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ESTIMATES FOR SOLUTIONS OF DIRAC EQUATIONS AND AN APPLICATION
TO A GEOMETRIC ELLIPTIC-PARABOLIC PROBLEM

QUN CHEN, JURGEN JOST, LINLIN SUN, AND MIAOMIAO ZHU

ABsTrACT. We develop estimates for the solutions and derive existence and uniqueness results of
various local boundary value problems for Dirac equations that improve all relevant results known
in the literature. With these estimates at hand, we derive a general existence, uniqueness and
regularity theorem for solutions of Dirac equations with such boundary conditions. We also apply
these estimates to a new nonlinear elliptic-parabolic problem, the Dirac-harmonic heat flow on
Riemannian spin manifolds. This problem is motivated by the supersymmetric nonlinear o-model
and combines a harmonic heat flow type equation with a Dirac equation that depends nonlinearly
on the flow.

Keywords and phrases: Dirac equation, existence, uniqueness, chiral boundary condition,
Dirac-harmonic map flow.

1. INTRODUCTION

The Dirac equation is one of the mathematically most important and fruitful structures from
physics. As the name indicates, it was first introduced by Dirac!?!. Dirac’s original equation
is hyperbolic, but the elliptic version, which this paper is concerned with, appears naturally
in geometry. Both solutions on closed manifolds and on manifolds with boundary have found
important applications. In this paper, we shall systematically investigate the boundary value
problem and derive results that are sharper and stronger than all relevant results known prior to
our work. We shall then provide a new application which depends on our regularity, existence
and uniqueness results and which could not have been derived with the results known in the
literature.

The mathematical history of boundary value problems for Dirac equations started with the
work of Atiyah, Patodi and Singer. In their seminal papers!*>%! they introduced a nonlocal
boundary condition for first order elliptic differential operators and established an index theorem
on compact manifolds with boundary. This constitutes a cornerstone of the theory of first order
elliptic boundary value problems.

In recent years, important progress has been achieved on various extensions, generalizations
and simplifications of the Atiyah-Patodi-Singer theory and their applications. In particular,
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in the works of Bismut and Cheeger!'?!, BooB-Bavnbek and Wojciechowski!'¥!, Briining and

Lesch!'®!7! Bartnik and Chrusciel!'”!, Ballmann, Briining and Carron!”!, Bir and Ballmann!',
etc., regularity theorems, index theorems and Fredholm theorems for such kind of elliptic bound-
ary value problems have been established.

Although the index theorems and Fredholm theorems give us information or criteria for the
existence of solutions, in many cases (for instance the proof of the positive energy theorem
e.g. 1262838431 and Dirac-harmonic maps, see below), for an elliptic boundary problem and given
boundary data, one needs more precise results about the existence and uniqueness of solutions,
and usually this is based on appropriate global elliptic estimates for the solutions. This is our
motivation for studying the boundary values problems for Dirac equations.

In this paper, we first consider the existence and uniqueness for Dirac equations under a class
of local elliptic boundary value conditions 8 (including chiral boundary conditions, MIT bag
boundary conditions and J-boundary conditions, see the definitions in section 2, c.f.[*?1). A
Dirac bundle E over a Riemannian manifold M™ (m > 2) is a Hermitian metric vector bundle of
left Clifford modules over C1(M), such that the multiplication by unit vectors in 7'M is orthogonal
and the covariant derivative is a module derivation. Let Vy be a smooth Dirac connection on £
and consider another Dirac connection of the form V = V, + T, that is, ' € Q'(Ad(E)) commutes
with the Clifford multiplication. We shall work with the Dirac connection spaces DP(E) defined
by the norm

I, = 1T 2ngany + AT -
In particular, I" need not be smooth.
The Dirac operator associated with the Dirac connection V is defined by

m =€ Ve,"

where e;- denotes the Clifford multiplication, and {e;} is a local orthonormal frame on M. Here
and in the sequel, we use the usual summation convention. We will establish the existence and
uniqueness of solutions of the following Dirac equations:

Dy=¢, M,

By = By, OM,
where ¢ € LP(E), By € W'=V/PP(E|y,). Here and in the sequel, all of the Sobolev spaces of
sections of E are associated with the fixed smooth Dirac connection V. Setting
p'>1, itm=2, p">Q@Bm-2)/4, iftm>2.

(1.1

We have the following

Theorem 1.1. Let E be a Dirac bundle over a compact m-dimensional (m > 2) Riemannian

manifold M™ with boundary. Suppose that T € DF (E), then for any 1 < p < p*, (1.1) admits a
unique solution y € W'"P(E). Moreover, y satisfies the following estimate

(12) ”lpHWl’n(E) < C(”SO”LP(E) + ”Bl//OHWIfl/p,p(EbM)) P
where ¢ = c(p, ||F||p*) > 0.

This estimate is optimal in dimension 2 in the sense that the exponents cannot be improved. It
also improves the known estimates in higher dimensions. (The condition p* > (3m—2)/4 for m >
2 arises from the unique continuation of Jerison!*!! that we shall need in the proof.) For instance,
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in the fundamental work of Bartnik and Chrusciel!”!, only L?-estimates were developed. While
that was sufficient for their Fredholm theory of the Dirac operator, for the nonlinear setting
that we shall treat later in this paper, the finer L”-estimates that we obtain here are necessary.
In!'%, when applying the Fredholm criteria to get the existence of solutions, one needs additional
conditions (the mean curvature) on the boundary. Essentially, these conditions imply the triviality
of the kernel of the elliptic operators. In our case, this extra condition is unnecessary.

One key observation in our proof of the above theorem is that for a harmonic spinor ¢ €
W'P(E), the homogeneous boundary condition Byls, = 0 is equivalent to the zero Dirichlet
condition ¥y, = 0 (see Proposition 3.1 and Remark 3.4), which is not the case for general
spinors. Thus, the uniqueness problem for (1.1) can be reduced to the triviality of harmonic
spinor with zero Dirichlet boundary value for Dirac operators with a non-smooth connection
Vo + T, T € D”. To derive this uniqueness, in dimension m = 2, inspired by the approach of
Hormander P, we establish an L? estimate with some suitable weight for our Dirac operators (see
Theorem 3.6); in dimension m > 2, we apply the weak unique continuation property (WUCP)
of Dirac type operators D + V, where D is a Dirac operator with a smooth connection and V
is a potential (see!'®! for V continuous,!'¥ for V bounded, and®!! for V € L®"2/2) and use
some extension argument for Dirac operators on manifolds with boundary as in!'*!. Finally, by
using the uniqueness result of our boundary value problem (1, B), we can improve the standard
elliptic boundary estimate for Dirac operators to our main L” estimate (1.2) (see Theorem 3.11
and Remark 3.7), which is uniform in the sense that the constant ¢ = ¢ (p, (1] p*) > 0 depends
on the ||| norm of I" but not on I' itself - a property playing an important role in our later
application to some elliptic-parabolic problem.

We can also apply the above result to derive the existence and uniqueness for boundary value
problems for Dirac operators along a map. This will also be needed for the Dirac-harmonic map
heat flow introduced below. Let M be a compact Riemannian spin manifold with boundary oM,
N be a compact Riemannian manifold and ® a smooth map from M to N. Given a fixed spin
structure on M, let XM be the spin bundle of M. On the twisted bundle XM ® ®!'TN , one can
define the Dirac operator Ip along the map @, i.e.,

— @ @ TN
lDlP = alﬁ ® 9,1 +e; - lﬂ ® V(I)*(e,-)gﬂ'

Here ¥ = ¥* ® 6,, {6,} are local cross-sections of ®~'TN, {e;} is a local orthonormal frame of
TM, @ = e; - V,, is the usual Dirac operator on the spin bundle over M and X- stands for the
Clifford multiplication by the vector field X on M. We say that ¥ is a harmonic spinor along the
map © if DY = 0.

Theorem 1.2. Let M (m > 2) be a compact Riemannian spin manifold with boundary 0M,
N be a compact Riemannian manifold. Let ® € W' (M;N). Then for every 1 < p < p*,
nelLr (M; M ® (I)_ITN) and By € W'=VPP(OM; M ® ®'TN), the following boundary value
problem for the Dirac equation

DY =n M;
BY = By, M
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admits a unique solution ¥ € W'"P(M; M ® ®~'TN), where I) is the Dirac operator along the
map ®. Moreover, there exists a constant ¢ = ¢ (p, ||®||W1,z,,*(M)) > 0 such that

¥lhwroan < ¢ (Illsn + 1BY s

We shall then apply these estimates and existence results to a new elliptic-parabolic problem in
geometry that involves Dirac equations. The novelty of this problem consists in the combination
of a second order semilinear parabolic equation with a first order elliptic side condition of Dirac
type. We see this as a model problem for a heat flow approach to various other first order elliptic
problems in geometric analysis. In any case, this is a nonlinear system coupling a Dirac equation
with another prototype of a geometric variational problem, that of harmonic maps. The problem
is also motivated by the supersymmetric nonlinear o-model of QFT, see e.g.[**3] where the
fermionic part is a Dirac spinor. In fact, this is one of the most prominent roles that Dirac
equations play in contemporary theoretical physics, as this leads to the action functional of super
string theory.

In order to set up that problem, we first have to recall the notion of Dirac-harmonic maps.
Consider the following functional

1
L@.¥) = 5 fM (ldoI> + (¥, D)),

where (,) = Re (, ) is the real part of the induced Hermitian inner product {,) on XM ® ®~'TN.
A Dirac-harmonic map (see ?%2!) then is defined to be a critical point (®, ¥) of L. The Euler-
Lagrange equations are

1
(1.3) @) = (U e ¥ RV (6nn )0 () = R(D, W),
(1.4) DY = 0,
where RY(X,Y) = [V}, V)] - Vf\)’(,yp VX,Y € I'(TN) stands for the curvature operator of N and

(D) := (V,,dD)(e;) is the tension field of O.

