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Escaping Points of Exponential Maps

Dierk Schleicher and Johannes Zimmer
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Abstract

We investigate the points which converge to oo under iteration

of the maps z — Aexp(z) for A € C\ {0}. We give a complete
classification of such “escaping points”: they are organized in the
form of differentiable curves called rays which are diffeomorphic to
open intervals, together with the endpoints of certain (but not all) of
these rays. Every escaping point is either on a ray or a landing point.
This answers a special case of a question of Eremenko. We describe
exactly the combinatorics of occurring rays, and which of them land
at escaping points. It turns out that this answer does not depend on
the parameter .

We also show that the union of all the rays has Hausdorff dimen-

sion 1, while the endpoints alone have Hausdorff dimension 2. This
generalizes results of Karpinska for specific choices of A.
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1 Introduction

This paper is a contribution to the program to carry results and techniques
from the successful theory of iterated polynomials over to the theory of it-
erated entire maps. One major tool for polynomials are dynamic rays intro-
duced by Douady and Hubbard [DH]; they organize the points which iterate
towards oo, and they allow to describe the topology and dynamics of Julia
set very precisely.

We concentrate on the simplest class of iterated entire maps: these are
the maps z — Aexp(z) = exp(z+k) with A € C\{0} or x € C. It is our belief
that a solid understanding for particular families of maps is a helpful step
towards a theory for more general entire maps, and it may suggest results or
counterexamples one can expect in general. It is well known that the decisive
role of critical values for iterated rational maps is, for entire maps, assumed
by singular values: these are critical values or asymptotic values. One reason
why exponential maps are particularly easy is because they only have one
singular value: the asymptotic value 0.

We furnish a complete classification of points which iterate towards oo
under z — Aexp(z) for a given A (Corollary 6.6). It turns out that, as in
the polynomial case, such points are organized in the form of dynamic rays.
There are two new phenomena: there are dynamic rays on which all points
have a certain minimal “rate of escape”; moreover, there are rays which
“land” at points so that the landing points themselves escape. We describe
precisely the set of rays for which this occurs; it is related to unbounded
combinatorics. Any escaping point is either part of a dynamic ray, or it is
the landing point of a unique ray. This gives a very precise answer to a
question of Eremenko [E], in the particular case of our maps: the original
question was whether any escaping point (of any iterated entire map) can be
connected to co by a curve through escaping points. The answer in our case
is yes, and the curve is unique. We should note that our classification does
not involve the parameter A or x (there are natural exceptions, though, if the
singular value 0 escapes, and these are analogous to the exceptions known
from the polynomial theory).

Our classification leads to an immediate generalization of Karpinska’s
paradox [K], showing that the set of rays has Hausdorff dimension 1, while
the set of escaping landing points has dimension 2 (and yet all the escaping
landing point can be connected by disjoint rays to oo, using up only a part
of the rays).

There is a collection of previous papers on the set of escaping points of ex-
ponential maps: in [DGH], rays are constructed (under the name of “hairs”)
for bounded regular combinatorics (where “regular” means that the combi-
natorics should not contain any entry 0; see the discussion in Section 6).
Devaney and Krych [DK] discuss rays with unbounded combinatorics which
satisfy certain bounds depending on A, but only for A real. Viana [Vi] does
the same for arbitrary A and proves that rays are infinitely differentiable.
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Our previous preprint [SZ] classifies all escaping points with bounded combi-
natorics (and discusses landing properties of periodic and preperiodic rays).

There is a natural overlap with all these papers. In particular, the ini-
tial constructions (using what we call “static partitions”) are the same. The
main differences to these previous papers are the following: we turn the con-
struction of certain escaping points into a complete classification; we show
that the growth conditions for the combinatorics is independent of \; a ma-
jor difference in particular to [DGH] is that we do not force our rays to
remain within the strips used in the initial construction (which we view as
an unnatural condition).

In [BR], [EL2] and [DGH], the investigation of the parameter space of
iterated exponential maps was started, in analogy to the well-understood
Mandelbrot set. More recently, this program was carried further in [S1]:
in particular, it is shown that the set of parameters for which the singular
value escapes with bounded combinatorics is organized in the form of rays
in parameter space; these methods allow to transfer our classification results
to parameter space [F]. A complete classification of exponential maps with
attracting dynamics can be found in [S2]. We should also mention several pa-
pers which discuss the dynamics of exponential maps from a measurable point
of view, in particular Lyubich [L], Rees [R], Eremenko and Lyubich [EL3],
and McMullen [McM]. See Section 7 for a brief discussion.

SOME CONVENTIONS AND NOTATION. We will usually write the maps
Aexp(z) as exp(z + k), where k fixes a particular choice of log A (and A =
exp(x) can always be reconstructed). While the exact choice of the logarithm
is in principle inessential, we have written our estimates and combinatorics for
|Im (k)| < m; this is no loss of generality. Although many of our constructions
depend on k, we will usually suppress that from the notation.

We use the notation F)(z) := exp(z+k) = Aexp(z), R™ := {z € R:z < 0},
C*:= C\ {0} and C' := C*\R™. The principal branch of the logarithm in C'
will be denoted Log. We will often need F'(t) := exp(¢) — 1 as a comparison
function (usually for real values t > 0).

ACKNOWLEDGEMENTS. This project was inspired by discussions with
Bogusia Karpinska and Misha Lyubich at a Euroconference in Crete orga-
nized by Shaun Bullett, Adrien Douady and Christos Kourouniotis. We also
thank Bob Devaney, Nuria Fagella, John Hubbard and Lasse Rempe for in-
teresting discussions. We gratefully acknowledge support and encouragement
by John Milnor and the Institute for Mathematical Sciences in Stony Brook.
Much of this work was carried out while we held positions at the Ludwig-
Maximilians-Universitat Miinchen resp. the Technische Universitat Miinchen.

2 Escaping Points and Symbolic Dynamics

Lemma 2.1 (Real Parts of Escaping Orbits)
If (zx) is an orbit for which |zx| — 0o as k — oo, then Re(zx) — +o0.
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PROOF. This follows from |zz.1| = || exp(Re(2y)). ]

Definition 2.2 (Escaping Point)
A point z € C with Re(EY"(z)) — +00 as n — 400 will be called an escaping
point; its orbit will be called an escaping orbit.

For j € 7Z we define the strips
Rj:={2€ C:—Im(k) — 7+ 27j <Im(z) < —Im(k) + 7 + 275} ;

then E): R; — C' is a conformal isomorphism for every j. The assumption
[Im(k)| < 7 implies that the singular value 0 is always in Ry. The union of all
R; is a partition of the complex plane; the boundaries are the preimages of
the negative real axis since F maps each strip I?; to the slit complex plane
C'. The inverse of E\ mapping C' to R; will be denoted by L, ;, so that
L j(z) = Logz — k + 2mij. As a consequence, R; C E\(Ry) for every j # 0
and every k. Note that Ry is the only strip having nonempty intersection
with the image of the boundary of an arbitrary strip.

The strips are analogous to “sectors” for polynomials: they are limits of
polynomial sectors of angles 27 /d with vertices at —d, which come up in the
study of “unicritical polynomials” z — A(1+ z/d)? with critical points at —d
and critical values at 0.

Definition 2.3 (External Address)

Let § := {(s15283,-..): all sy € Z} be the space of sequences over the inte-
gers, and let o be the shift map on 8. We will often use the abbreviation
s = (s15283...). For any z € C with E"(z) ¢ R™ for all n € N, the ex-
ternal address S(z) € 8 is the sequence of numbers of the strips containing
2, Ex(2), E2(2),. . ..

