt)u, (Ihy)u − yhu

)
|xhu| ≡

4∑
i=1

S̃i.

We infer from (2.5) and (3.3)

|S̃1| + |S̃2| ≤ C
(
h4 + ‖y − yh‖2 + ‖ |xu| − |xhu| ‖2

)
,

while an inverse estimate along with (3.3) implies

|S̃3| ≤ Ch2
(
‖yhu‖L∞ + ‖(Ihy)u‖L∞

)
‖(Ihy)u − yhu‖ ‖xhtu‖

≤ Ch
(
‖yh‖L∞ + ‖y‖L∞

)
‖(Ihy)u − yhu‖

(
‖(Ihxt)u − xhtu‖ + ‖(Ihxt)u‖

)
≤ C‖(Ihy)u − yhu‖

(
‖Ihxt − xht‖ + h

)
≤ ε‖xt − xht‖2 + Cε

(
h2 + ‖yu − yhu‖2

)
.

Using again an inverse inequality we obtain

|S̃4| ≤ Ch2‖(Ihyt)u‖ ‖(Ihy)u − yhu‖ ≤ C
(
h2 + ‖y − yh‖2

)
.

As in the proof of Lemma 3.1 we have

∫ 2π

0

( 1
|xu|

Pxtu − 1
|xhu|

Phxhtu, (Ihy)u

)
≥

∫ 2π

0

( 1
|xu|

Pxtu − 1
|xhu|

Phxhtu, yu

)
− Ch2.

Furthermore, a straightforward calculation shows

−1
2
|Ihy − yh|2(xhtu, τh) +

(
(xtu, τ )y − (xhtu, τh)yh, Ihy − yh

)
= −1

2
|y − yh|2(xhtu, τh) +

(
(xtu, τ )y − (xhtu, τh)yh, y − yh

)
−1

2
|y − Ihy|2(xhtu, τh) − [(xtu − xhtu, τ ) + (xhtu, τ − τh)](y, y − Ihy).
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Similarly as above we estimate∣∣∣∣
∫ 2π

0

(
−1

2
|y − Ihy|2(xhtu, τh) − [(xtu − xhtu, τ ) + (xhtu, τ − τh)](y, y − Ihy)

)∣∣∣∣
≤ C‖y − Ihy‖L∞

(
‖y − Ihy‖ + ‖τ − τh‖

)
‖xhtu‖ + ‖xtu − xhtu‖ ‖y − Ihy‖

≤ Ch2
(
h2 + ‖τ − τh‖

)(
‖xhtu − (Ihxt)u‖ + ‖(Ihxt)u‖

)
+Ch2

(
‖xtu − (Ihxt)u‖ + ‖(Ihxt)u − xhtu‖

)
≤ ε‖xt − xht‖2 + Cε

(
h2 + ‖τ − τh‖2

)
and the assertion follows. �

The next lemma combines the above results.

Lemma 3.3.
c0

16
‖xt − xht‖2 + ζ ′(t) ≤ Ch2 + C

(
‖y − yh‖2

H1 + ‖τ − τh‖2 + ‖ |xu| − |xhu| ‖2
)
,

where

ζ(t) =
1
2

∫ 2π

0

Ih[|Ihy − yh|2] |xhu| −
1
4

∫ 2π

0

|y|2|τ − τh|2|xhu|

+
∫ 2π

0

( |xhu| − |xu|
|xu|

(τh − τ ) +
1
2
|xhu|
|xu|

|τh − τ |2τ, yu

)
.

Proof. It follows from Lemma 3.1 and Lemma 3.2 with ε = c0
8 that

c0

8
‖xt − xht‖2 +

1
2

d

dt

∫ 2π

0

Ih[|Ihy − yh|2] |xhu| +
∫ 2π

0

(
A + B)

≤ Ch2 + C
(
‖y − yh‖2

H1 + ‖τ − τh‖2 + ‖ |xu| − |xhu| ‖2
)
,(3.11)

where we have abbreviated

A = −1
2
(
|y|2τ − |yh|2τh, xtu − xhtu

)
− 1

2
|y − yh|2(xhtu, τh)

+
(
(xtu, τ )y − (xhtu, τh)yh, y − yh

)
,

B =
( 1
|xu|

Pxtu − 1
|xhu|

Phxhtu, yu − yhu

)
−

( 1
|xu|

Pyu − 1
|xhu|

Phyhu, xtu − xhtu

)
.

Let us rewrite the terms A and B. To begin, a straightforward calculation shows
that

A = −1
2
|y|2(xhtu, τh) +

1
2
|y|2(xhtu, τ ) +

1
2
|y|2(xtu, τ )

+
1
2
|yh|2(xtu, τh) − (y, yh)(xtu, τ )

=
1
2
|y|2 ∂

∂t

(
−|xhu| + (xhu, τ )

)
− 1

2
|y|2(xhu, τt) +

1
2
|y|2(xtu, τh − τ )

+
1
2
|y − yh|2(xtu, τh) + (y, y − yh)(xtu, τ − τh).

Using (3.6), the symmetry of P and (3.4) we obtain

(xhu, τt) =
|xhu|
|xu|

(Pτh, xtu) =
|xhu|
|xu|

(τh − τ, xtu) +
1
2
|xhu|
|xu|

(τ, xtu)|τh − τ |2.
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In view of (3.4) we have −|xhu| + (xhu, τ ) = −1
2 |τ − τh|2|xhu| and hence

A = −1
4
|y|2 ∂

∂t

(
|τh − τ |2|xhu|

)
+

1
2
|y|2

(
1 − |xhu|

|xu|
)
(τh − τ, xtu)

−1
4
|y|2 |xhu|

|xu|
(τ, xtu)|τh − τ |2 +

1
2
|y − yh|2(xtu, τh) + (y, y − yh)(xtu, τ − τh).

