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Estimates for the Stokes Operator in
Lipschitz Domains

RUSSELL M. BROWN & ZHONGWEI SHEN

ABSTRACT. We study the Stokes operator A in a three-
dimensional Lipschitz domain 2. Our main result asserts that
the domain of A is contained in Wy (Q) N W3/22(Q) for some
p > 3. Certain L*>-estimates are also established. Our results
may be used to improve the regularity of strong solutions of
Navier-Stokes equations in nonsmooth domains. In the ap-
pendix we provide a simple proof of area integral estimates
for solutions of Stokes equations.

Introduction. In a recent interesting paper, Deuring and von Wahl [DW]
consider strong solutions of the nonstationary Navier-Stokes equations in 2 x

(0,7):
ou
5 u—(u-Vu—Vr+f,
divu =0,

with the initial-Dirichlet condition
u(X,t) =0 for (X,t) € 00 x (0,7,
U(X’O) = UO(X)v X eq,

where (2 is a bounded Lipschitz domain in R3. Based on the functional analytical
approach of Fujita and Kato [FK] and the Rellich estimates of Shen [S1], they

show that, if ug € D(A'/4+<) for some € € (0,2) and f is bounded and locally
Holder continuous, then a solution (u,) exists for some T' > 0 and

u € C((O,T],D(A)) ﬁC([(),T]7'2)(141/4+5))7

where A = —PA denotes the Stokes operator.
The purpose of this note is to describe D(A), the domain of A, in terms of
Sobolev’s spaces. In the case of smooth domains, it is well known that

D(A) = WH2(Q)n W, *(Q) N L2(Q)
1183
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1184 R. M. BROWN & Z. SHEN

where L2 () denotes the space of solenoidal functions in L?() (e.g., see [CF]).
One can not expect such results in Lipschitz domains, as the W?22-estimate, in
general, fails in nonsmooth domains. Our main results in this paper assert that

(0.1) D(A) € WP (Q) nW3/22(Q)

for some p = p(Q) > 3 (Theorem 2.17). In particular, it follows from Sobolev’s
imbedding that for every ¢ € (0,71, u(t) € C%(Q) for some a = a(2) > 0, i.e.,
the strong solution of the Navier-Stokes equations is Holder continuous up to
the boundary as a function of X. We also obtain the following L°° estimates:

02) |l oo () < OHVU||2/22(Q ’AquL/fQ)’
lull ey < Cllull ooy | Aul[ et

for u € D(A). To establish (0.2), we use the reverse Holder inequality, (0.1) and
some localization techniques. See Theorem 3.1 and Corollary 3.2. Estimates like
(0.2) are very useful in the study of Navier-Stokes equations. See [CF| and [H]
in the case of smooth domains.

To prove (0.1), we shall study the Dirichlet problem for the Stokes equations
with a forcing term, and interpolate between the L? estimates in [FKV] and the
Holder estimates in [S2]. The following area integral estimate,

/ |Vu(X)[2dist (X,00) dX < C/ lu|? do,
Q o

for solutions of Stokes equations Au = V, divu = 0 in {2, plays an important
role. This estimate is due to E. Fabes, C. Kenig and G. Verchota, but no proof
has appeared in the literature. In the appendix of this paper, which is due to
7. Shen, we will provide a simple proof of the area integral estimates for solutions
of Stokes equations. The proof given here is based on the idea of a recent paper
by B. Dahlberg, C. Kenig, J. Pipher, and G. Verchota [DKPV] for higher order
equations and systems, together with some observations on the pressure term 7.

Finally, the second author would like to thank C. Kenig for many helpful
conversations.

1. Notation and definitions. In this section we collect the definitions for
Lipschitz domains, the nontangential maximal function, the Sobolev and Besov
spaces we will use, and the Stokes operator. We shall also recall a few elementary
facts regarding complex interpolation.
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Lipschitz domains. Let 2 be a bounded, open, connected set in R™. We
say that € is a Lipschitz domain if for each P € 0f), there exists a coordinate
system (z,z,), which is isometric to the usual coordinates, and a Lipschitz
function ¢ : R"~! — R, a radius r > 0 so that

B(P2r)nQ = {(2',z,) € R" : z,, > ¢(z')} N B(P,2r),
B(P,2r)noQ = {(z',x,) € R™ : z,, = ¥(z)} N B(P,2r).

The nontangential maximal function. For a function u on §2, we define
its nontangential maximal function (u)* by

(1.1) (u)*(P) =sup{|u(X)]: X € Q, | X — P| < 2dist (X,00)}, P € N.
We now give the definition of the function spaces we will use.

