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ERROR ANALYSTS IN THE MEASUREMENT  

OF AVERAGE POWER WITH APPLICATION TO  

SWITCHING CONTROLLERS  

James E. Maisel  

Cleveland State University  

ABSTRACT  

Power measurement errors due to the bandwidth of a power  

meter and the sampling of the input voltage and current of a  

power meter were investigated assuming sinusoidal excitation  

and periodic signals generated by a model of a simple DC/DC  

chopper system. Errors incurred in measuring power using a  

microcomputer with limited data storage were also considered.  

In this investigation, the behavior of the power measure

ment error due to the frequency responses of first order trans

fer functions between the input sinusoidal voltage, input sinu

soidal current and the signal multiplier was studied. Results  

indicate that this power measurement error can be minimized if  

the frequency responses of the first order transfer functions  

are identical.  

The power error analysis was extended to-include the power  

measurement error for a model of a simple DC/DC chopper system  

with a DC power source and an ideal shunt motor acting as an  

electrical oad for the chopper. The behavior of the power  

measurement error was determined as a function of the chopper's  

duty cycle and back emf of the shunt motor. Results indicate  

that the error is large when the duty cycle or back emf is small.  

Theoretical and experimental results indicate that the power  

measurement error due to sampling of sinusoidal voltages and  

currents becomes excessively large when the number of obser

vation periods approaches one-half the size of the microcomputer  

data memory allocated to the storage of either the input sinu

soidal voltage or current.  
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I. INTRODUCTION  

This report contains a study of power measurement errors  

due to the bandwidth and phase mismatch of a power meter and  

the sampling of the input voltage and current of a power  

measuring instrument [1,2].  

The power measurement error due to the frequency response  

of a wattmeter is general to all types of wattmeters both  

analog and digital. The frequency response of the power  

measuring instrument is affected not only by its internal  

electrical system but also by the external electrical system  

that exists between the voltage and current that is to be moni

tored. For example, the frequency response and phase shift of  

the current shunt and voltage divider which is an integral part  

of the power measuring system should be considered when studying  

the power measurement error. Even electrical cables connecting  

the current shunt and voltage divider to the wattmeter should  

be considered as part of the power measuring system if the  

electrical cables are appreciable part of a wavelength. Not  

only do the cables introduce amplitude and phase distortion but  

can introduce time delays between the voltage and current. The  

exact behavior of the frequency response will be dependent on  

the choice of wattmeter, voltage divider, current shunt, and  

the electrical connections.  

In order to perform a power error analysis, the response  

of these electrical elements must be specified. In this  

investigation, it will be assumed that the transfer functions  

are first order between the points where the voltage and current  

are measured and where the multiplication of the voltage and  

current is actually performed. Hence the frequency response  

of the transfer functions decreases approximately at the rate  

of 20 db/decade beyond the corner frequency of the transfer  

function.  
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If the input voltage and current to the power meter are  

sampled, another power measurement error is introduced due to  

sampling. It will be shown that if the number of observed periods  

of a sinusoidal voltage or current is exactly equal to one-half  

the size of data memory allocated to the storage of either the  

input sinusoidal voltage or current, the power measurement error  

will be so large that the power measurement will be meaningless.  

This result is based on the assumption that both data memory  

size and the sampling rate are finite. Under the condition that  

the number of observed periods is one-half the data memory size,  

the number of samples per period is exactly two, which is exactly  

the minimum number of samples required according to Shannon's  

theorem [3].  

The power measurement error due to the bandwidth and sampling  

cannot be analyzed until the current and voltage waveforms are  

specified as a function of time. In other words, the behavior  

of the power measurement error will change with the waveform of  

the input voltage and current. It can be easily shown if the  

input voltage and current are assumed periodic functions of time  

and superposition of harmonic power is-applied, the total average  

power, PT' can be represented by summing the harmonic average  

power, en  

T  n=0  n 

The normalized error of the total power is related to the nor

malized error of the nth harmonic average power and assumes the  

form  

APT/PT =  Z  (Pn/P  n/n (2) 
n T)(AP/P n=0  

Note that the normalized error of the nth harmonic average power  

is multiplied by a weighting factor, PN/PT* In order to determine  

this weighting factor, the waveform of the voltage and current  
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must be specified. In this study of power measurement error,  

two waveforms will be used; they are: the sinusoidal signal  

and the waveforms generated by a simplified DC/DC chopper  

system.  

The power error analysis using a single frequency approach  

offers the advantage-of studying the behavior of the power  

measurement error using trigonometric equations which can be  

manipulated into mathematical forms that are easily understood.  

The results of the single frequency error analysis can be  

extended to more than one frequency, but the error analysis  

becomes more complex.  

The waveforms generated by a simple DC/DC chopper system  

offer the other extreme in error analysis when a complete  

Fourier analysis has to be performed in order to study the  

behavior of the power measurement error. The choice of simple  

DC/DC chopper system was based on the fact that such a system  

is used to control large amounts of power such as in an electric  

vehicle. Since electric vehicle's efficiency is very important  

from a practical viewpoint, an understanding of the power  

measurement error as a function of system parameters has a  

very high priority if the vehicle's driving range is to be  

optimized.  

This study also investigates the feasibility of using a  

microcomputer as a wattmeter. The results of the investigation  

show that if the number of periods observed by the microcomputer  

approaches half the data memory alloted to either voltage or  

current, the microcomputer's output has a large power measure

ment error. This is due to the fact that the microcomputer  

samples the input signals at a finite rate.  
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II. ELECTRICAL MODEL OF A PHYSICAL WATTMETER  

The power delivered to an electrical system as a function  

of time is given by the product of the instantaneous voltage  

and current at the input terminals to the electrical system.  

Since the voltage and current will in general vary from in

stant to instant, the product of instantaneous voltage and cur

rent will also be a function of time. This product is de

fined as instantaneous power,  

p(t) =  e(t) i(t) (3) 

where e and i are the instantaneous voltage and current.  

The average value of the instantaneous power or total average  

power is defined as  

t2 1  f-.~  d  4
PT  =t2t  I  t~  d 

4
tlI  

where t1 and t2 represents the beginning and end of an  

observation time. Since no restriction is placed on either  

the instantaneous voltage or current, the average power will  

in general be dependent on the length of observation time.  

If the instantaneous voltage and current are periodic,  

the total average power is  

PT fTf Tp(t)dt (5)  

where Tp is the period. For the general case where voltage  

and current are periodic, Equation (5) can be used to calcu

late total average power providing that Tp represents the  

time of the fundamental period.  

Employing Fourier series analysis to a periodic voltage  

and current, the complex waveforms can be expressed in terms  

of an average component and an infinite sum of cosine functions.  
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The general trigonmetric form for the Fourier series[4] is  

e(t) =  Vo + V  cos (nwot +On) (6-a) 
n=l 

i(t) =  10  ± =I Cos (no t  + n) (6-b)
0nel n  0  n 

where Vo and Io represent the average value of e(t) and i(t)  

respectively; Vn, pn and In , On represent the magnitude and  

phase angle of the nth harmonic of voltage and current, respec

tively; and wo represents the fundamental angular frequency  

(Wo =  2r/TP). 

Using Parseval's theorem [5], it can be shown that the  

total average power for a general periodic signal can be ex

pressed as an infinite sum of harmonic average powers. The  

result is  

VnInC)S (7) (n- 

Equation (7) relates the harmonic average power content of a 

periodic signal to the total average power. Note that for 

the nth harmonic both Vn and In could be large in magnitude and 

still the average powerassociated with the nth harmonic would 

be zero if On  On =  ±900. This point will be emphasized in 

a later section.  

Although the above equations may describe an ideal power  

meter, physical wattmeters deviate from the ideal case because  

the power instrument will measure quantities that are pro

portional to input voltage and current. If the proportionality  

constants are known, they can be accounted for in the design  

of the wattmeter so that the instrument reads the correct value  

at any frequency.  

A more general approach to modeling a wattmeter is shown  

in Figure 1. The transfer functions from the respective voltage  

and current inputs to the multiplier account for any electrical  

networks that exist between the inputs of the power meter and  

multiplier. For example, a current shunt could be considered  
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a part of HI and a voltage divider could be included in the  

description of HV. Besides the external networks such as the  

current shunt and voltage dividers, internal electrical net

works to the multiplier must also be considered as part of  

HI and HV. For purpose of analysis, it is assumed that the  

transfer functions describe first order systemsthat can be  

represented by  

HV  =  1/(1 + (jnwo)/wl) (8-a) 

HI  =  1/(l + (jkneo)/m1 ) (8-b) 

where wI represents the angular frequency where the magnitude  

of HV is 3db down from the mid-band gain. This angular fre

quency is sometimes referred to as the 3db angular corner fre

quency or just corner frequency. -The parameter k allows the  

two transfer functions to have different corner frequencies.  

The factor nmo represents the set of discrete angular fre

quencies associated with nonsinusoidal periodic signals as  

determined from the Fourier series.  

Since the transfer functions have magnitudes and phase  

angles, both quantities will affect the measurement of the  

nth harmonic average power. Equation (7) can be modified to  

account for the affects of HV and HI on the measurement of  

total average power. Since HV and HI affect-the magnitude and  

the phase of the nth harmonic of voltage and current, re- 

PAPPPAPP Voo n--I ((l+(nwo/Wl)2)(l+(knw 0/Wl) 2)) (knwo/ )9 I + E Vnlncos( n-n+tan 2(n(o/))-tan-

spectively, the approximate total average power [6 

will be indicated by the power meter is 

which 

= 

0 1(n 0 w1 -a 1 knul)) 
(9  

Equation (9) shows that as long as wi is finite, there will  

be an error in the measurement of power because the results  



predicted by Equation (9) will be different from the results  

predicted by Equation (7). The magnitudes of the transfer  

functions affect the product of Vnln while the corresponding  

transfer function phase angles affect the resultant power  

phase angle. If k=l, the resultant power phase angle is in

dependent of w because the two arc tangent expressions in  

Equation (9) cancel each other. In this case, only the  

magnitude of the transfer functions introduce an error in the  

measurement of average power. As the bandwidth of the instru

) '  ment decreases (wq eo - the power measurement error will  

correspondingly increase until errors are so large that a  

power measurement will have little or no meaning.  

If the input signals to the wattmeter are periodic,  

the bandwidth of the wattmeter should be large enough to en

compass all the important power contributing harmonic com

ponents in order to minimize the power measurement error.  

Section III will develop the relationships between bandwidth  

of a wattmeter and the corresponding power measurement error  

for a specific set of periodic signals.  
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III.   ERROR  ANALYSIS  IN  THE  MEASUREMENT  OF  AVERAGE  

POWER  OF  SINUSOIDAL  SIGNALS  

This part of the report will primarily be devoted to  

the error analysis in the measurement of average power of  

sinusoidal signals. Although single frequency power error  

analysis is somewhat restrictive, it does offer a clear view  

about the power error behavior. The results can be extended  

to include the non-sinusoidal periodic case if the true  

harmonic power content is known.  

