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ERROR ESTIMATES IN L2, H! AND L*>
IN COVOLUME METHODS
FOR ELLIPTIC AND PARABOLIC PROBLEMS:
A UNIFIED APPROACH

SO-HSIANG CHOU AND QIAN LI

ABSTRACT. In this paper we consider covolume or finite volume element meth-
ods for variable coefficient elliptic and parabolic problems on convex smooth
domains in the plane. We introduce a general approach for connecting these
methods with finite element method analysis. This unified approach is used
to prove known convergence results in the H!, L2 norms and new results in
the max-norm. For the elliptic problems we demonstrate that the error u —uy,
between the exact solution v and the approximate solution u, in the maximum
norm is O(h2|Inh|) in the linear element case. Furthermore, the maximum
norm error in the gradient is shown to be of first order. Similar results hold
for the parabolic problems.

1. INTRODUCTION

Let © be a convex domain in R? with smooth boundary 92 and consider the
general self-adjoint second order elliptic problem

2
0 ou
(1.1) Lu = —Y —(aj—)+qu=f, z e,
%:al'l J(?{Ej

(1.2) u = 0, 1z€0Q,

where ¢ € L™ is nonnegative, f € L?(Q), and the matrix of coefficients A :=
(aij), aij = aj; € WH*() is uniformly elliptic; i.e., there exists a positive constant
r > 0 such that

2

(1.3) Y ai(@)6g =G +83) Vei=(4,6%) €R? ae inQ.

4,j=1

The natural variational problem associated with (1.1)-(1.2) is to find v € U :=
H () such that

(1.4) a(u,v) = (f,v) Yvel,
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FIGURE 1. Primal and dual partitions of a convex domain

where

2 ud
(1.5) a(u,v) = A(Zaijﬁa—;—i—quv)dw,
(1.6) (f,v) = fude.

Q
Since the error estimates to be derived below require that the exact solution u be in
H?(Q) for the H! norm case and be in H3(Q) for the max-norm and L? norm cases,
it is necessary to have the smooth boundary assumption on the problem domain.
If instead we were to consider a polygonal problem domain, all interior angles of
the domain would have to be no greater than 5% even if f € C°°, rendering the L?
and max-norm estimates so obtained too limited to be useful.

Referring to Figure 1, let 7;, = UK be a triangulation of the polygonal domain
Qp, C Q into a union of triangular elements, where K¢ stands for the triangle whose
barycenter is @. Here h := maxhg is the maximum of the diameters hg over all
triangles. The nodes of a triangular element are its vertices. We further require
that the vertices which lie on 992, also lie on 9€, so that there exists a constant C'

independent of h satisfying

(1.7) dist(z,09Q) < Ch?  Va € Q\Qy,.
Associated with the primal partition 73, we define its dual partition 7;* of €2, as
follows. Let Py be an interior node and P;,i = 1,...,6 be its adjacent nodes, and

M; := My; be the midpoint of PyP;. Connect successively the points M7, Q1, Mo,
Q2, ..., Mg, Qs, M to obtain the dual polygonal element K7, . Its nodes are defined
to be Q;,i=1,...,6. The dual element K}, based at a typical boundary node P
is M12Q1 M2Qa M3 Ps. Let ), denote the set of all nodes of 7p,; Q5 1= Qp, — 9Q the
set of all interior nodes in 7},, and Sg and S}SO denote the areas of triangle Ko and
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polygon K, , respectively. Throughout this paper we shall assume the partitions
to be quasi-uniform. There exist two positive constants Ci,Cs independent of h

such that
(18) Clh2 < SQ < Cgh2, Q S Q;;,
(1.9) Cih? < S, < Cah?, Py € Q.

Corresponding to 75, we define the trial function space U, C Hi(Q) as the space
of continuous functions on the closure of 2 which vanish outside 25, and are linear
on each triangle Kqg € 7;,. Let II;, : U — Uy, be the usual linear interpolator, and
thus if u € W2P(Q),

110 U—Hhum §0h2_mu2.7 m:O,l, ISpSOO,
( » »

where |- | p is the usual seminorm of the Sobolev space W™ (). This inequality
can be obtained from its “polygonal” version using standard analysis [23] in the
“skin layer” with the help of (1.7). Throughout the paper C' will denote a generic
constant independent of h and can have different values in different places. We use
| - ||m and | - | for the norm || - ||, p and the seminorm of W™P(Q2), respectively,
when p = 2.