External addresses are defined in particular for all orbits which always
remain in the right half plane.

External addresses correspond to “binary expansions” of external angles
of monic quadratic polynomials or base d expansions in degree d, written as
0.518283 ... with —d/2 < s; < d/2 (instead of the usual 0 < s; < d —1, to
make the discontinuity disappear in the limit d — 00).

The idea to define a partition by considering the preimages of the negative
real axis can be found in [DGH]; we call such a partition a static partition, as
opposed to various dynamically more natural partitions introduced in [SZ].
Sometimes, the word “itinerary” is used for our external addresses; we reserve
that word for dynamically natural partitions, in analogy to polynomials.

We will call a sequence s € & exponentially bounded if there are A,x > 0
such that |si| < AF°*~Y(z) for all k& > 1. This condition is preserved
under the shift map, but the constants change: if s’ = o(s), then |s}| <
AF°*=1D(F(z)). (Unbounded itineraries have been considered in [DK] for
real A and in [Vi] in general. In these papers, the exponential bounds depend
on |A|, but it turns out that this is inessential. Recently, this has also been
observed by Devaney [personal communication].)
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Lemma 2.4 (External Addresses are Exponentially Bounded)
For any exponential map E\, any orbit (zy) satisfies for all k > 1 the bound

max{Re(zx), [Im(zx)|} < |zx| < F"(k’l)(|zl| +9),

where § > 27 is such that |\ < €® — (6 + 1). In particular, any orbit which
avoids R™ has exponentially bounded external address.

PRrROOF. For all z;, we can estimate

\zk1| +6 = |Aexp(Re(zx)) +d < [Aexp [2k| +
< exp(|zk]| +0) — (0 + 1) exp |zx| + 6 < exp(|zx| +6) — 1
= F(|lz]+9) .

Induction yields |z;| + 8 < F°*~U(|z;| + 6) and proves the first claim. If
the orbit avoids R™, then the itinerary s;s;s3... is defined and we have
2|8y < [Im(2g)| + 27 < |2 + 6 < Fo®=D(|21] +6). ]

3 Tails of Dynamic Rays

In this section, we show that the set of escaping points with given expo-
nentially bounded external address s € 8§ contains “tails of dynamic rays”,
which are curves with sufficiently large positive real parts. In [DGH, Vi,
similar objects have been examined under the name (tails of) hairs. How-
ever, in [DGH] only the special case of bounded external addresses without
entry 0 was treated; in [Vi], the goal was to prove that the rays are infinitely
differentiable.

Definition 3.1 (Tail of Ray)
A ray tail for E\ with external address s € 8§ is an injective curve

gs:[T,00) = C

(for some T € R) satisfying the following conditions: each point on the curve
is an escaping point, has external address s, and lim;_, ., Re(g,(t)) = +oo.

Tails of rays lie entirely in the Julia set of E: this follows from the clas-
sification of Fatou components by Eremenko and Lyubich [EL1, EL2, EL3];
see also [BR, Theorems 6 and 7]. An elementary argument uses the escaping
condition lim,,_, . Re (E/’{”(gi(t))) = +o00: there is strong expansion for all
orbits which start near the tail of a ray, so there will always be nearby orbits
which map far into a left half plane after many iterations and then get close
to the origin; this is incompatible with locally uniform convergence in the
Fatou set.

Every ray tail satisfies a bound in the vertical direction depending only
on the first entry in s. This will not necessarily be so for the rays introduced
in Section 4.
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Proposition 3.2 (Existence of Tails of Rays)
For every k € C and every exponentially bounded sequence s € S, there is a
ray tail with external address s.

The rest of this section is devoted to the proof of this proposition. The
proof consists in constructing a map g,(¢) conjugating the dynamics of E)
on a curve to the dynamics of F:¢ — ¢! — 1 on some right end of R. Recall
that in the polynomial case, the conjugation to z — 2% (the Riemann map)
is used to define dynamic rays. We will use a similar approach here, but we
cannot define it on any open set. Instead, using ideas from [DGH] and [Vi],
we define inductively maps g7 on right ends of R as follows for n € N:

ge(t) == Lgs, 0...0L,5 o F"(t) . (1)

We will show below that there is a t* € R such that these maps are defined
for all £ > ¢* independently of n. The first lemma does not require any bound
on s.

Lemma 3.3 (Bound on Real Parts)

For every K > 0 and for every A € C* with |k| = |log )| < K, every n € N
and every external address s, the function g7 is defined for allt > 2log(K +3)
and satisfies Re(g5 (t)) > t— (K +2) and g3(t) = Log(gg(;)l(F(t))) —K+2mis;.

PrROOF. We start an induction with gJ(t) = t. It is defined for all real ¢
and satisfies Re (gio(t)) >t — (K +2). For n > 1, the recursive relation
gr(t) = Ln,sl(ggé)l(F (t))) is built into the definition. Therefore,

Re(g?(t)) = Re (Log(gly)(F(1)) — & + 2mis, )
= Re(Log(g2) (F(t))) — Re(x) = log g} (F(2))] — Re(r)
> logRe (g5 (F(1))) — Re(r) > log(F(t) — (K +2)) ~ |«

= log(e' — (K + 3)) — |x| :t_log(l—(Kl—i-B)/et) — ||
(K +3)/e _ 1

S e (A ey (o) s

> t—%”—K>t—(K+2).

Therefore, gi*'(t) = Li,s, (955 (F(t))) is defined for all ¢ > 2log(K + 3) as
well, which concludes the inductive proof. ]

Proposition 3.4 (Parametrization of Ray Tails)
Fiz an exponentially bounded sequence s := (s1,Sq,...) € 8 and a constant
K >0 and let A € C* be a parameter with |k| = |logA| < K. Then there is
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a t* € R such that the sequence of functions g7(t) is defined for t > t* and
converges uniformly in t to a limit function gi(_t). This function is injective
and continuous in t and depends for fired t > t* analytically on k. It satisfies
the functional equation E) (gi(t)g = o5 (F(t)). Moreover,

gs(t) =t — k+2mis; +r5(t)  with |rs(t)] =0(e™) . (2)

If |si| < AF°®=U(z) for all k > 2 with A > 1/27 and x > 0, then
t* :=x + 2log(K + 3) is a valid choice and

rs(t)] < 2¢7H(K + 2 + 27|sy| + 2T AC)

for a universal constant C > 0.

REMARK. For all bounded s, one can take t* = 2log(K + 3), as is readily
verified in the proof.

PROOF. Let t* := z + 2log(K + 3) as in the claim. For some fixed t > ¢*,
let ¢, := F°¥(t). It is then easy to verify by induction that

th— (K +2) > and t,— (K +2)>K+1+ F*(x) (3)
for £k > 1. We will twice need the estimate
|log(F(t)) —t| = |log(1 —e ") <2e7" <1 (4)
since, for 0 < e < 1, [log(1 —¢)| < e/(1 —¢) and t > 2log3. We have
g (t) — 95 (t) = Liys; © ... 0 Ly, © Lycigyy (F(tn)) = Liysy © . 0 Ly, (t0) -
Lemma 3.3 gives for 1 <k <n-—1
Re(Li,s4y 0 -+ 0 Ly, © Lo,y (F(ta))) = Re(gpid " (1) >t — (K +2)
and  Re(Lygs,,, 0...0 Ly, (t)) = Re(gak(i) (tg)) >t — (K +2) .