A. Power Measurement Error Due to Transfer Functions flu and HT  

As discussed in Section I, the two transfer functions HV  

and H, affect wattmeter accuracy especially when the wattmeter's  

bandwidth is of the same order as the highest important harmonic.  

The actual distribution of harmonic power will not only depend  

on the amplitudes of the harmonic voltage and current, but  

also on the phase relationship between the voltage and current.  

Thus, the distribution of harmonic power will depend strongly  

on the profile of instantaneous voltage and current in the  

time domain. Since there are an infinite number of voltage  

and current profiles, the error analysis does not lend itself  

to a closed form analysis unless specific profiles are chosen  

for the instantaneous voltage and current. A sinusoidal wave

form offers the simplest approach because the power equations  

can be expressed in closed form through the superposition of the  

power theorem, the results can be extended to more complex  

periodic signals. Because Equation (9) is general for any  

periodic waveform, one tetm out of the infinite set of power  

terms can be used to represent the sinusoidal profile and is  

given by  

m  PApp  =  ((V Im / 2)/((l+x 2 (l+(kx) 2  ))  (cos(e+tan- (x)tan I  (kx)))  (10) 

where Vm and Im represent the amplitude of the sinusoidal voltage  
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and current, respectively; x represents the normalized angular  

frequency (x = w/wi); and 0 represents the phase angle between  

the voltage and current. The parameter k has the same meaning  

as in Euqation (8). The true average power is given by the  

relationship  

P=  imit PAPp  =  (VmIm/2 )cose. (11) 

k finite  

If Equation (10) is divided by Equation (11), the re

sultant function will be independent of the peak voltage and  

current andafunction.of x,k, and 0 only. The ratio PApp/PT  

is defined as the normalized correction factor,NCF. The true  

average power PT is equal to PAPP/NCF. Therefore, it is  

important that NCF be as near to unity as possible for  

accurate power measurements. The normalized correction factor  

NCF is given by  

22    I  NCF=(1/((l+x2  )  (l+(kx)  2)) ) (cos (e+tan 
-l

(x)tan (kx))/cose)  .  (12) 

In general, NCF will approach + - as the phase angle approaches 

+902 respectively, providing x is not zero. Hence the 

power measurement becomes meaningless for very small power 

factors if tan-lx - tan-1 (kx) N 0. Equation (12) shows that 

if k is equal to unity, NCF will be independent of the phase 

angle, By carefully matching the frequency response of HV 

and HI, (k=l), Equation (12) will be a function of the normalized 

frequency x, only. 

Figures 2, 3, and 4 show the behavior of the correction  

factor as a function of the normalized frequency with k and  

o  as parameters. Except for the case where k=l, the correction 

factor, NCF, is strongly dependent upon the phase angle and 

becomes more pronounced as the power factor approaches zero. 
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According to Equation (12), the correction factor should dis

play some sort of oscillatory behavior as a function of the  

normalized frequency, with oscillations becoming more pro

nounced at low power factors. The normalized frequency in  

Figures 2, 3., and 4 is restricted between zero and unity.  

Above unity the normalized frequency implies that the actual  

frequency exceeds the bandwidth of either HV of HI; this is  

not the normal frequency range for the power meter. Although  

Figures 2 and 3 are informative, they are not very useful  

from a measurement viewpoint because the correction factor 

varies over too large a range for meaningful results. By re

stricting the range of the normalized frequency (gee Figure 4), 

a tighter correction factor tolerance (0.98 <  NCF <  1.02) can 

be achieved. This, of course, restricts the useful'frequency 

range of HV and HI.  

It is obvious from Figure 2 that HV and H, should have 

identical frequency responses (k=l) if the correction factor 

is to be independent of the phase angle. For x +  0, NCF I 

regardless of the values of k and e. For k = 1 + Ak, which 

allows for slight differences in the frequency response be

tween HV and HI, a linear equation representing NCF as a function 

of x, assuming x 0 with e and Ak treated as parameters, can 

be derived indirectly from Equation (12) by expressing 

Equation (12) as a fourth order polynominal. The polynominal 

is given by 

(NCF)k2x4+((NCF) (l+k2)-k)x2+((l-k)tane)x+NCF-l=0. (13)  

For the case k = I + Ak, x +  0, NCF  1, Equation (13) is 

reduced to the linear equation  

NCF =  1-(Aktane)x. (14) 

The slope, Ak tane, becomes very large in magnitude as the  

power factor angle approaches +900 for Akh0, and is positive  

for e negative and negative for e positive. The result is  

consistent with Figures 2, 3, and 4.  
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For the case where the voltage and current are periodic  

functions of time, the true total power can be expressed as  

a function of approximate harmonic power and the corresponding  

NCFn by  

PTn= Z APP /NCF  (15)  
n  

Although Equation (15) gives the same results as Equation (7), 
th  

the  form of Equation (15) is such that each approximate 
n  

harmonic power must be known or measured and the corresponding  

n th armonic phase angle be known or measured in order to  

determine NCFn for the corresponding nth harmonic. However,  

Equation (15) does emphasize that a wattmeter having a small  

power measurement error must have NCFn as close to unity as  

possible with a correspondingly small normalized frequency.  

This can be accomplished using a wattmeter which has a band

width much broader than the important harmonics contained in  

the  voltage and current signal and one which has identical  

frequency responses for HV and HI (k=l). If the bandwidth  

of the wattmeter is many times larger than the important  

harmonics being monitored by the wattmeter, the frequency  

matching of the two transfer functions, HV and H, can be re

laxed to some degree.  

B.  Power Measurement Error Due to Sampling the Voltage and  

Current  

This portion of the report will 'primarilybe concerned  

with power measurement error analysis associated with sampling  

voltage and current and the determination of total average  

power based on these samples. For example, this type of  

power measurement error occurs when a microcomputer is used  

as a power meter; the input analog signals are sampled, con

verted to digits, stored, and manipulated to generate an  

output equal to the average power. In order to develop a  
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power error equation in closed form, it will be assumed  

that the input voltage and current are sinusoidal.  

Before investigating the behavior of power measure

ment.error due to sampling, it is instructive to first ex

plore the power measurement error associated with continuous  

signals. This would be equivalent to sampling at an infinite  

rate with a power computing system having an infinite memory.  

Instantaneous power can be expressed as  

p(t)  =  (VmIm/2)  (cos e  cos  (2ot  +a)) (16) 

Using Equation (4) for the definition of average power and  

letting t2-tl=To, the observation time interval, the approxi

mate average power due to the finite To is  

P =  (VmIm/2)cose-((VmImTp)/(8TO)) (sin(4rTo/Te+e)sine)  (17) 

where T = 2r/. The true average poweris given by the first  

term in Equation (17). The second term can be interpreted  

as an error term which oscillates with a period Tp/2 and de

creases as the observation time,To, becomes large with re

spect to the period Tp. The normalized power error, NPE, is  

defined in terms of true average power,  

NPE =  (PP)/PT  =  (sin(4nC+e)   sine) /(47rCcose  ) (18) 

where C = T0 /Tp, the number of periods or partial periods  

that are observed in time T0 . The normalized power error is  

a decreasing oscillatory function of period C and is zero  

for multiples of C/2. For a given C (C not equal to a  

multiple of ), NPE approaches + - as e approaches +900.  

Using L'Hospital's Rule, it can be shown that if C is equal  
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to a multiple of k, NPE approaches zero even as e  approaches 

+900. 

It can be concluded from the above discussion that a  

wattmeter capable of observing C periods equal to a multiple  

of periods, the NPE will be zero for any value of 0.' If  

C is other than a multiple of periods, NPE is not zero and  

there will be a difference between the true average power  

and approximate average power. This power error is usually  

small when using a conventional laboratory wattmeter because  

the observation time is usually much greater than the period  

of the signal (human response time must be considered) being  

monitored by the wattmeter. However, a microcomputer, with  

a very large memory but finite sampling interval could be  

programmed to determine the approximate average power over an  

observation time interval comparable to the period of the  

input voltage and current. The value of NPE could become  

sighificant, especially if the phase angle approaches +900.  

If the input voltage and current are sampled at a finite  

rate and the memory size is finite, the above results for the  

continuous case are no longer valid in a strict sense. The  

normalized power error no longer keeps on decreasing with  

increasing C because of the finite sampling rate and finite  

data memory size. This condition is observed when a micro

computer with finite data storage capability is programmed to  

function as a wattmeter. The analog input signals are sampled  

and processed to obtain the approximate average power. The  

gating time or observation time will depend on the memory size  

and time between samples and is given by  

To  =  (19)NTs 

where N represents data memory size and Ts the time between  

samples. For a given data memory size, the observation time  

is proportional to-the sampling time interval. For large  
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sampling frequencies (Ts is small) it is possible for To  

to become comparable to the period of the input signals  

thus causing the power measurement error to be excessive.  

The discrete form of Equation (16) can be written  

p(nTs)=(VmIm/2 )(cos 0-cos (4inTs/Tp + o)).  (20) 

The corresponding approximate average power is found by 

summing Equation (20) over memory size N.  P is given by 

N 

P  (l/(N+l)) n=0 p(nTs) . (21) 

It is convenient to define a power measurement error simi

lar to Equation (18) except that it will be called the nor

malized sampled power error, NSPE. The result is  

N  

NSPE =  1-P/P =  (1/(bH-))( 0=cos(4rnTs/Tp+e)/cose). (22) 

Expressing the cosine function in terms of exponentials,  

and recognizing that the expmential summation is a geometric  

series, the normalized sampled power error can be expressed  

in term of periods or fractional periods C. The result is  

NSPE=(I/(2(N+I)cosasin(2TC/N)))  (cos(e+)cos(e"++47rC))  (23-a) 

= tan-l(sin(4rC/N)/(2sin2(27C/N))). (23-b)  

If N is allowed to approach infinity,  

o  >/2 

cos(8+*)  -sine 

cos(o+ +4rC)- - -sin(e+4C)  

sin(27rC/N)   2rC/N. 



-16- 

The result is exactly the same as for the continuous case  

(Equation ((1)). If C is chosen to be a multiple of ., NSPE  

is zero. This is also consistent with the continuous case.  

The major difference between Equations (23-a) and (18) 

is the factor sin(2wC/N) instead of 47rC. The sine function 

is cyclic and appears in Equation (23-a) because the input 

signals are being sampled at a finite rate and the memory 

size is finite. For a specified N (memory size) and N >> 1, 

the NSPE will approach +1 and -1 as C approaches 0 and N/2, 

respectively. The case for C approaching 0 implies that the 

observation time as well as the sampling time is approaching 

zero (Equation (19)). This means P/P is approaching zero in 

the limit or NSPE is a +1 (Equation 22)). As C approaches 

N/2, the number of samples per period,N/C, approaches 2. 