Sobolev and Besov spaces. For Q C R" p € [1,00) and k =1,2,..., we
let W*P(0) denote the space of functions u on €2 such that the norm

lullwer@y = Y IDullr()
le| <k

is finite.
For 1 <p <ooand 0 < a < 1, we define W*P(Q) to be the collection of
functions v on € with the norm

) ) N
12) fulwesioy = ol + ([ BB axvay) ¥ < o

For 1 < a < 2, we define W*P?(Q) to be the set of functions on € such that
[ullwear @) = llullLe@) + | Vullwe-1pq) < oo

We may define W*?(9Q) for 0 < a <1 and 1 < p < oo in a similar manner
with the integral over 92 x 0.

For a region D above the graph of a Lipschitz function ¢, i.e., D = {(z',z,) €
R"™ : x, > ¢(z')}, we define the space W12(dD) as the space of functions
f(2',¢(z")) = g(2') where g € WH2(R™™1). Using a partition of unity for 0,
we may extend this definition to the boundary of a bounded Lipschitz domain
Q for W12(9€2). We remark that WP (9Q) may also be defined in this manner.
See [Gr, p. 20].

We will use Wf’p(ﬂ) to denote the closure of C§°(Q) in the norm of W*?(Q).
If k is a nonnegative integer, we use W*2(Q) to denote the dual of W, *?(Q).

We will use the same notation LP(Q2), W*P(Q), W*P(Q), etc., for vectorial
counterparts.



1186 R. M. BROWN & Z. SHEN

Complex interpolation. We will need the following results on complex
interpolation:

(1.3) [L2(09),W2(09)] , = W2(09)
and
(1.4) [W2(89),07(0Q)] , = WHP(9Q)
where

1

- = g, and t=ad+~vy(1-19).

When 012 is replaced by R™, (1.3) and (1.4) are well known (e.g., see [BL]).
To extend this result to boundaries of Lipschitz domains, we use the following
easy proposition, whose proof is omitted.

Proposition 1.5. Suppose A;, B; (i = 0,1) are Banach spaces and {C(9) :
¥ € [0,1]} is a family of Banach spaces such that C(0) = Ag, C(1) = Ay and
C(V) C Ag+ Ay. Also assume that there exist linear operators I : Ao+ A1 —
Bo+B1 and P : Bo+Bl — A0+A1 such that I : 0(19) — [Bo,Bl]lg, P
[Bo,B1]y — C(9) are bounded for each ¥ € [0,1] and Pol is the identity on
Ag+A;. Then

[Ag, A1]y = C (V).

To see (1.3), let {B; = B(P;,r) : j = 1,2,...,N} be a covering of 92
by balls as in the definition of Lipschitz domain, and n; € C§°(R™) such that
suppn; C Bj, 0 < n; <1, Zjﬁj =1 on 09Q. Let ¢; be an isometry of R" such
that

0i(B;NQ) = {(z',2n) : zn > ¢;(2), |(@,2n)] < 7}
We now choose Ay = L?(0N), A} = W12(0Q), By = L*(R® YD RN), B, =
WH2(RM=D RN and C(9) = W?2(dQ). If g is a function of I, we define Ig
by letting the j* component be given by

Ig(a'); = (n9) (¢; ' (2,05 (2)))).

We let 7; € C§° (B(Pj,QT)), j = 1,...,N, be functions satisfying 7; = 1 on
B(Pj,r), we let m,(z',z,) = 2’ be projection on the first n — 1 coordinates and
define

P((fih1<j<n)(@Q) = Zﬁj(@)fj (Tn 0 0;(Q)) for Q € ON.

With these definitions, (1.3) then follows easily from Proposition 1.5. The state-
ment (1.4) may be proved in the same manner.
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The Stokes operator. To introduce the Stokes operator A, let
Cow () = {p € C5°(Q) : divp = 0},
and L2(£2) be the closure of C§%,(Q2) in L*(Q2). We first define a quadratic form

Q on Cgf’g(ﬂ):

Q(u,v)z/Vu-VvdX:Z/Vuj-ijdX.
Q oo

We then extend this form to D(Q), the closure of C%, () in the norm

lullg = llull 2 () +{Q(u,u)}/2.

It is known that ([CF])
D(Q) = {u e Wy(Q) : divu = 0}.

We now define the Stokes operator A : D(A) — L2(f2) by
/ Au- o = Q(u,p) for all p € ng;,(ﬂ),
Q

where the domain of A, D(A), is the collection of v in D(Q) such that v — Q(u,v)
can be extended to a bounded linear functional on L2 (). It is well known that
A gives a self-adjoint operator on L2(Q). Also, it is not hard to see that

D(A) = {u € D(Q) : —Au+ V7 € L2(Q) for some m € L*()}

and

Au = —Au+Vm, for u € D(A).