The test function space Vi, C L?(f2) associated with the dual partition 7;* is
defined as the set of all piecewise constants. More specifically, let xp, be the
characteristic function of the set K P, We have for v, € V},

(1.11) v =Y un(Po)xp,.
PoeQ?

Note that a test function is identically zero outside 2. Define the transfer operator
IT} : U, — Vj, connecting the trial and test spaces as

(1.12) Fw = Z wr (Po)X Py s
POEQ?L
and hence
(1.13) [lw— I wllo < Chlwl;.
The approximate problem we consider is to find u;, € Uy, such that
(1.14) a*(uh,vh) = (f, ’Uh) Yy, € Vi,
where
(1.15) a” (up,vp) = Z v (Po)a™ (un, xpy ),
PyeQg
and
(1.16) a*(un, xXp,) = —/ (AVup,) - nds —l—/ qupdz,
oK, Kp,

where n is an outward unit normal to 0KF, , and a*(-, -) is bilinear by construction.
Using the facts nids = dxo and nods = —dzq yields

2
ou
a*(un, xp,) = —/ Z aij a—;mds + /K qupdz
J

0Ky 4,5=1 Po

= —/ w,(ll)dxg —I—/ w,(f)dxl —I—/ qupdz,
0K}, 0K}, K

x
Po

(1.17)
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where n; is the i-th component of the outward unit normal to K, and

(1) Buh auh
1.18 = — —
( ) wy, 11 911 + a2 D1y’
(2) Buh auh
1.19 = — —.
( ) wy, a21 B + ag2 s

Let us relate our work to the existing literature. The basic idea of the finite
volume method for general elliptic problems is to use the divergence theorem on
the elliptic operator L of (1.1) to convert the double integral into a boundary
integral as in (1.17). If one discretizes the boundary integral in (1.17) using finite
differences, one gets the so-called finite volume difference methods [1, 22] or the
generalized difference methods [15, 16, 17]. On the other hand if one uses finite
element spaces in the discretization, one gets the so-called finite volume element
methods [3, 4]. In both cases two grids dual to each other are used. More recently,
Nicolaides [18] generalized the usual operators in vector analysis such as Div, Grad,
and the Laplacian to Delaunay-Voronoi meshes. This class of methods is now
termed the covolume method and has been successfully extended to practical fluid
problems [13, 14, 19, 21]. See [20] for a survey of the covolume method. Porsching
[25] initiated the so-called network method, which has also been extended to the
Stokes problem [6, 12, 11] with rigorous analysis and to two fluid flow problems
[24, 5]. In the network method the emphasis is to conserve mass or energy over
control volumes. The meshes chosen do not have to be of the Delaunay-Voronoi
type. In this paper we take barycenters in favor of circumcenters (the Delaunay-
Voronoi mesh system uses circumcenters), since the maximum norm estimation
is less amenable in the latter case. We shall refer to any finite volume method
utilizing two grids as a covolume method since the last two methods mentioned
above are now subsumed under the name the covolume method [20]. In all the
covolume methods cited so far none has addressed maximum norm estimates for
general elliptic or parabolic problems, which are crucial to studying their nonlinear
counterpart where the coefficient matrix A becomes dependent on the solution.
(However, some computational results in a discrete L>° norm were reported in [13,
p. 160].) The approximation problem (1.14) has been considered by [16, 17] where
convergence results in the H' and L? norms were demonstrated. However, we shall
prove these results in a unified way. The main purpose of this paper is to provide
convergence results in the maximum norm for (1.14) and for an accompanying
approximate parabolic problem.