Therefore, the two points Ly, ,, ©...0 Ly, © Les, (F(t,)) and L., o
.0 Ly, ( n) can be connected by a straight line segment in the half plane
{zE(C Re(z) > tp — (K +2)}.
Since by (4),
)

|Li s, i (F(t)) — tn| = |log F(tn) — k& + 2misp11 — tp| < K + 14 20 AF"(x)

and the logarithms in the definitions of g7*'() and g7(t) use the same
branches because they are applied only to arguments within the right half
plane, we can estimate for n > 2

|g”+1( )—gi(t)] < (K+1421AF"(x (ﬁ ty — (K + 2) )>_
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K+ 1+ 21rAF°"(x)
tn — (K +2)

—t n—2

e
< 21A —k
m 1—(K+3) ,CHIG

(t1 — (K +2)) 1He—(’“1

< 27A-2e7 H e " (5)

(in these three inequalities, we used |L; . (z)| = 1/|z| < 1/Re(z) for any
k, then both inequalities in (3), and finally (1 — (K + 3)e *)"! < 2 for
t>2log(K +3) and K >0).

Similarly, we have

K + 1+ 27|ss| _

2 1 t
t) —g,(t <2 (K +1+2m|sy|) . 6
620) —alt)] < S <2 Al . (©)
We see that the functions g7 (¢) converge to a limit g,(¢) as n — oo. The
convergence is uniform in ¢ and « provided ¢ > t* and |k| < K. This proves
continuity of the limit g;. Moreover, since all g¢ are holomorphic in x for
fixed t, so is the limit g; by Weierstrafy’ theorem. The functional equation

1\ (gs( )) = go(s)(F(t)) follows from Ej (g7(t)) = L5, 0. .0 Ly s, (F™(2)) =
Lyys, © -+ -0 Ly s, (FPD(F () = giy (F (1)) for every t > x + 2log(K + 3):
Go(s)(t ’) is defined for ¢’ > F(z) + 2log(K + 3), and it is easy to check that
t > x + 2log(K + 3) implies F(t) > F(z) + 2log(K + 3).

Using (5), (6) and then (4), we arrive at

rs()] < 1gs(t) — g5 ()] + g2() — 9o (B)] + g5 (8) — (t — & + 2misy)|

o n—2
< 27 (27rA STle*+K+1+ 27r|$z|> + [ log(£(1)) — 1|

n=2 k=1
< 2e ' (27 AC + K + 2 + 27|sy))

where C =Y, [['-"fe* ~ 1.42 is a universal constant,.

Injectivity of g, follows like this: if gs(t') = g5(¢") for ¢ > t' > t*, then
the functional equation implies gy (5)(F°"(t')) = gon(s) (F°"(t")) for alln > 0
with the bounds

gor(s)(F"(t)) — (F(t) —/-s+2msn+1)‘
= |rone(F™(#)| < 2(2mAC + K + 2 + 2r|sp]) exp(— F"(¢))

2rAC + K + 2 4 27[$p 42|
Fro(n+1) (t')

2

and similarly for #. Since [sp o] < AF° ) (z) < AF°™+1(#) the right
hand side is bounded as n — oo while |F°"(t') — F°"(t")| — oo. This is a
contradiction. []
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PROOF OF PROPOSITION 3.2. The function g4(¢) defined in Proposition 3.4
is constructed so that it parametrizes a ray tail with the given external ad-
dress s: Lemma 3.3 gives Re(E3"(g5(t))) = Re(gon(s)(F°"(t))) > F(t) —
(K + 2) which shows that z = g,(¢) is an escaping point. Moreover, by (2),
Re(gs(t)) — oo as t — +o0o. The imaginary parts inherit their bounds from
the strip Rs,. Hence g;(t) is indeed a ray tail with external address s. ]

We will call the variable ¢ the potential (or escape rate) of the point g,(t).
Although there is no direct relation to potential theory on open domains,
these names are intended to indicate the relation to dynamic rays of polyno-
mials (which are usually parametrized by potentials).

4 Dynamic Rays

Our goal in this section is to extend the ray tails to as low potentials ¢ as
possible, using the functional equation. They satisfy the relation Ej(g,(t)) =
9o(s)(F'(t)) with F(t) = €' — 1. We can try to extend the ray tail by pulling
it back by the dynamics: g4(t) = E5 ' (g5(5)(F(t))), where the branch of E;*
is chosen so that E} " (g,(s) (F(t))) coincides with g,(t) for large ¢. This helps
to define rays at successively smaller arguments.

Here is the reason why we have chosen the function F(t) = e’ — 1, rather
than e’ which would have yielded slightly easier calculations in the previous
section: the point z = E} '(g,(t)) should be on the ray gy for some external
address s’ with o(s’) = s, and its potential should be F~'(t) because of
the dynamic relation between rays. Had we used e’ instead of ¢’ — 1, then
the potential of z should be log(t). This can be repeated only finitely often
until the logarithm runs out of its domain. (In other words, the orbit of
the singular value under exp runs exactly along the curve (0,00) C R which
we are using as a model for the dynamic ray.) Under F(t), however, any
t > 0 can be iterated backwards infinitely often and converges to 0. (The
choice of F(t) =e' —1 is largely arbitrary; we could conjugate with any
monotonically increasing homeomorphism from [0, c0) to itself. Our choice
is mainly for reasons of convenience, yielding the nice asymptotic form (2)
for g,(t) for large t.)

It turns out that for every exponentially bounded s € §, there is a minimal
potential t; > 0 of escaping points with this external address.

Definition 4.1 (Minimal Potential of External Address)
For any sequence s = $15283... € 8, define its minimal potential ¢, € [0, 00]

- i k]
to be t, = lnf{t > O'hmigll)PTU(t) =0; .

Observe that t,() = F(t,).

Theorem 4.2 (Dynamic Rays)
(1) A sequence s € § is exponentially bounded if and only if t, < oco.
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(2) If the singular value does not escape, then for every exponentially bounded
s there is an injective curve gs: (t5,00) — C consisting of escaping points such
that

Ex(95(t)) = 9o(s)(F())  for every t > 1, (7)

(and F(t) > to(s)) which extends the ray tail for external address s as con-
structed in Proposition 3.4. In particular, the curve g, satisfies the asymp-
totic bounds in Equation (2).

(8) If the singular value does escape, then the statement is still true for every
s, unless there is an n > 1 and to > F°"(t,) such that 0 = gen(s(to). For
those exceptional s, there is an injective curve gs: (t%,00) — C with the same
properties as before, where t? is the largest potential which has ann > 1 such

that F°"(t}) = to and 0 = ggn(s)(to)-

The curve g;: (t5,00) — C (or g,: (¢, 00) — C) will be called the dynamic
ray at external address s. We should note that in the exceptional case, it is no
longer true that the Ef*-image of the s-ray maps entirely onto the o*(s)-ray;
it only covers the part above the potential of some postsingular point.

REMARK. Note that we no longer require that all the points on the ray
gs have external address s; this is one major difference to the definition in
[DGH]. Since the static partition is dynamically unnatural, there is no reason
why dynamic rays should respect it. Only the points at large potentials (on
the ray tail) must have external address s. This is not unnatural in view of
Lemma 2.1.

ProOF. For ¢t > 0, define ¢(t) := limsup [5¢] . Clearly, for t > ¢

k>1 Fo(k_l)(t)
we have F°*:=1(¢)/F°®:=1(¢') — oo as k — oo. Hence, if ¢(t) > 0, then
c(t') = oo for t' < t; and if ¢(t) < oo, then ¢(t') = 0 for ¢ > ¢ and even
limgs |sg|/Fe®=1(#) = 0.