This is the definition of the Stokes operator given in [DW].

Finally, we will follow the standard practice of letting C' denote a constant
which varies. Throughout this paper C will depend at most on the dimension
n and the Lipschitz domain 2 through the collection of balls used to cover the

boundary and the maximum of || V||« where 9; are the functions whose graphs
define 912.
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2. The Imbedding of D(A). In this section we will establish the imbed-
ding estimate (0.1) for the domain of A.
We will need to consider both the Dirichlet problem with nonzero forcing
term f:
—Au+Vr=f inQ,
(DP) divu =0 in Q,
u=20 on 092,
and the problem with inhomogeneous boundary data:
—Au+Vr=0 inQ,
(BVP) divu =0 in €,
Uu=g on 0f).
Obviously, since divu = 0 in , the boundary data g should verify the
necessary condition

(2.1) | tomar =0,

where N denotes the outward unit normal to 9Q and ( , ) the scalar product on
R™.

The following result is due to Fabes, Kenig and Verchota [FKV]. The esti-
mates for the nontangential maximal functions, the existence and the uniqueness
may be found in their paper. The estimates for the solution in Sobolev spaces
were announced in that paper, but no proof has appeared. The proof may be
obtained by combining the area integral estimates in the appendix of this pa-
per, with the argument given by E. Fabes in [F] to establish the corresponding
Sobolev estimates for harmonic functions. We remark that in the first inequality
on the top of page 69 of [F], the integration on R"~! x R"~! should only range
over {(z,y) : |z —y| > t}.

Theorem 2.2 (Fabes, Kenig and Verchota [FKV]). Let Q be a bounded
Lipschitz domain in R™, n > 3. Suppose g € L*(0Q) and verifies the condition
(2.1). Then there exists a solution u to (BVP) which satisfies

[ i Pdr<c [ gk
o o0

This solution is unique in the class of u satisfying (u)* € L?(09). In addition,
we have the estimate

lallo sz < C / lg[2do.
o0

Furthermore, if g € WH2(09Q), then we also have
[(Vu)* (2200 + [lullwsr22@) < Cllgllwizaa)-

We shall also need the Holder estimates established in [S2, Theorem 0.2,
p. 801] for the three-dimensional Lipschitz domains.
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Theorem 2.3 (Z. Shen [S2]). Let Q be a bounded Lipschitz domain in
R3. There exists ap > 0 so that if 0 < a < ag, and g € C*(09) wverifies the
condition (2.1), then the solution to (DP) lies in C*(Q) and satisfies

sup 6(X)'~*|Vu(X)| < Cllgllc=an),
XeQ

where §(X) = dist (X,00).

Our estimates for the Stokes operator A will be obtained by interpolating
between the estimates of Theorem 2.2 and 2.3. We begin with the following
lemma.

Lemma 2.4. Let Q be a bounded Lipschitz domain in R3. There exists
€ >0 sothat if 2 < p < 3+4¢, and g € WI1/PP(9Q) satisfies the condition
(2.1), then the solution u of (BVP) for Stokes equations with boundary data g
satisfies

1/p
( /Q wxnpdx) < Cllgllws-mr o,

Proof. Let n be a smooth vector field on R? such that (n,N) > ¢y > 0 a.e.
on Jf). Recall that N is the outward unit normal to 2.
For g € W*P(09Q), we define Sg by

[ tox)as
—292 _ .y(P) for P € 0.

It is easy to see that

/ (Sg,N)do = 0.
oN

Now let u be the solution of (BVP) with boundary data Sg. We observe
that Theorem 2.2, the area integral estimate in Appendix A (Theorem A.1) and
interior estimates imply that

1/2
(/ 5(X)% V2 >|2dX) < C11Sgllom < Clgllieon,

1/2
([ oxivucopax) < Clsalwraen < Clalwraon)
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It then follows from the complex interpolation that
) 1/2
29 ([0 eu0)?ax) < Clalweson, 0<a<l
Q

where we have used (1.3).
Now, since  C R?, we may apply Theorem 2.3 and the interior estimates
to obtain

(2.6) )S(‘é%{fs(X)QﬂWQU(Xﬂ} < ClSgllevaay < Cllgller o)

for 0 < v < ap. If we interpolate between (2.5) and (2.6) and use (1.4), we
obtain that

1/p
(27) ( / {6<X>|v2u<X>|}”dX) < Cllgllwr-smsioo

for2<p<3+e.
To see this, set ¢ = 2/p < 1, and choose « and 7 so that

- (3—a>19+(2—’y)(1—19).

Thus,

1
t=ad+y(1-9)=1—-.
P

We use (1.4) to identify the interpolation space
[W*2(0Q),C7(0Q)]s = W (0Q).