The general regularity and existence problems for Dirac-harmonic maps have been considered
in [20:21:22:23:40:42:45] " The existence of uncoupled Dirac-harmonic maps (in the sense that the map
part is harmonic) via the index theory method was obtained in!®!. For the construction of exam-

ples of coupled Dirac-harmonic maps (in the sense that the map part is not harmonic), we refer
to %331,

Here, we want to propose and develop an alternative approach to the existence of Dirac-
harmonic maps. This will be the parabolic or heat flow approach. (1.3) is a second-order elliptic
system, and so, we can turn it into a parabolic one by letting the solution depend on time ¢ and
putting a time derivative on the left hand side. In contrast, (1.4) is first order, and so, we cannot
convert it into a parabolic equation, but need to carry it as a constraint along the flow. Thus,
we introduce the following flow for Dirac-harmonic maps: For ® € C>"“*(M x (0,T]; N) and
YeCYMx[0,T];EM @ ®'TN)

{a,cp = (D) - R(D,¥), Mx(0,T];
(1.5)
DY =0, M x[0,T],
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with the boundary-initial data

1.6) {®:¢, M x {0} UM x [0,T];

B\P = B',[/, aM X [O’ T]7

where ¢ € C>*(M x {0} U OM x [0,T];N) and ¢ € C"**(OM x [0,T];ZM x ¢~'TN), and
f € C*' means that f(x,-) € C"**? and f(-,1) € C***. We call this system (1.5) the heat flow for
Dirac-harmonic map.

We consider this problem as a model for a parabolic approach to other problems in geometric
analysis that involve first order side conditions. Also, we shall use this problem to demonstrate
the power of our estimates for Dirac equations.

We shall apply our elliptic estimates for Dirac equations with boundary conditions to obtain
the local existence and uniqueness of the heat flow for Dirac-harmonic map. The long time
existence will be considered elsewhere, as it involves problems of a different nature.

Theorem 1.3. Let M™ (m > 2) be a compact Riemannian spin manifold with boundary OM, N
be a compact Riemannian manifold. Suppose that

¢ € Ny=oC>M(M X [0, T1; N),
and

By € NpsoCHO*(OM x [0, T]; M ® ¢~ TN)
for some 0 < a < 1, then the problem consisting of (1.5) and (1.6) admits a unique solution

® € Noeyarer, C*(M x [t,7]) N CO(M % [0, T ]; N),
and

¥ € Noerarer, CPOU(M X [t,7]) N CZ*(M x (0, T1)) N CO(M x [0,T,];EM ® @' TN)
for some time Ty > 0. The maximum time T is characterized by the condition

lim sup [[dD(-, D)llcogizy = 0.

t<T,t—T,
Remark 1.1. All our results Theorem 1.1, Theorem 1.2 and Theorem 1.3 hold for the chiral
boundary operators 8* = % (Id +n - G), the MIT bag boundary operators 83, := % (1 + \/—_1n),
and the J-boundary operators 87 = % (Id +n - J). We will only give the proofs for the case of
the chiral boundary conditions. The proofs for the other cases are similar and hence we will omit
them.

We would like to mention that Branding!>! considered regularized Dirac-harmonic maps from
closed Riemannian surfaces and studied the corresponding evolution problem.

The paper is organized as follows. In section 2, we provide the definitions of Dirac bundle
etc. and Dirac-harmonic maps. We also derive the Euler-Lagrange equation for Dirac-harmonic
maps. In section 3, we derive some elliptic estimates and the existence and uniqueness of so-
lutions of Dirac equations with chiral boundary value conditions. In section 4, we will prove
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Theorem 1.2. In section 5 we give a proof of the short time existence for the flow of Dirac-
harmonic maps, Theorem 1.3. Finally, in section 6 we discuss a special case of the Dirac equa-
tion along a map between Riemannian disks. In this special case, the solution can be given
through Cauchy integrals.

Notations:

The lower case letter ¢ will designate a generic constant possibly depending on M, N and other
parameters, but independent of a particular solution of (5.1) and (5.2), while the capital letter C
will designate a constant possibly depending on the solutions.

We list some notations in the following:

XM  the spin bundle on M.

hom E the homomorphism bundle of E.

CY(M;N) the space of all C*-maps from M to N.

CX(E) = CK(M;E) the space of all C*-cross sections of E where E is a vector bundle
on M.

CX(OM;E) the space of all C*-cross sections of E restricted to the boundary M.

C* (M x I, E) the space of all cross sections (-, ) of E such that y € CH*(M x I).
WSP(E) = WSP(M; E).

End E the endomorphism bundle of E.

QP(E) =T (APT*M ® E) the space of all E-valued p-forms on M.

QP(s0,) = QP(M) ® sp,,.

Ad(E) asub-bundle of End(FE) such that for all A € Ad(E), we have that A = —A*.
A(D) the space of all holomorphic functions on D.

[l the inner norm, i.e., ||gb||2 = (Y, ). We also use the same notation for some special
norms in the sequel, as will be specified in the appropriate places.

2. PRELIMINARIES

2.1. Dirac bundles.

Definition 2.1 (Seel*!.). Let E be a Hermitian bundle on a Riemannian manifold M™ of left
Clifford modules over CI(M). Denote the Clifford multiplication, the metric and the connection
by -, (,), V respectively. We say that E is a Dirac bundle, if the following properties hold:

D1 The Clifford multiplication is parallel, i.e., the covariant derivative on E is a module deriva-
tion, i.e.,

VY -Yy)=VxY -y +Y -V, VX, Yel(TM), y cT(E).
D2 The Clifford multiplication by unit vectors in 7M is orthogonal, i.e.,
X-v,9)=—W.X ¢y, YXeTMy,peL.
D3 The connection is a metric connection, i.e.,

X W) =(Vx¥,0) + U, Vxp), VX eTM, ¢, € I(E).

We call such a connection a Dirac connection.



ESTIMATES FOR DIRAC EQUATIONS 7
Then one can define the Dirac operator associated to a Dirac bundle by
D:=yF0oV,
where y* stands for the Clifford multiplication on E. In local coordinates, I is given by
D =yHe)V, =€V,

where {e;} is a local orthogonal frame of 7M. One can check that I is self-adjoint, i.e., we have
the following Green formula

f (D, p) = f W)+ [ @-v.g). Vu.geTE).
M M oM

Suppose E is a Dirac bundle on M and F = El|yy, is the restriction of E to the boundary oM.
Then F is a Dirac bundle in a natural way as follows.

F1 The metric on F is just the restriction of E on dM.
F2 The Clifford multiplication of F, denoted by v, is defined as

Y(X)W=n-X-w, YXeToM, yeF.
F3 The connection V of F is defined as
_ 1
Vx = Vi + EY(A(X)W, VX eI(TOM), y e I'(F),

where A is the shape operator of M with respect to the unit outward normal field n along
oM.

Lemma 2.1. This construction gives a Dirac bundle F on OM.

Proof. (1) Itis obvious that y o A € Q!(Ad(F)). As a consequence, V is a metric connection
on F. Moreover, y(X) € I'(Ad(F)).
(2) Let B be the second fundamental form of M in M. For every X,Y € I'(TOM) with
VY = 0 at the considered point,

VW) =Van - ¥ )+ A0 ¥ -
:—A(X)~Y~z//+n-B(X,Y)-¢//+n-Y-VX¢/+%A(X)~Y-zp
:—A(X)-Y~1//—<A(X),Y>z//+n-Y~VX1//+%A(X)-Y—l//
:—A(X)-Y-tp+%A(X)-Y-¢//+%Y-A(X)-1//+n-Y-VXw+%A(X)-Y-g//
0V Va4 3V A Y =T

This identity means that 7y is parallel.
Therefore, F' is a Dirac bundle on M. O

The Dirac operator D of F, defined by
D = y(e)V.,
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where {e;} is a local orthogonal frame of TdM, according to the definition, satisfies the following
relationship
~ m—1

lb=n'lD+Vn—T

where £ is the mean curvature of dM with respect to n. If M is a surface, —#4 is just the geodesic
curvature of M (as a curve) in M.

2.2. Chiral and MIT bag boundary value conditions. In this subsection, we introduce the
chiral and MIT bag boundary conditions (c.f.!*°!). We say that G is a chiral operator if G €
I'(End(E)) satisfies

G*=ld, G'=G, VG=0, GX-=-X-G
for every X € TM. It is easy to check that
yX)G =Gy(X), VG=0, DPG=GDp, IPn =-n-Ip
hold on the boundary dM for all X € TAM. The chiral boundary operator B* is defined by

1
B = E(Idin-G).

It is obvious that (8%)" = B¥ and IPB* = B7 ). The chiral boundary operator is elliptic!®! since
n-X-8=8-n-X, VXeToM.
The MIT bag boundary operator is defined by
Biur = 5 (14 V"Tn).
More generally, when J € I'(End(E)) satisfies
JF=-1d, J'=-J VJ=0, JX-=X-J

for every X € TM, we can define a boundary operator, called the J-boundary operator, by
1
B = E(Idin-J).

If J = V—I, then it is easy to see that the MIT bag boundary operator is just the V—1-boundary
operator. Another example is J = V=1G,G, where [G,,G,] = 0 with G,G, being chiral
operators. In fact, in our setting, the J-operator is just a multiplication of the chiral operator G
by e; - e;- and vise versa. One can check that 87 is elliptic since

B:n-X=n-X-8B,, YXeToM.

For simplicity, we shall denote by 8 one of 8%, 83, and B;. For the sake of convenience, in
the sequel, we will mainly consider the case of chiral boundary conditions and omit the detailed
discussions of the other cases of boundary conditions.