We now outline a central idea used in this paper to show convergence in L2, H',
and maximum norms. The idea, we think, is general enough to be useful for nu-
merical analysts working in covolume methods. Our style of presenting it will
follow that of the classical paper [23] on maxi-norm estimates in the finite element
method. The central idea of analyzing the convergence of covolume methods is to
reformulate (1.14) to find up, € Uy, such that

a*(uh,H;‘lTh) = (f, HZT}L) YTy € Up,

which is a standard Galerkin method. With this association we can then tap into
standard finite element analysis. A covolume method based on linear elements, if
done properly, usually results in a system that is very close to the classical piecewise
linear Galerkin method (more about this later). Comparison of the two systems
then often leads to fruitful analysis. (This and similar ideas have been successfully
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exploited in [6, 12, 11, 8, 9, 10].) Now if one strives to carry out this program, one
is very naturally led into considering the quantity (d for “deviation”)

(1.20) d(v —vp,Th) :=a(v — v, Tp) — a* (v — v, 1} Th),

where v is a “general” function, vy € Uy, T € Up. The basic observation is that
(see (2.11))

(1.21) d(v —vp,Ty) = E1 + Ea + E5 + E4 + Es,

where the F; can be given various bounds that contain extra or “free” powers of h;
something unexpected at first glance (at the E;). Thus, for example, the bounds
on various F; take the following forms:

(B-E1)  Cahllv —onl[i||Thll1,
(BE2)  Cubfljv = wall +B2[jo = oal [t ||oll"* )| Thll1.
Here C4 depends on ||VA||x; it is 0 if the coefficient matrix A is constant.

1 1
(B-Es)  Col?|[ullspl| i1, PR

(BEs)  Cahlllo = vall + 572 (v = oal i *I[0lly I Tl

(B-Es)  Cyhllv —wallol[Thl1-
Here C; = 0 if the function ¢ = 0.
Remark 1.1. See (2.12)-(2.26) for the derivation of these bounds.

To give a feel for the usefulness of this observation, let us take the case of
v=0, A constant, ¢q=0.
Then
d(up,Tp) = 0!
Thus the covolume approximation is given by
a(up, Tn) = (f, 10} Th) VT, € Uy,
whereas, for the ordinary Galerkin solution, up,
a(tp, Tn) = (f, Th) YTy, € Up.

Hence it is obvious that the covolume approximation can be viewd as a Galerkin
method with a variational crime. In the general case,

a(un, Tn) + d(un, Th) = (f, 0}, Th)

with similar interpretation as two variational crimes. This view is very useful when
dealing with the generalized Stokes problem (see [6, 12, 11] for more detail).

Now back to the issues of general estimates; take v = 0,v;, € Uy, and T, = vy,
and apply (B.E;1), (B.E2), (B.E4), and (B.Es5) ((B.E3) is void since v = 0):

|d(vn, vn)| < Chllug|[3.

From this the coercivity (for h small enough) and boundedness of a*(-,II} -) follow
(see Lemma 2.3).
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108 SO-HSIANG CHOU AND QIAN LI

Next, take v = 0, v, = ep, := @y, — up, (@p, ordinary Galerkin) to find
llenll} < Ca*(an — up,IWen)
= Cla*(ap,jer) — a* (up, jep)]
= Cl(f,en) — (f, Men) — d(@n, en)],

and it follows immediately that

lenllt < Ch(llf1lo + llanll)llen] s

so that, by the triangle inequality, ||u — us||s < Ch||f||o, which proves the H*
convergence (see Lemma 2.5).

Similarly, we can derive L? convergence via a duality argument as follows. Note
that

llenllo = sup (en,d).
llglJo=1

Given a ¢ with unit L2-norm, let Ly = ¢,9 = 0 on 9Q and let ), be the Ritz
projection of ¥. Thus
(en,d) = alen, ) = alen,vn)
a(u — Uhﬂ;h)
d(u — Uhﬂ/;h)
Ca(hllu = unlly + 1/ u — ][] ul ")
+Cah?ulls il (L + % = 1)
+Cyh||lu — unllo-

IN

Here, |[¢n]]1, < C|||]1p < Cpl[||2 (stability and Sobolev). Clearly, after some
trivial manipulations, we obtain convergence in the L? norm.