Note that 2/p < 1 implies that p > 2 and the restrictions that o < 1 and
v < a imply that

1 3—2&0
a—|-2 Y
or
2 32w Qo
- — :3 5 - >0
p ¥ 1—040 te € 1—04()

Finally, by the Hardy inequality [St, p. 272],

/ IVu(X)[PdX < C / 16(X)V2u(X)|P dX + sup |Vu(X)|?
Q Q XeK

< C||9||€V1—1/p,p(ag)v

where K is a compact subset of 2. The proof is complete. O
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Let I'(X) = (rij(X))1<ij<n be the matrix of fundamental solutions and
q(X) = (¢ (X ))1 <j<n be the corresponding pressure vector where
1 1 0ij TiTj , 1 =z
2.8 Tii(X)= — % s X)) = — 2.
(28) =g (w20 = o

Theorem 2.9. Let Q be a bounded Lipschitz domain in R3. Suppose f €
W=LP(Q) where (3+¢)/(2+¢) < p < 3-+e and ¢ is the same as in Lemma 2.4.
Then there exist u € WyP(Q) and © € LP(2) so that

{—Au—i—szf,

2.10
( ) divu =0

in  and
IVull e @) + f l7 = cllzr @) < Cllfllw-1r(0)-
The solution u is unique and T is unique up to a constant.

Proof. Let 2 < p < 3+¢ and f € W-LP(Q). We may extend f to lie
in W=bP(R3?). Let v = I'x f € WHP(R3). By the trace theorem [Gr, p. 33],
v € WI=1/PP(9Q) and we obtain
(2.11) lvllwi-1/v000) < Cllvllwre@) < Cllfllw-1p0)-

Now let u = v — w where w is the solution of (BVP) for the Stokes equations
with boundary data v|gq. Then u satisfies (2.10) and

IVullr @) < [IVVllLr@) + VWl e
< C{lfllw-rr) + [vllwr-1/00(50) }

< Clfllw-1r)

by Lemma 2.4 and (2.11).

We may obtain the existence of a solution and the estimates of u for
(3+¢)/(24¢) < p < 2 by duality.

For the pressure term 7, we have

inf |7 —cllzr(@) < IVallw-1r(9) < [[Aullw-109) + 1 fllw-120)

< C|IVullpr) + I fllw-1r@) < Cllfllw-1r@)-

Finally, the uniqueness for p > 2 follows by energy estimates. If p < 2,
let —Au+Vr = 0 and u € W, P(2). Choose f € L” (). We may solve
—Av+Vqg=f,divv=0in Q, v € Wl’p/(Q), and thus obtain that

/(f,u)dX: / Vo-VudX =0, forany f e L¥(Q),
Q Q

or that u = 0. O
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Our next result, which is valid for Lipschitz domains in R™ (n > 3), gives
a sharper estimate for solutions of the Dirichlet problem. It will yield the best
embedding of D(A) in the scale of Sobolev spaces W*2().

Theorem 2.12. Let ) be a bounded Lipschitz domain in R™ (n > 3) and
f € L?(Q). Suppose that (u,m) is the solution of (DP) with data f, then for
go = 2n/(n+1), we have the estimate

[ullws /2.2 +§gﬂg||ﬂ —cllwr/22(0) < O fllLewo@)-
Proof. We construct the solution of (DP) as the sum of the free space solu-
tion (v,7) = (I'* f,q* f) and the solution of the boundary value problem
—Aw+Vy =0 1in 0,
divw =0 in Q,
w=—v on 0f).
By the Calderén-Zygmund estimates [St], we have
(2.13) V2] o @y + IVE | Lo ®n) < ClFllr @)

for 1 < p < oco. This estimate with p = g9 = 2n/(n+1) and the Sobolev
embedding theorem imply that

[vllws/22q) + 17llwirz2@) < Cll oo @)-

Now consider (w,1). We claim that the boundary values of w, —I'x f|aq,
satisfy

(2.14) [wllwza0) < Cllf|Lowo9)-
Then the desired estimate,
[wllws/22q) + ¥ Ilwirze @) < ClfllLo @)
will follow from Theorem 2.2.
To establish (2.14), we observe that
(2.15) / |Vo|? do < c/ (IVo]? +|Vv||V?v]) dX.
a0 Q

This follows by applying the divergence theorem to 7 - |Vv|? where 7 is a smooth
vector field on R™ with the property (n,N) > ¢y > 0 a.e. on 9. By (2.13), we
have |V2v| € L% (R"), while

Vo(X)| < C/Q # iy

|n71
satisfies
¢ 4
(2.16) V0l gy < gy, a6 = 2.

