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Essential model parameters for nonreciprocal magnons in multisublattice systems
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We theoretically investigate the microscopic conditions for emergent nonreciprocal magnons to-
ward unified understanding on the basis of a microscopic model analysis. We show that the products
of the Bogoliubov Hamiltonian obtained within the linear spin wave approximation is enough to ob-
tain the momentum-space functional form and the key ingredients in the nonreciprocal magnon
dispersions in an analytical way even without solving the eigenvalue problems. We find that the
odd order of an effective antisymmetric Dzyaloshinskii-Moriya interaction and/or the even order
of an effective symmetric anisotropic interaction in the spin rotated frame can be a source of the
antisymmetric dispersions. We present possible kinetic paths of magnons contributing to the anti-
symmetric dispersions in the one- to four-sublattice systems with the general exchange interactions.
We also test the formula for both ferromagnetic and antiferromagnetic orderings in the absence of

spatial inversion symmetry.

I. INTRODUCTION

Conductive phenomena in solids have long been stud-
ied in various fields of condensed matter physics, such as
the giant magnetoresistance [1-5] and the anomalous Hall
effect [6-14]. For these physical phenomena, the elec-
tronic band structures play an important role. The flat
band structures give rise to magnetism, superconductiv-
ity, and the fractional quantum Hall effect [15-20], while
the linear band dispersions around the Dirac/Weyl points
lead to unconventional topological properties [21-25].
Besides, the spin splittings in the band structure bring
about fascinating physical phenomena, such as the Edel-
stein effect in noncentrosymmetric systems [26-29], spin
current generation in antiferromagnetic systems without
the relativistic spin-orbit coupling [30-33], and the spin-
orbit-momentum locking in magnetic quadrupole sys-
tems [34].

Under space-time inversion symmetry, the electronic
band structures are categorized into four groups: the
k-symmetric band dispersion with the spin degeneracy
in the presence of both spatial inversion (P) and time-
reversal (7) symmetries, the k-(anti)symmetric spin-
split band dispersion without 7 (P) while keeping P (T),
and the k-antisymmetric band dispersion without both P
and T, where k is the wave vector of electrons. In par-
ticular, the k-antisymmetric band dispersion has been
extensively studied in recent years, since it becomes a
source of nonreciprocal conductive phenomena owing to
the inequivalence between k and —k [35]. The nonrecip-
rocal nonlinear optical effect is a typical example [36-39].
The microscopic origin of the k-antisymmetric band dis-
persion is accounted for by the active magnetic toroidal
moment, which corresponds to a polar tensor with time-
reversal odd [40-47].

The nonreciprocal phenomena have also been discussed
in magnetic insulators [35, 48—69]. In spite of the absence
of carriers, the collective excitaions of magnons lead to
directional-dependent dynamical properties, where we re-
fer it to the nonreciprocal (asymmetric) magnons [35, 62].
Similar to the electron band dispersion, an appear-

ance of nonreciprocal magnons is attributed to the ac-
tive magnetic toroidal moment [70]. Although they
were mainly studied for ferromagnetic slabs [48, 49] and
for magnetic orderings in the noncentrosymmetric crys-
tals [50, 51, 59, 71, 72], where the magnetic dipolar inter-
action and/or the Dzyaloshinskii-Moriya (DM) interac-
tion are important [73, 74], it was shown that they occur
even via other mechanisms, such as frustrated exchange
interactions [75, 76] and bond-dependent symmetric ex-
change interactions [77, 78]. The nonreciprocal magnons
have a potential to exhibit further intriguing nonrecipro-
cal phenomena, such as the magneto-optical effect [79-81]
and spin Seebeck effect [82], which avoid Joule heating.

Engineering asymmetric band deformations in the sys-
tems without P and 7 symmetries is important for
nonreciprocal conductive phenomena irrespective of elec-
trons and magnons. Meanwhile, the microscopic con-
ditions have not been fully clarified yet, although active
magnetic toroidal multipoles are necessary from the sym-
metry aspect [47, 83-85]. Recently, a useful framework
to extract essential model parameters for the asymmetric
band structure in the electron systems has been proposed
on the basis of augmented multipoles [86]. Similar ap-
proach has also been performed in the magnon systems
by introducing the bond-type magnetic toroidal dipole
degree of freedom, which is only applied to the mecha-
nism induced by the DM interaction [72]. It is desired to
have a simple formula to investigate which model param-
eters contribute to the asymmetric band deformations in
magnon systems with arbitrary spin interactions.

In the present study, we investigate the microscopic
conditions for emergent nonreciprocal magnons in multi-
sublattice systems in an analytical way. We show that the
product of the Bogoliubov Hamiltonian after the linear
spin wave approximation provides two important infor-
mation for nonreciprocal magnons without the cumber-
some Bogoliubov transformation. One is the momentum-
space functional form and the other is the essential model
parameters to cause the antisymmetric band deforma-
tions. We demonstrate that our scheme ubiquitously ac-
counts for the microscopic key ingredients irrespective of
the mechanisms by analyzing a spin Hamiltonian with



the general exchange interactions in the one- to four-
sublattice systems. We discuss the important magnon-
hopping processes that arise from the exchange interac-
tions in real space. We also test our scheme for both
ferromagnetic and antiferromagnetic orderings with the
DM interaction and the symmetric anisotropic interac-
tion. Our results will be useful to extract the significant
model parameters in inducing the nonreciprocal magnons
under complicated noncollinear magnetic orderings.

The remaining of the paper is organized as follows. In
Sec. II, we present a general method of extracting the
essential model parameters from the Bogoliubov Hamil-
tonian. We present a general expression contributing to
nonreciprocal magnons on the basis of the spin Hamilto-
nian with both symmetric and antisymmetric exchange
interactions in the one- to four-sublattice systems in
Sec. ITII. We apply the method for the ferromagnetic
ordering in the breathing kagome lattice structure and
the collinear /noncollinear antiferromagnetic orderings in
the honeycomb and breathing kagome lattice structures
in Sec. IV. Section V is devoted to a summary of the
present paper. Appendix A provides lengthy expressions
in terms of momentum-space functions in the three- and
four-sublattice cases.

II. APPROACH

Let us start a general spin Hamiltonian, which is given

by
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where S;* is an o (= «, y, and z) component of classical
spin at site . Jfl-,, I I, J”, J”,, and Jj7 are the
symmetric exchange interactions, while Dfj,, Dy, and
Dy, are the antisymmetric exchange interactions. The
latter corresponds to the DM interaction. The nonzero
components of 7, are determined by point group sym-
metry of the bond. For later convenience, the spin is
rotated so as to align the local axis along the z direction:

(S7, 8¢, SP)T = Ra(dn)Ry(00)(SF, Y, SP),  (3)

where R.(¢;) and R,(f;) are the rotation matrices
around the z and y axes, respectively, and T is the trans-
pose of the vector. Then, the Hamiltonian in Eq. (1) is
rewritten as
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H}# and H})Y consist of the product of S*S* and S¥S%,
respectively. The interaction tensor J; is represented by
rotating Jy.

