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✶

❆❜str❛❝t

❲❡ ♣r❡s❡♥t s♦♠❡ ❣❡♥❡r❛❧ ❡st✐♠❛t❡s ♦❢ t❤❡ s❝❛tt❡r❡❞ ❡❧❡❝tr♦♠❛❣♥❡t✐❝ ✜❡❧❞s ❢♦r ❛

❣❡♥❡r❛❧ ❜♦✉♥❞❡❞ s❝❛tt❡r✐♥❣ ❞♦♠❛✐♥ Ω ✐♥ t❤❡ ❛♥✐s♦tr♦♣✐❝ ♠❛t❡r✐❛❧s s❡tt✐♥❣✳ ■♥

♣❛rt✐❝✉❧❛r✱ ✐t ✐s s❤♦✇♥ t❤❛t t❤❡ ‖·‖L2(Ωs;C3)✲♥♦r♠ ❛♥❞ s✉♣✲♥♦r♠ ♦❢ t❤❡ s❝❛tt❡r❡❞

✜❡❧❞ ✐♥ ❛♥ ❛r❜✐tr❛r② ✜♥✐t❡ ❡①t❡r✐♦r ❞♦♠❛✐♥ Ωs ❛r❡ ❜♦✉♥❞❡❞ ❜② t❤❡ H(curl,Ω)
♥♦r♠ ♦❢ t❤❡ ✐♥❝✐❞❡♥t ✜❡❧❞✳ ▼♦r❡♦✈❡r✱ s❡✈❡r❛❧ ❡st✐♠❛t❡s ♦❢ t❤❡ tr❛❝❡s ♦❢ t❤❡

s❝❛tt❡r❡❞ ✜❡❧❞ ♦♥ t❤❡ ❜♦✉♥❞❛r② ❛♥❞ ❛ ❝✐r❝✉♠s❝r✐❜✐♥❣ s♣❤❡r❡ ❛r❡ ♣r❡s❡♥t❡❞✳

✶ ■♥tr♦❞✉❝t✐♦♥

❊st✐♠❛t❡s ♦❢ t❤❡ s❝❛tt❡r❡❞ ✜❡❧❞ ✐♥ t❡r♠s ♦❢ t❤❡ ❡①❝✐t❡❞ ✭✐♥❝✐❞❡♥t✮ ✜❡❧❞ ♣❧❛② ❛ ❝r✉❝✐❛❧
r♦❧❡ ✐♥ ❝♦♥tr♦❧❧✐♥❣ ❤♦✇ ♠✉❝❤ ❡♥❡r❣② ❛♥ ♦❜st❛❝❧❡ s❝❛tt❡rs✳ ■♥ s♦♠❡ ❛♣♣❧✐❝❛t✐♦♥s t❤❡
❛✐♠ ✐s t♦ ♠❛①✐♠✐③❡ t❤✐s ❡♥❡r❣② ✐♥ s♦♠❡ s♣❡❝✐✜❡❞ ❞✐r❡❝t✐♦♥s ♦r s❡❝t♦rs✳ ■♥ ♦t❤❡r s✐t✉❛✲
t✐♦♥s✱ t❤❡ ♦❜❥❡❝t✐✈❡ ✐s t♦ ❝r❡❛t❡ ❛ s❝❛tt❡r❡r s✉❝❤ t❤❛t t❤❡ s❝❛tt❡r❡❞ ❡♥❡r❣② ✐s ❛s s♠❛❧❧
❛s ♣♦ss✐❜❧❡ ✖ ♣r❡❢❡r❛❜❧② ③❡r♦✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ✐♥✈✐s✐❜✐❧✐t② ❞❡✈✐❝❡s✱ s♦ ❝❛❧❧❡❞ ❝❧♦❛❦s✱
✇❤✐❝❤ ❤❛✈❡ ❛ttr❛❝t❡❞ q✉✐t❡ s♦♠❡ ❛tt❡♥t✐♦♥ ❧❛t❡❧②✱ s❡❡ ❡✳❣✳✱ ❬✻✱ ✼❪✱ ✐s ❛♥ ❛♣♣❧✐❝❛t✐♦♥
✇❤❡r❡ t❤❡ ❣♦❛❧ ✐s t♦ ❡♥❝❧♦s❡ t❤❡ s❝❛tt❡r❡r s✉❝❤ t❤❛t t❤❡ s❝❛tt❡r❡❞ ✜❡❧❞ ✐s ❛s s♠❛❧❧
❛s ♣♦ss✐❜❧❡✳ ❚♦ ❜❡ s✉❝❝❡ss❢✉❧ ✐♥ t❤✐s ❡♥❞❡❛✈♦r✱ t❤❡ ❝♦♥tr♦❧ ♦❢ t❤❡ s❝❛tt❡r❡❞ ✜❡❧❞ ✐s
♥❡❡❞❡❞✳

■♥ ❙❡❝t✐♦♥ ✷✱ t❤❡ s❝❛tt❡r✐♥❣ ♣r♦❜❧❡♠ ✐s ❢♦r♠✉❧❛t❡❞ ✐♥ ❛ ✈❛r✐❛t✐♦♥❛❧ s❡tt✐♥❣ ❛♥❞ t❤❡
❡①✐st❡♥❝❡ ❛♥❞ ✉♥✐q✉❡♥❡ss ♦❢ t❤❡ s♦❧✉t✐♦♥ t♦ t❤❡ s❝❛tt❡r✐♥❣ ♣r♦❜❧❡♠ ❢♦r ❛♥ ❛♥✐s♦tr♦♣✐❝
s❝❛tt❡r❡r ✐s ♣r♦✈❡❞✳ ❙♦♠❡ ♦❢ t❤✐s t❡❝❤♥✐q✉❡ ✐s ✇❡❧❧ ❦♥♦✇♥✱ s❡❡ ❡✳❣✳✱ ❘❡❢s ❬✾✱ ✶✷❪✳ ❖♥❡
♦❢ t❤❡ ❝♦r♥❡rst♦♥❡s ✐♥ t❤✐s ❛♣♣r♦❛❝❤ ✐s t❤❡ ❝♦❡r❝✐✈✐t② ❛♥❞ t❤❡ ❛✲♣r✐♦r✐ ❡st✐♠❛t❡s ♦❢
t❤❡ s♦❧✉t✐♦♥ t♦ t❤❡ ♣r♦❜❧❡♠✳ ❊①✐st❡♥❝❡ ❛♥❞ ✉♥✐q✉❡♥❡ss ♦❢ t❤❡ s❝❛tt❡r✐♥❣ ♣r♦❜❧❡♠
❛r❡ ♣r♦✈❡❞ ✐♥ ❙❡❝t✐♦♥ ✸✱ ❛♥❞ t❤❡ ❡st✐♠❛t❡s ♦❢ t❤❡ s❝❛tt❡r❡❞ ✜❡❧❞ ❛r❡ ♣r❡s❡♥t❡❞ ✐♥
❙❡❝t✐♦♥ ✹✳ ❚❤❡ ♣❛♣❡r ✐s ❝❧♦s❡❞ ✇✐t❤ s♦♠❡ ❝♦♥❝❧✉s✐♦♥s ✐♥ ❙❡❝t✐♦♥ ✺ ❢♦❧❧♦✇❡❞ ❜② ❛ ❢❡✇
❛♣♣❡♥❞✐❝❡s ✇✐t❤ ❞❡✜♥✐t✐♦♥s ❛♥❞ ♠♦r❡ t❡❝❤♥✐❝❛❧ ❞❡t❛✐❧s✳

✷ ❋♦r♠✉❧❛t✐♦♥ ♦❢ t❤❡ s❝❛tt❡r✐♥❣ ♣r♦❜❧❡♠

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ♣r❡s❡♥t t❤❡ ❣❡♦♠❡tr② ♦❢ t❤❡ ♣r♦❜❧❡♠✱ t❤❡ s❝❛tt❡r❡❞ ✜❡❧❞✱ ❛♥❞ ✐ts
s♦❧✉t✐♦♥ ✐♥ ❛ ✇❡❛❦ s❡tt✐♥❣✳

✷✳✶ ❚❤❡ ✐♥t❡r✐♦r ♣r♦❜❧❡♠ ✇✐t❤ ❛♥✐s♦tr♦♣✐❝ ♠❛t❡r✐❛❧

▲❡t Ω ❜❡ ❛ ❜♦✉♥❞❡❞✱ ♦♣❡♥ s✐♠♣❧② ❝♦♥♥❡❝t❡❞ s❡t ✐♥ R
3 ✇✐t❤ C1,1 ❜♦✉♥❞❛r②✱ ∂Ω✳✶

❚❤❡ ♦✉t✇❛r❞ ♣♦✐♥t✐♥❣ ✉♥✐t ♥♦r♠❛❧ ✐s ❞❡♥♦t❡❞ ❜② ν̂✳ ❲❡ ❞❡♥♦t❡ t❤❡ ❡①t❡r✐♦r ♦❢ t❤❡
❞♦♠❛✐♥ Ω ❜② Ωe = R

3 \ Ω✱ ✇❤✐❝❤ ✐s ❛ss✉♠❡❞ t♦ ❜❡ ✈❛❝✉♦✉s ❛♥❞ s✐♠♣❧② ❝♦♥♥❡❝t❡❞✳
❙❡❡ ❋✐❣✉r❡ ✶ ❢♦r ❛ t②♣✐❝❛❧ ❣❡♦♠❡tr②✳

✶❙❡✈❡r❛❧ ♦❢ t❤❡ r❡s✉❧ts ♣r❡s❡♥t❡❞ ✐♥ t❤✐s ♣❛♣❡r ❤♦❧❞s ❛❧s♦ ❢♦r ▲✐♣s❝❤✐t③ ❜♦✉♥❞❛r✐❡s✳
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❋✐❣✉r❡ ✶✿ ❚②♣✐❝❛❧ ❣❡♦♠❡tr② ♦❢ t❤❡ s❝❛tt❡r✐♥❣ ♣r♦❜❧❡♠ ✐♥ t❤✐s ♣❛♣❡r✳ ❚❤❡ ❞♦♠❛✐♥
Ω✱ ✐ts ❜♦✉♥❞❛r② ∂Ω✱ ❛♥❞ t❤❡ ❧❡❛st ❝✐r❝✉♠s❝r✐❜✐♥❣ s♣❤❡r❡ ∂ΩR ❛r❡ s❤♦✇♥✳

❚❤❡ ▼❛①✇❡❧❧ ❡q✉❛t✐♦♥s ✐♥ t❤❡ ❛♥✐s♦tr♦♣✐❝ ❝❛s❡ ❛r❡ ❣✐✈❡♥ ❜②✷ ✭✇❡ ❛❞♦♣t t❤❡ t✐♠❡
❝♦♥✈❡♥t✐♦♥ e−iωt✮