The angle i  (Equation 23-b) approaches r/2 and NSPE (Equation 23-a) 

becomes indeterminant. Using L'Hospital's Rule, it can be 

shown that NSPE )-l as C N/2. 

If C in Equation (23) is replaced by Cn + AC, where Cn  

is an integer, the behavior of NSPE can be studied within  

a given period Cn. It is assumed that the scanning parameter,  

AC, is restricted to a range from zero to unity. This pro

cedure permits the comparison of NSPE of one period with  

another period as shown in Figure 5 and 6. Figure 5 shows  

the behavior of NSPE for Cn = 1 and Cn = 255 assuming N = 512  

and e = 300. The plot shows for Cn = 1 that the NSPE will  

reach a maximum of approximately 0.04 and a minimun of approxi

mately -0.10 for AC equal to approximately 0.10 and 0.35,  

respectively. If the power instrument observation time happens  

to coincide with C = 1.15, or C = 1.35, the power measurement  

error would be too large for meaningful measurements. For  

the period 255, which is just before the period where C equals  

512/2, the NSPE begins to increase because of the sin(2nC/N)  

factor in Equation (23-a). Notethat NSPE for C = 255 is read  

along the right hand side of the vertical axis in Figure 5.  
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Again, the power measurement could be meaningless if the  

observation time is chosen incorrectly. In both cases,  

the phase angle was fixed at 300.  

Between Cn = 0 and Cn = 256, NSPE decreases because 

the sin(2rC/N) factor in Equation (23-a) is increasing in 

value. Figure 6 shows the behavior of NSPE for Cn = 50, 

100, and 127; 6 = 300; and N =  512. Note that the NSPE is 

considerably less than for Cn =  1 and 255. According to 

Figure 6, if 50.4 periods were observed, the value of NSPE 

is approximately -0.0017 and the approximate average power 

is PT(l+.0017) or 0.17% above the true power. This power 

measurement error is well within the acceptable limit for 

most power measurements. Figure 6 also reflects that the 

maximum absolute error is smaller for Cn = 100 rather than 

for Cn = 127 where the sin(2rC/N) is approximately unity. 

This is due to the phase shift angle e which is 300 for this 

case. Since NSPE is oscillatory, it would be advantageous 

to determine the maximum and minimum values for any period 

between C=1 and 255. This approach would give the worst case  

error for any period (1 < C < 255). The behavior of the  

minimum worst case as a function of C can be studied for  

various values of phase angles.  

A computer program was developed to determine NSPEmax  

and NSPEmin for any period Cn where Cn could vary from 1 to 255.  

Figure 7 shows the behavior of NSPEmax as a function of periods  

observed for o = +300 and N = 512. For the stated phase angles,  

NSPE max reaches approximately the same global minimum but  

in different numbers of periods. This minimization is pri

marily due to the sin(2vC/N) factor and the phase angle.  

Figure 8 shows the variation of NSPEmin for the same range of  

C as in Figure 7.  

The results of the section reflect the importance of having  

a matched frequency response for HV and H. when the bandwidth  

of the power meter is comparable to the highest important  
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harmonic power associated with periodic voltage and current  

signals. Also, harmonics with.large voltage and current  

magnitudes may contribute very little average power if the  

.phase angle is near +900.  

In summary, it was found that sampling the voltage and  

current and processing the results using a microcomputer as  

a wattmeter can generate excessive power measurement errors  

if the observation time is comparable to the period of the  

input signals or if the number of observation periods approaches  

half the memory size used to store the samples of voltage or

current in the computer.  
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IV. POWER ERROR ANALYSIS OF A SIMPLE CHOPPER SYSTEM  

As pointed out in Section II, power measurement error  

is strongly affected by the waveform of the instantaneous  

voltage and current. Hence, in order to understand the be

havior of power measurement error, a specific set of waveforms  

must be investigated. This section of the report will analyze  

the power measurement error associated with an ideal simple  

chopper system [7] that controls the power from the source to  

a load. In this case, the load will be an ideal shunt motor.  

The duty cycle of the chopper and the motor's back emf have  

strong influences on the power measurement error.  

In order to evaluate the harmonic input and output power  

content in an electronic chopper or power controller such as  

employed in an electric vehicle, the steady state instantaneous  

input/output voltage and current must be known in terms of  

the system parameters. A simplified schematic for a DC/DC  

chopper is shown in Figure 9. Power that is delivered to  

the shunt motor from the DC source is controlled by switch  

SW that is activated by an electronic system not shown in the  

model. By varying the on-time with respect to the time of  

one period, power supplied to the motor can be varied from  

zero to a maximum value which depends on the system parameters.  

For the purpose of analysis, it will be assumed that the time  

constants of the electric motor and the connecting mechanical  

load are much larger than the time constant of the power controller.  

. The resistances R1 , R2 , and R3 represent the internal  

resistance of the DC source and input leads; on-resistance of  

the switch SW; and resistance of the armature of the shunt  

motor, respectively. Inductance L3 accounts for the inductance  

of the armature. Voltages E1 and E2 represents the open-circuit  

voltage of the D.C. source and the back emf of the motor,  

respectively, while voltages E3 and E4 account for the semi

conductor offset voltage. Listed in Figure 9 are the numerical  
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values of the 'systemparameters used in the harmonic analysis  

of the power controller's input and output signals.  

Diode DI is necessary to allow the current i2 to con

tinue to flow after SW is turned off;otherwise the induced  

voltage across L3 will approach infinity as i2 decreases  

instantaneously to zero. This will cause a voltage breakdown  

in the power controller. The free-wheeling action of the  

diode and L3 increases DC component substantially by taking  

advantage of the energy stored in the inductor..  

Typical voltage and current waveforms are shown in  

Figure 10. The on-time is represented by TD and the period  

by Tp. Obviously, TD can be varied from 0 to.Tp and for  

puipose of analysis, the period is fixed at 0.001 second.  

The harmonic structure of the input/output voltage and  

current will be required in order to study the behavior  

of the harmonic power content. The on-time and back emf are  

the two system parameters that can be varied easily in an  

electric vehicle. The duty cycle, TD/Tp, is controlled by  

the vehicle's operator via the power controller while the  

back emf depends on the magnetic flux and the speed of the  

motor. Neglecting armature reaction, the net flux will  

essentially remain constant for a given shunt field current  

and armature current. Under this condition, the back emf is  

directly proportional to the speed of the armature.  

The amplitude and phase angle of the harmonics contained  

in el, il, e2 and i2 will vary with duty cycle for a given  

back emf. Before quantitatively expressing the harmonic  

behavior as a function of the on-time, a qualitative assessment  

can be conducted. This approach reinforces the quantitative  

results. Starting with a 100% duty cycle, the voltages and  

currents in the system are pure DC assuming the electrical  

system in Figure 9 has reached a steady-state condition.  

As the duty cycle is reduced from 100%, the signals become  

rich in harmonics and this richness grows as the duty cycle  
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decreases. However, as the duty cycle approaches zero, the instan

taneous voltages and currents and corresponding harmonics as  

well as the DC component approach zero. For a given duty  

cycle, the harmonic content in the instantaneous voltages and  

currents decreases as the back emf approaches the input vol

tage. This is obvious because the back emf bucks the voltage  

Er. The instantaneous voltages and currents are therefore very  

rich in harmonics when the duty cycle is small and the back emf  

is approaching zero.  

Since the power associated with any given harmonic de

pends on the amplitude of the voltage and current as well as  

the cosine difference of the phase angles, large harmonic  

amplitudes that are approximately in quadrature with each other  

contribute very little to the total average power. If the DC  

components of the instantaneous voltage and currents are sup

pressed as showniin Figure 11, very interesting results can  

be observed. The fundamental input voltage and current as  

shown by the dotted curves are.:approximately 180 out of  

phase. The exact phase relationship will be a function of the  

cuty cycle, However, the fundamental output voltage and cur

rent appear to be in quadrature, thus contributing very little  

to the total average power. This is primarily due to the in

ductive filtering action by the armature inductance which takes  

place via the diode D1 .' Qualitatively, the frequency specifi

cations of a wattmeter monitoring the input power of the  

power controller will be more stringent than for a wattmeter  

that is monitoring the power output of the same controller.  

A. *Fourier Analysis of the Signals Associated with the Simple  

Chopper System  

In order to evaluate the harmonic content of el, il, e2  

and i2 , the system must be in steady state; otherwise the  

Fourier series analysis is meaningless. A set of equations  

representing the instantaneous voltages and currents will be  
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derived based-on circuit boundary conditions. The results of  

such analysis will allow the determination of total average  

power, harmonic power content via the Fourier series, and  

power error due to a wattmeter with a finite bandwidth.  

The current,il, can be expressed in the form  

iI = K1 + K2 exp(-t/T1 ) ;  0 <t <TD (24Za) 

i0 = 0 TDt<TP (24-b)  

where K1 represents the value of i1 if the switch SW remains  

closed indefinitely and is equal to (EI-E 4-E2 )/(R1+R2+R2 ),  

K2 =i2 (0-)-KI, and T1 =L3 /(RI+R 2+R3). The current i2 (0-) is  

the minimum value of the output current as indicated in  

Figure 10. During the time interval when SW is closed, igi 2 ,  

and during the remaining portion of the period when SW is  

open, i2 can be expressed as  

i2 = K3 exp(-(t-TD)/T 2) ;  TD < t <Tp (25) 

where K3 =4I1 t=TD and T2=L 3 /R3 . It is assumed that i2 never  

reaches zero before the switch is closed again. This assumption  

is reasonable since the time constant T2 is usually much  

larger than the period Tp. Equations (24-a) and (25) must  

have the same value at t=TD and Equation (25) must be equal  

to i2 (0-) at T=Tp since the system is assumed to be in a  

steady state condition. Thus,  

K1 + (i2(0-)-K)exp(-TD/TI) = K3; t=TD (26-a)  

i2(0-) = K3 exp(-(Tp-TDY/T 2) ;  t=Tp (26-b) 

From Equations (26-a) and (26-b), i2 (0-) can be expressed  
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in terms of KI, TD' Tp, T1 and T2 as  

i2(0-)=Kl(I-exp(-TD/T))/(exp((Tp-TD)/T2exp(-TD/TI)). (27)  

The value of i2(0-) at t=0 and t=Tp is in agreement with the  

electrical bounds on the system, namely, i2(0-)=0 and  

i2(0-) = K, = (E1-E4 -E 2 )/al+R 2 +R 3 ), respectively. The instan

taneous input and output voltages can be expressed in terms of  

the respective currents ii and i2  

el = E1 - Rli I 0 < t < TD (28-a)  

eI = El TD -< t < Tp (28-b)  

e2 =  El - (R1+R 2 )iI ;  0 < t < TD (28-c) 

e2 = -E 3 ;  TD < t < TP (28-d) 

Equations (25), (26), (27), (28) are the necessary set of  

equations to determine the total input and output power,  

voltage and current harmonics, harmonic power content, and  

power error due to a wattmeter with a finite bandwidth.  