We investigate magnon spectra within a linear spin
wave approximation. By applying the Holstem—Prlmakov
transformation, which is glven by S =28 Sain, S;y,; =

V2Sal a;,, and SZ =S —a; nam (the subscrlpts 7 and 7
denote the 1ndlces for a unit cell and a sublattice, respec-
tively, and a;,, is the boson operator for sublattice 77), to
the spin Hamiltonian in Eq. (4), the Bogoliubov Hamil-
tonian is derived. By performing the Fourier transforma-
tion as a;, — aqy, the resultant Bogoliubov Hamiltonian
in the n-sublattice system is given by
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and Xy and Vg are the n x n matrices.

In Eq. (4), Hj;, corresponds to the diagonal elements
of Xy, while Hj;, HDM, H},, and H,;/ correspond to the
off-diagonal elements Xy and )g,. In other words, only
the spin components perpendicular to S’f contribute to
a magnon hopping process. Meanwhile, H, ﬁ,z/ *¥ does not
appear in Eq. (10), since it consists of the odd number
of boson operators.

When H}f is a positive-definite matrix, the Cholesky

decomposition is possible as H, B = K} TK where Kg is

the upper triangular matrix. Then, H};’ is transformed
into the Hermitian matrix Hy as

Hq = Kqg9K], (12)

where the 2n x 2n matrix g satisfies (¢)ny = [V qn, \I/ -
The eigenvalues wgp, (m is the band index) in Eq. (11)
are obtained by diagonalizing Hy.

Nonreciprocal magnon excitations mean that the
eigenvalues have an antisymmetric component with re-
spect to g, i.e., wgm # w_gm. To investigate important
model parameters for the nonreciprocal magnons in a



systematic way, we introduce a following quantity as

Et(ls) = Tr[HqHq - Hgl, (13)
—— ——

= Tr[(HBg)(HEg) - (HBg)], (14)

S

which is related to the eigenenergy. A similar quantity
has been discussed in the antisymmetric band modula-
tion and spin splittings in the electron system [86-88].
The antisymmetric component is extracted by

S 1 S S
Py = (B - E®)). (15)

Thus nonzero F\*)

cal magnons.

signals the appearance of nonrecipro-

From the expression of Eq. (14), one can deduce
the essential model parameters inducing nonreciprocal
magnons, as detailed in Sec. III. In Eqgs. (5)-(9), there
are four types of magnon hoppings and one onsite poten-
tial in the real space Bogoliubov Hamiltonian, which are
expressed as

Hij = SJii(aa), + afap), (16)
HPM = iSDy (ala;r/ - ajal’)v (17)
Hy, = 85 (aay + alal), (18)
HjY = —iSJTY (aay — (19)
(20)

lel’ = Sjﬁ/(s - a}al - azr/ap).

azfa;r,),

From theses expressions, one finds that the real (imagi-
nary) part of the standard hopping alnajn/ is related to

Hi, (HPM), which corresponds to the off-diagonal part
of X4, while the real (imaginary) part of the anomalous
hopping aT a;r-n, is related to H}j, (H};’), which corre-
sponds to the off-diagonal part of V4. As only the hop-
ping processes to satisfy the magnon-number conserva-
tion are important, one can find that an even order of Jj,
and J};/ can contribute to nonreciprocal magnon excita-
tions. In addition, when taking into account the fact that
an odd order of imaginary hopping can also contribute
to nonreciprocal magnon excitations, we expect that the
antisymmetric magnon band structure is related to the
odd order of an effective antisymmetric DM interaction
or the even order of an effective symmetric anisotropic in-
teraction. This indicates that the antisymmetric magnon
band structure can be reversed regarding g by the sign
of Dy, while that is not by the sign of Jy, and J)j7.

As we will show the general feature of Fqs) in Sec. III
and the specific examples in Sec. IV, the quantity Fés)
gives a microscopic condition of nonreciprocal magnons

irrespective of ferromagnets and antiferromagnets.

FIG. 1.

contributing to nonreciprocal magnons (Fél) # 0) in real
space in the one-sublattice case.

Schematic picture of the magnon-hopping process

III. GENERAL FEATURE OF F}”

In this section, we discuss a general behavior of Fés)

independent of the lattice structures and the exchange
interactions. We show the microscopic processes con-
tributing to nonreciprocal magnons in the multisublattice
systems with n = 1-4: one-sublattice case in Sec. IIT A,
two-sublattice case in Sec. III B, three-sublattice case in
Sec. IIIC, and four-sublattice case in Sec. IIID. It is
noted that the present scheme can be also applied to the
systems with the sublattice n > 4 in a straightforward
way.

A. One-sublattice case

We consider the one-sublattice system with n = A,
which describes only the ferromagnetic state without the
sublattice degree of freedom. In the one-sublattice sys-
tem, Xq and ), are the 1x1 matrices. By using Egs. (16)-
(20), the expressions of Xy and )q are given by

Xy = J°hZ) 4 JEht®) — D*pls), (21)
Vg = JURY) + i J VRV, (22)

where hg(s) and hg(“) for ¢ = z, L, D,v, zy are arbitrary
symmetric and antisymmetric functions with respect to

hC(S) hC(S) and hg(as) hc as), Owing to the one-
sublattlce degree of freedom, hl(as) hqD(b) = hz(as) =
hﬁy(as) 0 and h ) has a q dependence, which are dif-

ferent from the multlsublatticc cases, as will be discussed
in Secs. III B-ITI D.

Although the magnon dispersions in the one-sublattice
case with the 2x2 matrix H, 313 are analytically obtained by
performing the Bogoliubov transformation, we test the
expressions in Egs. (14) and (15) for later complicated

multisublattice systems. The lowest contribution of F,gs)
is given by

F{V = —2D*hD). (23)

The expression in Eq. (23) indicates that only the ef-

fective DM interaction D* contributes to nonreciprocal
magnon dispersions. When calculating the higher order

of Fés), one finds that the (2m + 1)th-order terms of Fq(s)



FIG. 2. Schematics of two magnon-hopping processes giving
Fé3) # 0 in real space in the two-sublattice case. The left
panel corresponds to the first term in Eq. (29) and the right
panel corresponds to the second term in Eq. (29).

are proportional to Dzh D(as) , while the 2mth-order ones
vanish for an integer m. This means that the nonrecipro-
cal magnon in the one-sublattice system is induced when
D? # 0 irrespective of other interactions. This result is
consistent with that obtained by the direct diagonaliza-
tion.

The above result is intuitively understood from the
magnon-hopping process in the real-space picture, as
shown in the case of Fél) in Fig. 1. The process in Fig. 1
gives rise to effective imaginary magnon hopping that is a
source of nonreciprocal magnons along the hopping direc-
tion. Furthermore, the functional form of nonreciprocal
magnons are obtained in an analytic form from Eq. (23).
In the crystal system, the g dependence of Fés) is de-
rived to satisfy the magnetic point group symmetry in
the system, as shown in Sec. IV.

B. Two-sublattice case

s)

In this section, we show F,;s) in the two-sublattice case
with 7 = A and B, where X and Vg, are the 2x2 matrices.
By considering the general exchange interactions between
A and B sublattices, Xy and )4 are represented by

Hereafter, we examine Fé in the multisublattice case.

