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1. Introduction

Let B = {z € C" : |z|] < 1} be the open unit ball in C", H(B) be the class of all holomorphic
functions on the unit ball, and let H*(B) be the class of all bounded holomorphic functions
on B with the norm

Iflleo = suglf(Z)l- (1.1)

Let z = (z1,...,2,) and w = (wy,...,w,) be points in C" and (z,w) = X;_;zxwk. For a
holomorphic function f, we denote

oo (2,20 i

A positive continuous function ¢ on the interval [0, 1) is called normal (see [1]) if there
is6 €[0,1) and aand b, 0 < a < b such that

$(r) . : o)
A-r) is decreasing on [6,1) and 1r1£r11(1 i 0,
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$(r) $(r)

is increasing on [6,1) and lim =
a-n’ i SR

(1.3)

From now on, if we say that a function ¢ : B — [0, c0) is normal, we will also assume that it
is radial, that is, ¢(z) = ¢(|z]), z € B.
The weighted space H;? = H?(B) consists of all f € H(B) such that

supu(z)|f(z)| < oo, (1.4)

zeB

where y is normal on the interval [0, 1). For pu(z) = (1 - |z|2)ﬁ , B > 0, we obtain the weighted
space Hg’ = H;f (B) (see, e.g., [2,3]).
The a-Bloch space B* = B*(B), a > 0, is the space of all f € H(B) such that

ba(f) = sug(l 121 |Vf(2)] < oo (1.5)
With the norm
I flln= = | f(O)| +bal(f), (1.6)

the space B* is a Banach space ([4-6]).
The little a-Bloch space Bj = B{(B) is the subspace of B* consisting of all f € H(B)
such that

lim (1- [z1%)"|Vf(2)] = 0. (17)

Let u € H(B) and ¢ be a holomorphic self-map of the unit ball. Weighted composition
operator on H(B), induced by u and ¢ is defined by

(uCyf)(2) = u(z)f(p(z)), zeB. (1.8)

This operator can be regarded as a generalization of a multiplication operator and a
composition operator. It is interesting to provide a function theoretic characterization when
u and ¢ induce a bounded or compact weighted composition operator between some spaces
of holomorphic functions on B. (For some classical results in the topic see, e.g., [5]. For some
recent results on this and related operators, see, e.g., [2-4, 7-25] and the references therein.)
In [18], Ohno has characterized the boundedness and compactness of weighted
composition operators between H* and the Bloch space B on the unit disk. In the setting of
the unit polydisk D", we have given some necessary and sufficient conditions for a weighted
composition operator to be bounded or compact from H*(D") to the Bloch space B(D") in
[12] (see, also [21]). Corresponding results for the case of the unit ball are given in [14].
Among other results, in [14], we have given some necessary and sufficient conditions for the



Stevo Stevi¢ 3
compactness of the operator uC,, : B*(B) — H*(B), which we incorporate in the following
theorem.
Theorem A. Let ¢ = (i1, ..., p,) be a holomorphic self-map of B and u € H(B).

(a) If a > 1, then the following statements are equivalent:

(al) uC, : By — H® is a compact operator,
(a2) uC, : B* — H® is a compact operator,
(a3) u € H*®, and

N 7GR 0o
PO (- g
(b) If a = 1, then the following statements are equivalent:
(b1) uC, : By — H* is a compact operator,
(b2) uC, : B— H® is a compact operator,
(b3) u € H*, and
. 2
lim |u(z)|In ——— = (1.10)
lp(z)=1 1-|o(z)|

We would also like to point out that if & > 1, then the boundedness of uC, : B* — H?
and uC, : By — H . are equivalent (see [22] for the case &« = 1, and the proof of Theorem 3 in
[14]).

The essential norm of an operator is its distance in the operator norm from the compact
operators. More precisely, assume that X; and X, are Banach spaces and A : X; — X, is a
bounded linear operator, then the essential norm of A, denoted by ||Al|, x,_x,, is defined as
follows:

Al x,—x, = inf {||[A + L||x,~x, : L: X1 — X,, L is compact}, (1.11)

where |[|-[|x, _x,denotes the operator norm. If X; = X, it is simply denoted by ||-||, (see, e.g.,
[5, page 132]). If A : X; — X; is an unbounded linear operator, then clearly ||A[l, ¢, .x, = -

Since the set of all compact operators is a closed subset of the set of bounded operators,
it follows that an operator A is compact if and only if || A, x,_x, = 0.