As a consequence we deduce∫ 2π

0

A ≥ −1
4

d

dt

∫ 2π

0

|y|2|τ − τh|2|xhu|

−C
(
‖y − yh‖2 + ‖τ − τh‖2 + ‖ |xu| − |xhu| ‖2

)
.(3.12)

Next, recalling (3.6) we get

B =
1

|xu|
(yu, Pxhtu) +

1
|xhu|

(Phyhu, xtu) − 1
|xu|

(Pxtu, yhu) − 1
|xhu|

(Phxhtu, yu)

=
(
yu, [

1
|xu|

Pxhu − τh + τ ]t
)
−

(
yu, (

1
|xu|

)tPxhu +
1

|xu|
Ptxhu + τt

)
+

(
xtu,

1
|xhu|

Phyhu − 1
|xu|

Pyhu

)
.

Combining the relation Pt = −τ ⊗ τt − τt ⊗ τ with (3.5), (3.6) we have

(
1

|xu|
)tPxhu+

1
|xu|

Ptxhu = −|xhu|
|xu|2

(τ, xtu)Pτh−
|xhu|
|xu|2

(τh, τ )Pxtu−
|xhu|
|xu|2

(Pτh, xtu)τ

and hence

(3.13) B =
(
yu, [

1
|xu|

Pxhu − τh + τ ]t
)

+ (xtu, z1) + (xtu, z2)

where

z1 =
|xhu|
|xu|2

(τh, τ )Pyu − 1
|xu|

Pyu − 1
|xu|

Pyhu +
1

|xhu|
Pyhu,

z2 =
|xhu|
|xu|2

(Pτh, yu)τ +
|xhu|
|xu|2

(yu, τ )Pτh +
1

|xhu|
Phyhu − 1

|xhu|
Pyhu.

Clearly,

z1 =
1

|xhu|
( |xhu|
|xu|

− 1
)2

Pyu +
(
(τ, τh) − 1

) |xhu|
|xu|2

Pyu +
( 1
|xu|

− 1
|xhu|

)
P (yu − yhu)

while

z2 =
|xhu|
|xu|2

(
(τh, yu)τ − 2(τ, τh)(τ, yu)τ + (τ, yu)τh

)
+

1
|xhu|

(
(yhu, τ )τ − (yhu, τh)τh

)
= (yu, τh − τ )

( |xhu|
|xu|2

τ − 1
|xhu|

τh

)
+ (yu, τ )

( |xhu|
|xu|2

− 1
|xhu|

)
(τh − τ )

+2
|xhu|
|xu|2

(τ, yu)
(
1 − (τ, τh)

)
τ +

1
|xhu|

(
(yhu − yu, τ )τ − (yhu − yu, τh)τh

)
.

Observing that
1

|xu|
Pxhu − τh + τ =

( |xhu|
|xu|

− 1
)
(τh − τ ) +

1
2
|xhu|
|xu|

|τ − τh|2τ

License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use



ERROR ANALYSIS FOR ELASTIC FLOW 655

and inserting the above form of z1, z2 into (3.13) and taking into account (3.4) we
arrive at∫ 2π

0

B ≥ d

dt

∫ 2π

0

( |xhu| − |xu|
|xu|

(τh − τ ) +
1
2
|xhu|
|xu|

|τh − τ |2τ, yu

)
−C

(
‖yu − yhu‖2 + ‖τ − τh‖2 + ‖ |xu| − |xhu| ‖2

)
.(3.14)

Combining (3.11), (3.12) and (3.14) completes the proof of the lemma. �
In order to proceed with the error analysis we have to deal with the terms

‖yu − yhu‖, ‖τ − τh‖ and ‖ |xu| − |xhu| ‖ which appear on the right-hand side in
Lemma 3.3, but which cannot be handled directly with the help of a Gronwall
argument. We start with the following:

Lemma 3.4. We have in [0, T̂h) and for ε > 0:

‖τ − τh‖2 ≤ ε
(
‖y − yh‖2 + ‖ |xu| − |xhu| ‖2

)
+ Cε

(
h2 + ‖x − xh‖2

)
.

Proof. We deduce from (2.3) and (2.10) that∫ 2π

0

(τ − τh, ψhu) = −
∫ 2π

0

(y − Ihy, ψh)|xhu| − (y, ψh)(|xu| − |xhu|)

−
∫ 2π

0

Ih[(Ihy − yh, ψh)]|xhu| +
1
6

N∑
j=1

h2
j

∫
Ij

(
(Ihy)u, ψhu

)
|xhu|

for ψh ∈ Xn
h . Inserting ψh = Ihx − xh we derive∫ 2π

0

(τ − τh, xu − xhu)

≤ δ‖τ − τh‖2 + Cδh
2 + ε

(
‖y − yh‖2 + ‖ |xu| − |xhu| ‖2

)
+ Cε

(
h2 + ‖x − xh‖2

)
.

Using (3.4) we see that

(τ − τh, xu − xhu) = (τ − τh, |xu|τ − |xhu|τh) =
1
2
|τ − τh|2(|xu| + |xhu|),

and we complete the proof by choosing δ small enough. �
In what follows it will be convenient to write the finite element scheme as a

difference scheme. To do so, we introduce the quantities

xj = xh(uj), yj = yh(uj), qj = |xj − xj−1|, αj =
1
2

(qj + qj+1) , τj =
xj − xj−1

|xj − xj−1|
for j = 1, . . . , N where here and in the following we use N -periodic indices, e.g.
xN+1 = x1. We insert φh, ψh = ϕje

k(k = 1, ..., N) as test functions into (2.9),
(2.10), respectively, and obtain

αj ẋj +
1

qj+1
Pj+1(yj+1 − yj) −

1
qj

Pj(yj − yj−1)(3.15)

+
1
4

(
(|yj |2 + |yj+1|2)τj+1 − (|yj−1|2 + |yj |2)τj

)
− λ(τj+1 − τj) = 0,

αjyj − (τj+1 − τj) = 0,(3.16)

where we have used the abbreviation Pj = I − τj ⊗ τj . Note that (3.4) and (3.16)
imply

(τj+1 − τj , τj) = −1
2
|τj+1 − τj |2 = −1

2
α2

j |yj |2
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and hence

(3.17) (τj+1, yj) =
1
αj

(τj+1, τj+1 − τj) =
1
2
αj |yj |2, (τj , yj) = −1

2
αj |yj |2.