Zn Fapq

x, =4 , 24

q(&m %) (24)
0 Gasq

- , 25

y (GAB q 0 ) ( )
where

Fapg = J - (hx5) +ihnis)) +iD* (h5S) + ihys)),
(26)

Gapq = V(W + ihiSa) + i (W) + ih3e),
(27)
Zy = J?zy, (28)

and n = A and B. In contrast to the one-sublattice case,
hg ™) £0, by £ 0, hy'™) £ 0, and hZY™) £ 0 and
there is no g dependence in Z,; hé(s)
and hi’,("‘s) =0.

corresponds to z,

The lowest contribution of Fés)

whose expression is represented as

is given by s = 3,

F) = 12J° D% J* (24 + 28) (Wygalinss) — hya i)
— 127777 (zn — 26) (Hg DRy — Dby )-
(29)

The first term in Eq. (29) represents the contribution
from the effective DM interaction proportional to DZ,
which is similar to the result in the one-sublattice case
in Sec. IITA. Meanwhile, the second term in Eq. (29)
represents the contribution from the effective symmetric
anisotropic exchange interaction including J¥ and J*Y,
which does not appear in the one-sublattice case. In
other words, the symmetric anisotropic exchange inter-
action can become a source of nonreciprocal magnons in
the multisublattice system [see also the results in Eq. (35)
in the three-sublattice case (Sec. IIIC) and in Eq. (38)
in the four-sublattice case (Sec. IIID)]. The real-space
pictures in terms of the magnon-hopping processes for
each term are shown in Fig. 2. It is noted that the ef-
fective symmetric anisotropic interaction contributes to
the nonreciprocal magnons in the form of J"J*Y in or-
der to satisfy the magnon-number conservation and the
space-time inversion symmetry. We also note that the
q dependence of nonreciprocal magnons can be different
for different mechanisms, as found in the first and second
terms in Eq. (29).

In addition, there are three differences from the one-
sublattice case in Eq. (23). The one is the appearance of
J? in Eq. (29), which means that J? is also important
to induce the nonreciprocal magnons. The second is the
sublattice-dependent factor zp + zp and zpx — zp; the
nonreciprocal magnons by D> (J vJ ”Cy) vanish when zp =
—2B (2a = 2zB). The third is the q dependence in the first

term in Eq. (29) owing to nonzero h(J]-(aS) and hqD(s).

We note that the expression in Eq. (29) does not di-
rectly reduce to that in Eq. (23) when regarding A and
B sublattices as the same sublattice, i.e., 2o = zB: The
essential model parameter in Eq. (29) is J*D?J+, while
that in Eq. (23) is D*. At first glance this result appears
to contradict with each other, but it is due to the fact
that the factor J*J+ is canceled out with the denomina-
tors when evaluating the energy spectrum [72]. Hence,
from the viewpoint of obtaining the essential model pa-
rameters, it is useful to calculate Fq(s)
cell.

in the minimal unit

By using the expression in Eq. (29), one obtains the
essential model parameters for the emergence of non-
reciprocal magnons in the two-sublattice antiferromag-
netic orderings and the ferromagnetic ordering in the
two-sublattice noncentrosymmetric structures. We show
the example of the staggered antiferromagnetic ordering
in the honeycomb lattice structure in Sec. IV B.



FIG. 3. Schematics of seven magnon-hopping processes giving

Fés) # 0 in real space in the three-sublattice case. Each panel
corresponds to H,q (p=1-7) in Eq. (35).

C. Three-sublattice case

We consider a behavior of Fés) in the three-sublattice
case with n = A, B, and C. For the general exchange
interactions between different sublattices, the 3 x 3 ma-
trices, X4 and ), are represented by

Zxn Fasq Facgq

Xq = FXBq Zp FBC‘I ; (30)

Ficq FBeq 4
0 Gaq Gacg

Yeg=|Gag—q 0 GBeq|, (31)

Gac—q GBc—q O
where
b4 1(s as D(s as
Fonrq = Jl(hmgt)l T hnn( q)> + ZDZ(hnn(t; + hnn(q))’
(32)

G = T (g + i) + 0T (hfd) + ihe),
(33)
Zy = J? 2, (34)

and ,7’ = A, B, and C.
The lowest contribution of Fés) corresponds to the s =

3 term similar to the two-sublattice case, which is given
by

) =D |2 Hig + (J*)2Haq + (J)2Haq
+ (J7)? Hag| + (D*)*Hsg
+ JUJ(J* Heq + J = Hrg), (35)
where H,q (@ = 1-7) is the antisymmetric function

consisting of odd number of hg(as) and even number
of hC(S) Hﬂq = —H,_4. For example, Hyq includes
h?n(sghi'(ns) qh as) for n # n' # n”. The specific ex-
pressions of H na are shown in Appendix A owing to the
lengthy expressions.

There are mainly three contributions in the nonrecip-
rocal magnon dispersions in Eq. (35), which are propor-
tional to D* including Hiq-Hiq, (D?)? including Hsg,
and JYJ*Y including Hgq and H7q. We schematically
show the magnon-hopping processes corresponding to
H,q (n = 1-7) in Fig. 3. Among H,q, Haq, H3q, Hag,
Hsq, and Hyq consist of three magnon hoppings be-
tween three sublattices, while H14 and Hgq consist of two
magnon hoppings between two sublattices. Indeed, Hiq
and Heq correspond to the left and right panels of Fig. 2,
respectively, while other H, 4 have no correspondence to
the two-sublattice case. In other words, this indicates
that contributions from Haq, H3q, Haq, Hsq, and Hrg
can appear when the exchange interaction path includes
the triangle geometry, such as the triangular and kagome
lattices, while those from Hi4 and Hgq do not need the
triangle geometry. Thus, only the latter processes can
contribute to the nonreciprocal magnons in the case of
the one-dimensional three-sublattice chain in the absence
of FACq and GACq~

The general expression in Eq. (35) describes the model
parameter conditions for the nonreciprocal magnons in
the three-sublattice antiferromagnetic orderings, such as
the 120° antiferromagnetic ordering on the triangular and
breathing kagome lattices. We show three examples in
the breathing kagome system in Secs. IVA, IV C, and
IV D.

D. Four-sublattice case

Finally, we consider the four-sublattice case, where Xy
and ), are represented by

Zpn Fapq Facq Fapg

Fx Zy  Fscqg IBD
Xy =| 00 R 36
N Ficq Fcq “Zc Fepg |’ (36)

* *
Fipq Fepg Fépg “4p
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FIG. 4. Four-sublattice clusters in the shapes of (a) a tetra-
hedron and (b) a square.

0 GaBq Gacq Gapg

GAqu 0 GBCq GBDq
= 37
Ya Gac—q GBc—q 0  Gcpg |’ (37)

Gap—q GBp—q Gcp—q O

where F,,q, Gnyq, and Z, are the same as Eqgs. (32),
(33), and (34), respectively.