Motivated by Theorem A, in this paper, we find some lower and upper bounds for
the essential norm of the weighted composition operator uC,, : B*(B) (or Bj(B)) — HF (B),
whena > 1.

Throughout this paper, constants are denoted by C, they are positive and may differ
from one occurrence to another. The notation a < b means that there is a positive constant C
such that a < Cb. If both a < b and b < a hold, then we say that a < b.

2. Auxiliary results

In this section, we quote several auxiliary results which we need in the proofs of the main
results in this paper. The following lemma should be folklore.
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Lemma 2.1. Let f € B*(B), 0 < a < oo. Then,

C”f”B”‘l o e (0/1)/
1. 1+]z _
fi< O ||]j”"1<f i w T 2.1)
7311
DN 1/
- |z|2)“_1 a>

for some C > 0 independent of f.

The proof of the lemma for the case a # 1 can be found, for example, in [26]. The
formulation of the corresponding estimate in [26], for the case a = 1, is slightly different. In
this case, Lemma 2.1 follows from the following estimate:

<b1(f)f 'Z'dlﬁt2— bi(f)5 In “:;:. 22)

|f(z) - fO)] = Vf(fz) z)

The next lemma can be proved in a standard way (see, e.g., the proofs of the
corresponding results in [5, 27-29]).

Lemma 2.2. Assume a > 0, ¢ € H(B), p is normal, and ¢ is an analytic self-map of B. Then,
uC, : B*(orBy) — H;? is compact if and only if uC, : B*(or By) — H;? is bounded and for any
bounded sequence (fi),y in B*(or BY) converging to zero uniformly on compacts of B as k — oo,
one has [uCy fi|lnz — 0as k — oo.

Lemma 2.3. Let

(1= Jwl*)

, B, 2.3
(1—(z,w))“+£_1 we ( )

fw(z) =

where a > 1 and € € (0,1]. Then,

(ax+e- 1)(20[)"‘|w|<\/0c2 + |w]2e? - [w|?a? + s>5

pe = (1- |w|2)E +

Il fro (2.4)

24
(a+¢)f (\/cxz + |w|?e? — |w|?a? + a)

Proof. We have

(1= [w]?)|wl

_ 2\ @ _ _ _ 2\a
(1= =P)19fo (2] = (e =) (1= =) o o

(2.5)

from which it easily follows that

ba(fu) < (a+e—1)2%, (2.6)
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Set

(a+e-1)s(1-8*)(1-x%)"

, x€][0,1], s€[0,1).
e 011, s€[0,1)

gs(x) =

Then,

g,s(x) = (‘x+5—1)s(1_52)8(1_x2) (1_Sx)zx+s+1

Hence, the points

_axva?+se?—s2a?
s(a—¢)

XMm =

a-15(a — €)x* — 2ax + s(a + €)

2.7)

(2.8)

(2.9)

are stationary for the function gs(x). Since xps > 1, it follows that gs(x) attains its maximum

on the interval [0, 1] at the point

- a’ +s2e2 — s2a? s(a+¢) € (0,1)
" s(a—e) C a+al+ 5262 - 202 T

By some long but elementary calculations, it follows that

(a+e- 1)(2a)”’s< a? + 5262 — s2a? + 5)6

8s(xm) =

24
(a+ £)£< a? + 5262 — 5202 + a)

From this and since f,(0) = (1 — |w|?), (2.4) follows.
Remark 2.4. Note that

(a+e—1)2%cfq”
ate 4

pe = Jim [(1-5%)"+ g (xm)] =

i
|wl|11>11||fw s—1-0 (a+¢)

lim (a+e—1)2%cfq”

lim @ o = (a-1)2%.

a+e

3. Estimates of the essential norm of uC, : B*(or Bj) — H/?

(2.10)

(2.11)

(2.12)

(2.13)

In this section, we prove the main results in this paper. Before we formulate and prove these

results, we prove another auxiliary result.

Lemma 3.1. Assume a € (0, 0), u € H(B), pisnormal, ¢ is a holomorphic self-map of B such that
llollee < 1, and the operator uC, : B* (or By) — Hp is bounded. Then, uC, : B* (or Bj) — H is

compact.
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Proof. First note that since uC, : B* (or Bj) — Hp is bounded and fo(z) =1 € B} C B%, it
follows that uCy(fo) = u € H;?. Now, assume that (fx), .y is abounded sequence in B* (or By)
converging to zero on compacts of B as k — oo. Then, we have

||”C<p(fk)||H;o < lullg Su%)|fk(w)| —0, (3.1)
wep

as k — oo, since ¢(B) is contained in the ball |w| < [¢|l, which is a compact subset
of B, according to the assumption, [[¢|l, < 1. Hence, by Lemma 2.2 , the operator uC, :
B* (or By) — H,? is compact. O

Theorem 3.2. Assume a > 1, p is normal, u € H(B), ¢ = (¢1,...,¢y) is a holomorphic self-map of
B, and uC, : B* - H s is bounded. Then,

2 (=) |u(z)]
limsup—————— < "”Ctp”e,BgaH;f

=L@t (1-p@))

< ””Cff ||e,B“—>H/3° (3.2)

S C llm supM(z)Ll
@1 (1= o))

for some positive constant C.