If s is exponentially bounded, then |s;| < AF°*~1)(z) for some A and ,
so ¢(t) =0 for t > z and ¢, < oo. Conversely, if ¢, < oo, then for any ¢ > 0,
|s| /P (t; + &) — 0 as k — o0, s0 s is exponentially bounded.

Next show that g¢,(t) exists for ¢ > ¢, using the functional equation
ES™(gs(t)) = gons)(F°™(t)) for n sufficiently large: given t > ¢,, we need
to find a n such that gon(s)(F°"(t)) is defined. Fix ¢ > 0. Then |[sz| <
AF°k=1 (¢, + ¢) for some A and all k. From Proposition 3.4, we know that
Gon(s) (1) exists for t' > F"(t,+¢) +2log(K +3) with K = |s[. If t > t,+2¢,
then for n sufficiently large, F°"(t) > F°"(t, + ¢) + 2log(K + 3), hence
Gon(s)(F°™(t)) = E3"(gs(t)) exists and we can define g,(¢) by iterating E)
backwards n times. The correct branch of Fy ! follows by continuity starting
with large values of ¢. (In view of the functional equation, n can be increased
without causing any harm, so the exact choice of n is immaterial.) Therefore,
the curve g, exists indeed for all ¢ > ¢,. Injectivity for ¢ > ¢, is inherited
from Proposition 3.4. (It is in this pull-back step that the exception in the
statement comes in: if the singular value escapes and is on the dynamic ray
that we try to pull back, there is a missing inverse image.) ]
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Having constructed many escaping points, we can now start to investigate
under which conditions an escaping point is on a dynamic ray. The condition
in the following theorem might seem rather special, but we will show below
that all points on all rays satisfy it in a stronger form.

Theorem 4.3 (Fast Escaping Points are on Ray)

Let (z) be an escaping orbit within the right half plane and let s be the
external address of z,. If there is a t' > t, such that Re(z;,) > F°* =D (¢') for
infinitely many k, then z, = gy (t) for somet > t' and an external address s'
which differs from s only at finitely many entries. If t' > K 42, then s’ = s.

PROOF. For k > 1, let ;, > 0 be such that F°*~1(t,) = Re(z;). Then by
Lemma 2.4, the sequence t; is bounded above. Moreover, [Im(z;)| < 27(|sg|+
1) < Fo®=1 (¢ for all sufficiently large k. By assumption, infinitely many
k satisfy tx > t', and for all but finitely many of them we have |Im(z;)| <
Re(zk). In the following, we will look only at such k.

Choose again K > 0 such that |logA\| < K. There is an A > 0 such that
k| < AF°®=U(t, + 1), so the ray tails g* from Proposition 3.4 are defined
for all ¢ > ¢; + 1 + 2log(K + 3); by Lemma 3.3, they satisfy Re(g*(¢)) > 0
if £ > K + 2, so these ray tails never cross R™ or the partition boundary
ENRY).

Suppose first that Re(z;) > 3 and ¢, > max{t, +1+2log(K + 3), K +2}
for all £ > 1.

By construction, |z, — F°*~V(t;)| = [Im(2)|. Pulling the two points 2,
and F°*=1(t,) back using L, s, o...0 L., _,, we obtain z; and 957 (tk), re-
spectively. For j = 1,2,...,k, let wj := Ly, o...0 Loy (F°®D(t)),
so w; = g"'(t). Since Re(z) = F°*~U(t), we obtain |L.  (2)| <

KySk—1

1/Re(z) for all z on the vertical line segment between z, and F°*=1(#,),
and after L, ,, , we get the two points z;_; and wy_; with |24_1 — wr_1| <
Im(z;,)|/Re(zx) < 1 . We maintain the inductive relation |z; —w;| < 2=(:=1=9)
and Re(w;) > Re(z;) —2=*=1=9) > 2 for j = k — 1,k —2,...,1, hence all
the further logarithms contract distances by at least a factor 2, justifying the
inductive relation. For j = 1, we finally obtain |z; — g5~ (#)| < 272,
Choose € > 0. Let ¢ be a limit point of the sequence (t) (restricted to
such k as described above). Clearly, t > t' > t;. We have |21 — g5~ ' (t)| <
for large k. For potentials at least #, the approximating curves ¢gF~1 con-
verge uniformly to g,: for ¢’ sufficiently large, this is Proposition 3.4, and for
arbitrary compact subintervals of (¢,,00), it follows as in Theorem 4.2. We

thus have

gé_“l(tk) _ gi(t,c)‘ < € (possibly by enlarging k). Finally, for

close enough to t, we have
it follows

gs(tx) — gi(t)‘ < e. Combining these estimates,

|71 = g (8)] < |21 — 0F 7" (80| + |05 () — ga(t)| + [0 (t) — 95(8)| < 3¢

for certain sufficiently large k. Hence g¢4(t) = 2.
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If the lower bounds for Re(zx) and t; are not satisfied for all £ > 1,
there is an m > 1 so that they are satisfied if z; is replaced by z,,.1, hence
Zmt1 = Gom(s)(F°™(t)) for some ¢ > #', and 2z, = gy (t) for some s’ which can
differ from s only in the first m entries.

Finally, if # > K + 2, then Re(gy(5)[F°*(t'),00)) > 0 for k = 0,1,2...
by Lemma 3.3, so the forward orbit of g,[t', c0) never crosses the partition
boundary and s’ = s. ]

Proposition 4.4 (Controlled Escape for Points on Rays)

For every exponentially bounded external address s and everyt > t,, the point
gs(t) satisfies the asymptotic bound ES*(gs(t)) = F*(t) — Kk + 2misg11 + o(1)
as k — o0o. In particular, it satisfies

[Tm(E3* (g5 (1)) [”

Re(B{F(a(1))

as k — oo, for every p > 0.

PROOF. Associated to the exponentially bounded external addresses o*(s)
are minimal potentials t* = F°f(¢,). By (2) in Proposition 3.4, we have
good error bounds for the dynamic rays go+(s) for potentials greater than
th +21log(K +3), where K > ||. Clearly, for any ¢t > t,, there is a ko = ko(t)
such that F°¢(t) >tk + 2log(K + 3) for k > k.

Since |s| < AF°*®~1(t, +¢) for any € > 0 and some A > 0 depending on
¢, we have for k£ > ky by Proposition 3.4

E5(95(t)) = gor () (F*(2)) = F*(t) — £ + 2mispy1 + Tor(s) (F (1))
with

ror(FHD)| < 2exp(=F(t)) - (K +2+ 27[sp42] + 27AC)

C' + 2m AP (¢, + €)

2w ®

where C' is the universal constant from Proposition 3.4 and C' := K + 2 +
27 AC depends only on k and s, but not on k. If t; + ¢ < ¢, then the
right hand side of (8) tends to zero as k& — oo (even extremely rapidly). It
follows that, along the orbit of gs(t), the real parts grow like F°*(¢), while the
imaginary parts are bounded in absolute value by the asymptotically much
smaller quantity 2r AF°*(t; + ¢).

More precisely,

UG A Y—
l°g<Re(E;'f(g§(t>»><pF‘ (1 +€) = F0(1) + 0(1) — oo

which settles the last claim. ]
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5 Eventually Horizontal Escape
For R € R, we define the right half planes Hg := {2z € C : Re(z) > R}.

Lemma 5.1 (Exponential Separation of Orbits)

Let R > log(m) — Re(k) be positive. Suppose that (zx) and (wg) are two
escaping orbits for E\ which are completely contained within the right half
plane Hg and which have the same external address s = s18y.... Let dj :=
Re(z) —Re(wy) and suppose that dy > 2. Then dyy1 > exp(dy) for allk > 1,
and zy = gy (t) for some s’ which differs from s only at finitely many entries,
and t > t, =ty. If also wy = gy (t') for some t' > t,, thent > t'.