Similar to the two- and three-sublattice cases, the low-
est contribution of F,gs) in the four-sublattice case is Fég),
which is given by

F® =D* [jljZH;q + (J5)2 Hyy + (J9)2Hy,
+ (T2 Hfg | + (D*)Hi,
+ JUT(JF Hyg + J=Hyy), (38)

where H), (u = 1-7) is similar to H,q in the three-
sublattice case, and the only difference is found in the
number of hopping paths due to the different number of
the sublattice, as found in Appendix A. Similar to the
three-sublattice case, Hy,, H3,, Hi,, Hi,, and Hz, can
appear when exchange interaction path includes the tri-
angle geometry, while H{q and Héq do not depend on
such a geometry. For example, in the tetrahedron cluster
structure shown in Fig. 4(a), all H,, can contribute to
the nonreciprocal magnons, whereas in the square clus-
ter structure with the nearest-neighbor exchange inter-
actions in Fig. 4(b), only Hj, and Hg, can contribute
as

F® =D*J-J"H{, + J°J" J*H},. (39)

In this way, the expressions in Egs. (38) and (39) de-
scribe the microscopic process contributing to nonrecip-
rocal magnons under the four-sublattice antiferromag-
netic orderings, such as the pyrochlore antiferromagnets
and the four-sublattice tetragonal antiferromagnets.

IV. APPLICATION TO
NONCENTROSYMMETRIC MAGNETS

In this section, we apply the expression in Eq. (15) to
noncentrosymmetric ferromagnets and antiferromagnets
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FIG. 5. (a) Breathing kagome lattice structure under the

point group Dsn. The red spheres represent the magnetic
moments along the z direction. The different colors for bonds
stand for the different magnitudes of the exchange coupling.
(b) The first Brillouin zone in (a). The color plot represents
angle dependence of nonreciprocal magnons characterized by
¢(q2 — 3q2). (c, d) The magnon band structures under the
ferromagnetic ordering for D = 0.2 and J* =0 (¢) and D =0
and J* = 0.5 (d). The other parameters are set as J= = —0.9,
J* =—1, and v = 0.5.

to host nonreciprocal magnons. As the ferromagnets,
we consider the ferromagnetic ordering in the breathing
kagome lattice structure in Sec. IVA. As the antifer-
romagnets, we consider three types of antiferromagnetic
orderings: the staggered collinear antiferromagnetic state
in the honeycomb lattice structure in Sec. IV B, the up-
up-down ferrimagnetic state in the breathing kagome lat-
tice structure in Sec. IV C, and the noncollinear 120°
antiferromagnetic state in the breathing kagome lattice
structure in Sec. IVD. In each section, we first show
the Bogoliubov Hamiltonian and then we discuss magnon
spectra and essential model parameters.

A. Breathing kagome ferromagnets
1. Model

We consider a breathing kagome lattice structure as an
example of noncentrosymmetric crystal structures [72].
The breathing kagome lattice structure consists of up-
ward and downward triangles with the different sizes, as
shown in Fig. 5(a).

The interaction matrix corresponding to Eq. (2) is
given by

N Jl + J%cos X! D — J%sin Xnn! 0
Ty = | =D — J@sinxyy Jt —J%osxpy 0 |,
0 0 J*
(40)
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“7?777’ - %77777’7 (41)

where the superscript A (v7) denotes the interaction
for the upward (downward) triangles where « is the
breathing parameter, and xa = 0, xsc = 27/3 and
Xca = 47/3. We here consider four independent in-
teractions from the symmetry analysis: the isotropic in-
plane interaction J+, the DM interaction D, the bond-
dependent anisotropic interaction J%, and the z spin in-
teraction J*. The direction of the DM vector is taken
along the 42z (—z) direction for the upward (down-
ward) triangle. The anisotropic interactions, D, J%, and
J* — J* originates from the relativistic spin-orbit cou-
pling and/or dipole-diople interactions. Compared to
Eq. (2), one finds the correspondence of (Jy ,, J;% ) and
(J% cos X s —J @ sin Xy ).

In the ferromagnetic state with magnetic moments
along the z direction, we do not need the rotation of the
spin frame, i.e., J7J7;7, =J*+, Dy =D, Jy,, = J cos Xy,
j;f,’, = —J%sin xyy, and j;n’ = J* in Egs. (5)—.(9). By
performing the Holstein-Primakov transformation and
then the Fourier transformation, the 3 x 3 matrices &y
and )g in the Bogoliubov Hamiltonian matrix H}f are
given by [72]

Z  Fapq Fiagq

Xg=|Fipg Z Fseql, (42)
Fcagq FB*Cq Z
0 Gaqg Gca—q

yq = GAB—q 0 GBCq ’ (43)

Gcaq Gee—g 0

where

Fpyq=(J*t —iD) (e'0Pm' + ye " TPm') (44)
Ghq =J%e X (eiq'p""/ + ’Ye_iq.p""/) ) (45)
Z ==2(1+~)J%, (46)

where p,, is the displacement vector between n and 7’
sublattices in the breathing kagome lattice structure. It
is noted that the length of a side of both the upward
and downward triangles is taken as one for notational
simplicity.

2. Result

The ferromagnetic spin configuration becomes stable
when J? is dominant and ferromagnetic. We show the
magnon dispersions along high symmetry lines in the
Brillouin zone [Fig. 5(b)] in the ferromagnetic state after
the numerical Bogoliubov transformation. Figure 5(c)
shows the magnon spectra wq for D = 0.2 without J¢,
while Fig. 5(d) shows ones for J* = 0.5 without D.
Both cases clearly exhibit that the magnon bands are
modulated antisymmetrically in the functional form of
42(q — 3q3) [72]. The angle dependence in the limit

of |g] — 0 is given by cos3¢ when setting (g¢,qy) =
q(cos ¢,sin @), as shown in Fig. 5; the antisymmetric
modulation appears along the K’-I'-K line, while it does
not along the M(X)-I'-M(X) line.

The above result means that both D and J* become
the origin of the nonreciprocal magnons. Such model
parameter conditions are easily obtained by evaluating

F,;s) in Eq. (15) without solving the eigenvalue problems.
For a general case at D # 0 and J* # 0, the lowest-
order contribution from F,gs) is of third order as shown
in Sec. III C, which is given by

F{®) = —12y(1 - ) (V3J* + D)
x 2D(V3J* — D) +3(J)?) 3, (47)
where

f§’¢ = (cos Gz — COS \/gq:y) sin gy (48)

Thus, one finds that the antisymmetric functional form of
24’ = (cos g, — cos v/3g,) sin g, in Fq(,?’) is consistent with
that in the magnon dispersions in Figs. 5(c) and 5(d).
Furthermore, the expression in Eq. (47) clearly presents
the essential parameters in nonreciprocal magnons: -,
D, and J%. The condition of 7 # 1 represents the impor-
tance of the breathing structure, which is reasonable in
terms of spatial inversion symmetry; it is recovered for
v = 1. In a similar way, FéS) shows that no antisymmet-
ric magnon dispersions appear when D = —+/3J+. This
is rather surprising, as such a condition is not obtained by
the symmetry argument. Indeed, we confirmed that the
magnon dispersions become symmetric at D = —/3J+.
The other essential parameters are D and J¢, as in-
ferred from the results in Figs. 5(c) and 5(d). In the case
of Fig. 5(c) for nonzero D and J* = 0, Eq. (47) reduces
to

3) 12 2\ r3
F{) = —24y(1 = 9)DBJ*? = D*) 3. (49)

The result indicates that asymmetric feature vanishes for
D = 0 and D = /3J' in addition to v # 0,1 and
D = —/3J+ in Eq. (47). Thus, D is one of the essential
parameters, and its odd order contributes to the asym-
metric dispersions. On the other hand, for nonzero J¢
and D = 0, Eq. (47) turns into

3 1 a\2 p3
F{® = —36V3y(1 —7)J () f32. (50)

We find that the even order of J* becomes the essential
parameters in the case of D = 0. These results are con-
sistent with those obtained from the general expression
in Sec. IIIC.