Lemma 3.5. We have for ε > 0,

‖yu − yhu‖2 ≤ ε‖xt − xht‖2 + Cε

(
h2 + ‖x − xh‖2 + ‖y − yh‖2 + ‖ |xu| − |xhu| ‖2

)
.

Proof. Let us split the difference yu − yhu as follows:

(3.18) yu − yhu = Ph(yu − yhu) + (yu − yhu, τh)τh.

In order to estimate the first term on the right-hand side we note that (2.2), (2.9)
as well as Remark 2.1 imply∫ 2π

0

1
|xhu|

(
Ph(yu − yhu), φhu

)
=

∫ 2π

0

( 1
|xhu|

Phyu − 1
|xu|

Pyu, φhu

)
+

∫ 2π

0

{
(xt, φh)|xu| − Ih[(xht, φh)]|xhu|

}
−1

2

∫ 2π

0

{
|y|2(φhu, τ ) − Ih[|yh|2](φhu, τh)

}
−λ

∫ 2π

0

{
(y, φh)|xu| − Ih[(yh, φh)]|xhu|

}
(3.19)

for φh ∈ Xn
h . Inserting φh = Ihy − yh into (3.19) and using similar arguments as

above we obtain, in view of (3.3),

1
2C0

‖Ph(yu − yhu)‖2 ≤ δ‖yu − yhu‖2 + ε‖xt − xht‖2(3.20)

+(Cδ + Cε)
(
h2 + ‖τ − τh‖2 + ‖y − yh‖2 + ‖ |xu| − |xhu| ‖2

)
.

Let us next consider the term (yu − yhu, τh)τh. We first observe that

(3.21) (yu, τ ) = (y, τ )u − (y, τu) = −|xu| |y|2 in [0, 2π] × [0, T ].

The discrete analogue of this relation follows from (3.17), namely

(3.22) (yj − yj−1, τj) = −1
2
αj |yj |2 −

1
2
αj−1|yj−1|2

where we have used the notation introduced above. Combining (3.21) and (3.22)
we find in Ij ,

|(yu − yhu, τj)| ≤ C|τ − τj | + | |xu| − |xhu|Ij
| + C

(
|y − yj−1| + |y − yj |

)
+

C

hj

(
|qj − qj−1| + |qj+1 − qj |

)
.

Combining (2.5) with an inverse estimate we find that

|qj+1 − qj | ≤ hj+1| |(Ihx)u| − |xhu| | |Ij+1 + Ch2 + hj | |(Ihx)u| − |xhu|Ij

≤ C
√

h‖ |(Ihx)u| − |xhu| ‖L2(Ij∪Ij+1) + Ch2,(3.23)
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and therefore∫ 2π

0

(yu − yhu, τh)2 =
N∑

j=1

∫
Ij

(yu − yhu, τj)2

≤ Ch2 + C

N∑
j=1

{∫
Ij

(
|τ − τh|2 + |y − yh|2

)
+

∫
Ij−1∪Ij∪Ij+1

| |xu| − |xhu||2
}

≤ C
(
h2 + ‖τ − τh‖2 + ‖y − yh‖2 + ‖ |xu| − |xhu| ‖2

)
.

This estimate together with (3.18), (3.20) and Lemma 3.4 yields the desired bound
after choosing δ sufficiently small. �

The most difficult part is to estimate the error in the length element. The basis
is an ODE with respect to time for the lengths of the polygonal curve. In order to
motivate the structure of this ODE we note that (1.2) implies that (xt, τ ) = 0 and
hence by (3.6) and the definition of y,

(3.24) |xu|t = (τ, xut) = (τ, xt)u − (τu, xt) = −(τu, xt) = −(y, xt)|xu|.

Lemma 3.6. The discrete length element satisfies

q̇j +
1
2

((ẋj , yj) + (ẋj−1, yj−1)) qj = Rj(3.25)

with Rj = Sj − Sj−1 and

Sj = − 1
4αj

(
|yj+1 − yj |2 − |yj − yj−1|2

)
+

1
16

|yj |4(qj+1 − qj) −
λ

4
|yj |2(qj+1 − qj)

+
1
16

|yj |2|yj+1|2(qj+2 + 2qj+1) −
1
16

|yj |2|yj−1|2(qj−1 + 2qj)

for j = 1, . . . , N with N-periodic indexing.

Proof. Obviously,

(3.26) q̇j = (τj , ẋj) − (τj , ẋj−1).

Let us calculate the expressions on the right-hand side of this equation. For practical
reasons we use the abbreviation

Jj =
1
2
(|yj−1|2 + |yj |2).

From (3.15) and Pjτj = 0 we deduce

αj(τj , ẋj)

= − 1
qj+1

(τj , Pj+1(yj+1 − yj)) +
1
2

(Jj − (τj+1, τj)Jj+1) + λ(τj+1 − τj , τj).

Next, (3.4) and (3.16) imply that

Pj+1τj = τj − (τj+1, τj)τj+1 = τj − τj+1 +
1
2
|τj+1 − τj |2τj+1

= −αjyj +
1
2
α2

j |yj |2τj+1,(3.27)
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and using again (3.4) we deduce

αj(τj , ẋj) =
αj

qj+1
(yj , yj+1 − yj) −

α2
j

2qj+1
|yj |2(τj+1, yj+1 − yj)

+
1
2
(Jj − Jj+1) +

1
4
α2

j |yj |2Jj+1 −
λ

2
α2

j |yj |2.