Proof. Since uC, : B* — H;? is bounded, recall that u € Hp. If [l¢|l, < 1, then,
from Lemma 3.1, it follows that uC, : B* — H is compact which is equivalent with
[uCypllepe—nz = 0, and, consequently, |[uCy|lep:—nz = 0. On the other hand, it is clear that
in this case the condition |p(z)| — 1 is vacuous, so that inequalities in (3.2) are vacuously
satisfied.

Hence, assume ||¢||,, = 1. Let (zx) ey be a sequence in B such that limy_q|¢p(zk)| = 1
and € € (0,1) be fixed. Set

(1- 1ol

;(Z = at+e-17
WO e@)

(3.3)

By Lemma 2.3, it follows that sup, | f|lz« < oo, moreover, it is easy to see that f; € B for
every k € Nand f; — 0 uniformly on compacts of B as k — oo. Then, by [6, Theorem 7.5],
it follows that f; converges to zero weakly as k — oo. Hence, for every compact operator
L:Bj — H;?, wehave ||Lf([lnr — 0 as k — co.

We have

Il f uCy + L

. e 2 GGy + DD 2 NCofille ~ 1L e (B4)

for every compact operator L : B — H?.
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Letting k — co in (3.4) and using the definition of f, we obtain

p(zi) [u(z) |

C(g, a)||uCy + L prope = im sup||uC, f; ||H°° > lim sup T (3.5)
k—oo k—oo < — lo(zi)| )
where C(g, a) is the quantity in (2.12).
Taking in (3.5) the infimum over the set of all compact operators L : By — H?, then
letting ¢ — 0+ in such obtained inequality, and using (2.13), we obtain
2%(a — 1)||qu,||eBa » > limsup #(z0)[u(z)| (3.6)

o (1 Jp(z)?)”

from which the first inequality in (3.2) follows.

Since the second inequality in (3.2) is obvious, we only have to prove the third one. By
Lemma 3.1, we have that for each fixed p € (0,1) the operator uC, : B* — H;? is compact.

Let 6 € (0,1) be fixed, and let (p),,cy
increasingly converges to 1, then for each fixed m € N, we have

||”C<p||e,73mH;° < |JuCy - uCp,y

B“—>H,3°
= sup ||(qu, _”Cpmso)(f)||H;°
[Ifllpa<1
= sup ij»nllp 1#(Z) |u(2) (f (9(2)) = f(pmp(2)))]

< sup sup pu(z)|u(z)||f(p2) - f(pmp(2))]
lp(2)[<6 || flla<1

+ sup sup pu(z)|u(z)||f () - f(pmep(2))].
lp(z)>6 || fllpa <1

By the mean-value theorem, we have
sup sup p(z)[u(z)(f(9(2)) - f (pmip(2)))]
[p(2)|<6 || fllpa<1

< (1-pm) sup sup p(z)|u z)||(p(z)|sup|vf(w)|
lp(2)I<6 || fllne <1

<(1-pm _|ullg= sup sup (1 -|w|?)*|Vf(w)
(t-¢ )(1 52) o IIfI\Bf)sl\w\sI;( )1Vl
<S(-pm) (1- 62) zllullzy — 0,

as m — oo.

be a sequence of positive numbers which

(3.7)

(3.8)
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Moreover, by Lemma 2.1 (case « > 1), and known inequality

Il frll e < N flle, (3.9)

where f,(z) = f(rz), r € [0,1), we have

WU (F(9() ~ £ (pup)] = I — f LB
(1-lp=*)
(3.10)
<20 LENE]_
(1-lp=*)

for some positive constant C. Replacing (3.10) in (3.7), letting in such obtained inequality
m — oo, employing (3.8), and then letting 6 — 1, the third inequality in (3.2) follows,
finishing the proof of the theorem. O