B. Honeycomb antiferromagnets
1. Model

The honeycomb lattice structure consists of two sublat-
tices A and B, as shown in Fig. 6(a). From the presence
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FIG. 6. Honeycomb lattice structure under the point group
Dgn. The red (blue) spheres represent the up (down) spins
along the z direction. The three bond vectors, do, d1, and da,
are also shown. (b) The first Brillouin zone in (a). The color
plot represents angle dependence of nonreciprocal magnons
characterized by gy(q; — 3¢2). (c, d) The magnon band
structures under the staggered antiferromagnetic ordering for
D =0.05and J* =0 (¢) and D = 0 and J* = 0.1 (d). The
other parameters are set as J* = 0.99 and J* = 1.

of threefold rotational symmetry around the z axis and
mirror symmetry perpendicular to the xy plane along the
bond direction at each local site, the interaction tensor
for the nearest-neighbor spins is given by

Jt 4+ J%o0sy, —J%siny, 0
Jrpg = —J%siny, Jt—J%osy, 0 |, (51)
0 0 J*

where v = 0-2 is the bond index for the nearest-neighbor
spins and x, = 0,27/3,47/3 for v = 0-2. The three
bond vectors are dy = (1,0), d; = (—1/2,v/3/2), and
dy = (—1/2,—+/3/2). The DM interaction vanishes ow-
ing to inversion symmetry on the A-B bond center. The
contribution of the DM interaction arises in the interac-
tion tensor for the next-nearest-neighbor spins belonging
to the same sublattice, which is given by

/ / 0 DO
Jin=-TJkp=|-D 0 0/, (52)
0 00

where v/ = 0-5 is the bond index for the next-nearest-
neighbor spins. We ignore the other symmetric exchange
interactions in Jaa and Jgg. The opposite sign of the
DM interaction for the A and B sublattices is owing to
inversion symmetry in the system.

We consider the staggered antiferromagnetic state with
Si = 1 and S§ = -1, as schematically shown in
Fig. 6(a). In contrast to the ferromagnetic ordering in
Sec. IV A, the spin frame is required to be locally ro-
tated according to Eq. (3) in order to use Eq. (15). After

rotating the spin frame, the effective interactions corre-
sponding to Egs. (5)-(9) are given by

Tl = —J% cos xu, (53)
Jig =—J*, (54)
Jig = —J%, (55)
ZN)X'}% = —J%sin x,, (56)
Daa = Dpg =D, (57)

for the vth bond (J{g and J;p do not depend on v).
Owing to the 7 rotation of the spin frame for the sub-
lattice B, the bond-dependent interaction J¢ is trans-
formed into Jip and Dap in Egs. (53) and (56), and
the sublattice-dependent DM interaction turns into the
uniform DM interaction in Eq. (57). By performing the
Holstein-Primakov transformation and then the Fourier
transformation, the 2 x 2 matrices Xy and Vg in Eq. (11)
are given by [70, 78]

Zq F,
Xy=| 2 q) , 58
q (Fq Zq ( )
0 G
yq = <G_q Oq) ) (59)
where
Fyg=—Jo) eladmxw), (60)
Gg=—Jt) ead, (61)
3 3 3
Zq=3J?+4D { cos Mo os Vg, sin \fqy. (62)
2 2 2
2. Result

The staggered antiferromagnetic spin configuration is
stabilized by supposing that J? is the dominant antifer-
romagnetic interaction. We take J* = 1 and J+ = 0.99,
respectively. The magnon dispersions in the antiferro-
magnetic state are shown in Figs. 6(c) and 6(d), where
the Brillouin zone is shown in Fig. 6(b). The magnon
spectra wq in Fig. 6(c) are calculated for D = 0.05 and
J® = 0 and those in Fig. 6(d) are for D = 0 and J* = 0.1.
Similar to the result in Sec. IV A, the asymmetric modu-
lations occur in both situations. The antisymmetric func-
tional form is given by ¢,(3¢> —q¢;), as shown by the color
plot in Fig. 6(b), which means that the angle dependence
is expressed as sin 3¢ in the limit of |g| — 0.

From Eq. (15), the essential model parameters are
straightforwardly computed. The lowest-order contribu-



tion in terms of D is given by

F{Y) =8(Dxa + Dgg) (COS 3% — cos \/§qy> sin V34

2 2
(63)
=16D <cos 3% — cos Jg%) sin \/iqy. (64)

Meanwhile, the lowest-order contribution in terms of J¢
is of third-order, which is given by

P T2 i Vi (DTS~ DLTEY)

=10 [ 21 . (3¢ +V3q
— JA]; ){Dgé sin <2y>

+ D) sin (W) H (65)

\/gqy> . V3q,
Sin

2 b
(66)

=72V/3J7(J%)? (cos 3% —cos —5

where we set D = 0. These results are consistent with
those in Eqgs. (23) and (29) in Sec. III. Similar to the
ferromagnetic ordering in Sec. IV A, the result obtained
from Eq. (15) gives the same functional form as that
in the magnon dispersions in Figs. 6(c) and 6(d). Fur-
thermore, the expressions in Eqgs. (63) and (65) indicate
the odd order of the effective DM interaction causes the
asymmetric magnon dispersions as obtained in Sec. III.

C. Breathing kagome ferrimangets

1. Model

We discuss the other example of the nonreciprocal
magnons in the ferrimagnetic state. We consider the
up-up-down magnetic ordering in the breathing kagome
lattice structure as a fundamental example. The up-up-
down spin configuration is shown in Fig. 7(a).

The spin Hamiltonian is common to Egs. (40) and
(88) in Sec. IVA. The effective interaction tensors cor-
responding to Egs. (5)-(9) are modified from those in
Sec. IV A for the antiparallel spin pairs, i.e., A-C and
B-C spins. The interactions are given by

~ 1

J'ca =—J%cos xca, (67)
j’éc = — J%cos xBc, (68)
J'ea =J'pc = —J%, (69)
Jen =J'pe = =%, (70)
Jep =— D, (71)
J'se =D, (72)

FIG. 7. Breathing kagome lattice structure under the point
group Dsp. The red (blue) spheres represent the up (down)
spins along the z direction. (b) The first Brillouin zone in (a).
The color plot represents angle dependence of nonreciprocal
magnons characterized by a linear combination of g, (qazc - 3q§)
and ¢, (¢2 — qi)(qﬁ - SqZ). (¢, d) The magnon band structures
under the up-up-down magnetic ordering for D = 0.2, J* =0,
and JI = —2 (¢) and D = 0, J* = 0.5, and JI = —2.4
(d). The other parameters are set as J* = 0.9, J* = 1, and
v =0.5.

