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Abstract. In this paper we prove that, unlike the two-dimensional case, the electric
field in the presence of closely adjacent spherical perfect conductors does not blow up
even though the separation distance between the conducting inclusions approaches zero.

1. Introduction. Frequently in two phase composites, inclusions are located very
closely and may even touch; see [3]. It is therefore natural and important to find out
if the electric field in the presence of closely spaced inclusions can be arbitrarily large
or not. The purpose of this paper is to deal with the problem in three dimensions and
show that, unlike the two dimensional case, the electric field is bounded regardless of the
distance between the two inclusions.

In the conductivity model, the electric field is given by Vu, where u is the solution to

V- (X(Rd \ B1 U B) + k1 x(B1) + kax(B2)) Vu =0 in R? (d = 2,3),

(1.1)
u(z) — H(z) = O(|z|*~9) as |z| — +o0.

Here H is a given harmonic function in R¢ such that H(0) = 0, B; and B represent the
inclusions, k1 and ko are their conductivities, and x(E) denotes the indicator function
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of the set E. So the question is whether |[V(u — H)||L~ can be arbitrarily large as
€ := dist(By, Bs) — 0.

If By and B> are two dimensional disks and k; and ks stay away from 0 or +oco, then
it is proved by Bonnetier and Vogelius [4] that |V (u — H)| stays bounded no matter how
small € is. Li and Vogelius [I0] extended this result and proved that the electric field
stays bounded in most general setting-arbitrary number of inclusions of arbitrary shapes
and in two or three dimensions, as long as the conductivities stay away from 0 and +oo.

If the conductivity tends to +oco or 0, then the situation is completely different. If the
inclusions are perfect conductors (k = 400) or insulators (k = 0), then the gradient blows
up at the rate of e~1/2, as shown by Babuska et al. [3] by numerical evidence. See also
|58 11). Recently Ammari et al. [Il[2] considered the case of two circular inclusions and
rigourously derived precise estimates on the gradient clarifying the dependence on the
conductivity, the radii, and the distance between the two inclusions. Yun [I3] extended
this result to cover two perfect conductors of arbitrary shapes in the two-dimensional
case.

Unlike the two-dimensional case, not much is known in three dimensions when the
conductivity is zero or infinity: Does the gradient blow up as the distance between the
two inclusions tends to zero? If so, what is the blow-up rate? The purpose of this
paper is to address this question. To our surprise, it turns out that if the inclusions are
perfect conductors and of spherical shape, the gradient stays bounded regardless of the
separation distance between them. More precisely, we prove the following theorem.

THEOREM 1.1. Let By and Bj be two spheres with radius R and centered at (0,0, +R+5),
respectively. Let H be a harmonic function in R?® such that H(0) = 0. Define u to be
the solution to

Au=0 in]RS\BlUBQ,
u=0 on 0By U 0Bs, (1.2)
u(z) — H(z) = O(|z| ™) as |z| — +o0.
Then there is a constant C' independent of € such that
[V (u— H)HLOO(]R3\BluB2) <C.

Although our result holds for this special case, we believe that it extends to arbitrary-
shaped conductors if their contact reduces to a point.

Theorem [[1] is proved by first constructing an explicit solution to (2] using the
bispherical coordinate system (section 2), and then carefully estimating the explicit so-
lution (section 3).

2. Representation of solutions. In this section we derive an explicit formula for
the solution to (C2) using the bispherical coordinate system. Let B and Bs be the
spheres as defined above. The bispherical system associated with two spheres By and Bs

1
a:= 5\/4R6+€2. (2.1)

is defined as follows. Let
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Then, each point © = (x1,x2,x3) in the cartesian coordinate system corresponds to
(£,0,¢) € R x [0,7] x [0,27] in the bispherical system through the equations
_ sinfcosp
= acosh§ —cosf)’
sin f sin
2= acosh§ —cosf)’
sinh &

cosh& —cosf’

T3

See [6] or [I2] for the geometric meaning of each coordinate. One relevant feature is
that the coordinate surface £ = constant represents the sphere centered at (0,0, a/ tanh )
with radius a/|sinh¢|. In particular, 9B; corresponds to the coordinate surface £ = &,
where
VARe + €2 + ¢

=In(1
§o =In(1+ R

), (2.2)

and 0Bs to & = —&.