The W and L* norm estimation follows the same vein but is more involved.
The details can be found in Section 3. The organization of this paper is as follows. In
Section 2 we list and prove preliminary lemmas and the H', L? norm convergence
results. In Section 3 we derive maximum norm error estimates for the elliptic
problems. The main results are contained in Theorem 3.1 (the max-norm error in
the approximate solution is O(h?|Inh|)) and Theorem 3.2 (the max-norm error in
the gradient is O(h)). The method of proof uses the above-mentioned central idea
with the aid of the discrete Green’s function. In Section 4 we give similar maximum
norm estimates for parabolic equations.

2. PRELIMINARIES

Define the discrete L? norm:

(2.1) lunllon = [Mhunllo={ Y ur(P)Sp}'/>.
K5eTy

Referring to Figure 2 and using the fact that ) are centers and M; are midpoints,
we have

22wl =15 3 W) +u(P2) +u (P} /2
Ko€Th
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FIGURE 2. Primal triangular element with dual partition

Next define the discrete H' seminorm and norm:

(2.3) unlin = ( D |unlfp x>
Kq€eTy,
8uh 2 3uh 2 1

2.4 = (L Oup, g 11/2

(2.4 e = (G2@)7 + (G2(@)15a}

(2.5) lullvn == {[lunlld, + lulf 5312

Lemma 2.1. The two norms |- |1, and |- |1 are consistent, i.e., |- |1n = |- |1,
and || - |lo,n and || - ||1,n are equivalent to || - ||o and || - |1, respectively. Here the

equivalence constants are independent of h.

Proof. The first statement is easy to see since Vuy, is constant over Kg. As for the
second statement, it suffices to show the equivalence of the L? norms. In reference
to Figure 2, we have with K = Kg

1
/|uh|2dx = 5[u,%(Ml)Jrui(Mg)Jru,%(Mg)]SQ
K

= %[u%(ﬂ) +up (P2) +up (Ps) + (un(Pr) 4+ un(P2) + un(Ps))*]Sq.

Summing over K yields

1
Fenllin < Tlunllg < flunllgp-

O
Lemma 2.2. II} is self-adjoint with respect to the L* inner product.
(2.6) (un, My ap) = (an, Oyup),  Vup, tp € Up.
Define
(2.7) lnlllo == (un, TTun)"/>.
Then ||||||lo and ||-||o are equivalent. Here the equivalence constants are independent
of h.

License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use
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P3

FIGURE 3. A triangular element K

Proof. In reference to Figure 3, for ¢ = 1,...,3, let e; be the quadrilateral
PM;QM;1o, (Ms = Mo, My = M,;) and \; be the Lagrange nodal basis func-
tions associated with P;, i.e., A1, A2, and A3 are the barycentric coordinates. Over
a typical K write

3
Up = Z Up (Pl)/\l
i=1

(we will use local indices when there is no danger of confusion), and use (1.12) to
obtain

(up, Mpap) = Z/uhﬂhuhdx

KeTy,
= Z ZuhPl /uhdx
KeTy =1
3
= Z ZuhPl Z Pk /)\kd$
KeTy =1 k=1

3

I

(]

(]
&
£
-

3
> an(Pr)un( )/ Ndzx

KeTy k=1 1=1 €

k
3
= Z Zuh Pk Z (Pl)/ )\ld:z:
KeTy, k=1 =1 €k
= (uhvnhuh)a

where we have interchanged the summations and used the fact that

//\lde/ )\kdx.
€L €l

This last equality can be shown as follows. First it is easy to see that the triangle K
is divided into six equal-area subtriangles. Use the three-vertices quadrature rule
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on linears to evaluate:

//\2d£13 = / /\2d$+/ )\Qddi
el €1+ €1—

- %(Ag(Pl) + 22(Q) + A2(M1))Se,

$300(P1) + 22(Q) + Aa(Mg))S,

—_

1
== 5(0+1/3+1/2)Se1++§(O+1/3+0)S€1,7

where e14 and e;_ are the two subtriangles that make up e;. Since S, _, Se,, ,
and S.,. are the same, we see that