Since g > 2, the estimate for Vw on 052 follows from (2.15), (2.16) and (2.13).
The estimate for w is easier and we omit the details. O
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Theorem 2.17. Suppose Q) is a bounded Lipschitz domain in R3. Then
D(A) € Wy (Q) nW3/22(Q)
for some p = p(Q) > 3. Moreover, for u € D(A),
lully gy + Nallwsezey < CllAullzaay.
Proof. Let v € D(A). Then

—Au+Vr=f inQ,
divu =0 in Q,
u € Wy(),

where f = Au € L2(Q). Since
L*(Q) c WHP(Q)

for p < 6 in R3, the theorem follows immediately from Theorems 2.9 and
2.12. |

3. Some L* estimates. In this section we will give the proof of the
estimate (0.2). We are only able to prove this estimate in three dimensions
and thus throughout this section we will assume that 2 is a bounded Lipschitz
domain in R3.

Theorem 3.1. There exists a constant C > 0 such that, for u € D(A),

1/2
L(

1/2

[ull Lo () < C|Vul| L2(Q)"

Q)HA“H

By the definition of A and a limiting argument,

/Au-udXz/VqudX.
Q Q

It then follows from the Cauchy inequality that

2
IVull a0y < [[Au 2y lull z2(@)-

Thus, we have:
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Corollary 3.2. There exists a constant C > 0 such that, for u € D(A),

1/4
L2()

3/4

[u]l Lo @) < Ol L2(9)°

14|

As in the case of smooth domains, A=1 : L2(2) — L2(f2) is a compact opera-
tor. Hence, there exists a sequence of positive numbers {\;} and an orthonormal
basis {wy} of L2(£2) such that Awy = A\pwg, wi, € D(A) and limy_,oo A\p = 00.

Corollary 3.3. Let Q be a bounded Lipschitz domain in R3. Then there

exists ¢ > 0 such that
e\ 2/3
AL > ¢ () .
€]

With Corollary 3.2, the proof is exactly the same as in the smooth case. See
[CF, p. 38-39].
To prove Theorem 3.1, we start with a reverse Holder inequality.

Lemma 3.4. Let Xo € Q, R > 0 be small, and D(Xo,R) = B(Xo,R) N .
Assume (u,m) satisfies the Stokes equations

{—Au+V7r =0,

divu =0,

in D(Xo,8R) and u =0 on 9Q. Then

1 1/po 1 1/2
— |VulPo dX <C —/ |Vu|? dX ,
<R‘°’ /D(XO,R) R3 Jp(xe,aR)

where pg > 2 depends only on 2.

Proof. We begin with a Caccioppoli type inequality for the Stokes equations
(see [S2, Lemma 1.5, p. 804]). We consider two cases. If B(X,2R)NIN # @,

we have
/ |Vu|>dX < %/ lu|? dX.
D(Xo,R) R? Jp(x0,3R)

On the other hand, if B(X(,2R) C 2, we get

C
/ |Vu?dX < —2/ |u—ug|*dX
D(Xo,R) R2 Jp(x0,3R)

where

up = w(X)dX.

.
|B(X0,2R)| J5(x0,2R)
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In both cases, by Sobolev-Poincaré inequality, we obtain

1 1/2
- - Vul? dX
<|D(X07R)| x/D(Xo,R)| | )

. 5/6
<Ol ———n |Vul®°dX | .
<|D(X0»3R) D(Xo,3R)

The lemma then follows from the usual reverse Holder inequality (e.g., see
[Gi, Proposition 1.1, p. 122]). O

We now give the:

Proof of Theorem 3.1. Let u € D(A) and f = Au € L2(Q2). Fix X, € Q.
Let D; = B(Xo,t) N2 where t € (0,1) is to be chosen later.

Let f; = f in D; and 0 otherwise. Let fo = f — f1. We use (u;,m;), i = 1,2,
to denote solutions of (DP) for the Stokes equations with data f;. By uniqueness,
U = Uy + us.

First we estimate u;(Xp). We claim that

luy (Xo)| < Ct1/2|\f||L2(Q)-

Indeed, for any X € D;, by the imbedding theorem of Morrey [GT, Theorem 7.17,
p. 163],
Ju1 (X) —u1(Xo)| < Ct||[Vur| Lr(ay,

where p > 3 and v = 1—3/p. It then follows from Theorem 2.9 that
lut (X) — w1 (Xo)| < C| fillw-1o(0) < CO fillzay < 72 fll 20,

where 1/¢ = 1/p+1/3 and we also used the Sobolev imbedding theorem [GT,
Theorem 7.26, p. 171] and Holder inequality (we also assume that p < 6).