{

∇×E(x) = ik0µ(x) ·H(x)

∇×H(x) = −ik0ǫ(x) ·E(x)
x ∈ Ω ✭✷✳✶✮

❚❤❡ ✇❛✈❡ ♥✉♠❜❡r ✐♥ ✈❛❝✉✉♠ ✐s k0 = ω/c0✱ ✇❤❡r❡ ω ✐s t❤❡ ❛♥❣✉❧❛r ❢r❡q✉❡♥❝② ♦❢ t❤❡
✜❡❧❞s✱ ❛♥❞ c0 ✐s t❤❡ s♣❡❡❞ ♦❢ ❧✐❣❤t ✐♥ ✈❛❝✉✉♠✳ ❚❤❡ ❞✐♠❡♥s✐♦♥❧❡ss ❡♥tr✐❡s ♦❢ ǫ(x) ❛♥❞
µ(x) ❛r❡ ❡❧❡♠❡♥ts ✐♥ L∞(Ω;C)✳ ❚❤r♦✉❣❤♦✉t t❤✐s ♣❛♣❡r ✈❡❝t♦rs ✐♥ C

3 ❛r❡ t②♣❡❞ ✐♥
✐t❛❧✐❝ ❜♦❧❞❢❛❝❡✱ ❛♥❞ ❧✐♥❡❛r tr❛♥s❢♦r♠❛t✐♦♥s ✭❞②❛❞✐❝s✮ ♦♥ C

3 ✐♥ r♦♠❛♥ ❜♦❧❞❢❛❝❡✳ ❯♥✐t
✈❡❝t♦rs ❛r❡ ❞❡♥♦t❡❞ ❜② ❛ ❝❛r❡t ✭ˆ✮✳

❲❡ ❛r❡ ❧♦♦❦✐♥❣ ❢♦r s♦❧✉t✐♦♥s E ❛♥❞ H ♦❢ ✭✷✳✶✮ ✐♥ t❤❡ s♣❛❝❡ H(curl,Ω)✱ s❡❡
❆♣♣❡♥❞✐① ❆ ❢♦r ❞❡t❛✐❧s ❛♥❞ ❞❡✜♥✐t✐♦♥s ♦❢ ❢✉♥❝t✐♦♥ s♣❛❝❡s✳ ❆ ✇❡❛❦ ❢♦r♠✉❧❛t✐♦♥ ♦❢
t❤✐s ♣r♦❜❧❡♠ ✐s ❣✐✈❡♥ ✐♥ ❙❡❝t✐♦♥ ✸✳ ❚❤❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ♦♥ ∂Ω✱ t❤❛t ❝♦♥♥❡❝t
t❤❡ s♦❧✉t✐♦♥s ✐♥ t❤❡ ❞♦♠❛✐♥s Ω ❛♥❞ Ωe✱ ❛r❡ ✐♥tr♦❞✉❝❡❞ ✐♥ t❤❡ ❢♦r♠✉❧❛t✐♦♥ ♦❢ t❤❡
❡①t❡r✐♦r ♣r♦❜❧❡♠✱ ❛♥❞ t❤❡ ♣❡rt✐♥❡♥t r❛❞✐❛t✐♦♥ ❝♦♥❞✐t✐♦♥s ♣r❡s❡♥t❡❞ ✐♥ ❙❡❝t✐♦♥ ✷✳✸✳

❚❤❡ ✐♥❝✐❞❡♥t ✜❡❧❞✱ Ei ♦r H i✱ ✐s ❛ss✉♠❡❞ t♦ ❤❛✈❡ ✐ts s♦✉r❝❡s ✐♥ ❛ ❜♦✉♥❞❡❞ r❡✲
❣✐♦♥ Ωi ⊂ Ωe✱ ✐✳❡✳✱ Ω ∩ Ωi = ∅✳ ❖✉ts✐❞❡ t❤✐s r❡❣✐♦♥✱ t❤❡ ✜❡❧❞s s❛t✐s❢② t❤❡ t✐♠❡✲
❤❛r♠♦♥✐❝ ▼❛①✇❡❧❧ ❡q✉❛t✐♦♥s ✐♥ ✈❛❝✉✉♠✱ ❛♥❞ t❤❡② ❛r❡ ❛ss✉♠❡❞ t♦ ❤❛✈❡ tr❛❝❡s ♦♥

✷❲❡ ✉s❡ s❝❛❧❡❞ ❡❧❡❝tr✐❝ ❛♥❞ ♠❛❣♥❡t✐❝ ✜❡❧❞s ✐♥ t❤✐s ♣❛♣❡r✱ ✐✳❡✳✱ t❤❡ ❙■✲✉♥✐t ✜❡❧❞s ESI ❛♥❞ HSI

❛r❡ r❡❧❛t❡❞ t♦ t❤❡ ✜❡❧❞s E ❛♥❞ H ✉s❡❞ ✐♥ t❤✐s ♣❛♣❡r ❜②

ESI(x) =
E(x)√

ǫ0
, HSI(x) =

H(x)√
µ0

✇❤❡r❡ t❤❡ ♣❡r♠✐tt✐✈✐t② ❛♥❞ ♣❡r♠❡❛❜✐❧✐t② ♦❢ ✈❛❝✉✉♠ ❛r❡ ❞❡♥♦t❡❞ ❜② ǫ0 ❛♥❞ µ0✱ r❡s♣❡❝t✐✈❡❧②✳



✸

∂Ω ❜❡❧♦♥❣✐♥❣ t♦ H−1/2(div, ∂Ω)✱ ♠♦r❡ ♣r❡❝✐s❡❧② (γ(Ei),γ(H i)) ∈ H−1/2(div, ∂Ω)×
H−1/2(div, ∂Ω)✱ s❡❡ ❆♣♣❡♥❞✐① ❆✳ ❖t❤❡r✇✐s❡✱ t❤❡ ✐♥❝✐❞❡♥t ✜❡❧❞s ❛r❡ ❛r❜✐tr❛r②✳

❚❤❡ ♠❛t❡r✐❛❧ ♣r♦♣❡rt✐❡s✱ ❢♦r t❤❡ ❣✐✈❡♥ ✜①❡❞ ❢r❡q✉❡♥❝② k0 > 0✱ ❛r❡ ❛ss✉♠❡❞ t♦
❜❡ ❜♦✉♥❞❡❞ ❛♥❞ ♣❛ss✐✈❡✱ ✐✳❡✳✱ ǫ,µ ∈ L∞(Ω;C3×3) ❛♥❞ t❤❡ ♠❛t❡r✐❛❧ ♣r♦♣❡rt✐❡s ❛r❡
❛ss✉♠❡❞ t♦ s❛t✐s❢② t❤❡ ❝♦❡r❝✐✈✐t② ❝♦♥❞✐t✐♦♥

(

a

b

)†

·
(

−ik0
(

ǫ− ǫ†
)

0

0 −ik0
(

µ− µ†
)

)

·
(

a

b

)

≥ cm
(

|a|2 + |b|2
)

✭✷✳✷✮

❛❧♠♦st ❡✈❡r②✇❤❡r❡ ❢♦r ❛❧❧ ✜❡❧❞s a, b ∈ C
3 ❛♥❞ ❛ ❣✐✈❡♥ ❝♦♥st❛♥t cm > 0✱ ✇❤✐❝❤ ❞❡♣❡♥❞s

♦♥ t❤❡ ❢r❡q✉❡♥❝②✳ ❚❤❡ ❞❛❣❣❡r † ❞❡♥♦t❡s t❤❡ ❝♦♥❥✉❣❛t❡ tr❛♥s♣♦s❡✳ ❚❤✐s ❝♦♥❞✐t✐♦♥ ✐s
❡q✉✐✈❛❧❡♥t t♦ t❤❡ ❛ss✉♠♣t✐♦♥ t❤❛t t❤❡ ♠❛t❡r✐❛❧ ✐s ❧♦ss② ❛❧♠♦st ❡✈❡r②✇❤❡r❡ ✐♥ Ω✳

✷✳✷ ❚❤❡ ❡①t❡r✐♦r ♣r♦❜❧❡♠

❚❤❡ ♣r❡s❡♥❝❡ ♦❢ t❤❡ ♠❛t❡r✐❛❧ ✐♥ t❤❡ ❞♦♠❛✐♥ Ω ❞✐st♦rts t❤❡ ✐♥❝✐❞❡♥t ✜❡❧❞s Ei ❛♥❞
H i✳ ❚❤✐s ❞✐st♦rt✐♦♥ ✐s ❞❡♥♦t❡❞ ❜② t❤❡ s❝❛tt❡r❡❞ ✜❡❧❞s✱ Es ❛♥❞ Hs✱ ✇❤✐❝❤ ❜❡❧♦♥❣ t♦
Hloc(curl,Ωe)✳

■♥ Ωe✱ t❤❡ s✉♠ ♦❢ t❤❡ ✐♥❝✐❞❡♥t ❛♥❞ t❤❡ s❝❛tt❡r❡❞ ✜❡❧❞s ✐s ❞❡✜♥❡❞ ❛s t❤❡ t♦t❛❧
✜❡❧❞✱ ✐✳❡✳✱

{

Et(x) = Ei(x) +Es(x)

H t(x) = H i(x) +Hs(x)
x ∈ Ωe

❚❤❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ♦♥ ∂Ω ❛r❡

{

γ+(Ei +Es) = γ−(E)

γ+(H i +Hs) = γ−(H)
✭✷✳✸✮

✇❤❡r❡ t❤❡ tr❛❝❡ ♦♣❡r❛t♦r ❢r♦♠ t❤❡ ♦✉ts✐❞❡ ✭✐♥s✐❞❡✮ ♦❢ Ω ✐s ❞❡♥♦t❡❞ ❜② γ+ ✭γ−✮✳
❚❤❡ tr❛❝❡ ♦♣❡r❛t♦r ✐s ❣✐✈❡♥ ❛s γ−(E) = ν̂ × E|∂Ω ✐❢ E ✐s ✐♥ C(Ω;C3)✱ ❛♥❞ ❛♥❛❧♦✲
❣♦✉s ❢♦r t❤❡ tr❛❝❡ ❢r♦♠ t❤❡ ♦✉ts✐❞❡✱ γ+✳ ❚❤❡ tr❛❝❡s ❜❡❧♦♥❣ t♦ H−1/2(div, ∂Ω)✱ s❡❡
❚❤❡♦r❡♠ ❆✳✶✳