The harmonic content associated with the controller's  

instantaneous input and output signals can be expressed as  

a set of algebraic equations whose coefficients are a function  

of the system parameters. The equations are listed below.  

See the Appendix for the functional relationship between X1 , X2,  

Y' Y2, Y4,Y5 and the system parameters.  

Input Side of the Power Controller  

Voltage Terms  

Wo=ElTD/Tp-RIKTD/Tp-(RlTIK2Tp)(l-exp(--Tp/TI))+EI(Tp-TD)/Tp (29-a)  
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W I = -R(K1 X1 + K2X2) (29-b)  

W 2 = -R1 (K1Y1 + K2Y2 ) (29-c)  

Current Terms  

woo = KiTD/Tp + (K2TI/Tp)(1-exp(-TD/Tl)) (30-a)  

= KIX I + K2X2 (30-b) W3  

= KIY 1 + K2Y2 (30-c) W4 

IVli =  ((W1)2+(W2)2) and /Vni -tan-l(w2 /W1 ) (31-a)

lfnil  =  ((W3 )2+(W4 )2) and/Ini=tanI(W4/W3)  (31-b) 

Output Side bf the  Power Controller 

Voltage Terms 

Ko=(EIE 4 )TD/TP (pRiR2)KITD/Tp((R 1 +R2 ) TIK2 /Tp)  (lexp(TDT)E 3  (TpTD)  /Tp (32a) 

Z, = (E1-E4 )XI - (R1+R 2 )(K 1XI+K2X2 ) + E 3 X1 (32-b) 

Z2  =  (E 1E4)Y   (R1+R2 )  (K1Y1+K2 Y2 )  +  E3 Y1  (32c) 

Current  Terms  

Xoo=KlTD/Tp+(K2 Tl/Tp)  (lexp(TD/T9 )+(KBT 2 /Tp)  (lexp( (TpT,)/T  2 ))  (33a)  

Z3 =  Kix I + K2X 2 + K3Y4 (33-b)  
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Z4  =  K1YI + K2Y2  +  K3 Y5  (33-c) 

jVn 1= ((Z I )  2 +  (Z 2 ) 2 )  and  V=tanI (Z2 /ZI)  (34-a) 

'Inoj=((Z3)2+(Z4)
2 )  and /ito=-tan-l(z4/Z3) (34-b)  

Equation (31) and (34) were evaluated using a computer. A 

typical computer printout is shown in Figure 12. The first 

thirty harmonics of input/output voltage and current were 

caleulated as a function of on-time TD for a given E2 . For 

example, the case where TD =  0.0001 second and E2=25volts, the 

input fundamental voltage and current are for all practical 

purposes 1800 out of phase while the output fundamental vol

tage and current are 900 out of phase. This is consistent 

with the previous discussion about the harmonic phase relation

ship between voltage and current at both the input and output 

of the power controller. Although the value of the phase 

angles for the individual voltage and current are dependent  

on TD and E2 , the angular difference between either the in

put voltage and current or output voltage and current remains  

independent of TD and E2 , which is 1800 and 900 for the input  

and output, respectively. Results indicate that the amplitude  

of the harmonics decreases for increasing TD and E2 which is  

consistent with a physical system. The results of this  

section are needed for the calculation of the harmonic power  

content at the input and output of the controller.  

B. Total and Harmonic Power of a Simple Chopper System  

Total average input and output power can be determined  

from Equations (24), (25), (26), (27), and (28) by multipling  

e1 by il, and e2 by i2 , and averaging the results over one  

period. The results are  
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- P.=ElIol (RIKI2TD)/Tp-(2KIK 2Tlal/Tp) (l-exp(-TD/Tl))  

(35)  
 (K22TRl/(2Tp))(1-exp(-2TD/Tl)) 

Po =(E  1 E 4 ) Ioi- (RI+R2) (KI
2TD/Tp+(2KlK 2Tl/Tp) (l-exp (-TD/Tl )) (36)  

+ (K2
2T1 /(2Tp))(l-exp (-2D/T) ))- (E3K3T2/TP)(-exp((Tp-TD) /T2)) 

where IO represents the DC input current. See the Appendix.  

Harmonic distribution of average power can be determined  

from the knowledge of the magnitude and phase angle of voltage  
and current. Frequency roll-off due to the first order input  

transfer functions of a wattmeter can be incorporated very  

easily into the power equations. The results are  

= WA  +(%2) N-r (%v an-1wAP 1 Incs-a-i 

oo+)io is  (W2/WI)+tan  /W3n(nwo/wl 

+tan- /w(kn o/i))/((l+(no/l)2)(l+(knwo/Wl)2)))1 (37)  

x1+(%)zN- I  cos(tan  (Z2 /Z+tan (Z4  /Z)tan  (nWo/W  ) 

OAPP  0n=l  no  no 

+tan (knwo/wl))/((l+(noo/wl)2)(l+(kno/l)  (38)  

where N, represents the highest harmonic of interest. The  

other terms were defined in Equations 6, 7, 8, and 9. As  

long as wI and k remain finite, the power calculated from  

Equations (37) and (38) will be an approximation of the  

results from Equations (35) and (36) even if N, + . This  
difference is due to suppression of the higher harmonic power  

terms by the transfer functions Hv and HI.  

A computer program was developed to evaluate Equations  

(35), (36), (37) and (38) as functions of the,back emf E2  
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and the on-time TD. The computer program calculated a  

running power sum of approximate input/output power  

(Equations (37) and (38) as a function of N1 , total  

input/output power Equations (35) and (36), and the power  

measurement error.  

If the transfer functions' corner frequencies are at 

least 100 times larger than the fundamental frequency of 

the periodic signals, it can be reasonably assumed that 

HV  and HI are essentially unity and do not effect the power 

measurement. Assuming wide bandwidth transfer functions, 

the power measurement error will approach zero as the number 

of harmonics approaches infinity. However, from a practical 

viewpoint it is better to consider the necessary number of 

harmonics in order to achieve a certain power measurement 

error. For analysis purposes, a power error of 0.01 (1%) 

was chosen. With this power error objective, the desired 

error can be attained with relatively few harmonics assuming 

infinite frequency response. As the corner frequency of 

the transfer functions begins to approach the fundamental 

frequency of the periodic signals, more harmonics will be 

required to achieve a power error of 0.01. If the corner 

frequencies of the transfer functions are set equal to the  

fundamental frequency, the power error will be so large that  

it may be impossible to achieve a power error of 0.01 for  

certain combinations of back emf E2 and on-time TD.  

The results of power measurement error versus number of  

harmonics are shown in Figure 13 a-d. The figures are  

arranged in an array to emphasize the behavior of power  

measurement error and the required number of harmonics  

necessary to achieve a specified numerical value of the  

power measurement error as a function of E2 and TD . The  

parameters k and fl which set the corner frequencies of  

the transfer functions are varied to study the behavior  

of the power error. The fundamental frequency is 1000 hertz  
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(fo =  i/Tp). If an error of 0.01 cannot be achieved, this 

is reflected by indicating the actual error when all 30 

harmonics are considered. This will occur when fl 

(fl =03/ 2 r) is comparable to the fundamental frequency of  

the signal in the power controller. When TD is equal to Tp,  

the power measurement error is zero because the power con

troller's switch is closed continuously and the voltages  

and currents are pure DC signals. This is shown in the last  

row of the array.  

The input power measurement error for the case of a  

wideband wattmeter is shown in Figure 13-a. With k=l and  

f1 =100fo, it is obvious that an error 0.01 can be achieved  

for all combinations of E2 and TD shown. It should be noted  

that the number of harmonics required to attain 0.01 error  

varies depending on the combination of E2 and TD. The most  

severe case occuring when E 2=25 and TD=0.0001 second.  

Moving diagonally across the array, the required number of  

harmonics decreases for 0.01 error. This is consistent with  

the electrical model in Figure 9 since the duty cycle of  

the power controller is increasing and the E 2 is approaching  

El which is equal to 100 volts.  

Reducing the bandwidth of the wattmeter will cause the  

power measurement error to increase as shown in Figure 13-b.  

The first column depicts a condition where an error objective  

could not be attained even when thirty harmonics were considered.  

The result is due to the frequency roll-off of the transfer  

functions interacting with the higher harmonics. Again, moving  

diagonally across the array the 0.01 error can be achieved  

with less than 30 harmonics.  

If the bandwidth of the transfer functions equal the  

fundamental frequency, the power measurement error increases  

drastically and exceeds the 0.01 criterion over more than  

50% of the array as shown in Figure 13-c. It is obvious  

that a wattmeter whose bandwidth is equal to the fundamental  
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frequency would be practically useless, especially for low  

values of E2.  

The results shown in Figure 13-d are somewhat similar  

to Figure 13-c except fhat the corner frequency of the two  

wattmeter transfer functions are numerically di-ferent. With  

k=0.5, one corner frequency is twice the other. Power  

measurement errors are generally lower for k=0.5'which is to  

be expected since the effect of the transfer functions on  

the magnitude of the harmonics is less pronounced. However,  

with k not equal to unity, the phase angles of the transfer  

functions do not nullify each other according to Equations (37)  

and (38) and this causes a phase angle error which in turn  

affects the power measurement error.  

The results of this section of the report illustrate  

that the harmonic power content at the input is more important  

than that at the power controller's output. The reason is  

due to the electrical time constant of the shunt motor. In  

other words, the inductive reactance XL is the predominant con

pared to the armature resistance, R3 , a
2 the harmonic fre

quencies. Hence, a wattmeter having a broader bandwidth must  

monitor the power input to the power controller.  

Depending on the back emf of the shunt motor and the  

bandwidth of the power meter, there were particular cases where  

a power measurement error of 0.01 was exceeded, even with all  

30 harmonics. This occurred for low duty cycles and small  

back emfs.  
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V. POWER ERROR ANALYSIS OF A MICROCOMPUTER WATTNETER  

In Section II-B a theoretical investigation was per

formed to determine the power measurement error due to  

sampling an input sinusoidal voltage and current. The  

results indicate that the Normalized Sampled Power Error,  

NSPE, was very large if a portion of a period was sampled  

or if the number of periods sampled approached half of the.  

data memory capacity, N/2, devoted to storing the voltage  

or current data. A global minimum value for NSPE occurred  

between C = 0 and N/2 with the position of the minimum NSPE  

functionally dependent on the phase angle a.  

This section is primarily concerned with programming a  

microcomputer as a wattmeter and studying the behavior of the  

microcomputer's output error as a function of observed periods  

and phase angles. A commercial 16-bit microcomputer with a  

12-bit I/0 subsystem was programmed to accept voltage data on  

two of the 16 differential protected input channels. Input  

channels 0 and 1 were chosen in this case. After computations  

were completed by the microcomputer, the output channel I  

displayed the results on a digital voltmeter.  