PROOF. Let t; := Re(wy) and uy := Im(wy) for all k. Then Re(zy) = t; +di
and |Im(z;) — Im(wg)| < 27. Moreover,

lwg| = | exp(Re(wg-1)) = Al exp(tx-1) ,
|zl = |A exp(Re(ze—1)) = |\ exp(tx_1 + dr_1) ,
|Im(zk)| S ‘U,k‘ + 27 S |/\‘ exp(tk,l) + 27 .

By Pythagoras’ theorem, (Re(2;))* = |2x|* — (Im(21))?, we get
(tk + di)* > [A*(exp(te-1 + di-1)* — (A exp(ty-1) + 27)*

and thus

|A| exp(tx—1) + 27 )) )

te+d > (M exp(tp 1+ dg1)4|1 —
R+ de > A exp(te—1 + dy 1)\l (\A|exp(tk—1)exp(dk—1

By assumption, we have |A|exp(tg—1) > |A| exp(R) > 7 for all k, and we take
dr—1 > 2 as inductive hypothesis. Since ¢, = Re(wy) < |wg| = |A| exp(tx_1),
the fact that \/z > z for 0 < z <1 gives

de > I\ exp(tes) (exp(dk1)¢1<exp(3w> 1)

> 7 (exp(dk_l) (1 — 9exp(—2dk_1)> — 1)
> mwexp(dx_1) — Imexp(—di_1) — 7 > exp(dy_1) -

This yields exponential growth of dj and justifies the inductive hypothesis
dr—1 > 2 for all k.
Choose any ' < Re(k). From Equation (9), we conclude that

te+dp+ B > F(tp—1 +dp1 + )
for all £ > k' depending on ', and hence for any N > k' and &k > N

ty + dy + g > FoN) (tn +dn+ 5') . (10)
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Next we derive an upper bound for ¢, as follows.
trr1 = Re(wiy1) < |wpyr| = [N exp(ty) = F(tx + Re(k)) + 1 .

Pick any 3" > Re(k). Then for k£ > k" depending on 3", we have t; 1+ 3" <
F(ty, + 8") . Consequently, for N > k" and k£ > N, we get

tk +ﬁ" < Fo(k_N)(tN—i—ﬁ”) ) (11)

To find a lower bound for ¢y, we use |sgy1| > F*(t; —¢) for alle > 0
and infinitely many large k& (depending on ¢). It follows that

Fo*(t, —e) < |spa| < 2m(Jwpsa| + 1) = 27(| A exp(te) + 1) +1—1 .

Hence, after taking logarithms

141/2
Fe=D(t, — ) <t} + Re(k) + log(27) + log (1 + +1/2m ) :

Al exp(tk)
The logarithm is bounded above by some constant depending only on A and
R. Incorporating log(27) into this constant and using Equation (11), we get

Fo®D(t, —¢) <ty + Re(k) + ¢ < FP®"M(ty + 8") — B" + Re(k) + ¢

for infinitely many k£ > N.

Let tN—1 := F°(W=1(¢,) be the minimal potential of ¥~ (s). Then
there is an &’ > 0 such that F°V="U (¢, —¢) = tV~1 — ¢’ and & tends to 0
when € does. We get -

Jro(k—N) (téV—l —¢') = otk (ts —¢e) < FoE=N ¢y + 8" — B" + Re(k) + ¢

for infinitely many k > N. It follows that t)'~' —¢&' <ty + " for any ¢’ > 0,
so ty > tY~' — B”. This yields a lower bound for ¢y. Using Equation (10),
we get

e+ d, > Fo(ka)(tN +dy +ﬁ') — B> Fo(lch)(téV—l —B"+ B +dy) — 8.

Since ' and B" can both be arbitrarily close to Re(x) and thus to each
other, and dy is large, it follows that there is a ¢’ > t¥~! such that (with
n =k — N) Re(E"(2n)) = t + dp > F°™V(¢) for infinitely many n.
The external address of zy is o~V (s). By Theorem 4.3, zy = g, (t")
for some s” which differs from oV ~'(s) only at finitely many entries and
t" > N1 = t,. Pulling back along the orbit from z; to zy, it follows that
21 = gy (t) for some s’ which differs from s only at finitely many entries, and

t = FeONTD() > ¢, =t
If wy = gg(t') for t' > t,, then Proposition 4.4 clearly implies t > t'. [

REMARK. This lemma has an interesting consequence: if t > t, is such that
the orbit of gs(t) is within Hgyo (with R as in the previous lemma), then
all points on the entire ray segment g4([t,00)) have external address s, i.e.
the orbit of the ray segment never crosses the partition boundary E;*(R™).
If not, then by iterating finitely many times we may assume that g,([t, 00))
intersects R™, but the forward orbit of g,([t,00)) does not. Set z := g,(1));
its orbit is within Hg o, and there is a ¢’ > ¢ such that w := g,(¢) has
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Re(w) = Re(z) —2 > R. Now the point at greater potential has smaller real
part, and this contradicts Lemma 5.1 (with a small modification if the orbit
of w does not stay within Hg).

Lemma 5.2 (Escaping Points on Ray)

Let R > logm — Re(k) be positive. Among all escaping points sharing any
given external address s and with orbits in Hg. o, there is at most one point
z which is not on the dynamic ray gs, t.e. for which there is no t > t, with

z = gs(1).

PROOF. Suppose that there are two orbits (z;) and (wg) which are not
on the dynamic ray g, at potentials greater than ?,. Suppose first that
|Re(zr, — wg)| < 2 for all k. Clearly, [Im(z, — wy)| < 27 for all k. But since
the derivative along the orbit is uniformly bounded below by |Aef > 7, the
condition |z — wg| < 27 + 2 implies that |zx_1 — wx—1| < (27 + 2)/7 and
then |z;,_; — wi—j| < (27 +2)/77, so in particular |z; — w:| < (27 + 2)/7F L,
Since k can be arbitrarily large, it follows that z; = ws.

Therefore, we may assume that Re(zx—wy) > 2 for some k. By Lemma 5.1,
21 = gy (t) for some s’ which differs from s at most at finitely many entries,
and t >ty = t,. The remark before this lemma implies s’ = s. ]

REMARK. Given the fact that there is an entire ray tail of escaping points
with external address s, and only one point with this external address (with
orbit in Hg) can be off the ray, it seems fair to say that “almost” all escaping
points are on a ray. That this is not true in the sense of dimension theory
will be discussed in Section 7.

The following two lemmas help to control where rays are: the first one
establishes good control for certain special rays, and the second one shows
that the general case is not much different if real parts are large.

Lemma 5.3 (Rays Avoiding the Singular Strip)

(1) Let s be an external address without entry 0. Then the entire dynamic
ray gs((ts, 00)) is contained in the strip Ry,.

(2) If in addition Im(k) # L, then the closure gs((ts,00)) is contained in
R,,. The same holds if Im(k) = 7 and all s ¢ {0,1}, or if Im(k) = —7
and all sy, ¢ {0,—1}.

PROOF. By definition, every ray tail g, is contained in the strip R;,, ,,
for all £ > 0. In particular, it is disjoint from R™. Therefore, E;"(gs(s))
(for any branch of E, ) is disjoint from all branches of E, '(R"), and these
are the boundaries of the strips R;. Since the entire rays are constructed as
continued pull-backs of ray tails, the first claim follows.