Another important feature of the bispherical system is that it is an orthogonal co-
ordinate system and admits R-separation of variables for harmonic functions. In fact,
since

~ (cosh& —cosf)®| . 0 1 oh
Ah = a?sin 6 i 985 (Coshf —cos 6 85)

+% coshf—cos&% 0%

0 ( sin 0 8h) (cosh & — cos0)? 92h
a2sin® 0 0p?

as one can see in [I2, P.111], any harmonic function h has a general R-separation

+oo n
he.0,9) = eosh& —cosy Y [Dprelrt DIl 4 pres (D] (2.3)
n=0m=0 .

X P (cos O)[F)7* cos(mep) + G sin(mep)],

where P]" are Legendre associate functions and D), E*, F)", and G} are constants.
See [0, Equation (38)].
Let us recall one more notion. The spherical radial distance |z| is given by r(,0)

which is defined by
cosh & + cos @
r(&.6) = a\/ cosh& —cosf’

Note that r — 400 if and only if (£,0) — (0,0), and if this is the case

‘r(f,@)\/coshf - cos@‘ <C (2.4)

for some constant C. On the other hand, we have

r(&,0) < 2a, for & > cosh™*(2). (2.5)
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We now derive an explicit form of the solution to (IZ). Note that when H = 1, the
solution has been derived in [0]: u is given by
()€ | o= (ntd)e
c@niDE 1 1

“+o0
= Veosh§ —cos8 Y va[erHhlel
n=0

} P, (cos8)

and
1 ou

_ — = 167all
0B, UdBs| Jop,u0m, OV (0)-

Here P,, are the Legendre polynomials and the function I is defined by

+oo e(2n+1)§ -1
L) = e2@@n+1)é — 1°
n=0
Now, for a given entire harmonic function H in R*, we define two harmonic functions
H¢ and H?, one even and the other odd with respect to z3, by

H(z1,29,23) + H(x1, 22, —23)
2 )

H(zy,29,23) — H(x1, 22, —T3)
5 )

He (21,29, 23) :=

H (21,29, 23) :=

According to [23), H® and H° can be represented in the general R-separable form:

H°(,0,¢) =v/cosh& — cos Ze (nt3 el g, (a,0,9), (2.6)
H°(&,0, ) =+/cosh & — cos@ Z sgn e~ "2IEG, (a0, ), (2.7)

where
n

F,(a,0,p) = Z P (cos 0)[A} cos(mep) + B sin(mep)]

m=0

and
(a,0,0) = Z P (cos 0)[F," cos(myp) + Gi' sin(mep)].
m=0

Here, sgn ¢ is defined to be

1 if £ >0,
sgné =40 if&=0,
1 ife<o.

Note that those terms e+ 2)/¢l in @3) do not appear in [Z08) and 7). This is because
H¢ and H€ are entire harmonic functions.
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Define an even function u® and an odd function u°, with respect to x3, by

+oo
u® = 4/cosh§ — cosd Z {e_(’“r%)‘gl + Afl(f)} F,(a,0,9), (2.8)
n=0

+oo
u® = /cosh & — cos 6 Z [(sgn f)e_("+%)‘§‘ + Afl(f)} Gn(a,d,p), (2.9)
n=0

where

c e(2n+1)£ +1

e . —(nt+d)
A (&) == —e S EnTDE 11 1 (2.10)
+o00o
= (eM+ D) 4 e~ (D) S (ke (n+DI2Ke0 (2.11)
k=1
2n+1)¢ _ 1
0(¢)im —e— () T T2
AD (&) == —e i s (2.12)
+o0
- _(e(n+%)£ _ e—(n+%)£) Z e—(n+3)2kgo0 (2.13)
k=1
THEOREM 2.1. The solution u of (2] has the following decomposition:
u=u’+u’. (2.14)