In order to be consistent with Section II-B, the micro

computer's data memory capacity was set at 512 for each chan

nel with channel 0 acting as the triggering channel. The  

triggering was accomplished by having the microcomputer check  

channel 0 for positive zero crossing. This permitted the  

microcomputer to process the equivalent of the same data in  

case the output reading was questionable.  

A program flow chart describing the microcomputer  

operation as a wattmeter is shown in Figures 14 a-e. There  

are essentially three main parts to this program. The first  

segment of the program requires the programmer to set the  

sampling interval using a five digit number between 00010  
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and 10000. The microcomputer's internal timing system is such  

that a five digit number (xxxxx) divided by 46,875 equals  

sampling interval in seconds. Therefore, the sampling in

terval can be varied from approximately 213 microseconds to  

213 milliseconds. The minimum sampling time interval was  

chosen to be ten times the time between sampling channels 0  

and 1.  

Once the sampling time interval has been set and the  

teletype return carriage key actuated, the microcomputer  

observes channel 0 and waits until the signal goes through  

a positive zero crossing. At that point, both input channels  

0 and 1 alternately sample their respective input voltage  

signals, continuing until the data memories are completely  

filled. In this case, it would be 512 data points for each  

channel.  

The second part of the program multiplies the first  

datum from each channel and continues this multiplication in  

a sequential manner. After each multiplication, the result  

is added to the results of the previous multiplications with  

this operation continuing until there are 512 terms. The sum  

is averaged over the number products and scaled to fit the  

range of the analog output.  

The final part of the program directs the microcomputer  

back to the start position, ready for the calculation for the  

next sample interval.  

A mathematical relationship between the periods observed,  

C, and the input frequency, f, can be derived if the sampling  

time interval T s is specified. The result is 

C =  NfT5 (39) 

where N represents the size of the data memory. As previously 

stated in this section, the sampling time interval Ts is  

T  =  (xxxxx)/46875 (40) 
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where 10 <,xxxxx < 10000  

Combining Equations (39) and (40), the number of periods  

observed is  

C =  Nf(xxxxx)/46875  (41)

A program following the flow chart in Figures 14 a-e  

was written and implemented on a commercial microcomputer.  

With N equal to 512 and sampling time interval capable  

of being varied from 213 microseconds to 213 milliseconds,  

the input frequency was set 36.74 hertz. The choice of  

frequency was based on the fact that small number of periods  

were to be observed in order to study the behavior pattern  

of NSPE. This low frequency also permitted the observation  

of NSPE for periods approaching N/2.  

The results of this section of the report are divided  

into two segments. The first segment deals with the compari

son of the calculated NSPE and theoretical NSPE for the same  

period of observation. The second segment studies the  

variation of the microcomputer's output as C approaches N/2.  

Figures 15 a-e compare the calculated NSPE with the  

theoretical NSPE for different phase angles. With an input  

voltage of 5.010 volts for both channels 0 and I and a  

frequency of 36.74 hertz, the correlation between calculated  

and theoretical NSPE is poor. This lack of correlation between  

the two normalized sample power error is believed to be due  

to either a slight input frequency shifting during the obser

vation time or jitter in the sampling time interval. These  

effects can cause an uncertaintly in the number of periods  

that are actually observed. The calculation of the theoretical  

NSPE is based on the numbers in the first column. The  

calculated NSPE tends to increase with increasing power factor  

angle which is consistent with the theoretical calculations  

of NSPE.  
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Figure 16 shows the microcomputer's output for different  

observation periods and phase angles. The bottom row marked  

true power output reading is used for comparison with actual  

output readings. For periods 265.64 and 269.66 the output  

readings are reasonably close to the corresponding theoretical  

output readings. -However, at afid near period 267.65, the  

output readings deviate substantially from the theoretical  

predictions. The differences are so great that the micro

computer would be useless as a wattmeter for periods observed  

in the vicinity of 267.65. It is noted that there is a  

slight difference between the period where the errors are  

excessive and the predicted period of 256 which is half of  

the data memory size (N=512). This discrepancy amounts to  

approximately 5% and is believed to be caused by not knowing  

the absolute value of the input frequency accurately. As  

a cross check, the behavior of the microcomputer's output  

was studied in the vicinity two times 267.65 periods and it  

was experimentally observed at 536.5 periods the output error  

was excessive; this is consistent with theory. The ratio  

of 536.5 to 267.65 is 2.007 which is as close to two as  

experimentally possible.  

The results of this section demonstrate that a micro

computer can be used as a wattmeter providing that the periods  

observed for the computation is larger than several periods  

but less than half of the data memory size. As the periods  

observed approaches N/2,the error is so large that the out

put reading of the microcomputer is meaningless. This is  

consistent with the theory presented in Section II-B of  

this report where Equation (23) relates the functional be

havior of NSPE and the observed number of periods. In the  

denominator of Equation (23-a) the sine function, sin(2wC/N),  

approaches zero as C approaches N/2 causing the power measure

ment error to be excessive.  
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Although the above analysis is based on a single  

frequency, the results are applicable for the general case  

of periodic signals. If superposition of power is -assumed,  

it is possible for the observation periods of the harmonics  

to be near N/2 or multiples of N/2 causing a serious power  

measurement error.  
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VI. CONCLUDING REMARKS  

This study establishes the behavior of power measure

ment errors due to the bandwidth of Hv(J) and HI(jo), the  

input transfer functions of a power meter, and the sampling  

of the input voltage and current of a power instrument.  

The frequency response of the power meter's input  

transfer functions affects both the magnitude and phase angle  

of the corresponding input sinusoidal voltage and current to  

the instrument. Since average power depends on the product  

of the magnitude of voltage and current times the cosine of  

the power phase angle, the effect of the frequency response  

is to cause both amplitude and phase distortion which affects  

the magnitude of the input sinusoidal voltage and current,  

and the power factor angle, respectively. The power measure

ment error due to B(jo) and Hi(jn) becomes more pronounced  

as the frequency of the input voltage and current approaches  

the bandwidth of Hv(jw) and HI(jw), and the power factor  

approaches zero. Assuming that Hv(JL) and H1 (jo) are first  

order transfer functions, the power measurement error due  

to phase distortion can be eliminated if the two transfer  

functions have identical frequency responses. Reducing the  

power measurement error by matching the frequency response of  

Hvi ) and HI(jw) can be extended to higher order transfer  

functions. The reason this is true is due to the fact that  

the voltage and current phase error are subtracted when  

determining the actual phase angle. Of course, there will  

always be a power measurement error due to the amplitude dis

tortion of Hv(jt) and H ji ), and the behavior of this error  

will be strongly dependent on the order of the transfer  

functions.  

When the input sinusoidal voltage and current are  

sampled, a power measurement error can occur if the samples  

of the input voltage and current are taken over fractions of  

a period (not equal to a multiple of half periods) or if  

the total number of periods observed is equal to one-half  
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the memory size of either the voltage or current data memory.  

The behavior of power measurement error with respect to  

cycles observed is due, in part, to the cyclic behavior of  

the function, sin(27rC/N), which occurs in the demoninator  

of the Normalized Sampled Power Error, NSPE (Equation 23-a).  

As C N/2, the sine function approaches zero causing the  

power measurement error to increase. The numerical value of  

NSPE is bounded and equal to -1 as C - N/2 because the  

difference between the cosine functions is also approaching  

zero causing Equation (23-a) to have an indeterminate form  

at N/2, It can be shown that the bound of NSPE at C = N/2 is  

indeed -1 if N >> 1.  

Although the above power measurement errors are based on 

single frequency analysis, the results are applicable to more 

complex periodic signals. Unfortunately, in order to express 

the results in a closed form, the periodic signals must 

first be analyzed using the Fourier series before the har

monic power content can be determined. Once the harmonic 

power analysis is completed, each harmonic power measurement 

error can be determined based on the single frequency analysis 

with the resultant power measurement error being the sum of 

the harmonic power measurement errors. For periodic signals 

it would be more expedient to determine the harmonic power 

content contained in periodic signals by directly applying 

Fourier series analysis and using Parseval's theorem to 

determine the harmonic power distribution. This approach 

permits the inclusion of amplitude and phase distortion due 

to  the  presence  of  the  transfer  functions  Hv (ji)  and H(JT). 

Since the total power measurement error is dependent  

on the weighting factor, Pn/PT, as indicated in the intro

duction of this report, the harmonic power distribution does  

influence the total power measurement error when the waveform  

of either the-input voltage or current is changed. Therefore  

a power measurement error analysis must be performed on a  
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given set--of voltage and current signals. Input and out

put voltage and current signals of a simple DC/DC chopper  

system offer one such set of signals for power measurement  

error analysis.  

Using the duty cycle of the DC/DC chopper and back emf  

of a shunt motor which is the electrical load for the chopper  

as the independent variables, a power measurement error  

analysis was performed by computer. The results indicate  

that the worst case occurs when the duty cycle of the DC/DC  

chopper and the back emf of the shunt motor are numerically  

small. As a general rule, the power measurement error  

decreases as the duty cycle approaches unity and the back emf  

of the shunt motor approaches the DC/DC chopper supply voltage.,  

The results also shows that if the shunt motor armature  

inductance is large with respect to the armature resistance,  

the output harmonic power content, excluding the DC power  

component, is small as compared to the input harmonic power  

content. This is due to the approximate quadrature phase  

relationship between the nth harmonic output voltage and  

current which is caused by the dominance of the inductive  

reactance at the nth harmonic. Hence, for the DC/DC chopper  

that was analyzed in this repott, the bandwidth specifications  

for the wattmeter that is measuring the power input to the  

chopper would be more stringent as compared to the wattmeter  

that is measuring the power output of the chopper. Although  

not considered in the electrical model in this report, such  

electrical phenomenona as hysteresis and eddy-current  

losses can be represented by an equivalent resistance in  

series with the armature resistance. This resistance combi

nation may be sufficiently large as compared to the armature  

inductance to cause the output harmonic power to become  

significant.  



-38- 

This study also investigated the feasibility of  

using a microcomputer as a wattmeter. Since the micro

computer samples the input voltage and current, the  

average power for sinusoidal input signals as determined  

by the microcomputer showed a power measurement error due  

to sampling. The power measurement error became significant  

when the number of observed periods C was approximately  

equal to N/2. The normalized sampled power error was  

substantially smaller when C was much different from N/2.  

The advantages of.using a microcomputer as a watt

meter is that instantaneous sampled power, peak power, and  

the instantaneous sampled voltage and current cam be stored and  

retrieved at a convenient time. When not using the micro

computer as a wattmeter, the microcomputer can be assigned  

other measuring tasks.  