The following theorem is well known, see 72339401,

Theorem 2.2 (See!®, p.55, Theorem 1.6.2). The operator
(D, B) : WP(E) — WHP(E) x WYPP(Elay)
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is Fredholm for all s > 1 and 1 < p < co. Moreover the kernel and co-kernel are independent of
the choice of s and p. Therefore, we have the following elliptic a-priori estimate

Wiy < € (10|10 sy + 1B sz + Wlnce)
where ¢ = c(p, s, M,0M, D, B) > 0.

Proof. Tt is a consequence of the fact that (1D, 8) is an elliptic operator for s > 1 and 1 < p <
00, O

2.3. Dirac connection spaces. Let E be a Dirac bundle. We consider the affine space of those
connection V for which E is again a Dirac bundle. Choose a connection V, then for any other
connection V on E,

V=Vy+T.
Here I' € Q!(End(E)).

Lemma 2.3. Suppose V is a Dirac connection, then V := Vo + I is a Dirac connection if and
only if
I e Q'(Ad(E)), [T,y"]1=0,

where vE denotes the Clifford multiplication of E.

Proof. We only need to check that y£ is parallel. For every X, Y € I'(T M) with VxY = 0 at the
considered point, we have

V(W) = Vox " (V) + TX)YE (X = y*(¥)Voxy + ¥ (NTXY = ¥ (¥)Vxy.

Introduce ¥ := £ o T" = yE(e;)I'(e;), then
D=D0p+7,

where I, I, are the Dirac operators associated to the connection V, V,, respectively. From now
on, we will consider the modified non-smooth connection Vy + I', denoted by V. All of the
Sobolev spaces are associated with some fixed smooth connection V. It is well known that this
definition of Sobolev spaces is independent of the choice of Vj if M is compact. However, the
connection V need not be smooth, i.e., we only assume that I" belongs to some special function
space. For example,
dl e L” (M), T eL* (M),

where
3m -2

1
Definition 2.2. For p > 1, define D”(E) to be the completion of the subspace of Q! (Ad(E))
defined by

p'>1, ifm=2, p"> if m> 2.

D(E) = [[ € Q' (AdE)) : [1.¥"] = 0},
with respect to the norm

WM, = 1l z2eany + 1AL oo -

We call these spaces the Dirac connection spaces.
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2.4. Dirac-harmonic maps. Let (M, g) be a compact Riemannian spin manifold with (pos-
sibly empty) boundary M, and (N", h) be a compact Riemannian manifold. Concerning the
definition and properties of Riemannian spin manifolds, we refer the reader to!**! for more back-
ground material. For any (®,¥) € C!(M,N) x (&M ® ®'TN), we consider the following
functional !

1
L@.¥) = 5 f (Ildl? + (¥, PP)),
M

where (,) = Re (, ) is the real part of the Hermitian inner product (, ).
A Dirac-harmonic map (see 22! then is defined to be a critical point (®, ¥) of L. The Euler-
Lagrange equations are

(@) = 3 (4, e 07) RY (6, ). () = R(@, W),
P¥ =0,

where RV(X,Y) = [V}, VY] - V&,Y],X, Y € I(TN) stands for the curvature operator of N and

(D) := (V,,dD)(e;) is the tension field of ©.

Embed N into R? isometrically for some integer g. We may assume there is a bounded tubular
neighborhood N of N in R?. Let 7 : N — N be the nearest point projection. We may assume 7
can be extended smoothly to the whole R? with compact support. Now we can derive the Euler-
Lagrange equation for L. Let ® : M — N with ® = (®*), and a spinor ¥ = ¥4 ® 9, o ® along
the map @ with ¥ = (¥*) where W* are spinors over M,and 8, = 8/9z". Notice that dz|y is an
orthogonal projection and dz(7+N) = 0. In fact,

dr(X) =X, VYXeTN,
and

dn(¢)=0, VYE€T'N
where T+N is the normal bundle of N in RY. Hence, restricted to N, we have
RERe = Mgy My = 7y
It is easy to check that
Va(@)VOE =0, vy(D)¥P? =0,

where vj = 5 — 5.
For any smooth map n € C7(M, R?) and any smooth spinor field £ € C7(ZM®RY), we consider
the variation

O, = 1(D+m), W= ay(D)(P? +1£8).
It is easy to check that
(DO = (I), ‘"PO =Y
and

= m(D)E” + mp (DI (D)PPRP,
t=0
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where
_ot o
B= g8 TBCT 978 C
Moreover,
@.1) The(@5(®) = 7B (DIG(®),  The = 7.

Then we have
Proposition 2.4. The Euler-Lagrange equations for L are
AD* = 74 (D) <Vd>B, V®C> + (@) (PG (D) (PP, VO - WF),
and
PV = nh (P)VOP - PC,
Remark 2.1. Denote
Qp = VA @)dVE(D) — dvA(@WE(D) = [(D), dW(D)]j,

A C _G_C G_C c
RGpr = ﬂgﬂ-BDﬂEﬂ'EF - ﬂB”BD”%”EF

and

~ 1 .

Qf = S Ropr(®) (P2, e P )7y
Then Qf = —QF Qg = —Qﬁ and the Euler-Lagrange equations for L can be rewritten as
follows!??!

AD! = - (Qf, dOF) + (O, dP),
IPt = -Qp - WE.

Using the Clifford multiplication - for the Dirac bundle Q*(M), we can also write the above

system as follows:

AD! = Q- dOF + ((f, dDP),
IPA = —QA P,
Proof of Remark 2.1. The proof is similar to?*!. However, we will present a proof here using our

notations. Introduce
AC ._ c
Sy = n‘gﬂBD,

then
A _ cACQGC GC g AC
Reopr =Sp Sp —Sp S¥
satisfies
A  _ pG _ pA
RGpr = —Rypr = —Rgrp-
Moreover,

(0, d0”) :%R?;DF(CD) (22, vl - ¥F)
=S7°S ¢ (PP, vor - ¢F)
=y (P, VOF - 9F).
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Now we need only to check that
Q4 A dDP = 0.
Using the fact v4d®® = 0, we have that

Q4 A dDP = vidv§ A dDP = 0.

O
Proof of Proposition 2.4. Note that both n and & have compact support in M. Since
_ 1 All? A agpA
L@.Y¥) = > fM(HVcD "+ (¢, 0 ))
then, by using the relationship (2.1),
dL(®,, ¥ 1
M — f <V(DA,V(71J§7]B)>+ _f (ﬂ253+ﬂ“§cﬂg‘1’BnD,($‘PA)
dr =0 M 2 M
i1 (P4, 8 (whe” + iy ®PnP))
2 ], ) B BcTtp T 1
- fM (VO Ty Vn® + iy VO RP) + fM (mhe” + nhenS WPy, 99
1
+ = WA n - (58 + npenS e
2LM( n (Bf BcTD 77))
=- f (A" — 7y (VOF, VOO©) — myn,n (WP, VOF - 7)) oy
M
+ f Gy (P2, W€ — 2, VOF - WF) ' + f (@9 - mh VP - €, £4)
M M
1
+ | V@'t + = (P4, n- &
JRZEETIRY
=- f (A" — 7 (VOP, VOO) — myn§ G (P2, VOF - F)) o'
M
+ f i (P2, 99C — 2 VO - W)t + f (9" - mh VP - € 1),
M M
where n is the unit outward normal vector field along dM. m|

3. EXISTENCE AND UNIQUENESS OF SOLUTIONS OF DIRAC EQUATIONS WITH CHIRAL BOUNDARY CONDITIONS

In this section, we suppose that M™ (m > 2) is a compact Riemannian spin manifold with
boundary dM and E is a Dirac bundle on M. We want to derive an existence and uniqueness
result for solutions of Dirac equations with chiral boundary conditions. The key observation is
that for harmonic spinors, the homogeneous chiral condition is equivalent to the zero Dirichlet
boundary condition. With this observation, we can derive a useful L?-estimate for solutions
of Dirac equations with chiral boundary conditions. The assumption that the boundary is non-
empty is essential here. Another application of this observation is that one can derive Schauder
boundary estimates.
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3.1. A property of chiral boundary conditions. Importantly, the chiral boundary condition is
conformally invariant. Moreover, it satisfies

Proposition 3.1. Suppose that V is a smooth Dirac connection, then for every € H'(E), we

have
f (Ill> = 2 1By
oM

Proof. First, we assume that ¢ is smooth. Introduce a vector field

<2002 [P 2, -

X= 3 We Gy,

then
1
(X,n) = §<l//,n-G¢/),
1
=0 = 5 1P = Xow,
and

divX = — (Dy,Gy).
Using these facts and integrating by parts, we get that

[ (wie =21808) =2 | ww.cw)

The general case follows since I'(E) is dense in H'(E). O

=2 < 2||$lﬂ||L2(E) 1|2 -

Remark 3.1. This proposition says that the following two systems

Dy =0, M; Dy =0, M;
By=0, oM, |y=0, M,

are equivalent. This fact is important for our whole theory of Dirac equations. With this obser-
vation, we then can solve Dirac equations with chiral boundary value conditions.

Remark 3.2. Proposition 3.1 also holds for J-boundary operators. The proof is similar to Proposition 3.1
and we omit it here. Moreover, all the results in the sequel associated to chiral boundary values
are also valid for J-boundary values. Again, we omit the proof.