Proof. One can see from the definition of A% and A? that u satisfies the boundary
conditions on 9B; in (I.2). So we are left to show the last condition in (I2]). We show
that there is a constant M such that

limsup |z| |(u® — H)(z)| < M, (2.15)
|| —+o0
limsup |z| |(u® — H?)(z)| < M. (2.16)
|z|—+o00

Thanks to ([24), it is enough to show that

e _ He
lim sup w <M
(£.0)—(0,0) v/cosh& — cos @

in order to prove (ZIHl), and likewise for ([ZI6). Put for the sake of simplicity

9(€,0,0) = M — fe*(”JF%)K\F (a,0,¢)
T Jeosh€ —cosf EA

License or copyright restrictions may apply to redistribution; see https://www.ams.org/license/jour-dist-license.pdf



344 HABIB AMMARI, GEORGE DASSIOS, HYEONBAE KANG, anp MIKYOUNG LIM

It then follows from (2.8) that

ué — He
v/cosh & — cosf
+o0o +oo
=S 3 (- [e<n+%>s i e—(n+%)s}e—(n+%)2ksan(a’ 6, ¢)
n=0 k=1
= Z g(I€] + 2k&, 0, ¢ +Z (— 1€l + 2k0, 6, )
k=1
= I+H.

We then easily get from the mean value theorem

I<Z\g €] + 2k&0, 0, ) — g(I€] + 2(k + 1)&0, 6, ¢)|

k=1
Jg

<E 2 su + 2kég + ¢, 0, .

2 §oo<t<P£ 8§(|£| o ©)

Recall that the coordinate surface £ = ¢ (constant) is the sphere centered at (0,0,
a/tanh ¢) with the radius a/sinhec. For all k > 1, ¢ = |£]| + 2k€, + t is bigger than &g, so
{€ =& + 2k&, + t} is contained in By (= {£ =&p}). Thus we get

0
\3—2’@ ke 4,0, ¢)

- ‘( O (coshé —cos®)  2(cosh€ — cosf)? )‘s:wzksm

1
< Cl&o)lH ller(my) Zrgy

OH*® 1 I sinh &

where C'(§) is a constant depending on &j, and hence we have

+o00
I< ZC So)llHller(By) =& kgo < M(&o).

k=1

In the exact same way, one can show that for small &,
IT < M(§0)7

where M (&) is a constant depending on &g.
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The estimate ([216) can be proved similarly. In fact, we have
u® — H°
’ v/cosh & — COSH‘

+oo +oo

SH»> [e(n+é)s _ e—<n+é>s} e~ H DG (4.0, )

n=0 k=1

Z

|£|+2k€079 QO) HO(_‘§| +2k§0597¢)
\/cosh(|€] + 2k&) — cos \/cosh(—|§| + 2k&y) — cos b

3} H°
<Y 2 T '
—Z €] §Tgf<§|‘ag(\/m)‘f—2kso+t

k=1

We also have

su 0 ( i )‘ < |IH|| L
g PO
%E\SFQE\ 0& \\/cosh & — cos O/ le=2keo+t| — (B eheo
which proves ([Z2I6). This completes the proof. O

3. Gradient estimates. Let us begin by observing that the sphere £ = ¢ is the
0-level set of the function

9 9 coshc)2 ( a )2
T1,%2,23) =X —|—a:—|—(x —a— —\ = )
Fl@1, 2, 25) ! 2 3 sinh ¢ sinh ¢

and hence the outward unit normal v to the sphere £ = c¢ is given by

Vf sin @ cos psinh ¢ sin#sin psinhc¢ —1 + cosh ¢ cos 6
VE=C = W = (Sgn C)( )

coshc —cosf ' coshc—cosf ' coshc— cosé
Since
0(x1, 2, x3) — _(sen o) a 5
o€ & coshc—cosf ) &=

we have

ou cosh ¢ — cos 0\ Ou

-z =Vu-ve—, = —(s (7>—‘ . 3.1

e S E (3.1)

We now prove Theorem [Tl During the course of the proof, we will state necessary
technical lemmas, leaving their proofs to the end of this section.

Proof of Theorem [[LIl To establish the boundedness of V(u— H) we first observe that
since (u — H)(z) — 0 as |z| — +oo, |V(u — H)| attains its maximum on either OB or
0B;. It then suffices to estimate |0(u — H)/Jv| on the spheres £ = +&; since u = 0 on
them.