The results of this study can be extended in several  

areas. For example, in the model of the simple DC/DC  

chopper system, switching was assumed to be ideal with no  

losses during the opening and closing of switch SW. Switching  

transients tend to cause the rate of change of signals to  

be finite, thus decreasing the amplitudes of the high fre

quency components in the signal. However, if power analysis  

of achopper is desired, the switching losses should be con

sidered. This is especially true if the fundamental chopper  

frequency is increased to a relative high value. If the  

signals during switching can be represented by straight-line  

analysis, the switching power loss can be analyzed separately  

from the power analysis of the model of the DC/DC chopper in  

this investigation. By combining the results of both power  

analyses, the behavior of the power measurement error would  

represent a more realistic chopper system.  

The ideal shunt motor that was assumed in this study  

could be modified to account for armature reaction and  
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eddy-current and hysteresis losses. The effect would be  

a larger output harmonic power content from the chopper  

as compared to the results of this investigation.  

The behavior of the power measurement error with re

spect to back emf and duty cycle would be of great interest  

if the shunt motor were replaced by a series motor. The  

results coild be useful in the electrical efficiency study  

of an electrical vehicle since most electric vehicles use  

a series motor because of its torque.characteristic. How

ever, power analysis would involve a set of nonlinear  

equations due to the nonlinear relationship between the  

back emf of the series motor and the DC current output  

from the chopper.  

Although the use of a microcomputer in this study was  

restricted to positive zero crossing input signals, a com

puter program can be devised so that the microcomputer can  

accept a more general class of intut signals. With such  

an arrangement, the output power reading could be auto

matically up-dated. Also, the microcomputer could store  

such quantities as peak voltage, current,. and power and  

display this information with the appropriate command.  
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APPENUIX  

Fourier Analysis of the Input/Output Voltage and Current of  

a Simple DC/DC Chopper System and the Corresponding Input/  

Output Total Average Power.  

In Section III of this report, a set of algebraic  

equations Equations (31) and (34) were presented based on  

the Fourier analysis of the instantaneous voltage and current  

at the input and output of a simplified DC/DC chopper system.  

These equations were derived from the trigonometric form of  

the Fourier series and the general form is given by  

f(t) = ao + z  A cos(n 0ot + Tn) (A 1-a)
n=l 0  

p/2  

a = (ITp)  fi f(t)dt (A 1-b) 

Tp/2  

an = (2/Tp) f f(t)cosnwotdt (A 1-c)  
-Tpi/2  

Tp/2 

bn = (2/Tp) f f(t)sinnwotdt (A 1-d)

-Tp/2  

n an2 + b and n = -tan (bn/an) (A l-e)  

where f(t)- is a periodic function; a represents the-average  

component of f(t); an and bn represent the in-phase'and  

quadrature component of the nth harmonic, respectively;  

An represents the amplitdue and phase angle of the  

nth harmonic, respectively. The angular frequency, o is  
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equal to 27/Tpwhere Tp is the time of one period.  

This appendix will develop the Fourier series for the  

input and output voltage and current of the DC/DC simple  

chopper system and the corresponding input/output total  

average  power.  For  convenience,  the  chopper's  output  sigals  will  be 

analyzed first using Equation (A-I) and the representation 

of the instantaneous output voltage and current as 

developed in Section III. 

Output Voltage e2 

e2 = E1-Rlii ;  0 <  t < TD (A 2-a) 

e 2  = -E 3 TD  <  t  <  Tp  (A 2b) 

i2 =Kl+K2 exp(-t/T1 ) ;  < t < TD (A 2-c) 

i 2  =  K3 exp  ((tTD)/T 2 );  TD < t < Tp  (A 2-d) 

TD 

an= (2  /Tp)  f  4 -(R1 +R2)(K1+K2exp(-t/T)))cos( mot)dt(EI-E (A 3-a)  

 (2E 3  /Tp)  f P  cos(ncuT)dt 

TD  

TD 

b= (2/Tp) 0 (E E 4   (R+R  2 )(Kl+K 2 exp(t/T)))sin(nw ot)dt (A 3-b) 

Tp  

-(2E 3 /Tp ) f sin(nwot)dt  

T 
D  

a=(/Tp)J  (E-E 4-(R1 +R2)(K1+K2 exp(-t/T1 )))dt-(E 3/Tp)f dt. (A 3-c) 
0 TD 
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It is convenient to evaluate the following set of integrals  

because they occur in several places in Equation (A3).  

X, =  (2/TP) f0 cos(not)dt  =  2sin(2UnTD/Tp/(27rn)   (A 4-a) 

00D 
TDsn  2nDTp  2  2. 

X2  =  (2/Tp)   TDexp(-t/Tl)cos(ntoot)dt = (2/((l/T1  )2+(nw)  )) 

0 
(A  4b) 

((exp(-TD/Tl)) ((/(TpT))os(2  nTD/Tp)+(2wn/Tp2 )sin( 2WnTD/TP)) 

+ (I/TpT1  )) 

Tp  

X3 = ( 2 /Tp)  f  cos(nwot)dt =  2 sin(2lrnTD/Tp)/(2wn) (A 4-c) 
TD 

Xo = (E(-E4)TD/TP - (Rl+R2)KTD/Tp-((R+R2)T.K2/Tp)(1-exp(-TD/T1 ))  

(A 4-d)  

E  3  (TpTD)/TP 

TD 

Yl  (2 /T)  f sin(nbot)dt =  2(l-cos(2nnT/T,))/(2wn) (A 4-e) 

0 

Y2  (2/Tp)  jDexp(-t/Tl)sin(nwo)t)dt = 

0 

(2/((l/Tl)2+(nw,)  2 ))((exp(TD/T))  ((/(TpT))sin(27rnTD/Tp)  (A 4f) 
S22  

 (trn/Tp 2)cos(2irnT D/Tp))  +  2wn/Tp  ) 



Y3  =  (-2/Tp) f sin(nwot)dt =  2(l-cos(27rnTD/Tp))/( 2rn) =  Y1 . (A 4g) 
TD 

Let  

ZI  =  (E1-E4 )(X1  ) (R1+R2 ) (K1X1+K2X2)+E3X1 (A 5a)  

Z2  =  (EE4)(Yr) (R1+R 2 )(K1Y1+K 2Y2 )+E3Y1 .  (A 5-b) 

The amplitude and phase angle of the nth harmonic output 

voltage can be expres-sed in terms of Z, and Z2 as follows: 

Vn =  ((Z1 ) 2+(Z2)2)  and/ =  tanl(z 2 /ZQ)  .  (A 6) 
00  

Hence the Fourier series for the output voltage is 

e2(t)=  o+ Vn02e =  Xo  +  x  Vn  cos(nwot-tan-l(z2/Zl)). (A 7)  
n=l  

Output Current i2  

a. =  (2/TP) f (K+K 2 exp(t/T))cos(n  wot)dt 

0  (A  8-b) 

Tp  

+  (2/Tp)f (K3exp(-(t-TD)/T 2))os(not)dt  
TD  
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TD 

bn  =  (2/Tp) f  (KI+K2exp(-t/Tl))sin(nwt)dt 

8-b) 
T 0(A  

+ (2/Tp)  fTD (K3exp(-(t-TD)t )sin(nwot)dt 

T  Tp  

ao=(i/T P  D  B)  f  3exp((tTD)/T2))dt.(A  8c) 

0 TD 

Again, it is convenient to evaluate the following set of  

integrals because they occur in several places in Equation (A 8).  

Y4  = ((
2 exp(TD/T2 ))/Tp) f (exp(-t/T2 ))cos(nw t)dt = 

TD  

(  (2exp (TD /T 2))  /((l/T2)  2+(nw  0) 2) )  ( (_i/(fprT  1))exp (Tp./T2) 

 (exp(TD/T  2  ))  ((1/(TpT2)  )cos (2irnTD/Tp) 

+(2wn/T p2) sin (2  WnTD/Tp))  (A 9-a) 

T 

Y5  =  ((2exp(TD/T2 ) )/TP)f exp(-t/T 2)sin(not)dt = 

TD 
((2exp (TD/T2)) /((I/T 2)2+(n 0)2)))((_-21rn/Tp2 )exp (-Tp/T2) °  

 (exp(-.TD/T 2))((-1/(TpT2))sin(2 rnTD/Tp) 

- (2rn/T 2 )cos(2RnT./Tp)))  (A 9-b)  
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Yo=KITD/Tp+(K2  TI/Tp) (1exp(TD/TP))+(K3T 2 /T)  (lexp ( (TpTD)/T  2 )).  (A 9c) 

Let  

Z3 =  KICX 1 + K2X2 + K3X4 (A 10-a)  

= KIY 1 + K2Y2 + K3 Y5 " (A 10-b) Z4 

The amplitude and phase'angle of the nth harmonic output 

current can be expressed in terms of Z3 and Z4 . 

in =  ((Z3 )
2 + (Z4)2 )2 and/In =  -tan-l(Z 4 /Z3 ). (A 11) 

Hence the Fourier series for the output current is 

+=  Yo  sinoS(nmot   tan (Z4 /z3)). (A 12) 

At the input to the simple DC/DC chopper system, the 

instantaneous voltage and current is 

el =  E1   RI(K  K2  exp  (t/T  1 ));  0 <  t  <  TD (A 13-a) 

el =  E; TD < t  < Tp (A 13-b) 

i 1 = Kl+K 2exp(-t/T1 ) ;  0 < t < TD (A 13-c) 

iI = 0 ;T D < .t < Tp (A 13-d) 

The in-phase, quadrature, and average Fouries series  

components for the input voltage are  
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Input Voltage e1  

an -= (2/Tp) D (EI-R (KI+K2exp(-t/Tl)) )c s(nwot)dt Tp  

+ (2E 1  /T  p ) f cos(nwot)dt (A 14-a) 

TD 

TDbn  =  (2/Tp)  f  (E IR  l  ( K l + K 2 e x p  (  t / T l ) ) ) s i n  ( n wo t ) d t 

0 

+  (2E/Tp)fPsin(nwt)dt (A  14b)
JT 

D  

TD  Tp  

. a0o (1/T3)f (Ei-R 1 (Kl+K2 exp(-t/T1 )))dt + (E1/Tp) dt (A 14-c)  

0 TD  

Since the mathematical form of Equation (A 14) is similar  

to Equation (A 3), the amplitude and phase of the nth  

harmonic is given by  

W 1 = -RI(KIX 1 + K2X2) (A 15-a)  

W 2 =  -R1 (K1 Y1 + K2Y 2 ) (A 15-b) 

Wo=ElTD/Tp-RlKlTD/Tp (R1 TIK 2 /Tp)  (1-exp(-TD/TI))+El (TP-TD)/Tp 

(A 15-c)
2 d2Vni = -tan I (W2/WI )  .  (A 16)  

Vn  =  ((W1 )
2 + (W2)2  and/i 2  

The Fourier series for the input voltage e1 is  

= W + E Vn cos(nmot-tan-l (W2 /Wl)) (A 17) 
0o n=l ni 
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Input Current iI  

The in-phase, quadrature, and average Fourier series  

components for the input voltage are  

an (2/Tp) fD(K+K 2 exp(-t/T))cos(nwot)dt (A 18-a)  

0  

0D (K I+ K 2 ex  bn = (2/Tp)fT p (-t/Tl)) sin(nwot)dt (A 18-b)  

TD 

a0 =(I/T) 5  (K1+K2exp(-t/T))dt. (A 18-c) 

0 

Since the mathematical form of Equation (A 18) is similar  

to Equation (A 8), the amplitude and phase of the nth harmonic  

are given by  

W3 = K1x1 + K2X2 (A 19-a)  

W4 = KIY1 + K2Y 2 (A 19-b)  

woo= KlTD/Tp + (K2T1/TpY(l-exp(-TD/T1 )) (A 19-c)  

=  ((W3)22+ (w)2) and =  -tan-l(W 4 /W3 ). (A 20) 

The Fourier series for the input current i. is  

= Woo + E  I cos(nmot-tan- (W4/w3)) (A 21) 
n=l ni 
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In Section III of this report, Equations (35) and (36)  

represent the total average power input and output of a  

simple DC/DC chopper system. The total average input and  

output power-can be determined from Equations (24), (25),  

(26), (27), and (28) by multiplying el by.iI and e2 by i2,  

respectively; and averaging the results over one period.  