3.2. Regularity of weak solutions and elliptic estimates.

Definition 3.1. Suppose that J' € LZC(M). Lety,o € LP (E)where 1/p+1/p’ =1 with p > 1.

loc

We call ¢ a weak solution of the Dirac equation Py = ¢ if

f (o) = f (W .
M M

holds for all smooth spinors 1 € I'((E) of E with compact support in the interior of M.
Define
m>2 form=2; m=m, form>?2
First, we have the following regularity results.
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Theorem 3.2 (Regularity of weak solutions, see (9101, Let M, E be as in Theorem 1.1. Suppose
that ¥ € W."(M). Let ¢ € L2 (E) be a weak solution of Dy = ¢ with ¢ € HE (E), then
W € HYY(E).

loc

Theorem 3.3 (L”-estimate). Let M, E be as in Theorem 1.1. Suppose that p € (1,0),¥ € [*(M)
where u = mif p < mandpu > pif p > m. Let y € WYP(E) be a solution of DY = ¢ with
¢ € LP(E), then there exists a constant ¢ = ¢ (p,¥) > 0 with

||w||W11P(E) <c (“‘;DHLP(E) + ”Blyl’llwl—l/p,p(EbM) + ”'MlLP(E)) .
Proof. For every € > 0, decompose V' =T, + ¥, with

Vel < & IV

IDO¢=¢—F¢=‘P—FE¢—V«><:¢/,

L~(E) < c(e).

LA(E)
Noticing that

we have
10|y e, < Nellirey + [Vt gy + Vst ey
<l + ||F8||U4(E) WAl sy + ||F°°||L°°(E) L)
<|I¢llrey + €Wllwrre) + @ Wl
since 1/p—1/u=1/p—1/mfor p < mand
l/p=1/p>1/p—-1/m

for u > p > m. Hence, by Theorem 2.2, for suitable € > 0, we get that

Wl < € (1€l + 1BEy-mr ey + W) -

Remark 3.3. If u > m, we can choose ¢ = c(p, |]T|| ) > 0.

LA(M)

Proof of Remark 3.3. We need only to check the case of a smooth spinor, i.e., ¢ € ['(E). If not,
suppose that there exists a sequence ¥, € I'(E) and ¥, € L*(M) such that

1= Wl = 2 (|Batinll gy + 1BYallwi-vinaeryy + Wnllire)

and

<1

M) =

7.

where 1), = Dy + ¥,. Then for max {p,m} < p’ < u, I, is a bounded subset in L” (E) and
hence there exists a subsequence, denoted also by ¥',, that converges weakly to I € L” (M) in the
reflexive space L” (E). We may assume that

Y, = WU(E), ¢, >y LPE)

according to the Sobolev-Kondrachev embedding theorem where 1/p = 1/p—-1/p’ > 1/p—1/m.
Hence ¢ = 0 by the choice of ¢,,. Moreover, if we denote Ip = D, + ¥, then

| By, Pty + | =T 0y < 1Bl i, + IV = Vo

o 5|
(®)

Lp/(M) ||wn||Ll~7(E) .
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In particular, Dy, converges strongly to 0 in LP(E) and so does ¥,,¢,,. But we know already that
By, =0 WIUPP(Elyy), g — 0 LY(E).

The LP-estimate Theorem 3.3 implies that

1= Wallwioe < c(p. 1) ([P,

iy T 1Bl + Wl pey) = 0.

Remark 3.4. By a similar computation, Proposition 3.1 holds for the case of a non-smooth con-
nection V = Vy + I’ with " € L™(M).

3.3. L*-estimate. In this subsection, we want to prove that the solution of the Dirac equation
with chiral boundary values is unique, i.e.,

Dy =0, M;

BYy =0, oM
has only the zero solution. In dimension m = 2, we recall Hormander’s L>-estimate method "]
which was originally developed to get the L2-existence theorem for d-operators on weakly pseudo-
convex domains by using Carleman-type estimates. Later, Shaw in!*!! extended this method to
0,-manifolds. Here, we use a similar idea to derive the L?-estimate for the Dirac equations and
use this L-estimate to get the uniqueness of solutions of Dirac equations with chiral boundary
values. In higher dimension m > 2, we use the weak Uniqueness Continuation Property (WUCP)
for Dirac type operator to get the uniqueness. We shall then use this uniqueness to derive some
useful elliptic estimates.

We will need the following Weitzenbdck type formula (c.f.33)

(3.1) D =-V+R,
where the curvature operator R is given by
1
R = 56,’ ce; R(ei,ej)
and R(X,Y) = [Vx, Vy] = V|xy is the curvature of the connection V = V, +T.
Theorem 3.4 (Weighted Reilly formula). Let M, E be as in Theorem 1.1 and suppose I' €
DP*(E). Let f be a smooth function, then for every Y € I'(E), we have
~ m-—1 2
f exp(f) ((W, ¥)+ —— (h+n(f) ||w||2) - f exp (f) || Dy||
oM M

-1 - (im-2
- [ exoin (" ar - PRI s Rl
M

+ fM exp((1 = mp [P (exo (5.£)0)

Ry WA = (R, ).

m-—1

2

Here
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Remark 3.5. (1) If m = 2, we have

fa exp(f)((m,w) —(h+n(f))||w||) f exp(N) ||y

f exp(f)( Af + m) P + f exp(—f) [P exp (D) -
2) Ifm>2,let f = —71)logu (with 7 = m/(m — 2)), then

_ -1 2 0 -1
f W (Dy.y) + = u (hu———”)nwu f u' " || By
oM oM

:fu‘T(—m_1Au+7€¢,u)||¢/||2+fu”T P(M_Tl//)” :
M m-—2 M

Proof. We only prove this theorem for smooth setting. For general case, this can be done by
density theorem. Denote the twistor operator by

Py = Vi + %X .y, VX eT(TM),y € [(E).

This twistor operator has the following property

1
(3.2) IVl = 1Pl + — Dy

In fact, since tr P = 0, i.e., ¢; - P(e;) = y o P = 0, we have that

2 2 1
IV = —PYIP = = (P, e - DY) + — | By
; m - m

P 2N (o L ipol? = 1pwie + L lpul?
= |yl +m§i](el Per. D) + — |[Bu||” = 1PuF + — 1By

1
Peiw_ n_/lei‘m'/’

For every smooth function f € C*(M) and every smooth spinor ¢ € I'(E), by using (3.2) and
(3.1), we have that

%A (exp(h) wP)

—exp(P) > (A7 +IVAP) P + %A > +2 (Vv e, w))
—exp() (5 (AF + IV AP IIF +2 (Vegu, w)) +exp(f) (VP - (B*w.v) + Ry v))

=exp(f)

D= N =

(Af + IVAP) AP + 2 (Porwr) - n% (Vf - By, w))

1
+ exp(f) (IIPsz +—||pylf - (mzw, v)+ Ry, w)

—exp(f)( AS P + Ry, lﬁ)+ mIIVfIIZIIIﬁIIZ)—(D(exp(f)mw),l/')

-2
+ % exp(f) [ Du[” + == exp() (Vf - Dur.w) + exp(=1) [P (exp(Hw)]
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The last identity follows from the following two identities

1
[Pexp (D =exp@p) [P + eithw + e

2
+2 (P, w))

1
= exp2) [ IIPYI + |le( Ny + —eidf -y

= exp@f) (IPUIP + =L iR 1V AP + 2 (P, w))
and

(D (exp(HBY) ) = exp(f) (D*w, ) + (Vf - By, p)).
Integrating by parts, we get that

_ 1
f exp(f) ((mw, v)+ 5 (Gn=Dh+n(f) ||w||2)
oM

1 2
_ f exp(f) (EAf WP + Ru ) +
M

-1
-2 exp(f)(lllbw||2+
M

By using the following identity

= 2 VP ||w||2) + f exp(=1)||P (exp(H )
m M

)

2

|1z> ‘zl)f)w) zexp(m—_zf)nlz)‘/“f "o
—exp(—f)(uwll —(lpw V) + 1)2 v ||w||)

we get that

_ 1
f exp(f) ((w, W)+ 5 (Gm = D+ n(f) ||w||2)
oM

1 2 —
= f eXp(f)(—Af||w||2+(Rw,w)+ = IIVfII2||w||2)+ f exp(—f) |P (exp(Hw)
M 2 ( -1 M

m-—1 m—2 2
m M )

Setg=f/(m—-1) and o = exp ((m 2)f/(2m — 2)) ¢, then we have

7, 2
L . exp(g) ((ﬂo: 0') + )

-1 - 1(m-2
= [ expion ("5 ag - )4(’" )||Vg||2+7zg)||a||2
M

« | expict =mig [P (exo (32 Jo[ -7 — | exnto oo

17
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It is well known that the curvature operator R of E can be calculated as
R =Ro+dl' + [wy, I'T + [T, wo] + [1,T7]

where wy is the associated connection 1-form of V, (c.f.%). In particular, |IR|| = [IRIl,, €
L?" (M), where the operator norm R,,, at each point is defined by

R
IRl = sup o2
p T

We need the following Lemma.
Lemma 3.5. Suppose M is a Riemann surface with boundary andT" € DP (E). There is a function
f e W (M) forall 1 < p < p* satisfying
{%Af —[|RII =0, inM;
f=0, on M.
Now we can state the following L?-estimate in dimension m = 2.

Theorem 3.6 (L>-estimate). Let M, E be as in Theorem 1.1. Suppose that m = 2 andT" € D" (E).
Then there exists a function f € W>P(M) forall 1 < p < p*, such that for every spinor y € H'(E)

~ 1 1
f exp(f)((mw,w)+—<h+n(f>>||w||2)+— f exp() || Dy

> fM exp(—£) P (exp ()|

Proof. Choose f in Lemma 3.5. Since f € W>P(M) for all 1 < p < p*, by using the Sobolev
embedding theorem, we know that f € C>~*P(M). In particular, f is continuous. Moreover, the
trace theorem implies that

Flow € WHYPP@M)

and hence again the Sobolev theorem
W'=ProM) c L1(OM)
implies that n(f) € LY9(0M), where we assume 1 < p < min {2, p*} without loss of generality and
1_1_ (1 _ l) _2-»r
q b p p
Hence

faM () WP < CICHlzaann 170 gary < C 11 0, -

Here we have used the Sobolev embedding and the trace theorem
H'?(0M) c LY (M),

where
1 1 m-—2

1
—|l=-=]z=—=—>— =90
2( q) qg  2m-1)
which is equivalent to
p>1.
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For the remaining terms, it is easy to get that

faM ¢/ (Dy.y)

[ el < .
M

2
S C ”l/l”H](M) ’

and

[ el < Wik

As a consequence, by using Theorem 3.4 and Remark 3.4 we know that (3.3) holds for all ¢ €
H'(E) by using the density theorem. O

Corollary 3.7 (Uniqueness dimension m = 2). Let M, E be as in Theorem 1.1. Suppose m = 2
and T’ € D (E), then a weak solution of

Dy =0, M;
By =0, oM
is a trivial spinor, i.e., ¥ = 0.