By T4), v — H = (u® — H®) 4+ (u® — H°), and u® — H®, u® — H° are even and odd
in the xz-variable. Therefore, we have

O(u® — H®)
ov
O(u® — H°)
ov

_ O(u® —H°)
e=—&  Ov ¢=¢o’
_ O(u®—H°)
=t O

£=¢o
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which hold because of the simple relation

(v1,v2,03)|e=—¢, = (V1, V2, —13)|e=¢, -

Thus it is enough to consider estimates on the sphere & = &.
The first technical lemma is the following.

LEMMA 3.1. We have

Ao H| (e | 32
——Q&Dshfo——COSH)gfif(—l)kfe«2k—%3)&b9,¢%
where . - .
f%&&w:(wwfimwﬁ(%i(ga@+f%%ﬂﬂﬂga@) (3.3)
We also have
W = (a;; i Sin: o H) . (3.4)
+2(cosh & — cos )2 f Fo((2k + 3)&0, 0, 0),
where -
f%&&@)(mwgicweﬁ(%iwﬁ&¢)+$€jﬂH%5&@0' (8:5)

Since the formula (3.2) and (B.4)) are identical except the multiplication by (—1)* in
B2) and (—1)* does not play any role in what follows, we will drop the superscript e
and o afterwards.

Let K be the convex hull of B; U By. We prove that

O(u—H)
ov ’5250

The first part of the right-hand side of ([B.2]) and ([3.4)) is simple to handle. In fact, one

can easily see from (2.1 and ([2.2) that there are constants Cy and Cy such that

< CllHlc2(x)- (3.6)

Cy < %0 < Oy, (3.7)

and hence

‘(G_H N sinh &y
ov

H) ‘5_50‘ < CHH”Cl(K)a
for some constant C.

To estimate the infinite summation of (32 and (34]), we consider two different cases
separately: the case when H(x) = O(|z|?) as |#| — 0 and the case when H(z) is of
homogeneous degree one.

Suppose that H(z) = O(]z|?) as |z| — 0 so that

|H(z)| < C’||H||C2(K)\:c|2 for z € K,
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for some constant C. In this case, since the sphere {{ = ¢} is contained in By U By if
le] > & and |z| = 7(c, 0), we have

OH  sinh sinh |e
‘( + ‘€|H) ‘5_0’ < C||HHC2(K) <7‘(C7 9) + %7’2(0, 9)) .

ov 2a
It thus follows from (B3] and (B3] that

+oo
D £ (2K + 3)60, 0, 9)]

k=0

<C||H|CQ(K)I§{ﬁ (rie.0) + 22l 2(e.0))

cosh{ — cos 6 €= (2K+3)€0

The desired estimate ([3.06]) for this case immediately follows from the following lemma.
LEMMA 3.2. For > 0, there is a constant C' > 0 such that for 0 < & < n and 6 € [0, 7],

io [ﬁ (T(M) Smhm Ay 9)>] = (coshgoccose)é‘

o L(cosh& — cosf £=(2k+3)é0

We now assume that H is homogeneous of degree one. Because of the symmetry of
the configuration, x7 and zo play the same roles, and hence it suffices to consider the
cases when H = x; and H = x3.

If H(x) = x3, we have for each ¢ > 0

(6_H . sinh|§|H)’ _ —1 4 coshccosf sinh? ¢
ov 2a ¢=c

Thus the following lemma, together with (34), yields [B.6) when H(z) = z3.

cosh ¢ — cos @ 2(cosh ¢ — cos @)’

LEMMA 3.3. Let

o=

(cosht — cos6)?

—1+ coshtcosf n sinh? ¢ }
cosht — cos @ 2(cosht — cos )]’

For a given ) > 0, there exits a constant C' > 0 such that for 0 < &, < n and 8 € [0, 7],
the following is satisfied:
+o0 C

’ kz 2k + 3)50)‘ = (cosh &g — cos 9)% ’ (3:8)

If H(z) = x1, then

OH  sinh (] 3 sin@sinh|c|
<81/ + 2a H)‘g c cos -

2 coshc — cosd
Thus the following lemma together with (B.2) yields (8.6) when H(x) = z;.