The elementary relation (yj , yj+1) = −1
2 |yj+1 − yj |2 + 1

2 |yj+1|2 + 1
2 |yj |2 together

with (3.17) finally implies that

(ẋj , τj) =
1

2qj+1

(
|yj+1|2 − |yj |2

)
− 1

2qj+1
|yj+1 − yj |2 +

1
2αj

(Jj − Jj+1)

+
αj

4qj+1
|yj |2

(
αj+1|yj+1|2 + αj |yj |2

)
+

1
4
αj |yj |2Jj+1 −

λ

2
αj |yj |2.(3.28)

Similar calculations lead to the equation

(ẋj−1, τj) =
1

2qj−1

(
|yj−1|2 − |yj−2|2

)
+

1
2qj−1

|yj−1 − yj−2|2 +
1

2αj−1
(Jj−1 − Jj)

− αj−1

4qj−1
|yj−1|2

(
αj−1|yj−1|2 + αj−2|yj−2|2

)
(3.29)

−1
4
αj−1|yj−1|2Jj−1 +

λ

2
αj−1|yj−1|2.

In order to derive an equation of the form (3.25) we still have to rewrite the euclidean
product between ẋj and yj . Recalling (3.17) we obtain

(3.30) Pjyj = yj − (yj , τj)τj = yj +
1
2
αj |yj |2τj , Pj+1yj = yj −

1
2
αj |yj |2τj+1.

With these relations we obtain from (3.15)

αj(ẋj , yj) =
1
qj

(
yj +

1
2
αj |yj |2τj , yj − yj−1

)
− 1

qj+1

(
yj −

1
2
αj |yj |2τj+1, yj+1 − yj

)
−1

4
(
αj |yj |2Jj + αj |yj |2Jj+1

)
+ λαj |yj |2

and hence, with the help of (3.17),

(ẋj , yj) = − 1
2αjqj+1

(
|yj+1|2 − |yj |2

)
+

1
2αjqj

(
|yj |2 − |yj−1|2

)
+

1
2αjqj+1

|yj+1 − yj |2 +
1

2αjqj
|yj−yj−1|2

− 1
4qj

|yj |2
(
αj |yj |2+αj−1|yj−1|2

)
− 1

4qj+1
|yj |2

(
αj+1|yj+1|2 + αj |yj |2

)
− 1

4
|yj |2 (Jj + Jj+1) + λ|yj |2.

(3.31)
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Let us combine (3.28), (3.29) with (3.31) for j and j − 1. Recalling the definition
of Jj and sorting terms we obtain after some elementary calculations

q̇j +
1
2

((ẋj , yj) + (ẋj−1, yj−1)) qj

= (τj , ẋj) − (τj , ẋj−1) +
1
2
qj(ẋj , yj) +

1
2
qj(ẋj−1, yj−1)

=
( 1
2qj+1

− qj

4qj+1αj

) (
|yj+1|2 − |yj |2

)
+

1
4αj

(
|yj−1|2 − |yj+1|2

)
− 1

4αj−1

(
|yj−2|2 − |yj |2

)
+

( qj

4qj−1αj−1
− 1

2qj−1

) (
|yj−1|2 − |yj−2|2

)
+

1
4αj

(
|yj |2 − |yj−1|2

)
− 1

4αj−1

(
|yj |2 − |yj−1|2

)
−

( 1
2qj−1

− qj

4αj−1qj−1

)
|yj−1 − yj−2|2 −

( 1
2qj+1

− qj

4αjqj+1

)
|yj+1 − yj |2

+
( 1
4αj

+
1

4αj−1

)
|yj − yj−1|2 +

( αj

4qj+1
− qj

8qj+1

) (
αj |yj |2 + αj+1|yj+1|2

)
|yj |2

+
( αj−1

4qj−1
− qj

8qj−1

) (
αj−2|yj−2|2 + αj−1|yj−1|2

)
|yj−1|2

−1
8

(
|yj−1|2 + |yj |2

) (
αj−1|yj−1|2 + αj |yj |2

)
+

αj

8
|yj |2

(
|yj |2 + |yj+1|2

)
+

αj−1

8
|yj−1|2

(
|yj−2|2 + |yj−1|2

)
− qj

16
|yj |2

(
|yj−1|2 + 2|yj |2 + |yj+1|2

)
− qj

16
|yj−1|2

(
|yj−2|2 + 2|yj−1|2 + |yj |2

)
− λ

2
(
αj−1|yj−1|2 + αj |yj |2

)
+

λ

2
qj

(
|yj−1|2 + |yj |2

)
.

We observe that

1
2qj+1

− qj

4qj+1αj
=

1
4αj

,
qj

4qj−1αj−1
− 1

2qj−1
= − 1

4αj−1
,

αj

4qj+1
− qj

8qj+1
=

αj−1

4qj−1
− qj

8qj−1
=

1
8
,

and after rearranging and simplifying, we obtain the claim of the lemma. �

Lemma 3.7. We have for t ∈ [0, T̂h),

(3.32) ‖(|xu| − |xhu|)(·, t)‖2 ≤ Ch2 + C

∫ t

0

‖x− xh‖2 + ‖y − yh‖2 + ‖xt − xht‖2dt.

Proof. Let us define x̃h = Ihx, ỹh = Ihy and introduce the quantities

x̃j = x(uj), ỹj = y(uj), q̃j = |x̃j − x̃j−1|, α̃j =
1
2

(q̃j + q̃j+1) , τ̃j =
x̃j − x̃j−1

|x̃j − x̃j−1|
.