Proof. It follows that  is a strong solution since I' € L? (M), i.e., € H'(E), according to the
elliptic estimates. By using Proposition 3.1 and Remark 3.4, we have ¢ = 0 on the boundary.
Theorem 3.6 then implies that P(e/y) = 0 in M. That is, for every tangent vector field X on M,
we have

1
(3.4) th//+X(f)w+§X-Vf~tﬁ:0

in the weak sense. Notice that
X-Vfup) =WV X-4) ==, X-Vf-y) = 2X() Wl
As a consequence,
X-Vfgp) ==X I
Therefore, it follows from (3.4) that
1
(Vi g) + XD Il = 0

which means that

V(e lyl?) =0
in M, i.e., e/ |y is a constant in M. Remembering that we have proved that ¥ = 0 along the
boundary, we then get that ¢y = 0 in the whole manifold M. O

For higher dimension, first we have the following uniqueness theorem.

Theorem 3.8 (Uniqueness for small perturbation). Let M, E be as in Theorem 1.1 and m > 2.
There is a constant € > 0 such that if ||R||;n2 < &, then there is no nontrivial solution of the
following boundary value problem

Dy =0, M,

By =0, oM
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Proof. The proof is a direct consequence of the Bochner formula, the Poincaré-Sobolev inequal-
ity, Proposition 3.1 and Remark 3.4. First, according to Proposition 3.1, we know that ¢/|gy = 0,
and then the Poincaré-Sobolev inequality yields

W 2200y < Crs IVl 201 -

Second, the classical Bochner formula (or c.f. Theorem 3.4 with weight function f = 0) says

0= f RU.0) + f vyl
M M

Now applying the Holder and Poincaré-Sobolev inequalities, we get

2 2
0 Z ||Vlr//||L2(M) - ||R||Lm/2(M) ||¢’||L2m/(mfz)(M)
2 2
> ”V(//”LZ(M) - CPSE ”VI/IHLQ(M) .

Hence, if &€ < Cpg, we get Vi = 0. Therefore, ¢y = 0in M. O

In the general case, we still have uniqueness if we require more regularity on I'. For example,
I € DO™2/4 To see this, we recall the weak Unique Continuation Property (WUCP) for Dirac
type operators D + V, where D is a Dirac operator with a smooth connection and V is a potential
(see!'®! for V continuous, ™! for V bounded, and®!! for V € LE"2/2) D +V is said to satisfy the
WUCEP, if for any solution ¢ € H'(M) of (D + V) = 0 such that ¢ vanishes in a nonempty open
subset of M, then ¢ vanishes in the whole connected component of M. The proofs of the WUCP
are based on certain Carleman-type estimates. For sharper results on the structure of the zero set
of solutions of generalized Dirac equations, we refer to!®.

Theorem 3.9 (WUCP, see*!"). Let M, E be as in Theorem 1.1 and m > 2. Let D + V be a Dirac
type operator, where D is a Dirac operator with a smooth connection and V € LO"22(M) is a
potential. Then the WUCP holds for D +V .

Thanks to this WUCP, we can apply some extension arguments similar to the smooth case
considered in"*! to derive the uniqueness theorem.

Theorem 3.10 (Uniqueness in dimension m > 2). Let M, E be as in Theorem 1.1 and m > 2.
Suppose that T € D (E), p* > (3m — 2)/4. Then there is no nontrivial solution of the following
boundary value problem

Dy =0, M,
By =0, oM

Proof. According to Proposition 3.1 and Remark 3.4, we have ¢ = 0 on the boundary. First,
there is a closed double M of M and a Dirac bundle £ on M such that E|,, = E and

@OlM = lDO’

where D, is the associated Dirac operator of E (c.f.1'4). Here we write I) = Iy + ¥ and Dy is
smooth. Extend I trivially to some ¥ on M, i.e.,

P M
0, M\M.
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Then the trivial extension ¢ of ¥, i.e.

- |y, M,
V= {0, M\ M,
is a H'(M)-solution of 3 )
12)097/ + F& =0.

We need only to check that ¢ is a weak solution. For every smooth spinor ¢ on M, we have

[ @ Bie+70) = [ (wig 1)

= f <Dol// + Fw, (,0> - f <O-n(l~D0)'7ba ‘)0>
M oM
=0.

Now we can apply the weak UCP of Do + T to show that ¥ = 0 in the whole manifold M.
Therefore, = 0 in M. i

Now we can state the main elliptic L”-estimates.

Theorem 3.11 (Main L”-estimate). Let M, E be as in Theorem 1.1 and m > 2. Suppose that

I' € DY (E). Then for 1 < p < p*, there exists a constant ¢ = c(p,T) > 0 such that for any
¥ € WHP(E)

W) < € ([[DY], 0 + 1B - 1mncery) -
Proof. Consider the operator
(D, B) : WHP(E) — LP(E) x W'PP(E|gy).

Since I' € L?”"(E), this is well defined. Moreover, by using Theorem 3.3, we have the following
LP-estimates

Wl < € [PV, p + 1B - 1mnatyy + Wllre)

where ¢ = c¢(p,I') > 0.

Now one can show that the range of (D, B) is closed and the kernel is trivial. In fact, the kernel
is obviously trivial by using Corollary 3.7 (for m = 2) and Theorem 3.10 (for m > 2). Now we
prove that the image is closed. For ¢, € W'*(E) with

Dy, — ¢ € L'(E), By, — o € WPP(Elgy).
It is clear that By = Y.

First, we assume that |[Y,|l;»z < 1. Then the L’-estimate Theorem 3.3 implies that i, is
bounded in W!*(E). Hence, there exists a subsequence of i, denoted also by ,, such that ,
converges weakly to ¢ in W'P(E) and strongly in L?(E), i.e.,

Yo =y € W(E), , o ¢ € LP(E).
Using Theorem 3.3 again, i, is a Cauchy sequence in W!*(E). As a consequence, there exists a
limit of ¢, in W!(E) and this limit must be . Hence ¢ = Dy and y = By.

Second, if i, is not bounded in L”(E), setting

Un Un ¢ WIP(E).

1l oy
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Then
Dy, > 0€ L/ (E), By — 0€ W' TIPP(E|gy).
By the same arguments as above, ¥, has a limit y in W'?(E) such that ||1Z|| e = LDy =0

and By = 0. This is impossible since Corollary 3.7 (for m = 2) and Theorem 3.10 (for m > 2)
implies that / = 0.

Hence, the closed graph theorem implies that (1), B) is an isometry between H'(E) and the
range of (1D, B). As a consequence, we have the following estimate

Wlyoey < ¢ ([P0, + 1B 1-1mn e
where ¢ = ¢(p,I') > 0. ]

Remark 3.6. If p = 2, we can prove this theorem directly by using Theorem 3.3 and Theorem 3.6.
First, according to Theorem 3.3, there exists a constant ¢ = ¢(I') > 0 such that

Wl e < ¢ ([P 2, + 1By + W2
holds for all ¢ € H'(E). Second, Theorem 3.6 implies that

W2y < ) ([BY]] ) + 1812210 -

Combining these two estimates, we complete the proof.
Remark 3.77. We can choose ¢ = ¢ (p, ||F||p) > (0. See Remark 3.3.

3.4. Existence and uniqueness for solutions of Dirac equations. In this subsection, we shall
consider the existence and uniqueness of solutions of the Dirac equation with chiral boundary
conditions, to find a solution y € W'?(E) of the following,

{IM =e, M

(3-5) By = By, OM,

where ¢ € LF(E), Byy € WIVPP(E| 5.
Several general existence theorems for this system in H'(E) have been derived under some

integral conditions, for example, see!'%!, p.53, Theorem 7.3. which asserts that (3.5) is solvable
in H'(E) if and only if the following integral condition holds,

f (p,n) =0, Vn € ker(D,B).
M
Moreover, this solution satisfies the following L?-estimate

”l/’”HI(E) <c (”QD”LZ(E) + ||B¢O||HI/Z(E|,9M) + ”w”LZ(E)) .

But the uniqueness may not be true for a general first order elliptic partial differential equation
with an elliptic boundary condition.

Notice that in our setting, this integral condition is always satisfied for each ¢ € L*(E) since the
kernel of (Ip, B*) is zero according to Corollary 3.7 (for m = 2) and Theorem 3.10 (for m > 2).
In fact, in our setting, we can state the existence and uniqueness Theorem 1.1 with the help of
the main L”-estimate Theorem 3.11.
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Proof of Theorem 1.1. We only need to show the existence. We can use a method that is similar
to that for deducing the analogous theorem for second order elliptic partial differential equations
with Dirichlet boundary values, see (27, p.241, Theorem 9.15, for example. For convenience, we
will give a detailed proof here.

First, we consider the case p* > 2 and p = 2. The following argument is typical, see!!%?”! for
example. Let us consider the following closed subspace of H'(E),

Hy(E) = {y € H'E) : By = 0}.