//\gd{E:/ )\1d(E
€1 €2

The other cases can be handled similarly since the underlying integrals only depend
on the two areas as shown above. Finally, as a by-product, the equivalence of the
two norms now follows by direct computation. O

Ses

€24

Now let us derive the important relation (1.21) mentioned in Section 1. For
v € H%(Q),vn, Ty, € Up, we have by Green’s formula and the fact that T}, vanishes
outside €, that (see Figure 2)

2
B __8(1) —wp) 0T},
a(v —vp, Ty) = E /K E aij dz, o, dx

KeT, 3,j=1

—l—/ q(v —vp)Tpdx
Qp
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where @ is the center of K. Let K" denote the set of all vertices of K. By Green’s
formula we have for w € H2,w;, € V},

P> S s

_/ 8_w3wh da:—l—/ 8—wcos<n,xi>whd8
| Jkpnx 9 O o(knKp) 0%;

/ dw cos(n, x;)wpds
a

(KNK3) Oz

0 0
= Z / 7 cos(n, x;)wpds + / 7 cos(n, x;)wrds
K pere \JOKENK O oxnK; 97j

Hence, with a;;(Q)w in place of w in the above equation,

(2.9) {Z >/

K PeKv aKPﬁK

{Z/@K aii(Q oz, Cos<n 2 wpds. }

Now argue as in deriving (2.8) and use (2.9) with w = v —v;, and wp, = II} T}, to
obtain

(2.10)
a*(v — vp, U} Th)

2
= _Z Z / Z aijw cos(n, z; ) 1T} Trds
j

K pPekv/OKpNK ;i)

—l—/ q(v — vp)I; Trdx
Qp

= _Z Z / Z az] azy )]([9(1}87;;}}1) COS<n,xi>H2ThdS

K Pekv/OKpNK ; iy

—Z / Z ai; (Q 81: 8% — T} Th,dx

»Jl

+ Z/a Z a;; (Q 4G _j on) cos(n, z)IT; Trds
K

i,j=1

Ow — cos(n, xl>whd5}
dz;

+ / q(v — vh)HZThdx.
Qp
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Hence
5

(2.11) a(v —up, Ty) —a* (v — o, I Ty) = Z Ei(v — v, Th),

i=1
where

6(’1} — Uh) 8Th
(2.12) Ey(v—vn,Ty) = Z/ Z ai; ( )_U«ij(Q)]Tja—xidx7
K i,j=1
2
Ea(v —wp, Th) = Z Z Z [aij(z) — aij(Q)]
(2.13) K Pcrv JOKENK 52
U= *
(3% on) cos(n, x;)I1} T}, ds,
2 0?v
(214) l%@—vmﬂﬂ=—%;Lé§;mﬂngEEU%—Hﬁm¢m
E4(’U — Vh, Th)
2.15
( ) = Z/ Z a;; (Q Uh) cos(n, z;) (T, — I} Tr)ds,
oK [
(2.16) Es(v—wvp,Tp) = / q(v —vp)(Th — 11} Th)dx.
Qp

We are now in a position to show various bounds for F;’s introduced in the
previous section. In view of the definition (2.12), bound (B.E;) is straightforward
since a;; is in Wh*. As for (B.Es), from (2.13) Ex(v — vy, T}) can be rewritten
(see Figure 2)

d(v — wvp)
(2.17) FEs (’U — Up, Th Z Z Z a” a” )]Tx]

K =1 Mlegl
% cos(n, zi)ds [Th(P) — Th(Pisa),

where P, := P;. The equality is obtained by noticing that each line segment M;Q
is traveled twice but in opposite orientations (once as M;Q, once as QM;) and then
collecting the like-terms. By Taylor’s expansion and the fact T}, is linear in K,

3T
|Th(P;) — Th(Pit1) h

(1) — (Pl

(2.18)

8Th BTh

Wl + 15—

On the other hand, by the Cauchy—Schwarz mequahty

)S C|Th|1,n,k-

(2.19) / |M|d8 < Ch1/2{ |¢i|2d8}1/2,
mg 0w MQ
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where ¢; := a(%;wf”). Use the trace theorem ([2, p. 37]) and a scaling argument to
obtain
/_|¢i|2d5 < O Ioallg x + 1V illoxc il o.xc)
MQ
(2.20)

< C(h o —wnlf k + v — vala,x [v — vnl1,K)

=C(h™ o —vnl} g + [vl2, x|V — Va1 k).