The assumption in the second part assures that every ray avoids a definite
neighborhood of R™; so in the next pull-back step, every ray avoids a definite
neighborhood of all the partition boundaries, and the claim follows. ]
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Lemma 5.4 (Changing External Addresses)

Let s and s’ be two external addresses such that |sy — si| < 1 for every k.
Then there is an R € R depending only on k with the following property:
if for t > t,, the orbit of gy (t) lies in Hg, then for every k > 0, we have

B3 (9(0) — B3t (9(0)] < 3.

PRroOF. For k sufficiently large, this is an immediate consequence of Propo-
sition 4.4. For the remaining smaller values of £, this follows by backwards
induction: there is an R > 0 such that Ey' has derivative at most 1/3
in absolute value for every z € C with Re(z) > R — 3« (this is the same

for every branch of E;'). Now if ‘E;(Hl) (g5(t)) — E;\(Hl)(gﬁ: (t))‘ < 3w and

Re(Ei(kH) (g¢(t))) > R, then the same branch of E;' would bring them to
points at distance less than 7, and the branches which yield E{*(g5(t)) and
ESF(gy (1)) differ at most by 2mi. ]

6 Classification of Escaping Points

We will show that all escaping points are organized in the form of dynamic
rays associated to exponentially bounded external addresses.

Lemma 6.1 (Escaping Set Connected)

Let R > 0 be such that efexp(Re(k)) > (Re(k) + 27 + 1)/(1 — 1/e) and
suppose that (zx) is an escaping orbit within Hyp. Then there is a closed
connected unbounded set C C Hpg containing z; such that all points of C
escape within Hg and have the same external address as z1. Fvery z € C

escapes so that Re(E5* "V (2)) > Re(z) — Re(k) — 1.

PROOF. Let s = s155... be the external address of z;. For k£ > 1, let
Sk :={z € R, : Re(z) > Re(z;) — Re(k) — 1}

(where Ry, is the strip of points with first entry s; in the external address).
Our first claim is that E5(Sk) D Sks1 for all k. Clearly, E,(Sk) contains all
points in Sgi1 with |z| > (1/e)|zk 1.

On the other hand, any z € Sx1 has Re(z) > Re(zx4+1) — Re(k) — 1 and
|Im(2) — Im(2x41)| < 27, hence |z| > |zx11| — Re(k) — 20 — 1. We can thus
be sure that z is in E)(Sk) provided |zx+1| — Re(k) — 2m — 1 > (1/€)|2k41|
or |zxy1| > (Re(k) + 27 +1)/(1 — 1/e). But since |2x41| = || exp(Re(zx)) >
|Alef > (Re(k) + 27 +1)/(1 — 1/e), the claim is proved.

Now consider, for £ > 1, the sets

Cr:={2€8,:E(2) € Siyy fori=0,1,....k—1} .

The sets C U {oo} C P! are non-empty, compact and nested: Cy; C Cy.

We have just proved that E;(k_l): Cy — Sy is a conformal isomorphism, so
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all (', are connected. The nested intersection of non-empty compact and
connected sets is non-empty, compact and connected, so the set

C:= ﬂék

k>1

is a closed connected set with z; € C' and oo € 9C. For z € C, we have
Ei(k_l)(z) € Sk, so Re(Ei(k_l)(z)) > Re(zx) — Re(k) — 1. This is what we
claimed. L]

REMARK. If we make the assumption that the orbit of z; never visits the
sector containing 0 (so that sy # 0 for all k), then the restriction on R is
unnecessary and we can use Sy, := R,,. In [DGH], external addresses s with-
out entry 0 were called “regular”. The corresponding rays are particularly
easy to handle because the dynamics avoids the singular value and the real
axis; see e.g. Proposition 6.7. Milnor has suggested that external addresses
without entry 0 be called “unreal”.

Lemma 5.3 shows that any two rays at “unreal” external addresses gen-
erally have disjoint closures, so in particular they cannot land at the same
point (in the sense defined below). However, in the theory of iterated polyno-
mials it is known that most of the interest is in rays which do land together;
compare e.g. [M2] (for instance, the entire theory of puzzles is built on such
rays). Hence we try as much as possible not to restrict to “unreal” external
addresses.

The limit set of the ray gs is defined as the set of all possible limit points
of g,(tr) as t \y ts. We say that the ray g, lands at a point w if limy~ 4, g,(t')
exists and is equal to w (so the limit set consists of a single point). If gi_lands
at an escaping point w = g,(t5), we say that ray and landing point escape
uniformly if for every R € R, there is an N > 0 such that for every n > N, we
have Re(E5"(gs([ts,00)))) > R. We will show in Corollary 6.6 that whenever
a ray lands at an escaping point, then the escape of ray and landing point is
uniform, but this is not automatic.

Lemma 6.2 (Limit Set Does Not Intersect Ray)

Suppose that a ray gs has the property that all its points have their entire
orbits in the right half plane Hpg, for a positive R > logm — log |A|. Then g,
18 disjoint from its own limit set.

REMARK. This lemma holds probably under much weaker assumptions.

PROOF. Let L be the limit set of g;. Suppose thereis at > ¢, with g,(t) € L.
Pick some potential t' € (t,,t). Possibly after some finite number of iterations
and using Proposition 4.4, we may assume that Re(gs(t) — g5(¢')) > 3. Then
there is a potential ¢ > ¢, arbitrarily close to ¢, so that g,(¢") is arbitrarily
close to gs(t). More precisely, we assume that t” < ¢’ and Re(gs(t")—gs(t")) >
2. But by Lemma 5.1, this implies that ¢” > t', a contradiction. Hence
L g4((t,0)) = 0. .

We can now show that all escaping points are associated to rays.
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Theorem 6.3 (Escaping Points Associated to Ray)
Consider an exponential map for which the singular value does not escape.
Then for every escaping point w, there is an exponentially bounded external
address s and a potential t > t, such that either t > ts and w = g5(t), or
t =t, and the dynamic ray g, lands at w with uniform escape.

If the singular value 0 does escape, then 0 = gy (to) for some ty > tg
as clatmed. For any other escaping point w either the claim above holds, or
there is a finite m > 1 such that E{™(w) = gy (t) fort < to.

REMARK. One can uniquely associate potentials even to those escaping
points which iterate onto the same ray as the singular value, below the sin-
gular potential; however, associating an external address to them involves a
non-canonical choice just as for quadratic polynomials.

PROOF. Fix R > 0 such that e® exp(Re(k)) > (Re(k) + 27 + 1)/(1 — 1/e).
Except for possibly finitely many iterations, the entire orbit of w will be in
the right half plane Hpg; let us assume first that there are no exceptions at
all. Then the external address of w is well-defined; call it s.

By Lemma 6.1, there is a closed connected unbounded set C' containing
w such that all points in C escape within Hi with external address s. By
Lemma 5.2, at most one point in C' can fail to be on the dynamic ray g,. If
w is on the ray at potential ¢ > ¢, then we are done.

Otherwise, w is the unique exceptional point in C, and every 2’ € C'\ {w}
has 2/ = g,4(t') for some ¢’ > t,. We want to show that g,((¢,,00)) C C.
Suppose first that for some ¢ > t,, we have g,(t) € C, but not g,([t,00)) C C.
Then C U g,([t,00)) disconnects C: there is an open set U C C such that U
and 0 are in different components of C\ (C'Ug;([t,00))). Possibly by iterating
a finite number of steps, we may assume that all points in g,([t, 00)) escape
within Hpg; the points in C' do this anyway. Moreover, for any k, all the
points in E3F(C) and E5*(g,([t,00))) are in the same strip R,, . It follows
that all points in U must escape to infinity within Hz by the minimum
principle, and this is impossible by the classification of Fatou components
[EL1, EL2, EL3, BR].