From (3.24) and Lemma 3.6 we infer that on the grid interval Ij ,

(|xu| − |xhu|)t = −(xt, y)|xu| +
1

2hj
((ẋj , yj) + (ẋj−1, yj−1)) qj −

1
hj

Rj
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and hence

|(|xu| − |xhu|)(·, t)| − |(xu − xhu)(·, 0)| − 1
hj

∫ t

0

|Rj | dt

≤ 1
2hj

∫ t

0

|
(
( ˙̃xj , ỹj) + ( ˙̃xj−1, ỹj−1)

)
q̃j − ((ẋj , yj) + (ẋj−1, yj−1)) qj | dt

+
1
hj

∫ t

0

∣∣∣1
2

(
( ˙̃xj , ỹj) + ( ˙̃xj−1, ỹj−1)

)
|x̃j − x̃j−1| − hj (xt, y)|xu|

∣∣∣ dt

≤ C

∫ t

0

|ỹj − yj | + | ˙̃xj − ẋj | + |ỹj−1 − yj−1| + | ˙̃xj−1 − ẋj−1| dt

+C
1
hj

∫ t

0

|q̃j − qj | dt + Chj(3.33)

≤ C√
h

∫ t

0

‖ỹh − yh‖L2(Ij) + ‖x̃ht − xht‖L2(Ij) + ‖|x̃hu| − |xhu|‖L2(Ij) dt + Ch

≤ C√
h

∫ t

0

‖y − yh‖L2(Ij) + ‖xt − xht‖L2(Ij) + ‖|xu| − |xhu|‖L2(Ij) dt + Ch.

Here we have used the assumptions (3.2) and the smoothness of the continuous
solution. Next, we estimate the remainder term Rj . According to Lemma 3.6,

(3.34) Rj = Sj − Sj−1 with Sj = Sj(qj−1, qj , qj+1, qj+2, yj−1, yj , yj+1).

One easily shows by Taylor expansion that

|S̃j | = |Sj(q̃j−1, q̃j , q̃j+1, q̃j+2, ỹj−1, ỹj , ỹj+1)| ≤ Ch2.

We demonstrate this for two typical terms:

1
4α̃j

||ỹj − ỹj−1|2 − |ỹj+1 − ỹj |2| ≤
C

h
|ỹj−1 − 2ỹj + ỹj+1||ỹj+1 − ỹj−1| ≤ Ch2,

|q̃j+1 − q̃j | = ||x̃j+1 − x̃j | − |x̃j − x̃j−1|| ≤ |x̃j+1 − 2x̃j + x̃j−1| ≤ Ch2.

Altogether we have with R̃j = S̃j − S̃j−1 that

(3.35) |Rj | ≤ |Rj − R̃j | + Ch2

and it remains to estimate the difference between Rj and R̃j .
We treat the terms in (3.34) separately. The smoothness assumptions on the

continuous solution implies the estimate

(3.36) |qj − q̃j | ≤
√

hj‖ |xu| − |xhu| ‖L2(Ij) + Ch2
j .

This inequality will be used often in the remaining estimates. First,∣∣∣∣ 1
4αj

(
|yj+1 − yj |2 − |yj − yj−1|2

)
− 1

4α̃j

(
|ỹj+1 − ỹj |2 − |ỹj − ỹj−1|2

)∣∣∣∣
≤ C(|qj+1 − q̃j+1| + |qj − q̃j |)

+Ch
(
| |yhu|2 − |ỹhu|2|Ij+1 + | |yhu|2 − |ỹhu|2|Ij

)
≤ C

√
h‖ |xu| − |xhu| ‖L2(Ij∪Ij+1) + Ch2

+C
√

h‖ỹhu − yhu‖L2(Ij∪Ij+1)

(
1 + ‖yhu‖L∞

)
.
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Also,∣∣∣∣ 1
16

|yj |2|yj+1|2(qj+2 + 2qj+1) −
1
16

|ỹj |2|ỹj+1|2(q̃j+2 + 2q̃j+1)
∣∣∣∣

≤ Ch‖ỹh − yh‖L∞(Ij+1) + C
(
|qj+2 − q̃j+2| + |qj+1 − q̃j+1|

)
≤ C

√
h‖ỹh − yh‖L2(Ij+1) + C

√
h‖ |xu| − |xhu| ‖L2(Ij+1∪Ij+2) + Ch2.

Treating the remaining terms in Sj − S̃j in a similar way as above we finally obtain

|Rj | ≤ Ch2 + C
√

h
(
‖ |xu| − |xhu| ‖L2(I(j)) + ‖y − yh‖L2(I(j))

)
+C

√
h
(
‖yu − yhu‖L2(I(j)) + h‖yuu‖L2(I(j))

)(
1 + ‖yhu‖L∞

)
(3.37)

where we have set I(j) = Ij−2 ∪ Ij−1 ∪ Ij ∪ Ij+1 ∪ Ij+2. Combining the inequalities
(3.33) and (3.37) we arrive at

|(|xu| − |xhu|)(·, t)|Ij
≤ |x0u − xh0u|Ij

+ Ch

+
C√
h

∫ t

0

‖y − yh‖L2(I(j)) + ‖xt − xht‖L2(I(j)) + ‖ |xu| − |xhu| ‖L2(I(j))dt

+
C√
h

(∫ t

0

‖yu − yhu‖2
L2(I(j))

+ h2‖yuu‖2
L2(I(j))

dt

) 1
2 (

1 +
(∫ t

0

‖yhu‖2
L∞ dt

) 1
2 )

.

We square this result, integrate over Ij and then sum from j = 1, . . . , N . Recalling
that xh0 = Ihx0 and (3.3) we obtain

‖(|xu| − |xhu|)(·, t)‖2 ≤ Ch2 + C

∫ t

0

‖y − yh‖2
H1 + ‖xt − xht‖2 + ‖ |xu| − |xhu| ‖2dt.

Lemma 3.5 with ε = 1 together with a Gronwall argument completes the proof. �

We are now in position to complete the error analysis. Lemma 3.3 implies

c0

16

∫ t

0

‖xt−xht‖2 dt+ζ(t) ≤ Ch2+C

∫ t

0

‖y−yh‖2
H1 +‖τ −τh‖2+‖ |xu|−|xhu| ‖2 dt

since ζ(0) ≤ Ch2 by Lemma 2.2. Recalling (2.6) and (2.5) it is straightforward to
see that

ζ(t) ≥ c0

8
‖(y − yh)(·, t)‖2 − δ‖(|xu| − |xhu|)(·, t)‖2 − Cδ

(
h2 + ‖(τ − τh)(·, t)‖2

)
.