❚❤❡ ❡①t❡r✐♦r ❈❛❧❞❡ró♥ ♦♣❡r❛t♦r ♦r t❤❡ ❛❞♠✐tt❛♥❝❡ ♦♣❡r❛t♦r Ce ✐s ❞❡✜♥❡❞ ❛s t❤❡
♠❛♣♣✐♥❣ ♦❢ t❤❡ t❛♥❣❡♥t✐❛❧ ❝♦♠♣♦♥❡♥t ♦❢ t❤❡ s❝❛tt❡r❡❞ ❡❧❡❝tr✐❝ ✜❡❧❞ t♦ t❤❡ t❛♥❣❡♥t✐❛❧
❝♦♠♣♦♥❡♥t ♦❢ t❤❡ s❝❛tt❡r❡❞ ♠❛❣♥❡t✐❝ ✜❡❧❞ ♦♥ t❤❡ ❜♦✉♥❞❛r② ♦❢ Ω✳ ❲❡ ✉s❡ t❤❡ s♦❧✉t✐♦♥
♦❢ ❛ s♣❡❝✐✜❝ ❡①t❡r✐♦r ♣r♦❜❧❡♠ t♦ ♠❛❦❡ t❤❡ ❞❡✜♥✐t✐♦♥ ♣r❡❝✐s❡✳ ❚❤✐s s♦❧✉t✐♦♥ ✐s ❢♦✉♥❞
✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ s❡❝t✐♦♥✳



✹

✷✳✸ ❆♥ ❛✉①✐❧✐❛r② ❡①t❡r✐♦r ♣r♦❜❧❡♠ ✭❘✮

❈♦♥s✐❞❡r t❤❡ ❢♦❧❧♦✇✐♥❣ ❡①t❡r✐♦r ♣r♦❜❧❡♠ ✇❤❡r❡ t❤❡ t❛♥❣❡♥t✐❛❧ ❝♦♠♣♦♥❡♥t ♦❢ t❤❡ s❝❛t✲
t❡r❡❞ ❡❧❡❝tr✐❝ ✜❡❧❞ ♦♥ t❤❡ ❜♦✉♥❞❛r② ✐s ❣✐✈❡♥ ❜② ❛ ✜①❡❞ ✈❡❝t♦r m ∈ H−1/2(div, ∂Ω)✱✸

1) (Es,Hs) ∈ Hloc(curl,Ωe)×Hloc(curl,Ωe)

2)

{

∇×Es(x) = ik0Hs(x)

∇×Hs(x) = −ik0Es(x)
x ∈ Ωe

3)











x̂×Es(x)−Hs(x) = o(1/x)

or

x̂×Hs(x) +Es(x) = o(1/x)

❛s x→∞

4) γ+(Es) = m ∈ H−1/2(div, ∂Ω)

(Problem(R)) ✭✷✳✹✮

❚❤✐s ♣r♦❜❧❡♠ ❤❛s ❛ ✉♥✐q✉❡ s♦❧✉t✐♦♥ ❬✶✱ ✸❪✳

❉❡✜♥✐t✐♦♥ ✷✳✶✳ ❚❤❡ ❡①t❡r✐♦r ❈❛❧❞❡ró♥ ♦♣❡r❛t♦r Ce ✐s ❞❡✜♥❡❞ ❛s

Ce : m 7→ γ+(Hs), H−1/2(div, ∂Ω) 7→ H−1/2(div, ∂Ω),

✇❤❡r❡ m = γ+(Es) ❛♥❞ t❤❡ ✜❡❧❞s Es ❛♥❞ Hs s❛t✐s❢② Pr♦❜❧❡♠ ✭❘✮ ✐♥ ✭✷✳✹✮✳

❲❡ ♥♦t✐❝❡ t❤❛t t❤❡ ❡①t❡r✐♦r ❈❛❧❞❡ró♥ ♦♣❡r❛t♦r Ce ✐s ✉♥✐q✉❡❧② ❞❡✜♥❡❞ ❢♦r ❛❧❧
m ∈ H−1/2(div, ∂Ω)✱ s✐♥❝❡ Pr♦❜❧❡♠ ✭❘✮ ❤❛s ❛ ✉♥✐q✉❡ s♦❧✉t✐♦♥ ✐♥ Hloc(curl,Ωe) ×
Hloc(curl,Ωe) ❢♦r ❛♥② m ∈ H−1/2(div, ∂Ω) ❛♥❞ γ+(Hs) ∈ H−1/2(div, ∂Ω)✳ ■❢ ✇❡
✇❛♥t t♦ ❡♠♣❤❛s✐③❡ ❞❡♣❡♥❞❡♥❝❡ ♦♥ t❤❡ ❜♦✉♥❞✐♥❣ s✉r❢❛❝❡ ♦❢ t❤❡ s❝❛tt❡r❡r✱ ✇❡ ❛❞♦♣t t❤❡
♥♦t❛t✐♦♥ Ce

∂Ω✳ ❉❡t❛✐❧s ♦♥ t❤❡ s♣❛❝❡H−1/2(div, ∂Ω) ❛♥❞ ✐ts ❞✉❛❧ s♣❛❝❡H−1/2(curl, ∂Ω)
❛r❡ ❣✐✈❡♥ ✐♥ ▼♦♥❦ ❬✾❪✳

❚❤❡♦r❡♠ ✷✳✶✳ ❚❤❡ ❡①t❡r✐♦r ❈❛❧❞❡ró♥ ♦♣❡r❛t♦r ❞❡✜♥❡❞ ✐♥ ❉❡✜♥✐t✐♦♥ ✷✳✶ ❤❛s t❤❡
❢♦❧❧♦✇✐♥❣ ♣r♦♣❡rt✐❡s ❬✸✱ ✶✺❪✿

✶✳ ❚❤❡ ❡①t❡r✐♦r ❈❛❧❞❡ró♥ ♦♣❡r❛t♦r s❛t✐s✜❡s t❤❡ ♣♦s✐t✐✈✐t② ❝♦♥❞✐t✐♦♥

Re

∫

∂Ω

Ce(m) · (ν̂ ×m) dS ≥ 0 ❢♦r ❛❧❧ m ∈ H−1/2(div, ∂Ω). ✭✷✳✺✮

✇❤❡r❡ dS ❞❡♥♦t❡s t❤❡ s✉r❢❛❝❡ ♠❡❛s✉r❡ ♦❢ ∂Ω✱ ❛♥❞ t❤❡ ❜❛r ❞❡♥♦t❡s t❤❡ ❝♦♠♣❧❡①
❝♦♥❥✉❣❛t❡✳

✷✳ ❚❤❡ ❡①t❡r✐♦r ❈❛❧❞❡ró♥ ♦♣❡r❛t♦r s❛t✐s✜❡s

(Ce)2 = −I ♦♥ H−1/2(div, ∂Ω),

✸✳ ❚❤❡ ❡①t❡r✐♦r ❈❛❧❞❡ró♥ ♦♣❡r❛t♦r ✐s ❛♥ ✐s♦♠♦r♣❤✐s♠ ✐♥ H−1/2(div, ∂Ω)✱ ❛♥❞ ❝♦♥✲
s❡q✉❡♥t❧② t❤❡r❡ ❡①✐st ❝♦♥st❛♥ts 0 < cC ≤ CC✱ s✉❝❤ t❤❛t

cC‖m‖H−1/2(div,∂Ω) ≤ ‖Ce(m)‖H−1/2(div,∂Ω) ≤ CC‖m‖H−1/2(div,∂Ω)

✸❚❤❡ s♦✉r❝❡ m ❝❛♥ ❜❡ ✐♥t❡r♣r❡t❡❞ ❛s ❛ ♠❛❣♥❡t✐❝ ❝✉rr❡♥t ❞❡♥s✐t②✳



✺

✹✳ ❚❤❡ ❡①t❡r✐♦r ❈❛❧❞❡ró♥ ♦♣❡r❛t♦r ✐s ✐♥❞❡♣❡♥❞❡♥t ♦❢ t❤❡ ♠❛t❡r✐❛❧ ♣r♦♣❡rt✐❡s ✐♥s✐❞❡
t❤❡ ❞♦♠❛✐♥ Ω✳

❋r♦♠ ✐t❡♠ ✷ ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t t❤❡ ♥♦r♠ ♦❢ t❤❡ ❡①t❡r✐♦r ❈❛❧❞❡ró♥ ♦♣❡r❛t♦r s❛t✐s✜❡s
‖Ce‖H−1/2(div,∂Ω) ≥ 1✱ ❛♥❞ ❛❧s♦ t❤❛t t❤❡ ❝♦♥st❛♥ts ✐♥ ✐t❡♠ ✸ ❝❛♥ ❜❡ ❝❤♦s❡♥ ❛s cC =
1/‖Ce‖H−1/2(div,∂Ω) ❛♥❞ CC = ‖Ce‖H−1/2(div,∂Ω)✳

✷✳✹ ❙❡sq✉✐❧✐♥❡❛r ❢♦r♠ ❛♥❞ ✇❡❛❦ ❢♦r♠✉❧❛t✐♦♥

❚❤❡ s❡sq✉✐❧✐♥❡❛r ❢♦r♠ ❢♦r ❛♥ ❛♥✐s♦tr♦♣✐❝ ♦❜st❛❝❧❡ ✐s ❬✸✱ ✶✺❪ ❞❡✜♥❡❞ ♥❡①t✳

❉❡✜♥✐t✐♦♥ ✷✳✷✳

A(u,v) =

∫

Ω

{

i

k0

(

∇× v
)

· µ−1 · (∇× u)− ik0v · ǫ · u
}

dv

−
∫

∂Ω

π−(v) · Ce(γ−(u)) dS, u,v ∈ H(curl,Ω)

✭✷✳✻✮

✇❤❡r❡ t❤❡ tr❛❝❡ ♦♣❡r❛t♦rs π− ❛♥❞ γ− ♦♥ H(curl,Ω) ❛r❡ ❞❡✜♥❡❞ ✐♥ ❚❤❡♦r❡♠ ❆✳✶✱ ❛♥❞
✇❤❡r❡ dS ❞❡♥♦t❡s t❤❡ s✉r❢❛❝❡ ♠❡❛s✉r❡ ♦♥ t❤❡ ❜♦✉♥❞✐♥❣ s✉r❢❛❝❡ ∂Ω✱ ❛♥❞ dv ❞❡♥♦t❡s
t❤❡ ✈♦❧✉♠❡ ♠❡❛s✉r❡ ✐♥ R