The instantaneous input and output power is  

pi (Ei-Rlil)il ; 0 < t < TD  (A 22-a)  

(A 22-b) Pi 0  ; TD < t < Tp  

po = (EI-E4 -(RI+R 2)il)il ; 0 < t < TD  (A 22-c)  

< Po = -E3i2  ; TD t < Tp (A 22-d)  

The average total input and output power is 

P (E) iidt  (R/Tp) i (A 23-a) 

FR/~f  i1Vdt   f ~ 
0  0  

TD TD 2 Tp23-b)  
P°=((EI-E4 )/Tp)fj 

ildt- ((RI+R2)/T
P ) 0 i1 dt-(E 3/TP) fDi2dt'23  

00 0  TD 

respectively. Evaluating Equation (23) the results are 

Pi= Elio - R K2TD/Tp  (2KK 2TlRl/Tp)(1-exp(-TD/Tl)) 

 2TIRI/ (2Tp))(1-exp(-2TD/Tl)) (A 24-a) 

Po = (El-E4)Iol - (R1+R2 )(KI 2TD/TP + (2KIK2T 1/Tp)(l-exp(-TD/T1 )  

+  (K2
2Tl/(2Tp))(l-exp(-2RD/T)))-(E 3K3T2/Tp) (l-exp(-(Tp-TD)/T 2))  

(A 24-b)  
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Where I is given by  

.TD 

Io=(I/Tp)f  ildt =  KiTD/TP + (K2Tl/Tp)(1-exp(-TD/Tl)) (A 25) 

Equations (A 6), (A 7), (A 11), (A 12), (A 16), (A 17),  

(A 20), (A 21), (A 22), (A 23), (A 24), and (A 25) were pro

gra med on a computer. The program was arranged so that  

either the behavioral harmonic distribution up to and including  

the first 30 harmonics of the signals associated with simplifie,  

DC/DC chopper system could be studied as a function of on-time  

TD and back emf, E2 , or the power distribution over the same  

range of harmonics could be studied as a function of on-time  

and back emf.  
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DEFINITION OF SYMBOLS  

C = number of observed periods  

Cn = nth number of observed periods  

AC = scanning parameter  

El = open-circuit voltage of the DC source (volts)  

E2 = shunt motor back emf (volts)  

E3 = semiconductor offset voltage (volts).  

E4 = semiconductor offset voltage (Volts)  

e 1= instantaneous chopper input voltage (volts)  

e2 = instantaneous chopper output voltage (volts)  

f = frequency (hertzy  

f, = corner frequency (hertz)  

fo = fundamental frequency (hertz)  

HI = transfer function in the current branch of the wattmeter  

HV  = transfer function in the voltage branch of the wattmeter  

Im = amplitude of a sinusoidal current (amperes)  

in = amplitude of the nth harmonic current (amperes)  

n. = amplitude of the nth harmonic chopper input current (amperes)  
3. 

i =  phase angle of the nth harmonic chopper input current (degrees)  

In = amplitude of the nth harmonic chopper output current (amperes)  

no= phase angle of the nth harmonic chopper output current (degrees)  

1o = DC component of current (amperes)  

iW(t) = instantaneous chopper input current (amperes)  

i2(t) = instantaneous chopper output current (amperes)  

i2 (o-) = inimum chopper output current (amperes)  

k = ratio of the 3-db frequencies  

Ak = deviation of the ratio of the 3-db frequencies  

L3 = shunt motor armature inductance (henrys)  
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N =  data memory size 

NI =  highest harmonic of interest. 

NCF =  normalized power correcti5n factor  

NPE =  iormalized power error  

NSPE = normalized sampled power error  

n = integer  

PAPP = approximate total average power (watts)  

P.IApp = approximate total average chopper input power (watts).  

P = approximate total average chopper output power (watts) 
°APP 

p(t) = instantaneous power (watts) 

p(nTs) sampled instantaneous power (watts) 

RI =  equivalent resistance of the DC source and input leads (ohms) 

R2  =  on-resistance of switch SW (ohms). 

R3  =  shunt motor armature resistance (ohms) 

SW =  chopper switch. 

TD =  on-time of chopper (seconds) 

To = observation time (seconds) 

T =  fundamental period (seconds)p  

TS  sampling time interval (seconds)  

TI = electrical time constant of chopper system (seconds)  

T2 = electrical time constant of shunt motor (seconds)  

Vm = amplitude of a sinusoidal voltage (volts)  

Vn = amplitude of the nth harmonic voltage (volts)  

V =  amplitude of the nth harmonic chopper input voltage (volts)  

Vn =  phase angle of the nth harmonic chopper input voltage (degrees) 

Vn =  amplitude of the nth harmonic chopper output voltage (volts) 

So phase angle of the nth harmonic chopper input voltage (degrees). 

Vo =  DC component of voltage (volts) 
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x =  normalized frequency (f/fl) 

=  phase angle between sinusoidal voltage and current (degrees) 

n= phase angle of the nth harmonic current (degrees) 

*n =phase angle of the nth harmonic voltage (degrees) 

=  angular frequency (radians/sec.) 

W, =corner angular frequency (radians/sec.) 

Wo= fundamental angular frequency (radians/sec.) 
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FIGURE 1. General block diagram of a  wattmeter. 
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Normalized sampled power error versus 
scanning parameter (Cn=l and 255). 
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FIGURE 6.  Normalized sampled power error versus  
scanning parameter (Cn=50, 100, and 127)..  
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FIGURE 7. Maximum value of the normalized sampled 
power error versus periods of observation. 



I0I 

102 

r 

P4 

Cl)
Z 

=03-300 0=30'  e=-30' 

0=30' 

N 512 

° 10 101 102 103 

FIGURE  8.  The  magnitude  of the  minimum  value  of 
the normalized sampled Dower error versus 
periods of observation.' 
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+    -

-1 e e2 (,~SHUNT 

L  IL, 

E= 100 volt 

E3 =  1 volt 

E4 = 1 volt 

R1 = 0.05 ohm 

R2  =  0.03 6hm 

R3  =  0.02 ohm 

L3 =0.0002 henny 

FIGURE 9. A schematic for a simple DC/DC chopper 
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FIGURE  10.  Typical  operating  characteristics  for  a  DC/DC  chopper. 
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VOLTS  

TUE  

---Fundamental component off the periodic signal.  

FIGURE  11.   Typical  operating  characteristics  for  a  DC/DC
chopper with the DC component suppressed. 
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17.0000 8.0168 -128.3530 0.  4008  308.  3530  0.0749 -215.9650 2.3890 -125. 3680 
O000------5TO4---r7-950---O-755- .  -- 27fl94o -- o87- =S.  *, .r -14. 260

19. 0000 2. 7677 -170. 2990  0.  1384  350. 2990 0.  0229  214i.  7070 0.  8170  159.  7580 
20.0000 0.  37E.5 -269. 7640 0.  0189  89.  7641  0.0012 -179. 7020 0.  0303  89.  8002 

22.0000 4. 5021  32 8282  0.  2251  212.  8280  0.  0326  128.  4940  1. 3414  86.  Z3508 
23.0000  5.9208 -52. 4842 0.  2960  232  4S40  0.0410  145.3950  1.  7658  54.  4061 

 7504  0r40 ,-040t  .0410 4 50 758-/ 4-
25.0000 6.7316 -90.3276 0.  3366  270  8280  0.  0429 -11.2870 2.  0080  89. 9116 
26.0000 6.1573 -109. 1520 0.  3079  2.'9.  1520  0. 0377  199.  )020  1.  8362 -107. 6900 
2  o.... 4666 1X.  171  O--7-4- .  ; -. 550 504  -25 4"60.r466 
28. 0000 S.5413  -147. 8330 0. 1771 327.  8330 0. 0201  234.  D500 1.  0539  142.  9700 
29. 0000 .  1.  8123  -170. 1550 0.0906 -350. 1550 0.0098 -250. 3460 0.5353 -159. 7980 

FIGURE 12.  Typical input/output harmonic distribution for a 
simple DC/DC chopper (TD=0.0001  second and 
E2=25 volts). 
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k .10 Hertz 

Power Measurement Error/Minimum Number of Harmonics  
Required to Achieve a 0.01 Error (If Possible)  

E2 25 50 75 90 95  
VOLTS VOLTS VOLTS VOLTS VOLTS  

'0.0001 E72'  0.01 0.01 0.01 0.01 

SECOND  8  5 2  0 

0.0002 001  0.01 0.01 0.01 

3 I.3"2  -0 
0.0003 0.0 C  0A 0.01~ 0.01 0.01 

0.0004  0.01  0.01  0.01  0.01  0.01 
0.  0005  / 0.01 

0.010.00057  .0 0.01  0  01  0091 5 2  
4  20 

0.0006  O-Ol' 0.01  0.01  0.00.0 

5  2II1  0~0.000  

0.01  0.01 001  -1  

00 0 0 .00 ~  l 00 .1 

0.000.1000 00 0.01 0 

FIGURE  13a.  Input  power  measurement  error  versus  number  of 
harmonics.  
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=k'   fl 104 Hertz 

Power Measurement Error/Minimum Number of Harmonics  
Required to Achieve a 0.01 Error (If Possible)  

£2 25 50 75 90 95 
VOLTS VOLTS VOLTS VOLTS VOLTS 

0.010.02' 0.02*  0.01  0.01  0,01 

SECOND 30 30 " 2 0 

0.0002 0.02 0.0o 0.01 0.01 0.01 

30 34  2 n 
0.0003 o.o2  0.01,> 0.01 0.01 0.01 

0.0004 o.02 1 0.01 0.01 0 01 0 01 
30  13  3  I 

0.0005  01  0.02.  0.01  . 01 

0.0oo  30r  931000.12 .1 
0.0006  0.01*  0.0O1i  .  O 0.01  0.01 

____  30 6  2  . 1  0 

0.0008 01_  0.01  
30  5,!  2  0  0

0.0007  0.01 *  01  001  0  01  0  0 
0.cc1 0.001  0 

0  I>   0  05301E  

* Minimum error achieved by the first 30 harmonics.  