Hence, in view of Lemma 3.4,

c0

16

∫ t

0

‖xt − xht‖2 dt +
c0

8
‖(y − yh)(·, t)‖2 ≤ δ‖(|xu| − |xhu|)(·, t)‖2

+Cδ

(
h2 + ‖(τ − τh)(·, t)‖2

)
+ C

∫ t

0

‖y − yh‖2
H1 + ‖τ − τh‖2 + ‖ |xu| − |xhu| ‖2 dt

≤
(
δ + εCδ

)
‖(|xu| − |xhu|)(·, t)‖2 + εCδ‖(y − yh)(·, t)‖2 + CδCε‖(x − xh)(·, t)‖2

+Cδ

(
1 + Cε

)
h2 + C

∫ t

0

‖y − yh‖2
H1 + ‖τ − τh‖2 + ‖ |xu| − |xhu| ‖2 dt.

License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use



662 K. DECKELNICK AND G. DZIUK

Using Lemma 3.7 and Lemma 3.5 we infer after choosing first δ and then ε suffi-
ciently small that

c0

32

∫ t

0

‖xt − xht‖2 dt +
c0

16
‖(y − yh)(·, t)‖2 ≤ C

(
h2 + ‖(x − xh)(·, t)‖2

)
+C

∫ t

0

‖x − xh‖2 + ‖y − yh‖2 + ‖τ − τh‖2 + ‖ |xu| − |xhu| ‖2 dt.(3.38)

Since

‖(x − xh)(·, t)‖2 = ‖(x − xh)(·, 0)‖2 + 2
∫ t

0

∫ 2π

0

(xt − xht)(x − xh)

we infer

‖(x − xh)(·, t)‖2 ≤ Ch2 + ε

∫ t

0

‖xt − xht‖2 dt + Cε

∫ t

0

‖x − xh‖2 dt, ε > 0.

Combining this estimate with (3.38) and using again Lemma 3.4 and Lemma 3.7
we deduce that the function

ρ(t) := ‖(x−xh)(·, t)‖2 +‖(y−yh)(·, t)‖2 +‖(|xu|− |xhu|)(·, t)‖2 +
∫ t

0

‖xt−xht‖2 dt

satisfies

ρ(t) ≤ Ch2 + C

∫ t

0

ρ(s)dt, 0 ≤ t < T̂h.

Gronwall’s lemma implies that ρ(t) ≤ Ch2 for 0 ≤ t ≤ T̂h and hence

sup
0≤t≤T̂h

(
‖(x − xh)(·, t)‖2

H1 + ‖(y − yh)(·, t)‖2
)

+
∫ T̂h

0

‖yu − yhu‖2 + ‖xt − xht‖2dt ≤ Ch2.

(3.39)

Here we used the relation xu − xhu = |xu|(τ − τh) + (|xu| − |xhu|)τh and note that
the constant C only depends on T , c0, C0 and norms of the continuous solution.

We can now prove that T̂h = T . If not, we would have T̂h < T ; the smoothness
of the solution along with (3.39) and an inverse estimate would then imply that

‖(xu − xhu)(·, t)‖L∞ , ‖(y − yh)(·, t)‖L∞ ≤ C
√

h,

∫ T̂h

0

‖yu − yhu‖2
L∞dt ≤ Ch,

which combined with (3.1) would give

3
4
c0 ≤ |xhu| ≤

3
2
C0, |yh| ≤

3
2
C0 on [0, 2π] × [0, T̂h],

∫ T̂h

0

‖yhu‖2
L∞dt ≤ 3

2
C0,

provided that h ≤ h0 and h0 is sufficiently small. However, we could then extend
the discrete solution to an interval [0, T̂h + δ] for some δ > 0 with

1
2
c0 ≤ |xhu| ≤ 2C0, |yh| ≤ 2C0 on [0, 2π]× [0, T̂h + δ],

∫ T̂h+δ

0

‖yhu‖2
L∞dt ≤ 2C0

contradicting the definition of T̂h. Therefore T̂h = T and (3.39) yields the desired
error estimates in Theorem 2.3.
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4. Implementation and numerical results

The spatially discrete elastic flow (2.9), (2.10), (2.11) can be written as a sys-
tem of ODEs for the unknown vector-valued function x = (x1, . . . , xN ) with xj =
(xj,1, . . . , xj,n).

1
2
(qj + qj+1)ẋj +

1
qj+1

Pj+1(yj+1 − yj) −
1
qj

Pj(yj − yj−1)(4.1)

+
1
4
(
(|yj |2 + |yj+1|2)

1
qj+1

(xj+1 − xj) − (|yj−1|2 + |yj |2)
1
qj

(xj − xj−1)
)

−λ
( 1

qj+1
xj+1 −

( 1
qj+1

+
1
qj

)
xj +

1
qj

xj−1

)
= 0,

1
2
(qj + qj+1)yj −

( 1
qj+1

xj+1 −
( 1
qj+1

+
1
qj

)
xj +

1
qj

xj−1

)
= 0(4.2)

for j = 1, . . . , N periodically in N . Here we again have used the abbreviations

qj = |xj − xj−1|, τj =
1
qj

(xj − xj−1) , Pj = I − τj ⊗ τj .

The initial value is given by xj(0) = x0(uj). Note that in this ODE system the
grid sizes hj in the parameter interval do not appear. In this sense our algorithm
is “intrinsic”.

For the implementation we used the following semi-implicit time discretization
of (4.1), (4.2). We adopt the generic notation

zm = z(mτ ), m = 0, . . . , mT

with mT τ = T for the evaluation of the function z on the m-th time level.