3✳

❙✉❜st✐t✉t✐♥❣ m = γ−(u) ✐♥ t❤❡ ✐♥❡q✉❛❧✐t② ✭✷✳✺✮ ❣✐✈❡s

−Re

∫

∂Ω

π−(u) · Ce(γ−(u)) dS ≥ 0

❚❤❡ s❡sq✉✐❧✐♥❡❛r ❢♦r♠ ✐s ❝♦♥t✐♥✉♦✉s✱ ❜♦✉♥❞❡❞ ❛♥❞ ❝♦❡r❝✐✈❡ ♦♥ H(curl,Ω)✳ ❚❤❡ ❝♦♥✲
t✐♥✉✐t② ❛♥❞ ❜♦✉♥❞❡❞♥❡ss ❢♦❧❧♦✇s ✐♠♠❡❞✐❛t❡❧② ❢r♦♠ t❤❡ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ♠❛t❡r✐❛❧ ✐♥
Ω✱ ❛♥❞ ❢r♦♠ ✭❢♦r t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ s♣❛❝❡ H−1/2(curl, ∂Ω)✱ s❡❡ ❆♣♣❡♥❞✐① ❆✮

∣

∣

∣

∫

∂Ω

π−(v) · Ce(γ−(u)) dS
∣

∣

∣
≤ CC‖π−(v)‖H−1/2(curl,∂Ω)‖γ−(u)‖H−1/2(div,∂Ω)

≤ CCCπCγ‖v‖H(curl,Ω)‖u‖H(curl,Ω)

✇❤❡r❡ ✇❡ ❤❛✈❡ ✉s❡❞ t❤❡ ❝♦♥t✐♥✉✐t② ♣r♦♣❡rt✐❡s ♦❢ t❤❡ tr❛❝❡ ♦♣❡r❛t♦rs π− ❛♥❞ γ− ♦♥
H(curl,Ω) ✐♥ ❚❤❡♦r❡♠ ❆✳✶✳ ❚❤❡ ❝♦❡r❝✐✈✐t② ✐s ♣r♦✈❡❞ ✐♥ ❬✶✺❪✱ ❜✉t ✇✐❧❧ ❜❡ r❡st❛t❡❞ ✐♥
t❤❡ ♥❡①t s❡❝t✐♦♥ ✐♥ ❛ s❧✐❣❤t❧② ♠♦r❡ ❞✐st✐♥❝t ❢♦r♠✉❧❛t✐♦♥✳ ❲❡ ♥♦t❡ t❤❛t t❤❡ s❡sq✉✐❧✐♥❡❛r
❢♦r♠ ❝♦✉♣❧❡s t❤❡ ✐♥t❡r✐♦r ♣r♦❜❧❡♠ ✇✐t❤ t❤❡ s♦❧✉t✐♦♥ t♦ t❤❡ ❡①t❡r✐♦r ♣r♦❜❧❡♠ t❤r♦✉❣❤
t❤❡ ❡①t❡r✐♦r ❈❛❧❞❡ró♥ ♦♣❡r❛t♦r Ce✳

❚❤❡ s❝❛tt❡r✐♥❣ ♣r♦❜❧❡♠ ❝❛♥ ♥♦✇ ❜❡ ✇r✐tt❡♥ ✐♥ ❛ ✇❡❛❦ ❢♦r♠✱ ✐✳❡✳✱ t❤❡ ✐♥t❡r✐♦r
♣r♦❜❧❡♠ ✭✷✳✶✮ s✉♣♣❧✐❡❞ ✇✐t❤ t❤❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ✭✷✳✸✮✱ ✇❤✐❝❤ ❝♦✉♣❧❡s t❤❡ ✐♥t❡r✐♦r
♣r♦❜❧❡♠ ✇✐t❤ t❤❡ ❡①t❡r✐♦r ♣r♦❜❧❡♠ ✭✷✳✹✮✱ s✉♣♣❧✐❡❞ ✇✐t❤ ✐ts r❛❞✐❛t✐♦♥ ❝♦♥❞✐t✐♦♥s✳

A(E,v) = f(v), ∀v ∈ H(curl,Ω) ✭✷✳✼✮



✻

✇❤❡r❡

f(v) =

∫

∂Ω

(

γ+(H i)− Ce(γ+(Ei))
)

· π−(v) dS, ∀v ∈ H(curl,Ω)

◆♦t❡ t❤❛t t❤❡ ❣✐✈❡♥ ✐♥❝✐❞❡♥t ✜❡❧❞s Ei✱ H i ❛❝t ❛s ❛ ❜♦✉♥❞❡❞ ❧✐♥❡❛r ❢✉♥❝t✐♦♥❛❧ ♦♥
H(curl,Ω)✳

✸ ❊①✐st❡♥❝❡ ❛♥❞ ✉♥✐q✉❡♥❡ss ♦❢ s♦❧✉t✐♦♥

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ❝❤❛r❛❝t❡r✐③❡ t❤❡ s❡sq✉✐❧✐♥❡❛r ❢♦r♠✱ ✇❤✐❝❤ ②✐❡❧❞s ❡①✐st❡♥❝❡ ❛♥❞
✉♥✐q✉❡♥❡ss ♦❢ s♦❧✉t✐♦♥ ❞✉❡ t♦ ▲❛①✲▼✐❧❣r❛♠✬s t❤❡♦r❡♠ ✭❢♦r ♣r♦♦❢s s❡❡ ❬✶✺❪✮✳

✸✳✶ ❈♦❡r❝✐✈✐t②

❲❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦❡r❝✐✈✐t② ♣r♦♣❡rt✐❡s ❢♦r t❤❡ s❡sq✉✐❧✐♥❡❛r ❢♦r♠ ✭✷✳✻✮✿

Pr♦♣♦s✐t✐♦♥ ✸✳✶✳ ❋♦r ✜①❡❞ ❢r❡q✉❡♥❝② k0✱ t❤❡ s❡sq✉✐❧✐♥❡❛r ❢♦r♠ A ✐♥ ✭✷✳✻✮ ✐s ❝♦❡r❝✐✈❡
♦♥ H(curl,Ω) ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ s❡♥s❡

ReA(u,u) ≥ C1‖u‖2L2(Ω;C3) + C2‖∇ × u‖2L2(Ω;C3) ≥ CA‖u‖2H(curl,Ω) ✭✸✳✶✮

✇❤❡r❡ t❤❡ ❝♦♥st❛♥ts

C1 = inf
Ω

min
(

Eig
(

−ik0
(

ǫ(x̂)− ǫ†(x̂)
)))

≥ cm

❛♥❞

C2 = sup
Ω

max
(

Eig
(

−ik0
(

µ(x̂)− µ†(x̂)
)))

= inf
Ω

min
(

Eig
(

ik−1
0

(

µ−1(x̂)− µ−1†(x̂)
)))

❛♥❞ CA = min(C1, C2)✳

❚❤❡ ❢♦❧❧♦✇✐♥❣ ❈♦r♦❧❧❛r② ❢♦❧❧♦✇s ❛t ♦♥❝❡✱ s✐♥❝❡ |A(u,u)| ❞♦♠✐♥❛t❡s ReA(u,u)✳

❈♦r♦❧❧❛r② ✸✳✶✳

|A(u,u)| ≥ C1‖u‖2L2(Ω;C3) + C2‖∇ × u‖2L2(Ω;C3) ≥ CA‖u‖2H(curl,Ω)

✸✳✷ ❊①✐st❡♥❝❡ ♦❢ s♦❧✉t✐♦♥

❚❤❡ ✇❡❛❦ ❢♦r♠✉❧❛t✐♦♥ ✭✷✳✼✮ ❤❛s✱ ❢♦r ❣✐✈❡♥ ♠❛t❡r✐❛❧ ♣r♦♣❡rt✐❡s ✐♥ t❤❡ ❞♦♠❛✐♥ Ω✱ ❛
✉♥✐q✉❡ s♦❧✉t✐♦♥ ❞✉❡ t♦ ▲❛①✲▼✐❧❣r❛♠✬s t❤❡♦r❡♠✱ s❡❡ ❚❤❡♦r❡♠ ❆✳✷ ✐♥ ❆♣♣❡♥❞✐① ❆
❛♥❞ ❬✺❪✳



✼

❚❤❡♦r❡♠ ✸✳✶✳ ❊q✉❛t✐♦♥ ✭✷✳✼✮ ❤❛s ❛ ✉♥✐q✉❡ s♦❧✉t✐♦♥ E ✐♥ H(curl,Ω) s❛t✐s❢②✐♥❣

‖E‖H(curl,Ω) ≤ C
(

‖γ+(H i)‖H−1/2(div,∂Ω) + ‖γ+(Ei)‖H−1/2(div,∂Ω)

)

✇❤❡r❡ t❤❡ ❝♦♥st❛♥t C ❞❡♣❡♥❞s ♦♥ t❤❡ ♠❛t❡r✐❛❧ ♣❛r❛♠❡t❡rs ✐♥ Ω✱ t❤❡ ❣❡♦♠❡tr② ✭t❤❡
s❤❛♣❡ ♦❢ Ω✮✱ ❛♥❞ t❤❡ ❢r❡q✉❡♥❝②✳ ■♥ ❢❛❝t✱ C = CCCπ/CA✱ ✇❤❡r❡ CA ✐s ❣✐✈❡♥ ✐♥
Pr♦♣♦s✐t✐♦♥ ✸✳✶✳

Pr♦♦❢✳ ❚❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡ ♦❢ ✭✷✳✼✮ ✐s ❜♦✉♥❞❡❞ ❜②

‖f‖H′(curl,Ω) = sup
‖v‖H(curl,Ω)=1

∣

∣

∣

∣

∣

∣

∫

∂Ω

(

γ+(H i)− Ce(γ+(Ei))
)

· π−(v) dS

∣

∣

∣

∣

∣

∣

≤ max(1, CC)Cπ

(

‖γ+(H i)‖H−1/2(div,∂Ω) + ‖γ+(Ei)‖H−1/2(div,∂Ω)

)

✇❤✐❝❤ ✐♠♠❡❞✐❛t❡❧② ✐♠♣❧✐❡s t❤❡ r❡s✉❧t ♦❢ t❤❡ t❤❡♦r❡♠ ❜② t❤❡ ✉s❡ ♦❢ Pr♦♣♦s✐t✐♦♥ ✸✳✶
❛♥❞ ▲❛①✲▼✐❧❣r❛♠✬s t❤❡♦r❡♠✱ s❡❡ ❚❤❡♦r❡♠ ❆✳✷✳ ◆♦t✐❝❡ t❤❛t max(1, CC) = CC ❜②
❚❤❡♦r❡♠ ✷✳✶✳

❚❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡ ♦❢ ✭✷✳✼✮✱ ❛♥❞ ❝♦♥s❡q✉❡♥t❧② t❤❡ ❜♦✉♥❞ ✐♥ ❚❤❡♦r❡♠ ✸✳✶✱ ✐s
❜♦✉♥❞❡❞ ❜② t❤❡ ❡♥❡r❣② ♦❢ t❤❡ ✐♥❝✐❞❡♥t ✜❡❧❞ ✐♥ t❤❡ s❝❛tt❡r✐♥❣ ❞♦♠❛✐♥✳ ❲❡ st❛t❡ t❤✐s
✐♥ ❛ ❈♦r♦❧❧❛r②✳