Corollary 3.3. Assume a > 1, p is normal, u € H(B), ¢ = (1, ..., 4,) is a holomorphic self-map of
B, and the operator uC, : B* (or By) — H,? is bounded. Then, uC, : B* (or By) — H,? is compact
if and only if

i p(z)|u(z)|
im sup —————— "=

=0. (3.11)
lp(2)}=1 (1_ lp(z)| )

Theorem 3.4. Assume u € H(B), uisnormal, ¢ = (¢1,...,py,) is a holomorphic self-map of B, and
uCy: B — H;O is bounded. Then,

) (Z)
Clim supp(z) |u(z)| ln "” < < uColl, 5y
< ||uC‘P”e,B—>H;° (3.12)
1
< limsuppu(z)|u(z)| In M
Ip)-1 1-ly(=)]

for a positive constant C.

Proof. Clearly, u = (uCy)(1) € H. If [|¢||oc <1, then the result follows as in Theorem 3.2.
Hence, assume ||¢||, = 1. We use the following family of test functions

GRS
hw(Z) = <lnm <ln 1= |w|> , W € B. (313)
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We have

(1-1zP)lwl |, (1+w])?

1+ w\!
(1“1—|w|>

sup(1 - |z[*)|Vhe(z)| = sup 2
z€B

2 1-{(z,w 1-(z,w)
= 1=z w) (3.14)
1+ |w] 1+|w|>-1 ( 27[)
<4 <4 —
< |w|<21n1_|w|+23r><1n1_|w| < 2+1n3 ,
when |w| > 1/2.
From this and since |l (0)| < 4(In2)?/ In 3, for [w| > 1/2, we have that
27 (In2)?
< — = (Co. .
ol <42+ 22+ G2 ) = o (3.15)

Assume (¢(zx)).oy is a sequence in B such that [¢(zx)| — 1 as k — oo. Note that
(By(z)) ey 18 @ bounded sequence in B (moreover in By) converging to zero uniformly on
compacts of B. Then, by [6, Theorem 7.5], it follows that hy.,) converges to zero weakly as
k — oo. Hence, for every compact operator L : By — H°, we have

%E"O”Lhtp(zw “Hﬁ’ =0. (3.16)

On the other hand, for every compact operator L : By — H°, we have

7o llsluCy + Ll g,z 2 [ (Cy + L) Ryiay [l

(3.17)
2 ””Ctphwzw”Hﬁo - ”Lhtp(Zk)”H;f'

Using (3.15), letting k — oo in (3.17), and applying (3.16), it follows that

Col[uCy + L5,y 2 limsup|[uCyhy(ey) ||y

—00

2 Tim supp(z) [u(z) gz (9 (26)) | (3.18)

, 1+ |p(zx)]
= lim supp(zi) |u(z) | In —————=%.
rsupr( e T )
Taking in (3.18) the infimum over the set of all compact operators L : By — H, we
obtain

1, 1+ oz
||uC(P||e,730—>H§° 2 C_Ohrlf‘_)s;fpﬂ(zkﬂu(zk) | In m/ (3.19)

from which the first inequality in (3.12) follows.
As in Theorem 3.2, we need only to prove the third inequality in (3.12).
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Recall that for each p € (0,1), the operator uCy, : B — H? is compact. Let the sequence
(Pm) men be as in Theorem 3.2. Note that inequality (3.7) and relationship (3.8) also hold for
a = 1. Hence, we should only estimate the quantity

15,= supsup pu(z)|u(2)]|f(9(2)) - f(mip(2))] (3.20)
lp(z)[>6 [ flln<1

On the other hand, by Lemma 2.1 (case a = 1) applied to the function f - f,, , which belongs
to the Bloch space for each m € N, and inequality (3.9) with a = 1, we have

(ﬂMﬂU@@)f@w®DL-W.M%MﬂMMmI%ﬂ
o) (3.21)
+ |p(z
< Wleu@ @] In =

From (3.21), by letting m — oo in (3.7) and using (3.8) (with a = 1), and letting 6 — 1
in such obtained inequality, we obtain

1+ |¢(2)
||uC,p||g,BﬁHw<hmsup‘u(z)|u(z)|ln lp(2)|

, 3.22
lp(z)|—1 - |(P(Z)| ( )

as desired. m

Corollary 3.5. Assume u € H(B), u is normal, ¢ = (1, ..., ¢y,) is a holomorphic self-map of B, and
the operator uC, : B (or By) — H;? is bounded. Then, uC, : B (or By) — H;? is compact if and

only if

lim supp(z)|u(z)|In w =

(3.23)
lp(2)l—1 - lo(2)]
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