LEMMA 3.4. Let
sinh ¢

ht) = —t
(cosht — cos )2
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For a given 1 > 0, there is a constant C' > 0 such that for 0 < &, < n and 6 € [0,

following is satisfied:

C
(cosh& — cos )3

“+o0
[sing > (~1) h((2k +3)6)| <
k=0

This completes the proof of Theorem L1

We now prove those lemmas used in the proof of Theorem [T 11
Proof of Lemma Bl Using (2.8) and (B]), it is easy to see that

e e i R
du — OH _ sinh& cosh &y — cos E A5 (&) Frn(a,0,0)
a n=0

O le=gy O le=g, 2
3 +oo

(cosh&y — cos )z Z OAS,
- (EO)FH((Leng)'
a — o0&
Note that
OAC 1. —e(t3) 4 o= (nt+3)é
o¢ (f)=(n+3) e@nitDéo 4+ 1
1 1 1 2
_ _ N|e—(n+3)éo _ p—(ntg)éo__ 2
— (n+2)[e 3060 _ ¢ 3 Oe(2n+1)60+1}

l)e*(n+%)(2k+3)§o} .

2

1 =
_ [(n +5)e DO 23 )k +
k=0

Since A% (&) = —e~ ("+2)%0 by ([@IT), the equation (BI0) becomes

7], the

(3.9)

(3.10)

ou _(9H n sinh &y i7e ‘
v le=¢o ov 2a £=¢o
hé —cosh)? X, | 1
+ (cos &)a cos6) >+ i)e’(“%)gan(a,ﬂ,@)
n=0
héo — cos)? = = 1
_y(cos foa cosf)2 SRS o+ 5)6—(n+%)(2k+3)£0Fn(a797(p>.
k=0 n=0
Straightforward computations show that
=X ,
n=0
a 0H¢ sinh &y
= ? 97 + He ) 97 )
(cosh& — cos )3 | Ov (50, 6,2) 2a (0,6, 0)

and hence [B.2]) follows.
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On the other hand,

ou’ OH° h
v =, _sin 50\/ cosh &y — cosf ZA (&0)Gr(a,b,p) (3.11)

v le=¢, §=€0

~ (cosh&y — cos )2

)? ZaA;(sw 2(0,0,9)
n=0

a

and

dA° 1 et 4 o—(nt3)é0
* (&) =—(n+ 5
o€ 2 e2ntéo _ |

“+oo
4+ {e*("Jr%)ﬁo 2% e*(”+%)(2k+3)€0]
2
k=0

As before, A2 (&) = —e~(T2)%0 and hence FII) becomes

gu _ (OH  sinhg ‘
ov le=¢, ov 2a £=¢o

—+oo

h&y — cosf)? 1
. (eos an cos6)* nzo(wr §)e‘(”+%)f°Gn(a,9,sO)
3 400 400
+2 (cosh 50 cos§)? Z Z (n + Je (nJr%)(2’€+3)50(;;n(a7 9,¢).
k=07n=0
Thus 34) follows from the identity
R .
S0+ Db, 0,0,
n=0
a OH° sinh &,
= 3 7 HO ) 9’ )
(cosh & — cosf)? { (60,0,0) + 2a (€0.0,¢)
which can be derived by straightforward computations. This completes the proof. (Il
Proof of Lemma B2 Let
0 2(¢,0) sinh
h(e,0) = — &0 and  ho(€,0) 1= — (& 0)simhE

(cosh& — cos )3 a(cosh & — cos )2

and put
+oo
= hi((2k+3)€0,0), i=1,2.

k=0
Then, we have

io [(;) (T(Eﬁ) Smh|§| (3 9))} =1'+ 12

o L(cosh§ —cosf)2 £=(2k+3)&o

Note that if 0 < § < n and 6 € [0, 7], then

2a if £ > 2+ 3¢
cosh & 4 cos @ ’ ’
0) = = <L 12
(6 0) = | —cosg = | A0S E) e o s (3.12)
(cosh& — cosf)2
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Based on the above estimates, we deal with the sums for large and small k£ separately.