Algorithm 4.1 (Fully discrete elastic flow). Let x0
j = x0(uj). For the steps m =

0, . . . , mT − 1 compute

qm
j = |xm

j − xm
j−1|, τm

j =
xm

j − xm
j−1

qm
j

, j = 1, . . . , N

and solve the linear system of equations

1
2τ

(qm
j + qm

j+1)x
m+1
j +

1
qm
j+1

Pm
j+1(y

m+1
j+1 − ym+1

j ) − 1
qm
j

Pm
j (ym+1

j − ym+1
j−1 )

+
1
4
(
(|ym

j |2 + |ym
j+1|2)

1
qm
j+1

(xm+1
j+1 − xm+1

j ) − (|ym
j−1|2 + |ym

j |2) 1
qm
j

(xm+1
j − xm+1

j−1 )
)

−λ
( 1

qm
j+1

xm+1
j+1 −

( 1
qm
j+1

+
1

qm
j

)
xm+1

j +
1

qm
j

xm+1
j−1

)
=

1
2τ

(qm
j + qm

j+1)x
m
j ,

1
2
(qm

j + qm
j+1)y

m+1
j −

( 1
qm
j+1

xm+1
j+1 −

( 1
qm
j+1

+
1

qm
j

)
xm+1

j +
1

qm
j

xm+1
j−1

)
= 0

for j = 1, . . . , N periodically with respect to N .
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Let us write the linear algebra form of this algorithm in order to show its sim-
plicity. We define the matrices

M = diag
(1

2
(qm

j + qm
j+1)

)
,

S = tridiag
(
− 1

qm
j

,
1

qm
j

+
1

qm
j+1

,− 1
qm
j+1

)
,

Skl = tridiag
(
− 1

qm
j

(
δkl − τm

j,kτm
j,l

)
,

1
qm
j

(
δkl − τm

j,kτm
j,l

)
+

1
qm
j+1

(
δkl − τm

j+1,kτm
j+1,l

)
,− 1

qm
j+1

(
δkl − τm

j+1,kτm
j+1,l

))
,

R =
1
4
tridiag

( 1
qm
j

(|ym
j−1|2 + |ym

j |2),

− 1
qm
j

(|ym
j−1|2 + |ym

j |2) − 1
qm
j+1

(|ym
j |2 + |ym

j+1|2),
1

qm
j+1

(|ym
j |2 + |ym

j+1|2)
)

and omit the notation for the time dependence. The meaning of diag is obvious,
M is a diagonal matrix. tridiag denotes a tridiagonal matrix except for two entries
in the last column of the first row and in the first column of the last row, which are
due to the periodicity. If we now denote by

xk = (x1,k, . . . , xN,k), yk = (y1,k, . . . , yN,k),

the coefficient vectors of the k-th component, then the system in Algorithm 4.1 can
be written as

1
τ

Mxm+1
k −

n∑
l=1

Sklym+1
l + Rxm+1

k + λSxm+1
k =

1
τ

Mxm
k ,

Mym+1
k + Sxm+1

k = 0

for k = 1, . . . , n.
If we eliminate y from the first equation by using the second equation, then we

finally arrive at

1
τ

Mxm+1
k +

n∑
l=1

SklM
−1Sxm+1

l + Rxm+1
k + λSxm+1

k =
1
τ

Mxm
k ,(4.3)

(k = 1, . . . , n). We solve this linear system of equations with the BICG-method. It
should be mentioned that for this system also the CG-method converged.

There is no stability estimate for the fully discrete scheme yet. Experimentally
we observed that a time step restriction of the form τ ≤ εh2 was sufficient for
stability of the fully discrete scheme. A better choice is, and this is what we used
for long time computations,

(4.4) 0 < τ ≤ ε inf
j=1,...,N

|xj − xj−1|s.

Here we typically have chosen ε = 0.1 and s = 2. In computations with large
deformations of the curve which appear in short time we have chosen s = 3. Note
that condition (4.4) makes the time step size time dependent.
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Example 4.1. We start with a test for convergence. For this we use an exact
solution of the problem for λ = 0. Following [5] we use

x(u, t) = (1 + 2t)
1
4 (cos (u + 0.1 sin u), sin (u + 0.1 sin u)) ,(4.5)

y(u, t) = − (1 + 2t)−
1
4 (cos (u + 0.1 sin u), sin (u + 0.1 sin u))(4.6)

for u ∈ [0, 2π], t ∈ [0, 1] and n = 2. We computed the discrete solution with
Algorithm 4.1 and with a time step size τ = 0.1h2. Then we computed the following
errors. For generic continuous and discrete functions z and zh we use the notation

E(∞, 2, z) = sup
1≤m≤mT

‖z(·, mτ ) − zm
h ‖,

E(2, 2, z) =
(
τ

mT∑
m=1

‖z(·, mτ ) − zm
h ‖2

) 1
2
.

We computed the errors E(∞, 2, x), E(∞, 2, y), E(2, 2, xu), E(2, 2, yu). For this
we used integration formulas which are exact in P3. In addition we computed the
errors in the following expression:

E(∞,∞, z) = sup
1≤m≤mT

sup
0≤j≤N

∣∣z((j +
1
2
)h, mτ )− 1

2
(zm

h (jh) + zm
h ((j + 1)h))

∣∣

for z = x and z = y. The results for the position vector x are shown in Table
1 and for the curvature vector y in Table 2. They confirm our theoretical results
for the norms which involve gradients and indicate that quadratic convergence can
be expected for the L2 and L∞ norms. We add Table 3 which shows errors and
experimental orders of convergence for E(∞, 2, |xu|) and E(2, 2, xt). The numbers
in the tables are not rounded but just cut off after four digits.