❈♦r♦❧❧❛r② ✸✳✷✳ ❊q✉❛t✐♦♥ ✭✷✳✼✮ ❤❛s ❛ ✉♥✐q✉❡ s♦❧✉t✐♦♥ E ✐♥ H(curl,Ω) s❛t✐s❢②✐♥❣

‖E‖H(curl,Ω) ≤ C
(

‖Ei‖H(curl,Ω) + ‖H i‖H(curl,Ω)

)

✇❤❡r❡ C = CCCπCγ/CA✳

Pr♦♦❢✳ ❚❤❡ st❛t❡♠❡♥t ❢♦❧❧♦✇s ❛t ♦♥❝❡✱ s✐♥❝❡ t❤❡ tr❛❝❡ ♥♦r♠ ✐s ❜♦✉♥❞❡❞ ❜② t❤❡ ♥♦r♠✱
s❡❡ ❚❤❡♦r❡♠ ❆✳✶✳

■❢ t❤❡ ✐♥❝✐❞❡♥t ✜❡❧❞ ✐s t❤❡ ♣❧❛♥❡ ✇❛✈❡✱ ✐✳❡✳✱
{

Ei(x) = E0e
ik0k̂i·x

H i(x) = k̂i ×E0e
ik0k̂i·x

x ∈ R
3

✇❤❡r❡ E0 · k̂i = 0✱ t❤❡♥ ✇❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦r♦❧❧❛r②✿

❈♦r♦❧❧❛r② ✸✳✸✳ ■❢ t❤❡ ✐♥❝✐❞❡♥t ✜❡❧❞ ✐s ❛ ♣❧❛♥❡ ✇❛✈❡✱ t❤❡♥ ❡q✉❛t✐♦♥ ✭✷✳✼✮ ❤❛s ❛ ✉♥✐q✉❡
s♦❧✉t✐♦♥ E ✐♥ H(curl,Ω) s❛t✐s❢②✐♥❣

‖E‖H(curl,Ω) ≤ C |E0| |Ω|1/2

✇❤❡r❡ C = 2CC (1 + k2
0)

1/2
CπCγ/CA✳ ❚❤❡ ✈♦❧✉♠❡ ♦❢ Ω ✐s ❞❡♥♦t❡❞ ❜② |Ω|✳

Pr♦♦❢✳ ❚❤❡ ♣r♦♦❢ ❢♦❧❧♦✇s ❢r♦♠ ❈♦r♦❧❧❛r② ✸✳✷✱ ❛♥❞ t❤❡ ❢♦❧❧♦✇✐♥❣ ❜♦✉♥❞ ♦♥ t❤❡ t❡r♠s
✐♥ t❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡ ♦❢ t❤❡ r❡s✉❧t ✐♥ ❈♦r♦❧❧❛r② ✸✳✷✱ ✐✳❡✳✱

‖Ei‖2H(curl,Ω) = ‖H i‖2H(curl,Ω) ≤
(

1 + k2
0

)

|E0|2 |Ω|



✽

❋r♦♠ t❤❡ ❡①✐st❡♥❝❡ ♦❢ t❤❡ ✐♥t❡r✐♦r ❡❧❡❝tr✐❝ ✜❡❧❞✱ ✇❡ ❝♦♥str✉❝t t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣
♠❛❣♥❡t✐❝ ✜❡❧❞ H(x) ❛s✹







H(x) =
1

ik0
µ−1(x) · (∇×E(x))

∇×H(x) = −ik0ǫ(x) ·E(x)
x ∈ Ω

❲✐t❤ t❤❡ ✐♥t❡r♥❛❧ ✜❡❧❞s E(x) ❛♥❞ H(x)✱ ✇❡ ❛♣♣❧② t❤❡ tr❛❝❡ ♦♣❡r❛t♦r ❢r♦♠ t❤❡
✐♥s✐❞❡✱ γ−✱ ❛♥❞ ❝♦♥str✉❝t t❤❡ t❛♥❣❡♥t✐❛❧ s❝❛tt❡r❡❞ ❡❧❡❝tr✐❝ ✜❡❧❞ ❢r♦♠ t❤❡ ♦✉ts✐❞❡✱
γ+(Es) = γ−(E − Ei)✳ ❆♥ ❛♣♣❧✐❝❛t✐♦♥ ♦❢ t❤❡ ❈❛❧❞❡ró♥ ♦♣❡r❛t♦r ♦♥ γ+(Es) t❤❡♥
❣✐✈❡s t❤❡ ♣r♦♣❡r ❡①t❡r✐♦r s♦❧✉t✐♦♥✳

✸✳✸ ❆❧t❡r♥❛t✐✈❡ ❡①✐st❡♥❝❡ ♣r♦♦❢

❚❤❡♦r❡♠ ✸✳✷✳ ❊q✉❛t✐♦♥ ✭✷✳✼✮ ❤❛s ❛ ✉♥✐q✉❡ s♦❧✉t✐♦♥ E ✐♥ H(curl,Ω) s❛t✐s❢②✐♥❣

‖E‖H(curl,Ω) ≤ C‖Ei‖H(curl,Ω)

✇❤❡r❡ t❤❡ ❝♦♥st❛♥ts C = 1 + C3/CA✱ ❛♥❞ ✇❤❡r❡

C3 = max
(

k0‖ǫ− I3‖L∞(Ω;C3×3), k
−1
0 ‖µ−1 − I3‖L∞(Ω;C3×3)

)

❛♥❞ CA ✐s ❣✐✈❡♥ ✐♥ Pr♦♣♦s✐t✐♦♥ ✸✳✶✳

◆♦t✐❝❡ t❤❛t t❤❡ ❝♦♥st❛♥t C ✐♥ t❤✐s ❡st✐♠❛t❡ ❞♦❡s ♥♦t ❝♦♥t❛✐♥ t❤❡ ❝♦♥st❛♥ts CC ✱
Cπ ❛♥❞ Cγ ❛s ✐♥ ❈♦r♦❧❧❛r② ✸✳✷✳

Pr♦♦❢✳ ❆♣♣❧② t❤❡ ❞✐st✉r❜❛♥❝❡ ♦❢ t❤❡ ✐♥t❡r✐♦r ✜❡❧❞ ❞✉❡ t♦ t❤❡ s❝❛tt❡r❡r✱ ✐✳❡✳✱ t❤❡
❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ t❤❡ ✐♥t❡r♥❛❧ s♦❧✉t✐♦♥ ❛♥❞ t❤❡ ✐♥❝✐❞❡♥t ✜❡❧❞✱ u′ = u − Ei t♦ t❤❡
s❡sq✉✐❧✐♥❡❛r ❢♦r♠ ✭✷✳✻✮✳ ❲❡ ❣❡t

A(u′,v) =

∫

∂Ω

π−(v) · Ce(γ−(Ei)) dS

−
∫

Ω

{

i

k0
∇× v · µ−1 · ∇ ×Ei − ik0v · ǫ ·Ei

}

dv, ∀v ∈ H(curl,Ω)

❚❤❡ ✇❡❛❦ ❢♦r♠✉❧❛t✐♦♥ ♦❢ t❤❡ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ t❤❡ ✐♥t❡r♥❛❧ s♦❧✉t✐♦♥ ❛♥❞ t❤❡ ✐♥❝✐❞❡♥t
✜❡❧❞✱ E′ = E −Ei t❤❡♥ ✐s

A(E′,v) = h(v), ∀v ∈ H(curl,Ω)

✹❚❤✐s ❝♦♥str✉❝t✐♦♥ ✐s ❝♦♥s✐st❡♥t✱ s✐♥❝❡ −ik0ǫ(x) ·E(x) ✐s t❤❡ ✇❡❛❦ ❝✉r❧ ♦❢ H(x) = 1
ik0

µ−1(x) ·
∇ ×E(x)✳ ■♥ ❢❛❝t✱ ✇❡ ❤❛✈❡

(H,∇× φ)L2(Ω;C3) + ik0 (ǫ(x) ·E(x),φ)L2(Ω;C3) = 0 ∀φ ∈ D(Ω;C3)

s✐♥❝❡ A(E,φ) = 0✱ ∀φ ∈ D(Ω;C3)✳



✾

✇❤❡r❡ t❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡ ✐s ❛ ❧✐♥❡❛r✱ ❜♦✉♥❞❡❞ ❢✉♥❝t✐♦♥❛❧ ♦♥ H(curl,Ω)✳ ■♥ ❢❛❝t✱

h(v) =

∫

∂Ω

π−(v) · Ce(γ−(Ei)) dS

−
∫

Ω

{

i

k0
∇× v · µ−1 · ∇ ×Ei − ik0v · ǫ ·Ei

}

dv

+

∫

∂Ω

(

γ+(H i)− Ce(γ+(Ei))
)

· π−(v) dS

♦r s✐♥❝❡ γ−(Ei) = γ+(Ei)

h(v) = ik0

∫

Ω

v · (ǫ− I3) ·Ei dv −
i

k0

∫

Ω

(∇× v) ·
(

µ−1 − I3

)

· (∇×Ei) dv

+ ik0

∫

Ω

v ·Ei dv −
i

k0

∫

Ω

(∇× v) · (∇×Ei) dv +

∫

∂Ω

γ+(H i) · π−(v) dS

✇❤✐❝❤ ✇❡ r❡✇r✐t❡ ❛s

h(v) = ik0

∫

Ω

v · (ǫ− I3) ·Ei dv −
i

k0

∫

Ω

(∇× v) ·
(

µ−1 − I3

)

· (∇×Ei) dv

❲❡ ❤❛✈❡ ❤❡r❡ ✉s❡❞ t❤❡ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ✐♥❝✐❞❡♥t ❡❧❡❝tr✐❝ ✜❡❧❞✱ ✈✐③✳✱ ∇× (∇×Ei) =
k2
0Ei✱ ❛♥❞

ik0

∫

Ω

v ·Ei dv −
i

k0

∫

Ω

(∇× v) · (∇×Ei) dv +

∫

∂Ω

γ+(H i) · π−(v) dS

=− i

k0

∫

Ω

∇ · {v × (∇×Ei)} dv +
∫

∂Ω

γ+(H i) · π−(v) dS

=

∫

∂Ω

ν̂ · {v ×H i} dS +

∫

∂Ω

γ+(H i) · π−(v) dS = 0

❚❤✐s ❧❡❛❞s t♦ t❤❡ ❡st✐♠❛t❡

|h(v)| ≤ k0‖v‖L2(Ω;C3)‖ǫ− I3‖L∞(Ω;C3×3)‖Ei‖L2(Ω;C3)

+ k−1
0 ‖∇ × v‖L2(Ω;C3)‖µ−1 − I3‖L∞(Ω;C3×3)‖∇ ×Ei‖L2(Ω;C3)