D'ca =J"sin xca, (73)

D/BC =—J%sin XBC- (74)

The 7 rotation of the spin frame around the y axis for
the C sublattice leads to the correspondence between
7L 1y / 1zy i 7Ty /AN /
(er” Dnn’ < Jn%” Jnn’) and (Jn%” Jnn’ < Jnn" Dnn’)'
Then, the 3 x 3 matrices &, and ), in the Bogoliubov
Hamiltonian in momentum space are obtained as [72]

0 Fapq F(l)*Aq

Xq = F;Bq /0 F]/ch , (75)
FCAq FB*Cq Z
0 GABq G/Cqu
yq = GAB—q 0 %Cq ’ (76)
ICAq i?waq 0
where
Fl/BCq — _ J!le—iXBc (eiQ'PBc + ’ye_iq'ch) , 77

(77)
F(/)Aq — _ J%eixca (eiq~pCA + ,ye_iQ'pCA) , ( )
Bog = (—J= +1iD) (e'9PPC 4 yeiaPRe) - (79)
/CAq — (7JJ- _ ’LD) (eiq-PCA + ,Ye*iQ'PCA) , ( )
(81)

Z =2(1+~)J".

Fapq and Gagq are common to Egs. (44) and (45), re-
spectively.



2. Result

The up-up-down spin configuration is not simply sta-
bilized by the spin Hamiltonian owing to the degeneracy
arising from the kagome lattice structure. We here in-
troduce the interlayer ferromagnetic exchange coupling
with the coupling constant JI by supposing the quasi-
two-dimensional structure [72]. Then, the diagonal ma-
trix element (Xy); = (0,0,Z) in Eq. (75) turns into
(Xg)ii = (JI,J1,Z + JI), which opens the gap in the
magnon spectra. In the following, we fix J+ = 0.9,
J* =1, and v = 0.5.

Figures 7(c) and 7(d) show the magnon dispersions un-
der the up-up-down magnetic ordering along high sym-
metry lines in the Brillouin zone in Fig. 7(b). The data
in Fig. 7(c) is obtained at D = 0.2, J* = 0, and JIl = —2
and that in Fig. 7(d) is D = 0, J* = 0.5, and JI = —2.4.
In contrast to the magnon dispersions in the ferromag-
netic state in Sec. IV A, threefold rotational symmetry
in the dispersions does not hold, which is consistent with
the symmetry of the magnetic orderings. This result in-
dicates that there is an additional angle dependence of
cos ¢ to cos 3¢, whose behavior is schematically shown
as the color plot in Fig. 7(b). We also confirm that the
magnon dispersions in Figs. 7(c) and 7(d) are character-
ized by the above angle dependence.

By evaluating Fy" in Eq. (15), the essential model
parameters are extracted. The lowest-order contribution
is given as the same form of Eq. (47) except for the sign.
In other words, the lowest-order contribution gives the

angle dependence of cos3¢. The other cos ¢ dependence
is obtained by the second lowest-order contribution Fé"’).

For J@ =0, F\”) is given by
F{Y =109*(1 = )1 | Dan(T'nc T a + J'5eT'Ch)
+ Jan(J'scd ca — J'cad’se) | ¢ cos(a)  (82)
=40v*(1 — v)D(3J+% — D?)(J*2 4+ D?)¢® cos ¢,
(83)
W?‘;re h1 = 2D +2J3 5+ (J'pe) 2+ (T ¢a) 2+ (J'p0) 2+
(J'&A)2. On the other hand, for D = 0, Fé5) is repre-
sented by
~ = =L = =
Fés) =107*(1 = Vho|D'sc(Jap ca — Jipd ca)
~ ~ ~ 1 ~ ~
+ Doa(TinTme — Tindne) | cos o (84)
—60VEy2(1 — )T (T2 — (J%)2]g° cos b,
(85)
where we omit the irrelevant contributions and h, =
ﬁ/Q +l§’2 _2(jl )2_|_(ij )2_1_(j/l )2+2(jv )2_
_BC CA 7 AB BC cA AB
(J'gc)? — (J'aa)?. Thus, the additional antisymmetric
modulation in the up-up-down state is given by ¢° cos ¢,

indicating that the modulation of cos ¢ affects the large
q region in the Brillouin zone. Also in these cases in
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FIG. 8. (a) Breathing kagome lattice structure in the absence
of the horizontal mirror plane under the polar point group
C3,. The arrows represent the magnetic moments to form
the 120° antiferromagnetic ordering. (b) The first Brillouin
zone in (a). The color plot represents angle dependence of
nonreciprocal magnons characterized by g, ((1929 - 3q§), which
is the same as that in Fig. 5(b). (¢, d) The magnon band
structures under the 120° antiferromagnetic ordering for D’ =
0.2 and J* =0 (c) and D’ =0 and J'* = 0.2 (d). The other
parameters are set as J- =1, J* = 0.8, D = —0.2, J% = 0.5,
and v = 0.5.

Egs. (82) and (84), the odd order of the effective DM
interaction and the even order of the effective symmetric
anisotropic interaction can be a source of the antisym-
metric dispersions.

Such ¢™ dependence in cos ¢ depends on the model pa-
rameters. For example, we consider the situation where
the breathing parameter for the DM interaction ypy is
different from v, ypm # v [72]. In this case, the cos¢

dependence appears in F,gg) as

Fég) =Dy (cos g, — cos \/gqy) sin g,
+ Dgs cos \/gqy sin g, (86)

where g1 = —24vpm(1 — yom)D? 4 (72 — 29 4+ 2yyDMm —
ypm)J 2 and go = —48(1 + ) (v — ypm)J .. The ex-
pression in the form of the effective interaction is omitted
due to its length. Owing to nonzero g, i.e., ypm # 7,
Fés) has the contribution of ¢ cos ¢ in the limit of |g| — 0,
which means the linear band modulation is found in the
small g region [72].

D. Breathing kagome noncollinear 120°
antiferromagnets

1. Model

Finally, we discuss the nonreciprocal magnons in the
noncollinear antiferromagnetic state. We consider the



120° antiferromagnetic ordering in the breathing kagome
lattice structure in Fig. 8(a). Here, we consider the situa-
tion where the horizontal mirror symmetry in the kagome
plane is broken owing to the presence of polar field along

J
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the z direction, which means that the point group sym-
metry is lowered to C3,. Then, the spin Hamiltonian is
given by

JE + J%cos Xy D — J%sin x .y —D' coS Xy — J"sin Xopy
\7,7%, = —D — J*sin Xy Jt — J%cos Xy —D'sin Xy + J' cos Xy | (87)
D' cos Xy — J'sin Xy D' sin Xy + J'* cos Xy J*
v o_ A
‘7?777’ B 7‘77777” (88)

where D’ and J'* are additional exchange interactions
that arise from the horizontal mirror symmetry breaking
under the polar field.

The effective interactions in the rotated spin frame are
given by

- 1
1 1 a z

Ty =—7 (/=20 20 = V3D),  (89)
T 1 €1 a z

Toy =7 (75 =20 +27% = V3D) . (90)

Ji, = (5 v e —V3D 92
nn’ T 5 + - ) ( )

Nz 1 a

Dy =5 (V37" + D), (93)

where 1,7 = A, B, and C, and we neglect j;f;, and Dﬁn’
owing to the linear spin wave approximation. The ex-
pressions are the same for the different bonds (A-B, B-C,
and C-A) owing to the symmetry.