Theorem 3.11 gives the a-priori estimate
2
W15z = f IVoull* + lwll* < € f |By|", Yy € Hy(E).
M M

In particular, fM ||IZ)¢||2 is strictly coercive on Hé(E), so the Lax-Milgram theorem gives ¢ €
H(E) satisfying

fM (. ) = fM (Du.Dny, n e HYE).
Denote ® = Dy — ¢ € L*(E), then

f (D, D) =0, Vne HyE).
M
Therefore @ is a weak solution of

DO =0, BD=0.

Since B* is elliptic, so all the elliptic estimates stated for B can be stated in a similar way (see
Theorem 3.2). In particular, ® is a strong solution, i.e., ® € H'(E). By using the L*-estimate of
Theorem 3.6 (for B*), we know that ® = 0. Hence D¢ = ¢ and By = 0.
In the general case, we extend By to a spinor y € H'(E) such that |5, = Byp. Setting
¥ = ¥ — i, we then have
Dy =¢-Dy, M,
By =0, oM.

The previous case shows that there is a solution y € H'(E). Then ¢ =  + i is the desired
solution of (3.5).

Second, we consider the case 1 < p < p*. Let ¢, € I'(E) such that ¢, converges strongly to ¢
in LP(E) as € — 0. For each € > 0, let ¢, be the unique solution of

ml/’s = ¢ By, =0.

The a-priori estimate of Theorem 3.11 says that ¥, € W'P(E) and is a Cauchy sequence in
WLP(E) since ¢, converges strongly to ¢ in LP(E). Say i, converges strongly to 4 in WP (E),
then Dy = ¢ and By = 0. In the non- homogeneous boundary case, we set iy = § + i where
Y € WYP(E) is an extension of By such that /|5, = By, by the extension theorem. This is
possible since 1 < p < co. Then we choose a solution ¢y € W''?(E) such that

Dy =¢-Df, M;
B =0, OM.

Now we get a solution of (3.5). O
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4. DirAC EQUATIONS ALONG A MAP

We first consider the following system which is slightly more general than (1.1):

Dyt + Q- yf =nt. M,

Byt = By, oM,
A=1,---,q here n* € LP(E), By € W'V/PP(E|yy) and Q € Q' (sv,), ie., Qf = —QF. Under
suitable conditions, we can solve this system.

Theorem 4.1. Let M, E be as in Theorem 1.1. Suppose that T € D (E),dQ € L”(M),Q €
L?""(M). Then for 1 < p < p*, (4.1) admits a unique solution. Moreover, we have the following
elliptic estimate

4.1)

Wl < € (0l + 1Bl -
where ¢ = ¢ (p. Il 1912y + 14D+ ) > .
Proof. We construct a new Dirac bundle and a new chirality operator, and then we can apply the

existence and uniqueness for the usual Dirac equation to prove this theorem.
Let E =@"E = E®...® E. Then E becomes a Dirac bundle as a Whitney sum bundle. The

n times
Clifford multiplication is defined as

FX)W) = (X -y*),YX € TM,

ie., 7 = y*Id. Here y*(X)y* := X - y* stands for the Clifford multiplication on E. Then the
associated I' =T'1d, i.e.,

LOOW") = TXOy™h).
Define I by
r'EOW") = (QpXw").
It is clearNthat I € Q'(Ad(F)). We need only to check that [I”,¥%] = 0 in order to prove that
[" € D7 (E). In fact,
[T, 71X V)W) = () (Y - *) - ¥ - QpXw”) = 0.
Therefore, we have constructed a new Dirac bundle £ with the Dirac operator D defined by
D) = Wyt + Q- ).
It is obvious that d(T" + I) € LP" (M),T + " € L?"(M).
Introduce an operator G € hom(E),
Gy = (Gy™).
It is clear that
G*=1d, G =G, GyX)=-9XG, VYXeTM.
Moreover, VG = 0. In fact,

VxGW!) = (VxGy* + Qu0OGY®) = (GVxy + GQu(XW”) = GVx ().
In particular, G is a chirality operator on . Therefore, the associated chirality boundary operator

B = (8y").
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Then we can use the theory of the Dirac equation Theorem 1.1 to finish the proof of this theorem.
O

Now we suppose that M is a Riemannian spin manifold with boundary dM and give the

Proof of Theorem 1.2. Embedding N into some Euclidian space, then as shown in section 2, we
can rewrite this boundary value problem for the Dirac equation as

I+ Q- YE=nt, M,
BYA = ByA, oM,
where
Qf = V), dv(D)]3.
In particular, dQ = [dv(®), dv(®)]. Therefore, if ® € W' (M, N), then ® € C°(M, N) by using
the Sobolev embedding theorem. As a consequence,
Qe Ll M), dQel”(M).

Hence, by using the Theorem 4.1, we get a unique solution of ¥ € W!*(EM ® ®~!TR?) for some
larger g. Moreover, there exists a constant ¢ = ¢ ( D D127 M)) > 0 such that

Iy < (Il oqary + 1B lw-vinaons) -

Now we want to prove that W is a spinor along the map ®. Introduce ¥4 = vAWE, then we
need only to prove that ¥ = 0.

Claim.
PP+ Qp VB =0, M;
B =0, oM.
If this claim is true, then using the Theorem 4.1 again, we get that ¥ = 0. Hence, we complete
the proof of this theorem.
Now, we confirm the claim. In fact, noticing that van? = 0,v48y*® = 0 since 7 is a spinor

along the map ® and By is the restriction of a spinor along the map @ to the boundary oM, we
have that

PV =VAI® + dv - WP = —vAdvE W+ VAV - WP+ vin® + dv - WP
—dv) WP = —drrh - PP = (A — whdn§) - PP = (dvA§ — vadv) - B
=- Q8. P58
and

BP* = vyBY® = viBy” = 0.

Remark 4.1. Using the same method, one can prove that
Dy=nel’(Eg@'V), M;
BY =By e Wrr (E@D7'V)|oy), oM
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admits a unique solution ¥ € WLP(E @ ®~'V), where E is a Dirac bundle on M, V is a Hermitian
metric vector bundle on N, D is the associated Dirac operator of E ® @'V, the Dirac connection
V =V, + I satisfies the condition I’ € D" E and ® € W' (M; N).

Remark 4.2. If @ is smooth, then SM®® ' T'N is a smooth Dirac bundle, in this case, Theorem 1.2
is just a direct corollary of Theorem 1.1.
Now let us give some further remarks on the Schauder theory of Dirac equations. The interior

Schauder estimate for the Dirac equation is

Theorem 4.2 (See!'!). Let M, E be as in Theorem 1.1. Suppose that ¥ € C*(M) for some 0 <
a < 1, then forall M’ e M" € M,

11 par < (s dist(M’, OM™),

F w;M”) (”lD"[/ aM” + ”wllO;M”) ’
Due to Proposition 3.1, one can also state a boundary Schauder estimate for the Dirac equation.
Theorem 4.3. Let M, E be as in Theorem 1.1. Suppose that V' € C*(M) for some 0 < a < 1, then
1 sasne < € (@ )], 0n) (1Y, + 1B i + Wlocrr) -

Proof. The classical argument for Schauder estimates (see?’) can be combined with Proposition 3.1.
O

By using the main L”-estimates of Theorem 1.1, we can get

Theorem 4.4. Let M, E be as in Theorem 1.1. Suppose thatT' € DY(E),T € C*(M) and dI' €
C*(M) for some 0 < a < 1, then

W saspr < € (@ T geas + 1o (12%]],.0p + 1B acin) -
Proof. By using the main L”-estimates of Theorem 1.1, we know that for large p
W lo,pr <P I (1B, + 1BY -1 g1)
<c (@ I Mguas + 14Tl (|| Y],y + 1Bl s aione) -
Then applying Theorem 4.3, we prove the desired result. O
Similarly to the case of the L”-estimate, we can prove the following two theorems:

Theorem 4.5. Let M, E be as in Theorem 1.1. Suppose that T € DY(E),I' € C¥M),dI' €
C*(M),Q € C*(M),dQ € C*(M) for some 0 < a < 1. Let n € C*(M), By € C"*(OM), then
(4.1) admits a unique solution € C*(M). Moreover, the following estimate holds

I s < € (@ I lasns + 10T spg  1Aaar + 1LRiar) ([ B,y + 1B cions) -

Theorem 4.6. Let M, N be as in Theorem 1.2. Let ® € C"*(M, N) for some 0 < a < 1, then the
following Dirac equation

DY =neC*(M; M ® ®'TN), M;
BY = By € C' (IM;EM® ®™'TN), oM
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admits a unique solution ¥ € C'*(M : M ® ®~'TN), where I) is the Dirac operator along the
map ©. Moreover,

¥llosar < (@ IOy ssnr) (17l + 1B i) -

5. SHORT TIME EXISTENCE OF FIRST ORDER DIRAC-HARMONIC MAP FLOWS

In this section, we assume that M™ (m > 2) is a compact Riemannian spin manifold with
boundary dM and choose a fixed spin structure on M.

Let us consider the family of coupled system of differential equations for a map ® : M X
[0,T] — R? with ® = (®*) and for a spinor field ¥ : M x [0,T] — IM ® ®'TR? with

¥ = (P4) along the map @

(aﬁt _ A) DA + Q4 - dDP + <Qg, dd>B> =0, Mx(,TI;

dV + Q4 - B =0, oM x [0, T]

(5.1

with the initial and boundary conditions

5.2) O(x, 1) = dp(x, 1), (x,1) € IM x[0,T]U M x {0};
' BY = By, oM x [0, T],

where 8 is a chirality boundary operator.

Lemma 5.1. Suppose the image of © lies in N and Y is a spinor along the map ®, then (O, V)
satisfies the Dirac-harmonic map flow (1.5), i.e.,

0,D = 1(D) — R(D, V),
DY =0,

if and only if (@, V) satisfies (5.1).