FIGURE   13b.  Input  power  measurement  error  versus  number  of 
harmonics. 
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ki  f 10 3 Hertz 

Power Measurement Error/Minimum Number of Harmonics  
Required to Achieve a 0.01 Error (If Possible)  

_2  25 50 75  90 95 
VOLTS VOLTS V VOLT VOLTS VOLTS 

0.0001 011* 0.07*0.3' 0.0 0.01 

SECOND .  30 30 30 10 

0.002.15* 0  09*  1- 0.04 00* 0.010 

30  30  in 0 

0.0003 0.5 0.9 0.04- 0.01" 01 

30 0 30) '  04 3030  in .0000.0004 0.14~  

000013 0 08" 0 0.0]? 0.01  

1-230 0 0 30  0 0 0 

0.0007 0-10 0.06- 0.02- 0.01*  0.01083030  30  0 0 0 

S30 30  30  0 

0.0006 00.0050  0 0 00  0.3 000 03-- 1 .01 
•  30  30"  030  1" a" 

S30 /-30 / 30  0 0 

*  Minimum error achieved by the first 30 harmonics. 

FIGURE 13-c. Input power measurement error versus number of  
harmonics.  
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k-" 0.5 fl- 103 Hertz  

Power Measurement Error/Minimum Number of Harmonics  
Required to Achieve a 0.01 Error (If Possible)  

25 50 75 90 95  
VOLTS VOLTS VOLTS VOLTS VOLTS  

0.01 QQ3* 0.01* .0.0001- 0 10* QQ7O  
SECOND 30 0 30 30 0  

0.0002 0.13* 0.08 0.04*. 0.01* 0.01 

_30  30  30  30 0 

0.3*0.8* 0.3* 0.01* 0.01 

0.0004 0.12*  0.07* 0.OY* 0.01*- 0.01 

/ 30 30 30 30 0 

0.0005 0.11 0.06* 0.3^ *1  .1 

300 30  _30  3 

0.0006 0.10 0.06 0.02* 0.0- 0.01 

 30 3 3D .. 1 0 

0.0007 0-08-- 0-05'* 0.02* 0.01 00 

30 30 3010 

0.0008 0-Q7* 0.04* 0.02* 0.01 00 

30 30 30 00 

0.0009 0.4 0.02* 0.01* 0.01 

30 30 300 

0.000 o~0 .00 0.00 

*  Minimum error achieved by the first 30 harmonics. 

FIGURE 13-d. Input power measurement error versus number of 
harmonics. 
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WAIT  

FOR  A  

CARRIAGE  
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CONVERSIo  NO 

DONE 
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FIGURE 14-a.  Flow chart for a microcomputer  
wattmeter.  



FIGURE 14-b.  

START 

CONVERSION  

(CHANNEL 0)  

~POSITIVE ZERO  

CROSSING COMPLETED  

SET UP  

COUNTER  

POINTERS,  
ETC.  ©4  

•[ START  

CONVERSION  
(CHANNEL 0)  

Flow chart for a microcomputer  
wattmeter (continued).  
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T  

STORE 
SAMPLE 

START 

CONVERSION  
(CHANNEL  1) 

NO 
- 

YOES +ONVERSIO 

YES 

STORE 

SAMPLE  1 

DELAY 

LOOPED  NO 

5124 
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COMPLETED 
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POINTERS, 

COUNTERS, 
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FIGURE 14-c.  Flow chart for a microcomputer  
wattmeter (continued).  
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IFYESDATA  SET 

YES  INVPEST 

."TIPLY 

STCOMPLEMENT  

TO  

FIGURE  14d.  Flow  chart  for  a  microcowputer 
wattmetear (continued).  
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6   MULTIPLICATION AND 

SUMMING COMPLETED 

SCALE  

SUM 

TO 
D/A 

SFINISHED  

FIGURE 14-a  Flow chart for a microcomputer  

wattmeter (continued).  
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Phase Shift =  0 Degrees 

Input Voltage to Channel 0 = 5.010 Volts 

Input Voltage to Channel I = 5.010 Volts 

Frequency of Input Signals = 36.74 Hertz 

NSPE OUTPUT READING PERIODS 
OBSERVED OF MICROCOMPUTER 

(WATTS)  MICROCOMPUTER THEORETICAL 

4.01  25.234 -0.0053 0.0025 

4.4; 25.238," -0.0055 -0.0157 

4.81  25.240 .-0.0056 -0.0096 

5.22 24.847 0.0101 0.0075 

5.62 24.904 0.0078 0.0150 

6.02 25.429 0.0131 0.0033 

6.42 25.142 0.0017 -0.0100 

6.82 24.794 0.0122 -0.0074 

7.22 25.042 0.0023 -0.0059 

7.62 25.190 -0.0036 0.0113 

8.02 25.281 -0.0072 0.0025 

FIGURE 15-a. Microcomputer dutput, microcomputer NSPE, and  
theoretical NSPE versus periods observed.  

...  , WPt'   Pac 
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Phase Shift - 30 Degrees 

Input Voltage to Channel 0 =  5.010 Volts 

Input Voltage to Channel 1 - 5.010 Volts  

Frequency of Input Signals = 36.74 Hertz  

OUTPUT READING NSPE  
PERIODS OF MICROCOMPUTER  

(WATTS) MICROCOMPUTER THEORETICAL  

4.01 22.153 -0.0191 0.0025 

4.41 22.013 -0.0127 -0.0222 

4.81 21.712 0.0012 -0.0265 

5.22 21.624 0.0052 -0.0092 

5.62 21.816 -0.0036 0.0079 

6.02 22.251 -0.0236 0.0032 

6.42 21.817 -0.0037 -0.0138 

6.82 21.472 0.0122 -0.0188 

7.22 21.959 -0.0102 -0.0061 

7.62 22.013 -0.0127 0.0062 

8.02 22.006 -0.0124 0.0024 

FIGURE 15-b. Microcomputer output, microcomputer NSPE, and  
theoretical NSPE versus periods observed.  
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Phase  Shift   -30 Degrees 

Input Voltage to Channel 0 =  5.010 Volts 

Input Voltage to Channel 1 =  5.010 Volts 

Frequency of Input Signals = 36.74 Hertz 

PERIODS OUTPUT READING .HSPE  

OBSERVED  OF MICROCOMPUTER 
(WATTS)  MICROCOMPUTER THEORETICAL 

4.01 21.718 0:0009 0.0025 

4.41 21.914 -0:0081 0.0092 

4.81 22.103 -0.0168 0.0072 

5.22 21.578- 0.0073 0.0242 

5.62 21.424 0.0144 0.0221 

6.02 22.009 -0.0125 0.0034 

6.42 21.817 -0.0037 .-0.0062 

6.82 217666 0.0033 0.0041 

7.22 21.575 0.00T5 0.0179 

7.62 21.717  0.0009 0.0163 

8.02 21.959 -0.0102' 0.0025 

FIGURE 15-c. Microcomputer output, microcomputer NSPE, and  
theoretical NSPE versus periods observed.  



Phase  Shift   +60  Degrees 

Input Voltage to Channel 0  = 5.010 Volts  
= Input Voltage to Channel 1 5.010 Volts  

Frequency of ;nput Signals - 36.74 Hertz  

NSPE 
OUTPUT READING  

-. 
PERIODS OBSERVED  OF MICROCOMPUTER  

(WATTS)   MICROCOMPUTER THEORETICAL 

4.01 13.176 -0.0499 0.0024  

4.41 12.840 " -0.0231 -0.0351  

4.81 12.542 0.0006 -0-0602  

5.22 12.737 -0.0149 -0.0427  

5.62 12.987 -0.0348 -0.0062  

6.02 13.124 -0.0457 0.0030  

6.42 12.741 -0.0152 0.0213  

6.82 12.542 ... 0.0006 -0.0416  

7.22 '13.127 -0.0460 -0.0301  

7.62 13.036 -0.0387 -0.0039  

8.02 12.883 -0.0265 -0.0024  

FIGURE 15-d.  Microcomputer output, microcomputer NSPE, and  
theoretical NSPE versus periods observed.  
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Phase  Shift  =  60  Degrees 

Input Voltage to Channel 0 = 5.010 Volts 

Input Voltage to Channel 1 = 5.010 Volts 

Frequency of Input Signals = 36.74 Hertz 

.NSPE OUTPUT READING PERIODS  
OBSERVED  OF MICROCOMPUTER  

(WATTS) MICROCOMPUTER THEORETICAL  

4.01- 12.497 0.0042 '0.0025 

4.41 12.738 -0.0150. 0.0037 

4.81 13.128 -0.0461 0.0409 

5.22 12.597 -0.0037 0.0576 

5.62 12.246 0.0242 0.0362 

6.02 12.790 -0.0191 0.0036 

-6.42 12.789 -0.0190 0.0014 

6.82 12.687 -0.0109 0.0269 

7.22. 12.450 0.0080 0.0420 

7.62 12.493 0.0045 0.0265 

8.02 12.884 -0.0266 0.0026 

FIGURE 15-e. Microcomputer output, microcomputer NSPE, and  
theoretical NSPE versus periods observed.  
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Input Voltage to Channel 0 = 5.010 Volts 

Input Voltage to Channel 1 = 5.010 Volts  

Frequency of Input Signals = 36.74 Hertz  

PERIODS OUTPUT READING OF MICROCOMPUTER (WATTS) 
OBSERVED=30/ 30a= 

E 8 00 a = 30'/e =30'  8  =  600 /a =  -609 

265.64 24.744 23.424/21.422 14.986/10.929  

266.04 26.218 22.156/21.866 13.372/12.499  

266.45 24.262 21.039/19.181 13.329/10.977  

266.85 21.331. 22.788/17.129 15.957 [7.416  

267.25 22.751 29.287/21.137 22.205 / 4.689  

267.65 17.475 1.758/10.782 -8.744/19.176  

268.05 24.701 25.377/25.919 14.347/13.768  

268.45 27.927 21.235/25.774 10.348/16.887  

-268.85 26.504 20.107/22.884 10.343/15.277  

269.25 24.361 21.426/21.234 12.296/1-2.744  

269.66 24.552 22.502/21.911 13.329/12.492  

TRUE POWER READING 25.1025 1 2.74/2742 .7 / . . 12:55/12.55 

FIGURE 16.  Microcomputer output versus the periods observed  
for different phase angles.  
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