❛♥❞ ❞✉❡ t♦ t❤❡ ❛ss✉♠♣t✐♦♥s ♠❛❞❡ ♦♥ t❤❡ ♠❛t❡r✐❛❧ ♣❛r❛♠❡t❡rs✱ ✇❡ ❣❡t

|h(v)| ≤ C3‖v‖H(curl,Ω)‖Ei‖H(curl,Ω)

✇❤❡r❡ t❤❡ ❝♦♥st❛♥t

C3 = max
(

k0‖ǫ− I3‖L∞(Ω;C3×3), k
−1
0 ‖µ−1 − I3‖L∞(Ω;C3×3)

)



✶✵

❈♦♥s❡q✉❡♥t❧②✱ t❤❡ ♥♦r♠ ♦❢ h ✐♥ t❤❡ ❞✉❛❧ s♣❛❝❡ ♦❢ H(curl,Ω) ✐s

‖h‖H′(curl,Ω) = sup
‖v‖H(curl,Ω)=1

|h(v)| ≤ C3‖Ei‖H(curl,Ω)

❚❤❡r❡❢♦r❡✱ ❜② ▲❛①✲▼✐❧❣r❛♠✬s t❤❡♦r❡♠✱ ✇❡ ❝❛♥ ❡st✐♠❛t❡ t❤❡ ❞✐st✉r❜❛♥❝❡ ❛s

‖E′‖H(curl,Ω) ≤ C‖Ei‖H(curl,Ω) ✭✸✳✷✮

✇❤❡r❡ C = C3/CA✱ ✇❤❡r❡ CA ✐s ❣✐✈❡♥ ✐♥ Pr♦♣♦s✐t✐♦♥ ✸✳✶✱ ❛♥❞ t❤❡ ♣r♦♣♦s✐t✐♦♥ ✐s
♣r♦✈❡❞ ❜② t❤❡ ✉s❡ ♦❢ E = E′ +Ei✳

❲❡ ❤❛✈❡ ❛❧s♦ ♣r♦✈❡❞

❈♦r♦❧❧❛r② ✸✳✹✳ ❚❤❡ s♦❧✉t✐♦♥ E′ = E −Ei s❛t✐s✜❡s

‖E′‖H(curl,Ω) ≤ C‖Ei‖H(curl,Ω)

✇❤❡r❡ t❤❡ ❝♦♥st❛♥ts C = C3/CA✱ ✇❤❡r❡ C3 ✐s ❣✐✈❡♥ ✐♥ ❚❤❡♦r❡♠ ✸✳✷✱ ❛♥❞ CA ✐s ❣✐✈❡♥
✐♥ Pr♦♣♦s✐t✐♦♥ ✸✳✶✳

❈♦r♦❧❧❛r② ✸✳✺✳ ■❢ t❤❡ ✐♥❝✐❞❡♥t ✜❡❧❞ ✐s ❛ ♣❧❛♥❡ ✇❛✈❡✱ t❤❡♥ ❡q✉❛t✐♦♥ ✭✷✳✼✮ ❤❛s ❛ ✉♥✐q✉❡
s♦❧✉t✐♦♥ E ✐♥ H(curl,Ω) s❛t✐s❢②✐♥❣

‖E‖H(curl,Ω) ≤ C |E0| |Ω|1/2

✇❤❡r❡ C = (1 + C3/CA) (1 + k2
0)

1/2
✳ ❚❤❡ ✈♦❧✉♠❡ ♦❢ Ω ✐s ❞❡♥♦t❡❞ ❜② |Ω|✳

Pr♦♦❢✳ ❚❤❡ ♣r♦♦❢ ❢♦❧❧♦✇s ❢r♦♠ ❚❤❡♦r❡♠ ✸✳✷✱ ❛♥❞

‖Ei‖2H(curl,Ω) ≤
(

1 + k2
0

)

|E0|2 |Ω|

✹ ❘❡♣r❡s❡♥t❛t✐♦♥ ♦❢ t❤❡ s❝❛tt❡r❡❞ ✜❡❧❞s

❖✉ts✐❞❡ ❛♥② ❝✐r❝✉♠s❝r✐❜✐♥❣ s♣❤❡r❡ ♦❢ t❤❡ ❞♦♠❛✐♥ Ω✱ ✐✳❡✳✱ ❛♥② s♣❤❡r❡ ✇✐t❤ r❛❞✐✉s
x ≥ R✱ t❤❡ s❝❛tt❡r❡❞ ✜❡❧❞ ❝❛♥ ❜❡ r❡♣r❡s❡♥t❡❞ ✐♥ ❛♥ ✐♥✜♥✐t❡ s❡r✐❡s ♦❢ s♣❤❡r✐❝❛❧ ✈❡❝t♦r
✇❛✈❡s uτn(k0x)✳ ❚❤❡ s♣❤❡r✐❝❛❧ ✈❡❝t♦r ✇❛✈❡s ❛r❡ ❞❡✜♥❡❞ ✐♥ ❆♣♣❡♥❞✐① ❇✱ s❡❡ ❛❧s♦ ❬✶✺❪✳

❲❡ st❛rt ✇✐t❤ s♦♠❡ ❣❡♥❡r❛❧ ❡①♣r❡ss✐♦♥s ❛♥❞ r❡♣r❡s❡♥t❛t✐♦♥s ♦❢ t❤❡ s❝❛tt❡r❡❞ ✜❡❧❞
✐♥ Ωe✳ ❚❤❡ s❝❛tt❡r❡❞ ✜❡❧❞ Es(x)✱ ✐✳❡✳✱ t❤❡ ❣❡♥❡r❛❧ s♦❧✉t✐♦♥ t♦ Pr♦❜❧❡♠ ✭❘✮ ✐♥ ✭✷✳✹✮✱
❤❛s ❛♥ ✐♥t❡❣r❛❧ r❡♣r❡s❡♥t❛t✐♦♥ ❬✹✱ ✶✸❪

Es(x) =
i

k0
∇×

{

∇×
∫

∂Ω

I3g(|x− x′|) · Ce(γ+(Es))(x
′) dS ′

}

+∇×
∫

∂Ω

I3g(|x− x′|) · γ+(Es)(x
′) dS ′, x ∈ R

3 \ Ω
✭✹✳✶✮



✶✶

✇❤❡r❡ ✇❡ ❤❛✈❡ ✉s❡❞ t❤❡ ♥♦t❛t✐♦♥

g(y) =
eik0y

4πy

▼♦r❡♦✈❡r✱ ♦✉ts✐❞❡ t❤❡ ❧❡❛st ❝✐r❝✉♠s❝r✐❜✐♥❣ s♣❤❡r❡ ✭r❛❞✐✉s R✮ ♦❢ Ω✱ t❤❡ s♦❧✉t✐♦♥
❝❛♥ ❜❡ r❡♣r❡s❡♥t❡❞ ✐♥ t❡r♠s ♦❢ ♦✉t❣♦✐♥❣ s♣❤❡r✐❝❛❧ ✈❡❝t♦r ✇❛✈❡s ❬✶✸❪✳



















Es(x) =
∑

τn

fτnuτn(k0x)

Hs(x) = −
i

k0

∑

τn

fτn∇× uτn(k0x) = −i
∑

τn

fτnuτ̄n(k0x)
x > R ✭✹✳✷✮

✇❤❡r❡ n ✐s ❛ ♠✉❧t✐✲✐♥❞❡①✱ ❛♥❞ ✇❤❡r❡ t❤❡ ✐♥❞❡① τ̄ ✐s t❤❡ ❞✉❛❧ ✐♥❞❡① ♦❢ τ ✱ ❞❡✜♥❡❞ ❜②
1̄ = 2 ❛♥❞ 2̄ = 1✳ ❚❤❡ ❡①♣❧✐❝✐t ❡①♣r❡ss✐♦♥s ♦❢ t❤❡ ❡❧❡❝tr✐❝ ❛♥❞ ♠❛❣♥❡t✐❝ ✜❡❧❞s ✐♥ ✭✹✳✷✮
❢♦r x > R ❛r❡✱ s❡❡ ❆♣♣❡♥❞✐① ❇



































































Es(x) =
∑

n

(

f1n
ξl(k0x)

k0x
A1n(x̂)

+ f2n

(

ξ′l(k0x)

k0x
A2n(x̂) +

√

l(l + 1)
ξl(k0x)

k2
0x

2
A3n(x̂)

)

)

Hs(x) = −i
∑

n

(

f1n

(

ξ′l(k0x)

k0x
A2n(x̂) +

√

l(l + 1)
ξl(k0x)

k2
0x

2
A3n(x̂)

)

+ f2n
ξl(k0x)

k0x
A1n(x̂)

)

✭✹✳✸✮

❛♥❞


































γ+(Es)(x) = x̂×Es(x) =
∑

n

(

f1n
ξl(k0x)

k0x
A2n(x̂)− f2n

ξ′l(k0x)

k0x
A1n(x̂)

)

Ce(γ+(Es))(x) = γ+(Hs)(x) = x̂×Hs(x)

= i
∑

n

(

f1n
ξ′l(k0x)

k0x
A1n(x̂)− f2n

ξl(k0x)

k0x
A2n(x̂)

)

✭✹✳✹✮

❛♥❞


















π+(Es)(x) =
∑

n

(

f1n
ξl(k0x)

k0x
A1n(x̂) + f2n

ξ′l(k0x)

k0x
A2n(x̂)

)

π+(Hs)(x) = −i
∑

n

(

f1n
ξ′l(k0x)

k0x
A2n(x̂) + f2n

ξl(k0x)

k0x
A1n(x̂)

)

❍❡r❡✱ Aτn ❛r❡ ✈❡❝t♦r s♣❤❡r✐❝❛❧ ❤❛r♠♦♥✐❝s✱ s❡❡ ❆♣♣❡♥❞✐① ❇ ❛♥❞ ❬✶✺❪✳ ❚❤❡ ❝♦❡✣❝✐❡♥ts
fτn ❛r❡ ❞❡t❡r♠✐♥❡❞ ❜② ❬✶✸❪✱ ✐✳❡✳✱

fτn = −k2
0

∫

∂Ω

vτn(k0x) ·Ce(γ+(Es))(x) dS + ik2
0

∫

∂Ω

vτ̄n(k0x) · γ+(Es)(x) dS ✭✹✳✺✮



✶✷

ν̂

∂Ω

ν̂

∂Ω1

ν̂

∂Ω2

❋✐❣✉r❡ ✷✿ ❚②♣✐❝❛❧ ❣❡♦♠❡tr② ♦❢ t❤❡ ❣❡♦♠❡tr② ✐♥ ▲❡♠♠ ✹✳✶✳

✇❤❡r❡ vτn(k0x) ❞❡♥♦t❡s t❤❡ r❡❣✉❧❛r s♣❤❡r✐❝❛❧ ✈❡❝t♦r ✇❛✈❡s✱ s❡❡ ❬✶✺❪✳ ■♥ ❢❛❝t✱ t❤❡
r❡♣r❡s❡♥t❛t✐♦♥s ✐♥ ✭✹✳✷✮ ❛♥❞ ✭✹✳✺✮ ❛r❡ ❞✐r❡❝t ❝♦♥s❡q✉❡♥❝❡s ♦❢ t❤❡ ❡①♣❛♥s✐♦♥ ❬✷❪