Proof. A well-known computation. O

Lemma 5.2. Suppose that (®©,'P) is a solution of (5.1) which is continuous on M X [0, T] with
d(x,t) € N forall (x,t) € IM x [0, T]UM x{0} and ¥ is a spinor along the map ¢y for all time
[0, T). Suppose ®(x,t) € N on M x (0,T], then ®(x,1) € Nf0r~all (x,) e M X [0, T] and Y(-, 1)
is a spinor along the map (-, 1) for all time t € [0, T]. In fact, ¥* = vi¥* satisfies the following
Dirac-type equation

I+ Q- PE=0, M,

BY =0, oM.

Proof. For z € RY, let us define p : R? — R by p(z) = z — n(z). Consider

q
w(x,0) = (@, 0)IF = ' [l @Cx, )]
A=1
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We can get that

(% - A) ¢(x, 1) = =2 |[Vp(@(x, I +2(d,p = Ap, p)
= = 2[IVp(@(x, I + 2 (v} (8,0° — ADP) - mj. (VOE, VO©) , p*)
= = 2[IVp(@Cx. DI = 2 {V3(®) (D) - 40 + (A®)Z, d0C)) + 75c() (VOF, YO p(@)").
If ® = n(®), then
(V@) (D) - dO + (QD)E, dO)) + m3(@) (VOP, VOC)  p(@)") = 0.

Therefore, we have the following estimate by applying the mean value theorem
0
— —Alp < Co.
(3-8 =ce

Since ¢ > 0 and ¢ = 0 on OM X [0,T] U M x {0}, we have that ¢ = 0 on M X [0, T]. Hence
®(x,t) € N forall (x,¢) € M x [0, T] according to the maximum principle. 3

Next we show that ¥ is a spinor along the map ®. In order to do this, we consider ¥4 = v W5,
then

PP =v5dP? + Vv - WP = VB W€+ Vg - PP
=Vvy - P8 = —Vny - PP
= (Vrgn§ — nfvn§) - 9% = —Qf - 2.
Moreover, P4 satisfies the following boundary conditions
B¥ =0

for all time 7 € [0, T']. By the uniqueness of solutions of Dirac equations with chiral boundary
values, see Theorem 4.1, we get that ¥ = 0, i.e., ¥ is a spinor along the map . O

To state the short time existence for the Dirac-harmonic map flow, we first recall some basic
facts of heat kernels on Riemannian manifolds. An important property is that the heat kernel is
almost Euclidean!!”"!. In other words, if p is a heat kernel, then p and & are of the same order,
locally uniformly in (x,y) as ¢t — 0., and a similar statement holds for the first derivatives of p
and &, where

P
a(x’ Yy, t) = (47Tf)_m/ze_ dist (x,})/(4[).

One can show that the Dirichlet heat kernel h(x, y, t) is also almost Euclidean!!”’, hence
h(x,y,1) < o ™2 e dist?(x,y)/(41)
and

I 2 .
IVA(x, y, D] < ct™™> e dSTEDED digy(x, y).

We summarize these properties in
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Lemma 5.3 (See!'”3*). For ever 8 > 0, there exists a constant ¢ = c(B) such that

h(x,y,1) < c(B)r™* dist(x, y) ™,
IVA(x, y, DIl < c(B)r™* 1 dist(x, y)' =,

and
IVahi(x, v, DI < c(B)r ™ dist(x, y)* 2,  x,y € OM,
ast — 0,.

Proof. It is a consequence of the following inequality
Pe*<pPe? Vx>0,8>0.

The improvement in the exponent of dist(x,y) in the third inequality is due to the fact that the
derivative is in the direction normal to the boundary O M. O

Now we can give a proof of the main Theorem 1.3.

Proof of Theorem 1.3. We will split the proof into four steps.

Step I Short time existence for the flow (5.1) and (5.2).

Let h(x, y, t) be the Dirichlet heat kernel of M. Define an operator T by

Tu(x,t) = up(x, t) — f f h(x,y,t —T) (Q(u) -du + <Q(u, Y(u)), du>) (v, 7)dydr,
0 Jm

where
! oh
e = [ nyoo0.0d- [ [ - et ndot)dr
M 0 Jom ony
Here
Q(u) = [v(u), dv(w],
and

~ 1 .
Q. W) = SRyep) (Y, ¢ - ¥w)) ' = Ra)(¥(w), ¥(w)),

where W(u) is the unique solution of

PP = —Qu)s - B, M;
BPA = By, oM

according to Theorem 4.1.
It is clear that uy is the unique solution of

{%Mo _ Aup, M x (0, 00);

uy = ¢, OM x [0,00) UM x {0} .
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For every & > 0 and each u € Ny.,.,C'*%(M X [t,£]) N C°(M,), define the norm

llel| == leellcomaxo.eny + sup [IVu(, Ollcoy -
t€[0,&]

Let X be the completion of the following subset of CcO(m,)
{u € NocresC (M x [1,8]) N CO(M,) : 1 = ¢ on PM,} .

Here
M, =Mx(0,g], PM,:=Mx][0,e]UM x{0}.

For u € X, according to Theorem 4.1 we have that for large p

I, Ollceny <c(P) IFC Dllwroary < CUulD [IBYo(:, Ollwi-1100am)
<C(llul) 1B¥o (. Dllcra@my < CUIlD 1BYlcroaanm,) -

As a consequence,
. & &
T:X;— X

is well defined. For & > 0, let Bs = {u € X : |lu — uo|| < ).
According to Lemma 5.3, for every 8 > 0,

h(x,y,1) < c(B)FF ™ dist(x, y) ™,
IVA(x, y, DIl < c(B)F "2 dist(x, y)' ™,
and

IVah(x, y, DIl < c(B)F~ 172 dist(x, y)> ™,  x,y € M.

1) ug € Xg

Let vy = ug — ¢, then

O0vo—Avg = Ap — 0, = f, Mr;
Vo = 0, PMT

Since ¢ € C>"“*(My), we know that f € C***(M;) and

”f”cO(MT) =c ||¢||c2-1,0(1\71r) : ||f||c0,0»a(MT) < c(a) ||¢||c2.14,<r(1\717) .

Moreover, v, can be given in the following formula, for (x, ) € My,

vo(x,t):ffh(x,y,t—r)f(y,r)dydr.
0 Jm

The Schauder estimates imply that vy € NgerC>4(M x [t,T]) N C°(M7). The
following estimates follow by straightforward computations.

vo(x, DI < Illczioq, &

IVvo(x, D] < c(B) ”¢”C2’]s0(1t715) Sﬁ_l,
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for all (x,¢) € M, and B € (m/2,(m + 1)/2). In fact,

IvO(x,t)ISL fh(x,y,f—T)lf(\/,T)l dydr
M

¢
< ||f||c0(1\71,) f f h(x,y,t = 7)dydt < |fllcog,) 1
0 M

and
f
IVvO(x,t)ISffIVxh(x,y,t—T)l |f(v, 7)) dydr
0 M

!
<cB 1 fllcocsn,, f f It — 7[> dist(x, y)' 7 dy dr < c(B) I fllcogn, .
0 M

where 8 € (m/2,(m + 1)/2). Therefore uy € X%, and for 9, &€ both small we have that
uyc Nif¢ c N.

2) For € small, T(B;s) C B;.

Since u € Bs, we have ||u|]| < C;.

Q)| cocizxio.epy = Nv(w), AVl cocizxgo.ep < € S[‘(I)P] IVu(:, Dllcory < c(Ch),
tell,e

and

a 2
192, Y@ ooy <€ sup II¥C. Do

2
SC(CI) Sup ||Bw(a t)”Hl—l/p,p(aM)
t€[0,&]

<c(C) 1BYI? < ¢(Cy)Cs,

CLO2(OMx[0,6]) =
for p large enough, and the second inequality has used Theorem 4.1. Hence,

1l coqar,) + (|, ¥@)| oy, < (Cr, Ca), Yu € Bs.
Asa consequence,
ITu = ]l < c(B)E(Cr, Co) lldulleogr,y &7,
forp e (m/2,(m+1)/2).

1
3) || Tu—-Ty|| < 3 [lu — v|| for u,v € Bs and £ small.

First, we have,

Tu(x,t) — Tv(x, 1) = — f f h(x,y,t = 1) (QQ) - du + (Qu, ¥(w), du)) (v, 7) dy dr
0 M

+ f t f h(x,y,t = 1) (QO) - dv + (Q, Y1), dv)) (v, 7) dy dr.
0 JM
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Moreover, notice that
Qu) — Qv) =[v(u), dv(u)] — [v(v), dv(v)]
=[v(u) — v(v), dv(u)] + [v(v), dv(u) — dv(v)],
and
Q(u, ¥(u)) — Q, ¥())
=Rw)(¥(u), ¥()) = ROV(F(), ¥(v))
= (R(u) = RO) (P(w), ¥(w)) + RM(F () — F(v), ¥(u)) + RO)F V), ¥(u) - F(v)),
we have
1R2(t) — QW) coqaz,y < ¢(Cr, Co) [lu =V,

and

13w, W) = Q, POD| o 7., SE(Crs Co) (e = Vil + 1W(w0) = YO lleogiasiosn)
<c(Cr, Cy) [lu =l
The last inequality follows from the following fact
{a (P - P0)*) = —Qayy - (P@)f - ¥0)P) + (Quyg - Qi) - YO, M;

BPw) - ¥(v) =0, oM.
And Theorem 4.1 implies that for large p

%) = Y O)llceny <c(p) IF(@) = FW)llwrrany < c(p, Cr, Co) [l = VYOI

<c(p, C1, Co) |l = vl .
Thus,
200 - au + (S ) du) - Q) - dv = (@ WO )| < elp. O Co) =l

Using a similar argument for v, one gets that
ITu = Tvl| < e(B)e(Cr, Co)e" ™ lu = v,

where 8 € (m/2,(m+ 1)/2).
Therefore, there exists a fixed point of 7" in By, i.e., we have proved the short time
existence of (5.1) and (5.2).