Now we integrate the inequality above in X over D;. This, together with
the Sobolev imbedding, gives

1 1/6
m@@<( mPM) O o

[Ddl J,
< Ct 2| Vua | L2 ) + O £l 2
< Ot 2| fallw-1.2() + O 2 fll 20
< Ct 2| fill pors oy + CE2NIfll L2 @)

< CtY2|| £ L2(q)-
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To estimate ug(Xp), let s € [t/8,t/4] and X € D,. Note that —Aug + Vg =
0 and divus = 0 in Dg. We may apply Theorem 2.3 on D, to obtain

Py) — us(P
ua(X) —us(Xo)| < 1 sup 2P ta()
P pcop, | PL— Pal®
P #P,

1/po
< Ct® (/ |vu2|mda> ,
0Dy

where py = 2/(1 —«) > 2 and we have used the Sobolev imbedding on the set
0D,. By integration in s over [t/8,t/4], we get

1/po
uz (X) — uz(Xo)| < Ct*~1/Po (/ [V [P dX)
D

t/4

1 1/?0
<Ct| —=— [Vus PO dX
|1)t/4| Dyyy
1/2
< Ct (L Vu2|2dX>
N |D¢| Jp,

1 1/2 1 1/2
< Ct ( vu2dX> +< Vu 2dX>
{ il S,V il Jp, V"

< Ot V2|V 2oy + Ct 2| Vur || 12 (o
< Ct71/2HVUHL2(Q) JFCtl/QHfHL?(Q)a

where we used the reverse Holder inequality (Lemma 3.4) in the third inequality.
Thus,

1 1/6 -
un(Xo)| < <w |u26dx) Y2Vl gy + OO F e
Dy

< Ot P |lug| o) + Ct 2|V 20y + CH 2| £l 20
< Ct 12| Vug|| 12 () + Ct 2| Vul| 12() + CE/2 (| fll L2(@)
< Ot V2|Vl 20) + Ct V2|V || 12() + O £l 2@
< Ct 2| Vull2@) + CH2|| fll 2@

To summarize, we have proved that

[u(Xo)| < Ct7Y2||Vulp2q) + Ct/2|| fl| L2 (o)
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for any ¢ € (0,¢p), where ¢g depends only on (2.
Finally, by the energy estimate, ||Vul|z2q) < Co||f||z2(q), so we may choose

ol Vullrzo

- 200]|f]L2(e)
to obtain
1/2 1/2
[u(Xo)| < O||VUHL2(Q)||AU||L2(Q)'
The proof is finished. O

Appendix A. In this appendix, we present a simple proof of the area
integral estimates for solutions of Stokes equations.

Theorem A.1. Let Q be a bounded Lipschitz domain in R™, n > 3.
Suppose Au = Vr, divu = 0 in Q, and (u)* € L*(0Q). Then

/\vu(X)Fa(X)dX < c/ lu|? do
Q o0

and

/6Q [ul? do < C{/ﬂ VU(X)|25(X)dX—|—/Q|u(X)|2dX},
where §(X) = dist (X,09).

Theorem A.1 is due to E. Fabes, C. Kenig and G. Verchota (unpublished).
The proof given here is based on an idea of B. Dahlberg, C. Kenig, J. Pipher
and G. Verchota [DKPV] developed for elliptic systems, and some observations
on the pressure term .

The following lemma is due to C. Kenig and E. Stein.

Lemma A.2. Suppose ¢ : R* ! — R is a Lipschitz function. Let ¥ €
C§e(R™ 1) be radial, and 9 >0, [Vdx = 1. Then, if X\ > C(n,||Ve||L=),

(m7t) - (w,y) = (x,ap(a:,t))

is a bi-Lipschitz map from R™ to D = {(z,y) : y > ¢(x)} wherex € R"7!, ¢, y €
R and

p(z,t) = Xt + (e xP)(z), Vi(z) = tnlflﬁ (%) '

Moreover, |V2p(z,t)|*t dz dt is a Carleson measure on R'.
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Lemma A.3. Let D = {(z,y) € R" : y > ¢(x)} where p : R*"1 - R is a
Lipschitz function. Suppose that

{—Au+V7r = f,
divu = g,

in D. Also assume that u, ™ have compact supports and (u)* € L?(0D). Then
/ |Vul?§(X)dX gc{/ |(u)*|2do—|—/ |7|26(X) dX+/ |Vr|263(X) dX
D oD D D