The 3 x 3 matrices Xy and ), in the Bogoliubov
Hamiltonian in momentum space are the same as those
in Eqgs. (42) and (43), respectively. Meanwhile, Fj, q,
Gy q, and Z have different forms as

J+—2J%+2J7 —\/3D i(\/3J'* + D')
Fopg =1~ 4 + 9
X (€'t e TP ) (94)
Jt—2J+2J* —\/3D , | ,
Gonq = +4 v (elq'p""/ + ’Ye_lq.p""/) ;
(95)
Z =(1+7) (JL +2J9 - \/§D) . (96)

2. Result

The 120° spin configuration is obtained as a metastable
state by taking the exchange model parameters as J+ =
1, J# =08, D = -0.2, J* = 0.5, and v = 0.5. Fig-
ures 8(c) and 8(d) show the magnon dispersions under

(

the 120° antiferromagnetic ordering along high symme-
try lines in the Brillouin zone in Fig. 8(b). The data
in Fig. 8(c) is obtained at D’ = 0.2 and J'* = 0 and
that in Fig. 8(d) is at D’ = 0 and J'* = 0.2. Although
the interaction tensor under the 120° antiferromagnetic
ordering is different from that in the ferromagnetic order-
ing in Eq. (40), the functional form of the antisymmetric
dispersions is the same with each other, which is char-
acterized by ¢.(¢2 — 3¢;) satisfying threefold rotational
symmetry in both cases in Figs. 8(c) and 8(d).

The lowest-order contribution of ths) is of third order.
In the case at D’ # 0 and J'* =0, Fé?’) is given by

FY = =3y(1-y)D'f3?
x (6.7 (£ = V3D —20°) + D], (97)

and in the case at D’ =0 and J'* # 0, Fég) is given by

F{¥ =—9y(1 —y)J* 3¢
X {\/3 277 (J+ — 27%) + (J')2] — 6DJZ} .
(98)

where we omit the expressions for the effective exchange
interactions. The above results indicates that we obtain
the different conditions in terms of the essential model
parameters from the ferromagnetic state in Eqgs. (49) and
(50): The former are D’ and J'®, while the latter are D
and J¢. In this way, our scheme can be applied to non-
collinear antiferromagnetic orderings straightforwardly.

V. SUMMARY

To summarize, we have investigated the microscopic
conditions for emergent nonreciprocal magnons on the
basis of the model calculations. We presented the use-
ful expression in Eqs. (14) and (15) to provide essential
model parameters for nonreciprocal magnon excitations
in an analytical way. The method does not require the
diagonalization of the bosonic Hamiltonian. After pre-
senting the generic results in the one- to four-sublattice



cases, we tested the method to four magnetic systems:
the ferromagnetic state on the breathing kagome lattice
system, the staggered collinear antiferromagnetic state
on the honeycomb lattice system, the up-up-down ferri-
magnetic state on the breathing kagome lattice system,
and the noncollinear 120° antiferromagnetic state on the
breathing kagome lattice system. We found that our
scheme extracts the key model parameters, which are well
consistent with the result by the direct diagonalization.

The present expression can be applied to any mag-
netic structures including noncollinear one in the mag-
netic systems with any symmetric and antisymmetric bi-
linear exchange interactions. In particular, this method
has an advantage of obtaining the analytical expressions
for the essential model parameters in multisublattice sys-
tems with long-period magnetic structures that are dif-
ficult to obtain the analytical expressions of the magnon
band dispersions. Moreover, the systematic analysis pro-
vides an insight to construct an effective spin model so as

J
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to include essential model parameters in real materials,
where targeting materials are easily found by using mag-
netic structure database, MAGNDATA [89], and clus-
ter multipole analyses [85, 90], from the symmetry view-
point. In this way, our result will not only give a deep un-
derstanding of nonreciprocal magnon excitations in non-
centrosymmetric magnets, such as a-CuaVoOr [91-94],
but also be a good indicator to examine the microscopic
origin under complicated magnetic orderings.

Appendix A: Expressions of Fés) in three- and
four-sublattice cases

In this Appendix, we show the lengthy expressions of
H,q (@ = 1-7) in the three-sublattice case in Sec. IITC
and those of H],, (u = 1-7) in the four-sublattice case in
Sec. IIID.

For the three-sublattice case, H,q (1 = 1-7) are given by

(s)
Bq

(as)

D 1
Hiqg =12{za(hapghang + hacePacy ABq''ABq

D(s)hJ_(as) . hJ_(s) hD(as) . hJ_(s)

D (as
hAéq ))

ACq

+ 28(hRGghag + hBCahncy — Manghkty — haéqhpoy )

t20(hCqhacy’ + haahity — Macyhly — Mscqhncy )} (A1)
Haq =12(~hisghixCalndy + hibghpiahiacy +hRCqhanghnly + hxCohncahang + MbCqhpgliacy

— hGahaCahiaty — MasghxCahBly — Masghnahly’ — MalahscahRty — Mty hxcq Miq

e hntg hisa — hicy Mt hacy ) (A2)
Hiq =12~ aCohinty + hisahcah iy = hCahbcahsy — Mg Mty hucy) (A3)
Hoq =12{za(h5uhig” + Macyhicy” — Wi hihy — Mty hacy)

+zn(hiGahig + gl + habg habe — ey hncy)

t2o(—haGuhats” — hicghity + haty hacy + hiaey hucy)} (A4)
Hrq =12(hgohicahitg” + halohicahibg — hiCyhiasg haly — hiceliacq e + hibahaCehicy

— hinCahacuhibe — haCahig Macy + hacuhity Ny — habahiaty Mty — Mabghbty Macy

~ MG anah e T MACHh g Mscy — MiCahity ity — MbcahanghaCy + scaaty Macy

- haCghiaCy MaSy + sl Mty + Mgty Maly + Mixtg iaCq Mty — Mxtg hbCq haGy

— hiaCa Mg MECq  iacg g Maby” + hisly Biag Mata” — MiCa Macq Mg ): (A5)

where H3q and Hyq are obtained by replacing the superscript L in Hyq with v and zy, respectively, and multiplying

—1.