Step I Regularity.

Let (®,Y¥) be the solution of (5.1) and (5.2) constructed above. The Theorem 4.1
implies that ¥ € L*(M,) and hence ® € Ny.,.C"**(M x [t,&]) N C(M,) by using the
LP-estimate for the heat equation. For every 0 < #,7 < &, we have

B0 =P D) == Q0 - (P60 - P D) + (6 D) - Q3 0) - PG D), M;
B, 1) -V, 1)=BW(.1)-y(.1)), oM.
Again by using Theorem 4.1, for larger p
WG, 8) = ¥C, Dlleagny < e(p, Cr, Co) It =712
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Thus, ¥ € Ny CO*¥(M X [t, ])NC°(M,). The Schauder estimate for the heat equation
implies that ® € Ny.,.,C>*(Mx[t, e])NC°(M,). The interior Schauder estimate for the
Dirac equation implies that (-, 1) € C>*(M) for every t < &. If one uses the boundary
Schauder estimate, one can get that \P(-,7) € C*(M) for t < &.

Suppose that

lim sup [|[dDP(-, D)||coszy < o0,

t<T1,t—T;

the discussion above implies that this flow can be extended to a larger time 7| > T},
hence T is not the maximum time which is a contradiction.

Step III Uniqueness.

Finally, we state the uniqueness. Suppose that (®;,'¥;) are solutions of (5.1) and
(52) Letu = q)l - q)z,T] = lI”l - \Pz, then

|0;u — Au| < C|Vul + C |u| + Cn|,
and
|0+ Q| < CVul + Clul.
Hence, applying Theorem 4.1 and using the same computation as for vy, we get that
2G> Dllcogy < Cllul,
and
| < C lJue] °7

holds for 0 < £ < Ty and 8 € (m/2,(m + 1)/2), where |||| is the norm corresponding to
M,. Thus, if € is small, then ||u|| = 0, i.e., u = 0 and hence n = 0. Then we can prove
the uniqueness of the Dirac-harmonic heat flow by iteration.

Step IV Completion of the proof.

We have actually proved that ® c N if ¢ ¢ N. Therefore, we can use Lemma 5.2.
As a consequence, O(-,t) € N and W(-,1) € M X ®(-,)"'TN forall 0 < t < T,

since By (-, 1) € (ZM ® ¢(-, t)‘lTN) laas for all . Then applying Lemma 5.1, we finally
complete the proof of this theorem.

O

6. DirAC EQUATIONS ALONG A MAP BETWEEN RIEMANNIAN DISKS

In this section, we discuss a Dirac equation along a smooth map ¢ : M = (D, 4 |dz]*) — N =
(D,p |dw[*) where D = {|z] < 1} is the open unit disk on C. Let XM be the spin bundle on M.
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Consider a Dirac bundle ¥M ® ¢! TN and split this Dirac bundle as (see2%44)
IM®¢'TN
= (Z+M ® ¢>_1T1’ON) o (Z_M ® ¢_1T1’ON) s (Z+M ® ¢_1T0’1N) @ (Z_M ® ¢_1T0’1N) ’
where
SM={YyeXM:0:- =0}, T M={yeIM:0d, ¢ =0}
We identify the Clifford multiplication by the orthogonal bases 3, d; with the following ma-
trices (see!?336));
L PR )
And the spinor ¢y € XM ® ¢! TN can be written as

U= (?i)@(% + (;)8)855

1 + 0 _
(O)EZ M, (1)62 M.

The connection on the spin bundle =M is then given by the following operators (see*%))
vEM _ 9 N 1dloga vEM _ 0 N 1dloga

% "9z 4 o0z % a4 o0z

Therefore, the Dirac operator on M ® ¢! TN is of the following form

d 1dlogd dlogp o

with

0 - - _
D =20 0 1ldlogd 0dlogpdg o 4 % 0% 0
oz "3 ez a6 oz 0
0 0 1dlogd dlogpdg
@212 B 0z 4 0z dp 0z .
2+lﬁlog/l+[)loigpﬁ_¢) 0
0z 4 07 dp 07

The chiral boundary operator?>2%2°! is given by

P S B S W O RS
B__( )GBE(iZ 1)

2\xz 1
Now we consider the following Dirac equation
Dy =0, D;
By = B Yy, ID.

As discussed above, Dy = 0 is equivalent to the following systems

1 1
i+ (Z(IOg Az + (logp)¢¢z) fr=0, f+ (Z(IOg ), + (logp)¢¢z) =0,
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and

(1 _\ 5 - (1 _\ -
[+ (Z(log Az + (logp)¢¢z) f7=0, f+ (Z(log ). + (log p)$¢z) f=o,

Y= (;“+) ® 8¢ + (§+) ® 8¢

Let g be a solution of the Riemannian-Hilbert problem

where the spinor i has the form

1
g: = 7 (log D); + (logp)egz,  D;
Re g = log (/l”“p”z) , oD.

All solutions can be given in the following formulae [see!'!!, p.71, Theorem 21.]

1 1/2
2(2) =i Tm g(0) + log A1*(2) + —— f og (p(6(0)) )“ng
2ri Jap l —z

N L ((logp)¢¢2(§) {+72 (logp)_¢¢§(g“) 1+ Z{)d{ az,
4ri 4 -z e 1-z¢

for all z € D. Then
fr+gfr=0, f.+ ((1ng +log A'/%); - gz)F =0,
and
i+ ((logp +log 4'/%); - gz) fr=0, f+gf =0
Therefore, there exist four holomorphic functions A*, A=, A*, A~ such that
fr=eBA", fr=2YplefA-,  fr=a"V2p et AT, f = e BA-,
The chirality boundary condition 8%y = 8%y, now is equivalent to
A* £ 771A= = A1Ap12eims (fo+ + Z—1f0—), At + Z—l; = AV4p12pmilme (f + Z—1f0)

for z € 0D, where

o= (E)os,s (E)os,

Since the index of 77! is —1, the solutions A*, A=, A*, A~ must be unique according to Theorem A.1
(see Appendix A). In particular, f*, f-, f*, f~ are independent of the choice of g. In fact, we
can write any other choice of g by g + ic where ¢ is some real number. Then the solutions
A*, A", A*, A~ must be replaced by e“A*,e“A™, e A", ¢“A™ respectively. As a consequence,
f*, f~, f*, f do not change.

Next, we construct these solutions by using Theorem A.1. Denote

1 f OB 2™ O(fH(0) = 7 5 (D))
(-2

F(z) = ds, z¢oD

Zm
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and

, oD.
27 ¢ ¢

co . L[ A Op@@) e M OF (@) £ U f ()
F(Z) —_— f g - d
oD -

Then
A" Q) =F(@), A (@==%"'F(/7), A" @=F@, A @==+"'F(1/7), zeD

are the solutions.
To summarize the previous discussion and using Theorem A.2 (see Appendix A), we have the
following

Theorem 6.1. Suppose that ¢ € C'**(D) and B*yy € C'*(OD) for some a € (0, 1), then there
exits a unique solution ¢ € C'**(D) of

Dy =0, D;
Bilﬁ = Bilﬁo, oD.
Moreover, there exists a constant ¢ = c(«) such that

1100 < €| B00]], o 1Ml 14 -
Remark 6.1. When the domain is D = {|z| < 1}, the MIT bag boundary operator is given by

s (1 w7\ _ 11 Fi!
BM’T_E(iiz 1 )Gai(iiz 1 )

The index of Fiz™! is —1 and therefore we can use the Theorem A.l1 and Theorem A.2 (see
Appendix A). In particular, the above theorem is also true for MIT bag boundary value con-
ditions.

APPENDIX A. THE BOUNDARY VALUE PROBLEM FOR THE a—EQUATION

Let D = {z € C: |z] < 1} be the open unit disk in the complex plain C. We say that (A*, A7) is
a holomorphic function pair on D if A", A~ are two holomorphic functions on D. Consider the
following transformation

A*(2) :=A%(z), VzeD':=D,
and
A (2):=A-(1/7), VzeD :=C\D.

Then A* and A~ are holomorphic in D* and D~ respectively. Moreover, if A*, A™ satisfy the
following boundary condition

A" —@A-=f, ondD,
then A*, A~ satisfy the following boundary condition
At —pA~ = f, ondD.
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Theorem A.1 (See!'!!, p.39, Theorem 14., p.42, Theorem 15., p.11, Theorem 5.). Suppose that
@ € C*0OD) with ¢({) # 0 for all { € D, where 0 < a < 1. Let f € C*(0D) and « be the index

of ¢. Then if k > 0, there exist exactly k + 1 linearly independent holomorphic function pairs
(A*, A7) on D such that

At —pA- =0
is satisfied on the boundary OD. If k = —1, then there exists a unique holomorphic function pair
(A*, A7) such that

AT —gA- = f
holds on the boundary. Moreover, A* € C*(D) N A(D). In fact, if we set

7(z)1=i.f Md& z ¢ 0D,
aD {-z

and

L[ f@e®
27 oD { —Z
then the holomorphic pair (A*,A7) is

A'(R) = (z), A () =z"'eVy(1/z), zeD.
Moreover, there exists a constant ¢ = c(a) such that

147, < cllellp 11l -

We also need the following Schauder estimate.

WU(z) = dz, z¢dD,

Theorem A.2 (See!'!!, p.11, Theorem 5., p.84, Theorem 29.). Suppose that f € C%D) and
h € C*%(0D) for some 0 < « < 1, then every solution of

SgZ:f’ D;
Reg=h, 0D

is of class C'**(D). Moreover, there exists a constant ¢ = c(a) such that

1800 < € (I lasp + WAl gi0p + 1Tm CO)]).
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