+/ |Ag+divf||u|<52(X)dX+/ |f||u6(X)dX}
D D

and

/ |u|2d0§5/ |(u)*|? da—i—Cs{/ \Vu|25(X)dX—|-/ |7|26(X) dX
oD aD D D
+/ |V7r\263(X)dX—|—/ |Ag+divf||u|52(X)dX—|—/ |f||u6(X)dX}
D D D
for any e > 0.
Proof. Let p: R — D be defined by

p(l‘,t) = (xay) = (xaw(xat))u

where p(z,t) = At + 9 x1(z) is given in Lemma A.2.
Let v =uop, ¢ = mop be defined on R’}. Note that v and ¢q have compact
supports in R} and satisfy

ov _8u asp
ot oy e
(A4) .o : )
V=Y Ou Op . _ B
Ox; N 83:1 P+ Oy °p &Ei’ 1,2,...,n—1

It follows from integration by parts that

(A.5)/ |u0p|2da?:/ |v|2dw:—2// @mdmdt
Rn—1 Rn—1 nat
+
= 2
2//n dxdt—i— //n n

8t

qu uopdrdt+ G,
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where G denotes terms which are bounded in absolute value by

(A.6) C// t|V2p||Vu o p||uo p| dz dt

RY

+C// t|V2¢p||m o p| |uo p| dz dt
R"L
T

+C// 2| V2| |V o p||uo p| dr dt
R‘n,
T

+C’// t|mop||[Vuop|drdt
RY

—I—C// t2|Vr o p||[Vuo p|dz dt.
RY

By the Stokes equations Au = V7 — f, we have

0%u 0%u
G 0P = g o+ Vmon=fop

0 [ Ou 0%u O
T@{a—mop}erop-axiﬂLVwopfop

_ 0 8uo L 0 @O .84,0
T 9z, | Oy p ox; | Oy p ox;

8%u

— 5oz 0P Vel +Vmop—fop,
Y
where the repeated index ¢ is summed over {1,2,...,n— 1} and
0
Ve=|=,...,00z,_1].
(5901 ’ 1)

It follows that

(AT S (N T R0 W €700 OF SO
Oy? p_1+|Vzgo|2 oz; \ox; F Ox; | Oy Pl B P P
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Thus, we may use integration by parts to obtain

//" ’61&‘ 5 op-uopdrdt
(5)
//n ot Ou Op-aixi{uop}dwdt

14 |Vag|? Oz

L. (55 0

1+ [Vae?2 oy " 8

(%)
// 1+ Vool AVrnop—fop}-uopdxdt+G

d:c dt

YRCINT
ik

//n (1+|>vz¢|2<p ’
//n1< > AVmop—fop}-uopdrdt+G.

+[Vapl?

ou 2

— dx dt
dy o

°op

This, together with (A.5), implies that
( )2
A. *dor =2 >drdt

( ;)
+2//n1+|vx g {Vaop—fophuopdrdt+G.

It remains to estimate

()
// 1 ——*—=-Vrmop-uopdzxdt.

+[Vapl?
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To this end, we let u = (u1,us,...,u,) and note that

or

0
Vrop-uop= o ;Op+ Z—0p-uUpOp
ox; dy

9y
X ’

or
'Op+a—y00~{un00—ui0pa

Thus, the integration by parts yields

(A.8) ‘//; 1< ) Vrop-uopdrdt

+|Vao|?

()
// ot O op- {uROp ulo,o(;9 }dmdt—i—G’.

1+ |vx99|2 ay

Now, we write 2t = 9t?/0t. Using integration by parts, we obtain

( 2
8t> or dp
//n1+|vmso|2 R T L

0%r Op
//nmvmz o o0 {mep-wergt faraec

Since Au = V7 — f, we have Ar = A(divu) +div f = Ag+div f. Thus,

on o
dy? P= =52

%

_ 0o N0 fom N Op O G e
T Oz | Oz p Oz; | Oy P Ox; Oy> PIVa®

+Agop+(div f)op.

op+Agop+(divf)o

It follows that

*r 1 0 (0r o | or Op .
a2 P m{‘a—%{a—m”}*a@ {a_yop}'a—xﬁAg"”*(de)"p}'
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Hence, the integration by parts again yields

( >2
on Ay
//n1+|vw(p‘2 y °p: {Unop uiopg - }da:dt
( )3
Op
//n T 2{Ag+d1vf}op {unOp uiop

|V

}dl‘dt+G

3

Thus, putting together (A.7), (A.8) and the estimate above, we have proved
that

[ wosdo
Rnfl
( >2
—2// T |Vuop|2da:dt

+|Vap

3
// ( ) {Ag+div f}o o o Op dx dt
AT At div flop quaop—uiopmn da

() )2
—2// 1 fop-uopdxdt+G.