Let for 1 =1, 2,
I'= > + Y =L+
k>1/¢0  0<k<1/E

If k> 1/&, then (2k + 3)&0 > 2 + 3£, and hence by (312)) we get

Ma
ha((2k + 3)60,0)| < e

for some constant M. It then follows from (37) that

Ma

i
I1<1—efD -

i=1,2. (3.13)
If 0 < k < 1/&, then (2k 4 3)& < 2 + 3o, and hence by B12) we get

I<Ca > fi((2k+3)%), i=12
0<k<1/&o

for some constant C' depending only on 7, where

1 sinh ¢

N0 = ot —cos0)2 = (oshit — cost)E

Since f1(t) is a decreasing in (0, 400), we have

1 2+3&o
> ARk +3)g) < / fi(t) dt

0<k<1/& 260 Je,

1 2420 1
- dt
2& /0 (cosh(t + &) — cos 6)?
1 1

2420
— dt
2&, /0 (cosh &y — cos0)? + (cosh & — cos )2

IN

IN

1 1 /+°° L
260 (cosh &y —cos )2 Jo  1+t2 7
Therefore we get from (B.7)

Il < c

< . (3.14)
(cosh &y — cos )2

The estimate of I2 is a little more involved since f, is not monotone. However, one
can easily see that fs increases in (0,t¢,,) and decreases in (t,,,+00), where t,, is the
maximum point of fs, i.e.,

bt~ eosh-l <—cos¢9—|— Veos? 6 + 15)

3

License or copyright restrictions may apply to redistribution; see https://www.ams.org/license/jour-dist-license.pdf



ESTIMATES FOR THE ELECTRIC FIELD 351

If ¢, < 3&o, then (2k+ 3)&y € (tm, +00) where f5 is decreasing for all k > 0. Thus we
have as before

1 2+3&0
> on(knm <o [ R d

0<k<1/6 20 Jeo
1 /2+3§° sinh¢
- .
280 Je, (cosht — cosf)2
1 1
S C- 3"
€o (cosh &y — cosf)>

IN

(3.15)

If t,, > 3&, the summation can be broken down into two parts according to the
increase or the decrease in fs, i.e.,

Yo oRE+D) = > o+ Y

0<k<1/%o 3<(2k43)< g L (2k43)< A +3

Since fs is increasing in the interval relevant to the first summation, we have

t

S @ +3)0) < o [ ) dot falt),

=%, /.
3<(2k+3) < g § 3¢

and for the second one for which f5 is decreasing, we have

1 2+5&
> Rk 3)E) < foltm) + 5 / fo(x) da.
bm <(2k+3)< 2 +3 0 Jtm

Thus we have

S A+ 3)6) < — /2+5§0f(t)dt+2f (tm) (3.16)
e 2 0) < %0 Jse, 2 2(tm). i

It then follows from the simple-to-prove inequality

(t +2)(cosht — 1) > tsinht, ¢ >0,

that
fQ(tm)S ! 3tm+2 < ¢ 3 -
(cosht,, —cosf)z lm &o(cosh &y — cosb)2
Here we used the fact ¢, > 3§,. We then get from B.10) that
1 1
> f((2k+3)6) < O _. (3.17)
0<k<1 /£ &o (cosh & — cos )2
It now follows from [BIH) and BI7) that
I2 < ¢ 5 - (3.18)
(cosh &y — cos )2
The proof is now completed by BI3), (314), and BIF). O
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Proof of Lemma B3l Since

—1 4 coshtcosf sinh? ¢
— <1 d — | < ht+1
cosht — cos 6 ‘ o cosht—cos@‘coS +5
we have 5 cosly
cosht
lf)] < (3.19)

(cosht — cosf)2
Note that F'(t) = f(¢) where

F(t) = —sinht
" (cosht —cosf)?

One can easily see that F is concave in (0,tg) and convex in (o, +00), where

to := cosh™! ( —5cosf + /21 cos? 0 + 15).