Collecting estimates, using Lemma 2.1 and the generalized Holder’s inequality, we
have

1 1
(2.21) |E2(v — v, Th)| < Ch{|v — vu|1|Thl1 + h'/2o — vp |3 [0]3 | Thl1 },
which implies (B.E3).

Using proper quadratures for the two integrands and the fact that the quadri-
laterals e; of Figure 3 have equal area, it is easy to see that

/ (Th — H;Th)dx =0 YTy € Uy.
K

Hence

2
0%v(x) 0%v .
22) =S [ D (@l - Py g0 - i)

ij=1

where Pk is the local Lo projection to the space of piecewise constants. (Note that

2 . 2 . . . . .
=90 instead of 22— (Q) avoids asking v to be in C?, as is done in some

uSing PK 8wi61j 8wi61j
literature.) From this bound (B.Ej3) follows easily.
As for the estimation of E4, first note that % cos(n, z;) is constant along an
J

edge L of the element K and that

(2.23) /(Th — I} Ty)ds = 0.
L
Thus
Es(v —vp, Th)
2
0 _
=> / > aij(Q)%cosm,xQ(Th — I, Ty)ds
(2.24) K VOK =1 J
2 Ov .
_ Z/ S 4is(@) 5 costn, ) | (T — T Th)ds.
K YOK |;i=1 Zj

Let € be the collection of all the interior edges in the primal triangulation 7;,. (An
interior edge does not lie on 9$,.)
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Using the boundary condition of T}, on 0, continuity of T3, — 1177}, and con-
tinuity of 687”]_ cos(n, z;) across the edges in £ (guaranteed by v € H3(Q)), we have

=Y [ ¥ (@) — (@)

Lee’ i j=1

v
—_— (T — 1T,
X oz, cos{n, z;) (T, »Th)ds

= Z/L Z (a”(QZ) - aZ](QZ))

Lee’ i j=1

0

X <—U - uj> cos(n, z;) (T, — I} Ty)ds,
813j

where QJLr and ()} are the centers of the two triangles sharing L as a common edge,

and the addition of a constant v; is due to (2.23). Now we choose v; as

(2.25)

1 (811,;" vy, )
vj = (7% +
I 2 a’tj a’tj ’
where v;l (resp. v ) is the restriction of v, to the left (resp. right) triangle K7,
(resp. KR).

Observe that
2 ov ov?
> / > (ai(QF) — ai;(Q1)) <% - 8—;) cos(n, z;)(T), — 11}, Th)ds,
Lee’ L j=1 J J

where 0 = 4+ or — resembles FE5. The technique used in deriving (2.20) yields

1/2
(/ (Th — H;;Th)2d5) < ChY?||Ty||1 -
L
Thus as in deriving out (2.21), we have bound (B.Ey)

1 1
(2.26) |Ea(v = on, T)| < Ch{lo = vno[|Thlls + A2 v — on]F [o]3 || Tal 1}

Finally, bound (B.Ej;) follows from (2.16) easily. The following lemma is now proved
in view of the central observation in Section 1.

Lemma 2.3. There exist positive constants hg,a, M such that for 0 < h < hg
(2.27) a*(un, Miup) > allunll?, VYun € Uy,
(2.28) |a*(uh,HZTh)| < M||uh||1||Th||1, Yup, Ty, € Up,.

For covolume methods we seldom have a symmetric bilinear form a*(-,II} -) even
though a(-,-) is. However, we have a lemma which measures how far the bilinear
form a*(-,II-) is from being symmetric. This lemma will be used in the parabolic
problem.