It follows that there is a t* > ¢, such that g,((t*,00)) C C but gs(t') ¢ C
fort, < t' < t*. We need to show that t* = ¢,. If t* > t,, then g,([t*,00)) C C
by continuity, and C'\ g,([t*,00)) can contain at most one point. However,
since C is closed and connected, C = g,([t*,00)), and w = g,(¢) for some
t > t* > t,, a contradiction. We conclude that t* = t; and g,((¢5, 00)) C C.
Moreover, C' = g,((ts,00)) U {w}. Let L denote the limit set of g,. Since
9s((ts,00)) C C and C is closed, we have L C C = g¢,((t5,00)) U{w}. We
know from Lemma 6.2 that L N g,((¢s,00)) = 0, and since L is non-empty, it
follows that L = {w}, so g5 lands at w as claimed. The escape is uniform by
Lemma 6.1.

If w does not spend its entire orbit within Hpg, then there is a finite iterate
which does, and which is then either on a dynamic ray or the landing point
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of a ray. By pulling back, the theorem then holds for w as well unless the
pull-back runs through the singular value. This is never a problem for the
singular value itself, and for other points the problem occurs exactly when
claimed in the theorem.

We still need to show that the two cases “w is on a ray” and “w is the
endpoint of a ray” are mutually exclusive; we owe this argument to Lasse
Rempe. To see this, fix w = g,(t) with ¢t > t,. We will show that there is an
¢ > 0 and a sequence s, > s of external addresses with ¢; = ¢, such that
gs, (t') — gs(t') uniformly for ¢' € [t —,t + €]; there is a similar sequence
sl < s. These two sequences of rays would intersect any dynamic ray gy
which landed at w, so w cannot be the landing point of any dynamic ray.
The two sequences of external addresses s, and s| are easy to construct:
they equal s, except that the n-th entry in s, exceeds the corresponding
entry in s by 1, and the n-th entry in s, is smaller by 1. Then E5"(g, (t')) ~
E3™(gs(t')) + 2mi at least for large n, and the pull-backs to g,(t') and g, (t')
use the same branches of £} ! and contract exponentially with n. Therefore,
the claim follows for any e <t — t;. ]

A complete classification of escaping points must describe all those exter-
nal addresses s for which the ray g, lands at an escaping point. To this end,
we introduce the following notation.

Definition 6.4 (Slow and Fast External Addresses)

We say that an external address s is slow if there are A, x > 0 and infinitely
many n for which | s, x| < AF°®=V(z) for all k > 1. Otherwise, we say that
s is fast: then for every A,x > 0, all sufficiently large n have a k such that
|Spak| > AF®=1 (7).

Clearly, any external address with t; > 0 or with liminf |s;| = oo is fast,
but the converse is not true: the two external addresses 12131415... and
12123123412345...are both unbounded with ¢, = 0 and liminf |s;| = 1;
the first one is fast, while the second one is not.

Proposition 6.5 (Uniform Escape for Fast Addresses)

An external address s is fast if and only if the ray gs lands at an escaping
point so that ray and landing point escape uniformly (with an exception if
the singular values escapes so that there is an n > 1 and t > t, with that
Gon(s)(F°"(t)) = 0; in this case, the ray g ends at £00).

PROOF. Suppose that s is slow, so there are A,z > 0 and infinitely many
n with |s,x| < AF°*=1(z) for all k. Then by Proposition 3.4, for ¢ >
x4 2log(K + 3) we have gon(s)(t) =t — k 4 27is, 41 + 7 with |r| universally
bounded. Since |s,41| < Az, it follows that gon(s)(t) is bounded indepen-
dently of n (for infinitely many values of n). But g, () = E3*(gs(tn)) for
t, = F°=™(t) with t, \, 0, so the ray cannot land at an escaping point and
escape uniformly.
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Conversely, suppose that s is fast. Let us first consider the special case
that all entries s, in s are different from 0, so that no ray tail g, is
in the strip containing R™ and Lemma 5.3 applies (if Im(x) = £n, which
is equivalent to A € R, then we need to exclude both strips which are
adjacent to the real axis). This case is easier because rays with zero-free
external addresses respect the static partition. We then have, for any ¢ > t;,
the estimate

B3 (95(0)] > [m (B3 (95(1)| > 27 (s = 1) -

Pick any x > 0, A > 1/27 and any t > ¢,. Since s is fast, there is an N
such that all n > N have a k, with |s, 4, | > AF°®~1(z). For n > N, let
zn = E5"(gs(t)). By Lemma 2.4, there is a § > 0 depending only on « such
that for every £ > 0

F (20| +6) > [Im(E3¥(20))] = [Tm(BS" ™ (g(8)))] > 27 (sn 451 — 1) -
Specializing k to k, — 1, it follows that
Fo®n D (12| 4+ 6) + 21 > 2mspyp, > 2mAF*n D (g) > peka—D () |

As x gets large, |2,| must also get large (if there was no additive 27, we could
conclude that |z,| > = — §). This estimate does not depend on ¢ > t, and on
n > N. Therefore, for every R > 0, there is an N such that for all n > N
and t > t,;, we have ‘E;"(g£(t))‘ > R. It follows that Re (Ef\("fl)(g§(t))) >
log R—Re(k). If no forward iterate of the ray contains the singular value, then
this implies that the ray g, together with its limit set, escapes uniformly to
oo. By Lemma 6.2, the limit set of g, cannot intersect the ray; since the limit
set consists of escaping points, Theorem 6.3 shows that it must be a singleton:
this means that the ray lands at an escaping point with uniform escape. If
some forward iterate of g, contains 0, then g, itself ends prematurely at oo.

For the case of a general external address s, we construct a new external
address s’ without an entry 0 as follows: we set s, := 1 whenever s; = 0,
and s), := sy otherwise. (In the special case Im(x) = 7, the two strips Ry
and R; have R on their boundary and are excluded; here we set s, := 2 if
s =1 and s, = —11if s = 0, and s, := s otherwise. If Im(k) = —m, we
proceed likewise.) Then we have |s; —sj| < 1 for all k, and the claim follows
from Lemma 5.4: after sufficiently many iterations, the entire ray gy spends
its entire orbit within any given right half plane, and then g, must behave
likewise (with the possible exception stated in the claim). ]

Corollary 6.6 (Classification of Escaping Points)
For any escaping point z, exactly one of the following three cases holds:

e there is a unique dynamic ray gs and a unique t >t so that z = g4(t);

o there is a unique external address s such that g, lands at z, and the
escape of ray and landing point is uniform;
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o the singular value escapes: 0 = g4(t) for some s and t > t;, and the
point z maps after finitely many iterations to gs(t') with t; <t <t.

Rays exist exactly for exponentially bounded external addresses, and escaping
landing points exist exactly for fast exponentially bounded external addresses
s (unless gy lands at or contains the singular value for some s' = o*(s)).

REMARK. Recall that the minimal escape potential ¢, > 0 for s has been de-
fined in Definition 4.1, exponential boundedness of s has been defined before
Lemma 2.4, and fast external addresses have been defined in Definition 6.4.

This result excludes the possibility that an escaping point is the landing
point of any ray with non-uniform escape.

Proor. We know from Theorem 6.3 that every escaping point is either on
a dynamic ray or the landing point of a dynamic ray with uniform escape,
or (in the exceptional cases which occur only if the singular value escapes) it
maps to such a point after finitely many iterations.