I3g(R) = ik0
∑

n
τ=1,2,3

uτn(k0x>)vτn(k0x<) = ik0
∑

n
τ=1,2,3

vτn(k0x<)uτn(k0x>)

✇❤❡r❡ R = |x − x′|✱ ❛♥❞ ✇❤❡r❡ t❤❡ ❛r❣✉♠❡♥t x> ✭x<✮ ❞❡♥♦t❡s t❤❡ ✈❡❝t♦r ✇✐t❤ t❤❡
❧❛r❣❡r ✭s♠❛❧❧❡r✮ ♠❛❣♥✐t✉❞❡ ♦❢ x ❛♥❞ x′✳ ❚❤❡ ❝♦❡✣❝✐❡♥ts fτn ❞♦ ♥♦t ❞❡♣❡♥❞❡♥t ♦♥
✇❤✐❝❤ s✉r❢❛❝❡ ∂Ω t❤❡② ❛r❡ ❡✈❛❧✉❛t❡❞ ♦♥ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡s♣❡❝t✿

▲❡♠♠❛ ✹✳✶✳ ▲❡t Ω ⊆ Ω1 ⊆ Ω2 ❜❡ t✇♦ ♦♣❡♥ s❡ts ✐♥ R
3✱ ❛♥❞ ❛ss✉♠❡ t❤❛t ∂Ω1 ❛♥❞

∂Ω2 ❛r❡ C1,1 s✉r❢❛❝❡s✱ s❡❡ ❋✐❣✉r❡ ✷ ❢♦r ❛ t②♣✐❝❛❧ ❣❡♦♠❡tr②✳ ❚❤❡♥

fτn =− k2
0

∫

∂Ω1

vτn(k0x) · Ce(γ+(Es))(x) dS + ik2
0

∫

∂Ω1

vτ̄n(k0x) · γ+(Es)(x) dS

= −k2
0

∫

∂Ω2

vτn(k0x) · Ce(γ+(Es))(x) dS + ik2
0

∫

∂Ω2

vτ̄n(k0x) · γ+(Es)(x) dS

◆♦t❡ t❤❛t t❤❡ ❈❛❧❞❡ró♥ ♦♣❡r❛t♦rs ❛♥❞ t❤❡ tr❛❝❡ ♦♣❡r❛t♦rs ♦♥ t❤❡ s✉r❢❛❝❡s ∂Ω1 ❛♥❞
∂Ω2 ❛r❡ ❞✐✛❡r❡♥t✱ ❜✉t✱ t♦ ❛✈♦✐❞ ❝✉♠❜❡rs♦♠❡ ♥♦t❛t✐♦♥✱ ✇❡ ❛❞♦♣t t❤❡ s❛♠❡ s②♠❜♦❧s
♦♥ t❤❡ t✇♦ s✉r❢❛❝❡s✳

Pr♦♦❢✳ ❲❡ st❛rt ❜② ♥♦t✐♥❣ t❤❛t ❢♦r x ∈ Ωe✱ ✇❡ ❤❛✈❡

{

ik0Hs(x) = ∇×Es(x)

k0vτ̄n(k0x) = ∇× vτn(k0x)

{

∇× (∇×Es(x)) = k2
0Es(x)

∇× (∇× vτn(k0x)) = k2
0vτn(k0x)



✶✸

❇② t❤❡ ❞✐✈❡r❣❡♥❝❡ t❤❡♦r❡♠ ✭●❛✉ss✬ t❤❡♦r❡♠✮✱ t❤❡ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ t❤❡ ✐♥t❡❣r❛❧s
✐♥ t❤❡ ❧❡♠♠❛ ❛r❡

− k2
0

∫

∂Ω2−∂Ω1

vτn(k0x) · Ce(γ+(Es))(x) dS + ik2
0

∫

∂Ω2−∂Ω1

vτ̄n(k0x) · γ+(Es)(x) dS

= −ik0
∫

∂Ω2−∂Ω1

ν̂(x) · (vτn(k0x)× (∇×Es(x)) + (∇× vτn(k0x))×Es(x)) dS

= −ik0
∫

Ω2\Ω1

∇ · (vτn(k0x)× (∇×Es(x)) + (∇× vτn(k0x))×Es(x)) dv

❍♦✇❡✈❡r✱ t❤❡ ✐♥t❡❣r❛♥❞ ✐♥ t❤❡ ❧❛st ✐♥t❡❣r❛❧ ✐s ③❡r♦✱ s✐♥❝❡ ❢♦r x ∈ Ω2 \ Ω1 ⊆ Ωe✱ ✇❡
❤❛✈❡

∇ · (vτn(k0x)× (∇×Es(x)) + (∇× vτn(k0x))×Es(x))

= (∇× vτn(k0x))× (∇×Es(x))− k2
0vτn(k0x) ·Es(x)

+ k2
0vτn(k0x) ·Es(x)− (∇× vτn(k0x))× (∇×Es(x)) = 0

❛♥❞ t❤❡ ❧❡♠♠❛ ✐s ♣r♦✈❡❞✳

❋r♦♠ t❤✐s ❧❡♠♠❛✱ ✇❡ s❡❡ t❤❛t t❤❡ ❝♦❡✣❝✐❡♥ts fτn ♦♥❧② ❞❡♣❡♥❞ ♦♥ t❤❡ ❜♦✉♥❞✐♥❣
s✉r❢❛❝❡ ∂Ω✱ t❤❡ ♠❛t❡r✐❛❧ ✐♥s✐❞❡ Ω✱ ❛♥❞ t❤❡ ✐♥❝✐❞❡♥t ✜❡❧❞ ✭❞✉❡ t♦ t❤❡ ❞❡♣❡♥❞❡♥❝❡ ♦♥
Ce(γ+(Es)) ❛♥❞ γ+(Es)✮✳

✹✳✶ ❙✉r❢❛❝❡ ✜❡❧❞ ❡st✐♠❛t❡s

Pr♦♣♦s✐t✐♦♥ ✹✳✶✳ ❚❤❡ s❝❛tt❡r❡❞ ✜❡❧❞ ♦♥ t❤❡ s✉r❢❛❝❡ ∂Ω s❛t✐s✜❡s

‖γ+(Es)‖H−1/2(div,∂Ω) ≤ C‖Ei‖H(curl,Ω)

❛♥❞
‖Ce(γ+(Es))‖H−1/2(div,∂Ω) ≤ CCC‖Ei‖H(curl,Ω)

✇❤❡r❡ t❤❡ ❝♦♥st❛♥ts C = CγC3/CA✱ ❛♥❞ ✇❤❡r❡

C3 = max
(

k0‖ǫ− I3‖L∞(Ω;C3×3), k
−1
0 ‖µ−1 − I3‖L∞(Ω;C3×3)

)

CA ✐s ❣✐✈❡♥ ✐♥ Pr♦♣♦s✐t✐♦♥ ✸✳✶✱ ❛♥❞ CC ✐s t❤❡ ♦♣❡r❛t♦r ♥♦r♠ ♦❢ t❤❡ ❡①t❡r✐♦r ❈❛❧❞❡ró♥
♦♣❡r❛t♦r✱ ✇❤✐❝❤ ❞❡♣❡♥❞ ♦♥❧② ♦❢ t❤❡ s❤❛♣❡ ♦❢ Ω✱ ❛♥❞ t❤❡ ❢r❡q✉❡♥❝② k0✳

Pr♦♦❢✳ ❲❡ ❛♣♣❧② t❤❡ r❡s✉❧t ♦❢ ❈♦r♦❧❧❛r② ✸✳✹✱ ✐✳❡✳✱

‖E′‖H(curl,Ω) ≤ C‖Ei‖H(curl,Ω)

✇❤❡r❡ C = C3/CA✱ ❛♥❞ ✇❤❡r❡ t❤❡ ❞✐st✉r❜❛♥❝❡ ♦❢ t❤❡ ✐♥t❡r✐♦r ✜❡❧❞ ❞✉❡ t♦ t❤❡ s❝❛tt❡r❡r
✐s E′ = E−Ei✳ ❚❤❡ tr❛❝❡ s♣❛❝❡ ♥♦r♠ ❞❡♣❡♥❞❡♥❝❡ ♦♥ t❤❡ ✈♦❧✉♠❡ ♥♦r♠✱ H(curl,Ω)✱
❛♥❞ t❤❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ✐♠♣❧②

‖γ+(Es)‖H−1/2(div,∂Ω) = ‖γ−(E
′)‖H−1/2(div,∂Ω) ≤ Cγ‖E′‖H(curl,Ω) ≤ CγC‖Ei‖H(curl,Ω)



✶✹

❚❤❡ ❜♦✉♥❞ ♦♥ t❤❡ ❡①t❡r✐♦r ❈❛❧❞❡ró♥ ♦♣❡r❛t♦r ❣✐✈❡s

‖Ce(γ+(Es))‖H−1/2(div,∂Ω) = ‖Ce(γ−(E
′))‖H−1/2(div,∂Ω) ≤ CCCγ‖E′‖H(curl,Ω)

≤ CCCγC‖Ei‖H(curl,Ω)

❛♥❞ t❤❡ ♣r♦♣♦s✐t✐♦♥ ✐s ♣r♦✈❡❞✳

■❢ t❤❡ ✐♥❝✐❞❡♥t ✜❡❧❞ ✐s ❛ ♣❧❛♥❡ ✇❛✈❡✱ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦r♦❧❧❛r② ❤♦❧❞s✿

❈♦r♦❧❧❛r② ✹✳✶✳ ❋♦r ❛♥ ✐♥❝✐❞❡♥t ♣❧❛♥❡ ✇❛✈❡✱ t❤❡ s❝❛tt❡r❡❞ ✜❡❧❞ ♦♥ t❤❡ s✉r❢❛❝❡ ∂Ω
s❛t✐s✜❡s

‖γ+(Es)‖H−1/2(div,∂Ω) ≤ C
(

1 + k2
0

)1/2 |E0| |Ω|1/2

❛♥❞
‖Ce(γ+(Es))‖H−1/2(div,∂Ω) ≤ CCC

(

1 + k2
0

)1/2 |E0| |Ω|1/2

✇❤❡r❡ t❤❡ ❝♦♥st❛♥ts C ✐s ❣✐✈❡♥ ✐♥ Pr♦♣♦s✐t✐♦♥ ✹✳✶✳ ❚❤❡ ✈♦❧✉♠❡ ♦❢ Ω ✐s ❞❡♥♦t❡❞ ❜②
|Ω|✳