Lemma 2.4. There exist positive constants M, hg such that for 0 < h < hg
(2.29) la* (up, I3 Th) — o™ (Th, Wy up)| < Mb||up||1||Thll1  Yun, Th € Up,.
Proof. Use (1.20) and the triangle inequality to derive
la* (wn, I3 Th) — o™ (Th, Oy up)| < |d(up, Th) — d(Th, up)|-
Invoking proper bounds for d(-,-) completes the proof. |
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The next lemma is proved in Section 1.

Lemma 2.5. The solution of up, of the problem (1.14) and the exact solution u of
(1.1) satisfy

(2.30) [lu —unl|x
(2.31) [lu — unllo

Chllulle,
Cn?lulls,  (p> 1),

whenever the right-hand sides make sense.

<
<

Given any z € (), we define G* € U, to be the discrete Green’s function associ-
ated with the form a(-,-) if

(2.32) a(G" wy) = w(2) Yy, € U,
Lemma 2.6. The function G possesses the following properties [26, 27]:
(2.33) IG2]l1 < C|nh['2

Let v be a given unit vector (direction) and let Az be any vector parallel to v.
Then we define

Gh -Gt
h . 1: z+Az z
(2.34) 0.G, = Al;rgo R

Lemma 2.7. The derivative 0,G" € Uy, has the following properties [27]:

(2.35) a(0.GM vp) = Oun(z) Yun € Uy,

(2.36) 10:GE L < ChTh

Lemma 2.8. Let u and uy, be the solutions of (1.1) and (1.14), respectively. Then
(2.37) a*(u—up,vp) =0, Yo, € V.

3. MAXIMUM NORM ESTIMATES FOR AN ELLIPTIC PROBLEM

Theorem 3.1. Let u be the solution of (1.1) and wy, be the solution of (1.14).
Then

(3.1) [l = unllo.ce < CRZ[In | [|lulls + [[ull2,00]
provided that u € H}(2) N W?2°°(Q) N H3(Q).

Proof. Let @y, be the ordinary Galerkin of (1.1).

(3.2) [lu = unllo,c0 <[l = nllo,00 + [|@n = unllo,00-

Since it is well known [26] that the maximum norm error in @ is bounded by
Ch?|Inh|||ul|2,c0, it suffices to estimate ej, := @y — up. By the definition of the
discrete Green’s function and (2.37)

en(z) = alen,GM)
= alu—up, G
= d(u—up,GM).
Now we estimate E;(u — up, G?),i =1,...,5. By (B.E), (2.33) and Lemma 2.5,
(3.3) | B1 (1 — up, G2)| < Chllu — un|[1]|GE [ < CR?[Inh|M?|[u]l2.

License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use



ERROR ESTIMATES FOR COVOLUME METHODS: A UNIFIED APPROACH 117
By (B.E2), (2.33) and Lemma 2.5,

1/2 1/2
|Ba(u—up, GM)| < Cahlllu—unlls + h2 | — up| [y |ul|3/ ]| G214

(3.4) < Ch*|1nhl? ||ul|.
By (B.E3) and (2.33),

| B3(u — un, GL)| < CR?||ul|5]|G2]:

3.5 L
(3:5) < Ch2|lnh|5||u||g,
| Es(u —up, GH)| < Ch?|Inh|%[]ul|2.
Finally
5 | Es(u — up, G)| < Chllu — up||o]|G2[]4

< CR?[Julls.

Theorem 3.2. Under the hypotheses of Theorem 3.1
(3.7) llv = unll1,c0 < Chl[ullz 4 [|ull2,00] -

Proof. The proof parallels the development in Theorem 3.1. Since it is well known
[26] that the error in @y, is bounded by Chl|u||2,00, it suffice to estimate ey, := @y —uy,
in Whe°, As before

O.en(z) = a,(eh,(?ZG};)
= alu— uh,azG’;)
= d(u —up,d.G")