If z is on a dynamic ray or the landing point of g, so that g; and z escape
uniformly, then after some finite number of iterations, this escape takes place
in Hz and the external address of z determines the external address of s
except possibly for the first finitely many entries. By pulling back along the
forward orbit of z, it follows that z is associated to only one dynamic ray
which contains z or lands at z with uniform escape. Clearly, the ray either
contains z or lands at z.

If an escaping point is the landing point of a ray g, with uniform escape
and of another ray gy with non-uniform escape, then s must be fast and
s’ must be slow (or s’ would land at another escaping point with uniform
escape). Then |s; — s},| must be arbitrarily large, but as soon as |s — sj| > 2
for some iterate, the images of g, and gy can no longer be injective. This is
a contradiction.

The description of external addresses for rays is Theorem 4.2 and Theo-
rem 6.3, and the classification of external addresses of escaping landing points
is Proposition 6.5. ]

The following result is a generalization of a result in [DGH] about bounded
external addresses without entries 0.

Proposition 6.7 (Ray Lands if External Address Has No 0)
If an external address s has the property that s # 0 for all k, then the ray gs
lands (in the special case that Im(k) = m or Im(k) = —m, we have to assume

that sy, ¢ {0,1} respectively sy, ¢ {0, —1}).

PROOF. The singular value 0 is in the strip Ry (or in the two exceptional
cases, in Ry U Ry; UR). Then there is an € > 0 such that every z € C with
|z| < eisin Ry (resp. in Ry U Ry; UR).
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Fix some ¢t > t, (to be adjusted below) and consider, for £ > 1, the
bounded domains

Sy == {z € R;,:loge — Re(k) < Re(z) < Re (Ei(k_l)(gﬁ(t))) + 2} :

Then Ey)(Sy) is the annulus ¢ < |z| < €* - |E}F(gs(t))| with R™ removed.
Moreover, E,(Sk) contains Sk similarly as in the proof of Lemma 6.1: to
see this, it suffices to check that the corners

;= (loge - Re(/ﬂ)) +1 (—Im(m) +27spq1 £ 7r) and
cr = (Re(E;(kfl)(gi(t))) + 2) +1 (—Im(/@) +2mspy1 £ 7r)

of Sk4+1 are in E)(Sk). The outer radius of the annulus is €*| E3*(g4(t))|, and
this is clearly greater than Re(FE3(g,(t))) + 2 if ¢ is chosen large enough.
That settles ¢5. For ci, it suffices to observe that Im(cf) = Im(cg) and
IRe(ci)| < |Re(c})|, again provided ¢ is large enough. In fact, it is not hard
to see that the conformal modulus of the annulus E)(Sg) \ Sk41 is bounded
below by some ;. > 0 independent of k.

Next we show that the limit set of E3*(gs;) = g,r(s must be contained
in Sg_1: in fact, if for some t' > t;, we have Re(gyr(5)(t')) > Re(gor(s)(t) +
2), then the two points g,(s)(t') and g,x(s)(t) escape to oo with the same
external address, and by Lemma 5.1, we would have ¢ > ¢. (The lemma
needs the assumption that both orbits are within a certain right half plane.
For g,«(5(t), we can simply assume this by iterating finitely more steps if
necessary; for g, (t'), the lemma can fail only if the orbit is allowed to
jump very far to the left, but we have a bound on negative real parts.)

The conclusion of the theorem is now routine: the construction assures
that the limit set is surrounded within S; by an infinite collection of disjoint
annuli with moduli ¢z > 0, so it must be a single point. ]

REMARK. The conclusion of this theorem even holds if there are finitely
many s, = 0 (resp. finitely many s, € {0,+1}), provided the ray never maps
over the singular value on its forward orbit.

REMARK. One cannot expect all rays to land. If a ray g, does not land (and
does not hit the singular value during its orbit), then its external address s
must be slow, and it must contain entries 0 (even infinitely many of them,
or it would be the pull-back of a ray which lands). We believe that the limit
set of such a ray cannot contain escaping points, but we cannot prove this
(any such limiting escaping point is of course covered by our classification,
so it must be part of some ray).

7 Dimension and Escape

In this section, we give several conclusions which follow from our classification
and our estimates: we generalize the Karpinska paradox, and we show that
all points on rays “zip to infinity” in the sense of Rippon and Stallard.
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Corollary 7.1 (The Dimension Paradox)
The union of all dynamic rays has Hausdorff dimension 1, while the set of
escaping ray endpoints has Hausdorff dimension 2.

PROOF. In Proposition 4.4, we proved that every point z on a ray satisfies,
for every p > 0, the parabola condition [Im(E{"(2))|? < Re(E3"(2)) for all
but finitely many n. Karpiniska [K] proved that the set of escaping points
which satisfies the parabola condition for p has Hausdorff dimension at most
1+ 1/p. This proves the first claim.

On the other hand, McMullen [McM] proved that the entire set of escaping
points has Hausdorff dimension 2. Our classification shows that any escaping
point which is not on a ray is the endpoint of a unique ray, and this settles
the second claim. ]

This result has been shown by Karpinska for real parameters A € (0,1/e)
using properties of the Julia set related to the existence of an attracting fixed
point. Since we prove in Proposition 4.4 a stronger escape condition than the
parabola condition, one can probably improve the estimate of the Hausdorff
dimension, perhaps leading to a gauge function like ¢/(log(1/t))™ for some n.

It is known from [EL2] that the set of escaping points has measure zero.
(Note, however, that for the map exp(z) the singular value escapes, and
almost every orbit is asymptotic to the postsingular set [L]: a typical orbit
follows the singular orbit for a while, then returns far into a left half plane and
follows the singular orbit for a longer time.) Our methods and classification
should apply to larger classes of functions for which the escaping set has
positive measure (such as the family z — ae?+be~* [McM]). This is currently
work in progress'.

Rippon and Stallard, in a recent paper [RS], consider the set of escaping
points I(f) of a transcendental meromorphic function f and the subsets

n|fen+1) (5
1 = {eenn: M

Z(f) :=: {ze[(f):%—)ooasn%oo} .

—)OO&STL—)OO}

They call Z(f) the set of points which “zip to infinity”, and they show various
properties of I'(f) and Z(f) in analogy to known properties of I(f), such
as that the boundary of any of these sets equals the Julia set of f. For the
restricted family of our maps, our estimates lead to a good description of
I'(f) and Z(f) because all rays are contained in I'(f) N Z(f).

L Added in proof: in fact, recent work by Giinter Rottenfuler and the first author
confirms this expectation for maps ae® + be™*: the classification of escaping points for
such maps is essentially the same, the union of all dynamic rays still has dimension 1,
while the escaping endpoints form a set of positive planar Lebesgue measure, in certain
cases even of full measure.
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Corollary 7.2 (Points on Rays Zip to Infinity)
Every dynamic ray is entirely contained in the sets I'(f) and Z(f), and
I'(fy=2(f)=1(f) = J(f), where J(f) is the Julia set of f = E).

PROOF. The estimates in Proposition 4.4 show immediately that for any
external address s and any potential ¢ > t,, we have z = g¢,(t) € I'(f) and
z = g,s(t) € Z(f). We also know that every escaping point is in the closure of
a single ray, so I'(f) = Z(f) = I(f). It is well known that I(f) = J(f) for
entire maps with finitely many singular values (this is a special case of [E,
page 344]). For our maps, we noted earlier that I(f) C J(f), and since the

Julia set is closed, we have I(f) C J(f). Conversely, it follows immediately
from Montel’s theorem that escaping points are dense in the Julia set. ]
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