For the four-sublattice case, H,,, (1 = 1-7) are given by

Hig =12 ea (RRSIASS + REIAL + RESYE) — IR AR R
ARG+ RESRALY + HBSYA — KR~ ARG — iR
SRR A+ RESALY + HEGARE R RS — Bt
o RS+ HESYESS + KSR KSRGS — RSB KAL) (a9
i, =N RS+ WA R + AR
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D(s); L(s) ;. L(as D(s); L(s), L(as D(s), L(s), L(as D(s); L(s); L(as D(s) 4 L(s)q L(as
- hA((J;hA](DL)th](Dq) + hAéghBéghAéq) + hA((J;hC](Dc)zhA](Dq) + hA](Dc)jhA](B;hB](Dq) + hA](D;hAé;hC](Dq)

D(s); L(s)4 L(as D(s); L(s); L(as
hiGahaCahite — hBCahsbahchg

D(s); L(s); L(as D(s)y L(s) 1 L(as D(s); L(s)4 L(as
+ hA]g;hBE);hA]gq) + hA](D;hCéz);hAéq) + hB((J; hAlg;hAéq)

SIS + HESIRASIES) — RS + nESIASIRES + NSRS )
SRS — WSS + WSS — WSS — AR B)
RSB — IR — ISR — ARG — KRS
AR~ HASISSIRS) — ISR SRS R

- hJ_(s) hJ_(s) hD(as) _ hD(as)hJ_(as) hJ_(as) _ hD(as) hJ_(as)hJ_(as) + hD(as)hJ_(as) hJ_(as) _ hD(as) hJ_(as) hJ_(as)

BDq'"CDq'“BCgq ABq '"ACq '"BCgq ABq '""ADgq '"BDgq ACq '"ABq '"BCgq ACq ""ADgq '"CDgq

D(as); L(as), L(as D(as); L(as), L(as D(as); L(as), L(as) 5 D(as), L(as); L(as D(as); L(as), L(as)
+ hA](Dd;)hA](Saq hB](Da;) + hA](Daq hAéJa;)hC](qu) - hBéZs)hAl(sdq)hAca; - hB((JZ)hBDa; hC](qu) - hBDa; hAl(sdq)hASq

D 1 (a 1 D (as 1 1 D iR 1 (as
+ Wiy hiscg hobe — hobe Mate haby — hobe Moty haby ) (A7)

iy =12 HRSNREINES ~ RESIESIES) & HESIHBSINRED + hSBE R — KRB

NSRBI+ HRNBSINRS — WESIESINE — h RSB — hBSES G

 RBEINESIAES — HE BB — NES AR LB — BN EGLE) R R Bl

— RESRINES) (18)
Hig =12{za (35 hi5g” + Wadyhate + habghine. — haby Haby — Mty Wacy — habe Mabg)

+ 2B(—hi gy + hbcbey + habgbhe. + hahe Maby — N5ty Moy — Bohy hbby)

+ 20(—haog ey — hocghey +hibghthe, + haty Moy + N5ty hicy — hebe hibg)

+ (= h D habe — hibalBh — henahiche + 1Ay Mabg + Moty Mg + hoty hobg )} (A9)
iy 20 + IS + MAEIREELI + HESIET) — HS )

— BEG RO e — k) g e _ O ) e L) puie) pan(es) | g L) puis) e

ABq'"ADgq '"BDgq BCq ""ACq BDq "“ADg Cq'"ABq'"BCq + hACq ADgq'"CDgq
+ hl(s)hv(s) hncy(as) + hl(s)hv(s) hmy(as) + hl(s)hxy(s)hv(as) . hl(s)hxy(s)hv(as) . hl(s)hxy(s)hv(as)

ACq'"BCq'"ABg ACq'"CDq'*ADg ACq'"ABq '"BCq ACq'"ADgq '"CDgq ACq'"BCq '""ABgq
L1(s) pzy(s)  v(as) L(s) pv(s) yzy(as) 1(s) zv(s) 5 zy(as) L(s) pv(s) ;zy(as) 1(s) pv(s) pzy(as)
- h‘AthC?{)q hADq - hAthAth‘BZ]!Dq - hAthAthCY{Dq + hAthBthAZ{Bq + hAthCthAqu

1(s) pzy(s) L v(as 1(s) pzy(s) L v(as 1(s) pzy(s) L v(as 1(s) pzy(s) L v(as 1(s),v(s zy(as
+ hxDahig Mg + Mabghiaty by — habality Many — Mabahcig hace — haCahanghaCs.
1(s)v(s zy(as 1(s)v(s xy(as 1(s)v(s zy(as 1(s) L zy(s) L v(as 1(s) 3 zy(s)v(as
hBé;hA(c)thyéq '+ hBé;hB(D)thZ]/qu '+ hBé;hC(D)qhByéq '+ hB((];hAyqu)hA(Cq) + hBé;hA%(q) hA(Bq)

_ hL(s)hzy(s)hv(as) . hl(s)hwy(s)hv(%) _ hL(s) hU(S) hzy(as) o hL(s) hU(S) hﬁy(as) o hi(s) hU(S) h$y(35)

BCq'"BDgq ""CDgq BCq'"CDgq ""BDgq BDq'°ABq'"ADg BDq'"ADq'*ABq BDq'"BCq'°CDgq
)+ RIS + SR + R — n e

1(s) pv(s) xy(as) 1(s) pv(s) yzy(as) 1(s) pv(s) yzy(as) L(s) pv(s) zy(as) 1(s) ;. zy(s) ;. v(as)
- hCthAthA%q - hCthAthA%q - hCthBthB?]JDq - hCthBthB%q + hCthAqu hADq

1(s) pay(s) L v(as 1(s) paxy(s)pv(as 1(s) pzy(s) L v(as v(s zy(s) ;. L(as v(s zy(s) ;. L(as
D + KB + RS + D+ e

v(s zy(s), L(as v(s zy(s); L(as v(s zy(s), L(as v(s zy(s) 3 L(as v(s zy(s) ;. L(as
+ hA(B)qh’B%(q) hA((]q) + hA(BLhByD(q) hqu) - hA(c)thyB(q) hBéq) + h’A(C)th%(q) h’C](Dq) + hA(c)qhByc(q)hAl(zq)

v(s) pay(s), L(as v(s) pxy(s), L(as v(s) pay(s), L(as v(s) pxy(s), L(as v(s) pay(s); L(as
+ hA((SJ)thZf)(Z) hA](qu) - hA(];)thyéq) hB](Da;) - hA(D)thZéJ(;)hC](Daq) + hA(];)qhBZ]JD(q) hA](Sa;) + hA(D)thyD(Z) hA(caq)

~ highNsg ale’ — Macalintq Mibg + hicehing hong + hacalichy hag — hibghaby Mang

v(s zy(s) ;. L(as v(s zy(s) ;. L(as v(s zy(s) ;. L(as v(s zy(s) ;. L(as v(s zy(s) ;. L(as
— hB(D) héyD( )hﬁB( ) — hB(D) hByC( )hCD( ) + hB(D) hCyD( )hBC( ) — hC(D hﬁyc( )hﬁD( ) — hC(D) hﬁyD( )hAC( )

v(s) Lzy(s), L(as v(s) pxy(s), L(as 1 (as) ;v(as) ; xzy(as 1 (as) ;v(as) ; xzy(as 1 (as) ; v(as) ; zy(as
— hC(D) hB%( )hBD( ) — hC(D) hByD( )hBé ) + hﬁB( )h A(C )hB%( ) + hﬁB( )h A(D )hByD( ) — hﬁB( )hB(C )hA?JC( )

I B R — IAL By + kG MBI + e R Y — AL
IR R NS — HAG IS+ S R 4 R + s i
— B RN + p G RSy — G SR + Y — s i
— B NS+ RS S M — KSR + G



1 (as),v(as)pxy(as
- hC](:)q)hB(Dq)hByC(q ))
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(A10)

where Hj, and Hj, are obtained by replacing the superscript L in Hj, with v and zy, respectively, and multiplying
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