= Ei(u — up, 8.G"),

i=1
where
|E1(u—up, :GL)| < Chllu — un|1[|0:Gx
< Chllullz,
| Ea(u —un, 0:GL)| < CR?||u2]9:G2 |1
< Chlfull2,
(3.8) |Es(u — up, 0:G2)| < Ch?||ul]3]0:G%||x
< Chllulls,
|Ea(u — up, 9:G%)| < Chlul|2,
| Es5(u — up, 0:G2)| < Cllu — unllol|0-G%||x
< Chllul[s.
Combining all the above inequalities completes the proof. O
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4. MAXIMUM NORM ESTIMATES FOR PARABOLIC PROBLEMS

Consider the associated parabolic problem to (1.1)-(1.2):

(4.1) w+Lu = f(x,t), (x,t)€Qx(0,T]
(4.2) u = 0, (z,t) € 02 x (0,T]
(4.3) u = ugp(z), t=0,z€Q,

where L is the elliptic operator of (1.1) and wu; := 86—1;. The domain §2 has the primal
partition 7; and dual partition 7, of the types specified in Section 1. The trial
and test spaces are still U, C H}(Q) and V,, C L%*(Q), respectively. Consider the
time-continuous approximation to (4.1)-(4.3):
Find uy, := uh(~,t) € Up,0 <t < T such that

(4.4) (un,t,vn) +a*(up,vn) = (f,on) Yo, € Vj,t >0,
(4.5) up(z,0) = wuon(x), x€Q,

where the approximate initial condition ugp, is the elliptic projection (see (4.8)) of
the exact initial function to be specified in (4.15).

Theorem 4.1. Let u and uy, be the solutions of (4.1)—(4.3) and (4.4)—(4.5), re-
spectively. Then for p > 1

(46) [[u—unllp= (o) < O A= ars) + Ilull o) + el oo}
(@)l unllzoe (e < Chflfullogarsy + e wacey + luellzzun
where L (L) := L>(0,T; L>=(2)), L= (H?) := L*(0,T; H3(Q2)).

Proof. Introduce the self-adjoint operator Ry, : H%(Q) N H}(2) — Uy, defined by

(4.8) a*(Rpu,vp) = a*(u,vp) VYop € V.

By Lemma 2.5, and Theorems 3.1 and 3.2,

(4.9) [(w=Ruu)ello < Ch*||ugllsp. p>1,
(4.10) I(u = Rpu)llooe < CR[Inh| [Julls +[Jull2,00]
(4.11) I(w = Rnu)llieo < ChllJulls + [Jull2,00] -

Write u — up, = (u — Rpu) + (Rpu — up) := n + £ It suffices to estimate £. By
(4.1)-(4.4) and (4.8),

(4.12) (&, vn) + a™(&,vn) = — (e, vn), Yo € Vi
Set vy = II} & and use (2.7) to obtain

1d , .
@13) Gl 4 5 ae (e e

* 1 * * * *
= —(m, I3&) + §[a (&, IRE) — a™ (6, 16)]-
By Lemma 2.4, an inverse inequality, and Lemma 2.2,

@™ (&:, 113,8) — a™ (&, 113,60 < Chl& 111
< Cllgdlollgllx < [l€1I + ClIeN,
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where we have used the e-inequality ab < ea® + ﬁbz for positive €,a,b. Taking €
small enough to absorb the & term on the right-hand side into the left-hand side,

we have
(114) Lo (€ 10) < Cllml B + Il
Set
(4.15) uon, = Rpu(0)
so that £(0) = 0. Integrate (4.14) and use Lemma 2.3 to get
¢
(1.16) ol < a*(€56) < C [ (Il + g1y
Use (4.9) and the Gronwall’s inequality to get
(4.17) €Il < CP?|[uel| L2 wsey, P> 1.
From the asymptotic Sobolev inequality ([23, p. 274]), we have
(4.18) [1€llo.00 < Ol h|3{[VElo < Ch[ A [Jug]| L2 (o).
Combine (4.10) and (4.18) to get (4.6) and then use an inverse inequality to get
(4.19) €l11.00 < CRTHIE]1 < Chllug|L2(ws.r).-
Noting (4.11) derives (4.7) completes the proof. O
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