Table 1. Errors and orders of convergence for the position vector
x in Example 4.1.

h E(∞, 2, x) eoc E(2, 2, xu) eoc E(∞,∞, x) eoc

0.6283 0.01500 − 0.9309 − 0.06877 −

0.3141 0.003320 2.175 0.4720 0.979 0.01789 1.942

0.1570 0.0008437 1.976 0.2366 0.996 0.004517 1.986

0.07853 0.0002122 1.990 0.1184 0.999 0.001132 1.996

0.03926 0.00005311 1.998 0.05921 0.999 0.0002831 1.999

License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use



666 K. DECKELNICK AND G. DZIUK

Table 2. Errors and orders of convergence for the curvature vec-
tor y in Example 4.1.

h E(∞, 2, y) eoc E(2, 2, yu) eoc E(∞,∞, y) eoc

0.6283 0.01876 − 0.6691 − 0.05365 −

0.3141 0.004371 2.102 0.3413 0.971 0.01454 1.883

0.1570 0.001091 2.001 0.1712 0.995 0.003708 1.971

0.07853 0.0002733 1.998 0.08566 0.999 0.0009314 1.993

0.03926 0.00006842 1.997 0.04283 0.999 0.0002331 1.998

Table 3. Errors and orders of convergence for the test Example 4.1.

h E(∞, 2, |xu|) eoc E(2, 2, xt) eoc

0.6283 0.08550 − 0.01372 −

0.3141 0.03893 1.134 0.003371 2.025

0.1570 0.01863 1.062 0.0008610 1.969

0.07853 0.009201 1.018 0.0002166 1.990

0.03926 0.004585 1.004 0.00005424 1.997

Example 4.2. Next we compute the evolution of an ellipse under the elastic
flow. Here we have chosen x0(u) = (cos (u), 4 sin (u), 0) for u ∈ [0, 2π] as initial
parametrization. We have chosen xh0,j = x0((j − 1)h) and the computational data
were n = 3, N = 100, h = 0.06283, τ = 0.0001240 and λ = 0.025. In Figure 1 we
show the evolving curve. The grid does not degenerate according to our theoretical
results. But the difference in size of the faces of the polygon becomes quite large.
Note that this is due to the fact that we solve the full PDE (2.2), (2.3) for the
position vector x. Since the elastic flow of curves has purely normal direction and
since we approximate this flow, the discrete solution also has this property approx-
imately. Thus the nodes at regions of high curvature of the initial ellipse have to
become close in the end. Since we do not impose tangential motion onto the system
this effect has to appear. Otherwise we would not solve the correct problem.

For practical purposes one can introduce tangential motion into the scheme which
keeps the grid pleasant. The easiest possibility to do this is to reparametrize the
curve after some time steps according to arc length. Another possibility is presented
in [1]. We did not use any of these approaches for our computations since we wanted
to treat the pure elastic flow problem.

Let us mention that the scheme in [5] is quite similar to our scheme except
for integration by parts in the continuous variational equation. That scheme suf-
fered from undesired tangential motions which do not appear in our scheme. Our
scheme has the property that it respects the variational structure of the elastic flow
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t = 0.0 t = 1.24 t = 6.2 t = 12.4 t = 24.8

Figure 1. Evolution of an ellipse under elastic flow and distribu-
tion of the nodes (Example 4.2).
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Figure 2. Evolution of the functional Eλ (left) and evolution of
the grid parameter σ (right) for Example 4.2.

problem also in the discrete setting; cf. Remark 2.1. However, at present it is
unclear whether the energy also decreases for solutions of the fully discrete scheme,
Algorithm 4.1.

In Figure 2 we present the value of the functional Eλ together with a graph which
describes the behaviour of the grid by showing the evolution of the parameter

σ =
supj=1,...,N |xj − xj−1|
infj=1,...,N |xj − xj−1|

.

Example 4.3. We finally compute the evolution under elastic flow for a curve
which for δ = 0 is a hypocycloid. The parametrization of the initial curve is given
by

x0(u) =
(
− 5

2
cos (u) + 4 cos (5u),−5

2
sin (u) + 4 sin (5u), δ sin (3u)

)
.
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It is well known [6] that multiple coverings of a circle are stable stationary solutions
for codimension one, i.e. for n = 2. This is not true for higher codimension (n ≥ 3).
Obviously for n = 2 the initial curve evolves to a five-fold covering of a circle (Figure
3). Here the computational parameters are λ = 0.025, N = 200 and the time step
was chosen as in (4.4) with ε = 0.1 and s = 2.

It is worth noting that our scheme keeps the initial curve planar even if we
compute in three dimensions, i.e. n = 3. There are no round off errors introduced
into the third component of the solution of the elastic flow.

If we start with an initial curve which is slightly perturbed in a vertical direction,
we have chosen δ = 0.1, then for “small” times up to about t = 1000.0 the evolution
is quite similar to the two-dimensional case. But then the curve begins to unfold
in a complicated manner and evolves to a single circle. This is shown in Figure 6.

The computational parameters are λ = 0.025, N = 200 and the time step was
chosen as in (4.4) with ε = 0.1 and s = 3.

t = 0.0 t = 690.1 t = 3011.9

t = 4930.5 t = 7889.5 t = 10441.2

Figure 3. Example 4.3 for δ = 0: evolution of a planar hypocy-
cloid towards a five-fold covering of a circle. The curves are graph-
ically rescaled to have similar size.

In Figure 4 we plot the value of Eλ against time for planar and perturbed
hypocyloid. Finally, Figure 5 shows the evolution of the grid parameter σ in both
cases.
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Figure 4. Value of the functional during the evolution for Exam-
ple 4.3 for δ = 0 (left) and δ = 0.1 (right).
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Figure 5. Value of the grid parameter σ during the evolution for
Example 4.3 for δ = 0 (left) and δ = 0.1 (right).
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t = 8776.3 t = 8838.4 t = 9362.4

Figure 6. Example 4.3 for δ = 0.1: evolution of a vertically per-
turbed hypocycloid towards a circle.
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