We separately consider the cases of tg < 5&y and of tg > 5.
Suppose tg < 5 and let a = (2k + 3)&p for k > 2. Since (a — 2&g, a4+ 2&p) is contained
in (tg, +00), we get from the convexity of F,

F(a+2&)— F(a)

F(a)—F(a—QEO).

2% < fla) < 2% (3.20)
Summing over all k > 2 gives us that
—F(76) —F(5%)
T Zf ((2k+3)60) < —5
Since Leosh5¢
cosh 5¢&
’f(3€0) T/ (560)| < (cosh 3¢y — cos 0)%
by (I9) and
F(56)| + |F(T&)| < —ohTo o Cto

(cosh& — cos )2 ~ (cosh&y — cosf)?
we have [B.8) in the case when ¢y < 5.
If tyg > 5&p, define ko as the smallest number such that (2k + 1)§p > to. Note that

ko > 3 and (2ko — 1)&o < tg. From the concavity and the convexity of F', we have for

k> ko
F(a+2&) — F(a) Fla) — Fla — 26)
2% A % %20
and for k < ko —3
Flat26) = F(a) ;o5 Fla) = Fla=2) (3.22)

280 280 ’

where a := (2k + 3)&.
We estimate I by splitting the summation into three parts:

Zf 2k+3€0 2‘1‘ Z + Z =1+ 1Ir+ 1.

- k>ko k=ko—2,ko—1 0<k<ko—3
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From ([BI9) and the fact that
(2k + 3)&y < to + 269 < cosh™1(6) +2¢y  for k = ko — 2, ko — 1,

we obtain that

F((2k + 3)¢0)| < ©

(cosh & — cosf)?

fOI‘k:kof2,k071.

Therefore,

C
(cosh & — cos )3
To estimate I7 and I3, we use (B:2I) and [B22)). By summing over all k > kg and all
0 < k < ko — 3 separately, we have

—F((2ko + 3)&0)

|I5| <

(3.23)

—F((2ko +1)&0)

280 shs 280
and
F((2ko — 1)&) — F'(3%0) F((2ko — 3)&0) — F(&0)
2% > I3 > 2%, ) (3.24)
Thus
F((2ko — 3)&0) — F((2ko +3)&0)  F'(60)
% T ShTE
< F((2ko — 1)&) = F((2ko+1)&) _ F(3&)
- 280 26
Note that for some constant C
[F'((2ko — 3)&0) — F((2ko + 3)&0)| < 6o sup |f ()]
(2ko—3)&0<t<(2ko+3)&o
< C&o
~ (cosh & — cosf)?
and
C&o
Floo) < (cosh & — cos )3
Therefore
L+ 13> M

(cosh & — cos )3’
for some positive constant M. Similarly, we can show that
M

(cosh & — cos )3’

L+13<

and hence
M

(cosh & — cos )3
This estimate together with ([B.:23) yields [B.8]) for the case when ¢ty > 5&y. This completes
the proof. O

|I; + I3] <
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Proof of Lemma B4l We first note that h is increasing in (0, ¢,,) and then decreasing
in (tm, +00) where

_q1/—cosf + +/cos? + 15
t,, := cosh ( 3 )
If t,, < 3&o, (2k+3)&o is contained in (t,,,, +00) for all k > 1. Thus one can immediately
see that
+ oo
h(3&) — h(5&%) < Y (=1)*h((2k + 3)&) < h(3%). (3.25)
k=0
Since
sin @ sinh
—— 1 <
cosh & —COSQ‘ <1 forall £ and 6,
B39) follows from ([B.25)).
If ¢, > 3&o, let mg be the largest number such that (4mg + 5)&p < t,,,- Then we have
—+o0
SODFR((k+3)%) = D [h((dm + 3)6o) — h((4m + 5)¢o)
k=0 0<m<mo
+h((4mo +T)&0) = Y [A((4m +9)¢o) — h((4m + 11)&)|.
m>mo
Thus
+oo
> (=1)"h((2k + 3)&0)
k=0
< [h(3&0) = h((4mo + 5)&)| + h((4mo + T)éo) + h((4mo +9)&o)
|sin 0] (cosh 3¢y — cos )2
and hence ([B3) follows. The proof is now complete. O
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