+|Vzo|?
This implies that
/ |u\2da§0/ |Vu|25(X)dX+C/ |Ag +div f| [u]d2(X) dX
oD D D
+c/ 1] [uld(X) dX +|C]
D
and
/|vu\25(X)dX§c/ |u\2dcr+0/ Ag +div f|[ul62(X) dX
D oD D

+C/D\f||u|6(X)dX+|G|.
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Since |V2¢|?t dz dt is a Carleson measure, by the Cauchy-Schwartz inequal-
ity and (A.6), we have

cl=o(f |Vu26(X)dX>1/2 ([ <u>*|2da)1/2

vo([mracoax)” ([ jwrpa)”
e[ wF&%xmx)W () e d0>1/2
o) (o)
vo([wmrscax)” (/W nax)”

The lemma now follows easily from the Cauchy inequality.

O
Lemma A.9. LetQ be a bounded Lipschitz domain in R™, n > 3. Suppose

that Au = V7, divu = 0 in Q, and (u)* € L?(0Q). Then there eists function
7 such that @ = w4 c and

T 2 T 253 ul? do.
/Q| ()| a(X)dX+/Q|v (X) %5 (X)dxsc/m| 2d

Proof. By the L? estimates in [FKV], u can be represented in terms of a
double layer potential:

9 i
u(X) = - {m{rij(X_Y)}Nk(Y) —q (X—Y)Nj(Y)}hj(Y) do(Y)

where ||| 1290) < Cllullz2(s0), (Tij(X)) is the matrix of fundamental solutions
and (¢'(X)) is the corresponding pressure vector given in (2.8)
Note that

AT(X) = %A { Ty

1 Ty - 1 0 Zj
el s () v e ()
Thus,

wy, Ox; | | X|™

0
00 Ok

g 0 on

T O, Oy Jan wn\X Y|"Nk(y)h (V) do(Y) = ox;’
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o _8wk(X)

hy and wk(X):/p YN (V)R (Y) do (V).

own|X 7Y|n

Clearly, @ = m+c since Vi = V7. Note that wg is harmonic in 2 and
(wg)* € L?(09). By the area integral estimates for the harmonic function [D],

/|fr|25(X) X < Z/ IV 25(X) dX < cz/ \(we)*|? do
Q k=1 Q k=1 o0

< c/ b2 do < c/ 2 do.
N o0

Also, since A7 = 0 in 2, by interior estimates,
/ VA(X)[26%(X) dX < c/ I7(X)[26(X) dX < o/ luf? do.
Q Q a0

This completes the proof. O

We are now in a position to give the:

Proof of Theorem A.1. Fix P € 02 and r > 0 small. Using linear
transformations both in the variable X and functions u, 7 (see [S1, p. 347]), we
may assume that

QNB(P,3r) = {(z,y) e R" : y > ¢(x)} N B(P,3r).

Let n € C§°(B(P,2r)) such that n = 1 on B(P,r). Since Au = Vr,

divr =0 in , we have
A(un) = (Au)n+2Vu-Vn+u-An
= (Vm)n+2Vu-Vn+u-Ang

) —aVn+2Vu-Vn+u-An

where f =7Vn—2Vu-Vn—u-An.
Note that |f| < C{|n|+|Vu|+ |u|}. Also, div(un) = u-Vn =g and |g| <
Cu|. Moreover, it is not hard to see that

|Ag +div f| < C{|Vu| +[Vr| + 7| + [u]}.
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We now apply Lemma A.3 to the equations

—A(un)+V(mn) = f, div(un) =g
in D ={(z,y) e R*:y > 9y(x)}. Let D, = QN B(P,r). We obtain
/ |Vu|?6(X)dX < C/ |u|2dJ+C/ |7r|25(X)dX+C/ |V |263(X) dX
” onN Q Q

+C/ V] [ul62(X) dX+C/ luf2 dX
Q Q

< O/ |uf* do,
o

where we have used Lemma A.9 in the second inequality. It follows that

/|Vu|25(X)dX < c/ lu|2do.
Q o0

To finish the proof, note that Lemma A.3 also gives

/ |u|? dage/ (u)*|2da+cg{/ |Vu|25(X)dX—|—/ u|? dX
9QNB(Pyr) a0 Q Q
/|7r|25(X) dX+/ Vw|253(X)dX}.
Q Q
It then follows from the L2-estimates [FKV] that

/ |u|2d0<0{/ |Vu\26(X)dX+/ I[25(X) dX+/ u|2dX}.
o Q Q Q

This estimate holds for any pressure term w. In particular, we may choose 7
such that m(Xgy) = 0 for some Xy € Q. Then, by the Hardy inequality [St, p.
272],

/ I7[26(X) dX < o/ Vr[26%(X) dX < c/ IV2u[26%(X) dX
Q Q Q
< C/ |Vu|?6(X) dX,
Q
where the last inequality follows from the interior estimates.

Thus,
/ m%wgc{/ |Vu|26(X)dX—|—/ |u|2dX}.
o0 Q Q

The proof is complete. O
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