Pr♦♦❢✳ ❚❤❡ r❡s✉❧t ❢♦❧❧♦✇s ✐♠♠❡❞✐❛t❡❧② ❢r♦♠ t❤❡ ♣r♦♦❢ ♦❢ ❈♦r♦❧❧❛r② ✸✳✸✳

✹✳✷ ❙❝❛tt❡r❡❞ ✜❡❧❞ ❡st✐♠❛t❡s

Pr♦♣♦s✐t✐♦♥ ✹✳✷✳ ❲❡ ❤❛✈❡ ❢♦r ❛♥② ❜♦✉♥❞❡❞ ❞♦♠❛✐♥ Ωs ⊂ Ωe

‖Es‖L2(Ωs;C3) ≤ C4‖Ei‖H(curl,Ω)

❛♥❞
sup
x∈Ωs

|Es(x)| ≤ C5‖Ei‖H(curl,Ω)

✇❤❡r❡

C4 = C
∥

∥

(

CC‖F1(x, ·)‖H−1/2(curl,∂Ω) + ‖F2(x, ·)‖H−1/2(curl,∂Ω)

)∥

∥

L2(Ωs;C3)

C5 = C sup
x∈Ωs

(

CC‖F1(x, ·)‖H−1/2(curl,∂Ω) + ‖F2(x, ·)‖H−1/2(curl,∂Ω)

)

C ✐s ❣✐✈❡♥ ✐♥ Pr♦♣♦s✐t✐♦♥ ✹✳✶✱ ❛♥❞







F1(x,x
′) =

i

k0
∇× {∇× I3g(|x− x′|)}

F2(x,x
′) = ∇× I3g(|x− x′|)

Pr♦♦❢✳ ❚❤❡ ✐♥t❡❣r❛❧ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ t❤❡ s❝❛tt❡r❡❞ ✜❡❧❞ ✐♥ ✭✹✳✶✮ r❡❛❞s

Es(x) =

∫

∂Ω

F1(x,x
′) · Ce(γ+(Es))(x

′) dS ′

+

∫

∂Ω

F2(x,x
′) · γ+(Es)(x

′) dS ′, x ∈ Ωe



✶✺

✇❤❡r❡






F1(x,x
′) =

i

k0
∇× {∇× I3g(|x− x′|)}

F2(x,x
′) = ∇× I3g(|x− x′|)

❙✐♥❝❡ γ+(Es) ❛♥❞ Ce(γ+(Es)) ❛r❡ ❜♦✉♥❞❡❞ ✐♥H−1/2(div, ∂Ω)✱ ✇❡ ♦♥❧② ❤❛✈❡ t♦ ✈❡r✐❢②
t❤❛t Fi(x,x

′)✱ i = 1, 2✱ ❛r❡ ❜♦✉♥❞❡❞ ✐♥ t❤❡ ❞✉❛❧ s♣❛❝❡ H−1/2(curl, ∂Ω)✱ s❡❡ ❡✳❣✳✱ ❬✸✱ ♣✳
✸✽❪✱ ❢♦r ❛❧❧ x ∈ Ωs✳ ■♥ ❢❛❝t✱ t❤❡ ❦❡r♥❡❧s ❛r❡ ✐♥✜♥✐t❡❧② ❞✐✛❡r❡♥t✐❛❜❧❡ ✇❤❡♥❡✈❡r x /∈ ∂Ω✱
✇❤✐❝❤ ✐♠♣❧✐❡s

|Es(x)| ≤ ‖F1(x, ·)‖H−1/2(curl,∂Ω)‖Ce(γ+(Es))‖H−1/2(div,∂Ω)

+ ‖F2(x, ·)‖H−1/2(curl,∂Ω)‖γ+(Es))‖H−1/2(div,∂Ω)

≤ C ′(x)‖γ+(Es)‖H−1/2(div,∂Ω)

✇❤❡r❡
C ′(x) = CC‖F1(x, ·)‖H−1/2(curl,∂Ω) + ‖F2(x, ·)‖H−1/2(curl,∂Ω)

❚❛❦✐♥❣ sup ♦✈❡r ❛❧❧ x ∈ Ωs ②✐❡❧❞s

sup
x∈Ωs

|Es(x)| ≤ sup
x∈Ωs

C ′(x)‖γ+(Es)‖H−1/2(div,∂Ω) ≤ C ′′C‖Ei‖H(curl,Ω)

✇❤❡r❡
C ′′ = sup

x∈Ωs

C ′(x)

❛♥❞ ✇❤❡r❡ ✇❡ ❤❛✈❡ ❡♠♣❧♦②❡❞ t❤❡ r❡s✉❧t ✐♥ Pr♦♣♦s✐t✐♦♥ ✹✳✶✳ ❚❤✐s ❡♥❞s t❤❡ s❡❝♦♥❞
❡st✐♠❛t❡ ✐♥ t❤❡ ♣r♦♣♦s✐t✐♦♥✳

❚❤❡ ✜rst ❡st✐♠❛t❡ ❛❧s♦ ❢♦❧❧♦✇s ✐♠♠❡❞✐❛t❡❧②✳ ❲❡ ❤❛✈❡

‖Es‖2L2(Ωs;C3) =

∫

Ωs

|Es(x)|2 dv ≤ C2‖C ′‖2L2(Ωs;C3)‖Ei‖2H(curl,Ω)

✇❤❡r❡ ✇❡ ❤❛✈❡ ❡♠♣❧♦②❡❞ t❤❡ r❡s✉❧t ✐♥ Pr♦♣♦s✐t✐♦♥ ✹✳✶✱ ❛♥❞ t❤❡ ♣r♦♣♦s✐t✐♦♥ ❢♦❧❧♦✇s✳

❈♦r♦❧❧❛r② ✹✳✷✳ P❧❛♥❡ ✐♥❝✐❞❡♥t ✜❡❧❞s ②✐❡❧❞

‖Es‖L2(Ωs;C3) ≤ C4

(

1 + k2
0

)1/2 |E0| |Ω|1/2 |Ωs|1/2

❛♥❞
sup
x∈Ωs

|Es(x)| ≤ C5

(

1 + k2
0

)1/2 |E0| |Ω|1/2

✇❤❡r❡ ❝♦♥st❛♥ts C4✱ C5 ❛r❡ ❣✐✈❡♥ ✐♥ Pr♦♣♦s✐t✐♦♥ ✹✳✷✳

Pr♦♦❢✳ ❚❤❡ r❡s✉❧t ❢♦❧❧♦✇s ✐♠♠❡❞✐❛t❡❧② ❢r♦♠ Pr♦♣♦s✐t✐♦♥ ✹✳✷ ❛♥❞ t❤❡ ♣r♦♦❢ ♦❢ ❈♦r♦❧✲
❧❛r② ✸✳✸✳



✶✻

✹✳✸ ❋❛r ✜❡❧❞ ❛♠♣❧✐t✉❞❡

❚❤❡ ❢❛r ✜❡❧❞ ❛♠♣❧✐t✉❞❡✱ F (x̂)✱ ❞❡✜♥❡❞ ❜② ❬✹❪

F (x̂) = lim
x→∞

xe−ik0xEs(x)

✐s ❣❡♥❡r❛❧❧② ❣✐✈❡♥ ✐♥ t❡r♠s ♦❢ t❤❡ tr❛❝❡s ♦♥ t❤❡ ❡♥❝❧♦s✐♥❣ s✉r❢❛❝❡ ❜②

F (x̂) = i
k

4π
x̂×

∫

∂Ω

{

γ+(Es)− x̂× γ+(Hs)
}

e−ikx̂·x′

dS ′

❋r♦♠ t❤❡ ❡①♣❛♥s✐♦♥ ♦❢ t❤❡ s❝❛tt❡r❡❞ ❡❧❡❝tr✐❝ ✜❡❧❞ ♦✉ts✐❞❡ t❤❡ ❧❡❛st ❝✐r❝✉♠s❝r✐❜✐♥❣
s♣❤❡r❡✱ ✭✹✳✷✮✱ ✇❡ ❛❧s♦ ❤❛✈❡

F (x̂) =
1

k0

∑

τn

fτne
−i(l+2−τ)π/2Aτn(x̂) ✭✹✳✻✮

✇❤❡r❡ t❤❡ ❝♦❡✣❝✐❡♥ts f1n ❛♥❞ f2n ❛r❡ ❞❡t❡r♠✐♥❡❞ ❜② t❤❡ ♦rt❤♦♥♦r♠❛❧ ♣r♦♣❡rt✐❡s ♦❢
t❤❡ ✈❡❝t♦r s♣❤❡r✐❝❛❧ ❤❛r♠♦♥✐❝s✱ ✐✳❡✳✱

fτn = k0e
i(l+2−τ)π/2

∫

Γ

Aτn(x̂) · F (x̂) dΓ

✇❤❡r❡ Γ ✐s t❤❡ ✉♥✐t s♣❤❡r❡ ✐♥ R
3✳

❋r♦♠ ✭✹✳✸✮ ❛♥❞ ✭✹✳✹✮✱ ✇❡ ❣❡t ❜② ♦rt❤♦❣♦♥❛❧✐t② ♦❢ t❤❡ ✈❡❝t♦r s♣❤❡r✐❝❛❧ ❤❛r♠♦♥✐❝s✱
❛♥❞ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ tr❛❝❡ ♥♦r♠ ‖·‖2

H−1/2(div,∂Bx)
✱ s❡❡ ✭❇✳✷✮ ✐♥ ❆♣♣❡♥❞✐① ❇ ❛♥❞

❘❡❢✳ ✽✳

▲❡♠♠❛ ✹✳✷✳ ❚❤❡ ♥♦r♠ ♦❢ t❤❡ ❢❛r ✜❡❧❞ ❛♠♣❧✐t✉❞❡ ✐s

‖F ‖2Γ =
1

k2
0

∑

n

{

|f1n|2 + |f2n|2
}

✇❤❡r❡ t❤❡ ♥♦r♠ ♦♥ t❤❡ ✉♥✐t s♣❤❡r❡ Γ ✐s ❞❡✜♥❡❞ ✐♥ ✭❇✳✶✮ ✐♥ ❆♣♣❡♥❞✐① ❇✳ ❖✉ts✐❞❡
t❤❡ ❧❡❛st ❝✐r❝✉♠s❝r✐❜✐♥❣ s♣❤❡r❡✱ x ≥ R✱ t❤❡ ♥♦r♠s ♦❢ t❤❡ t❛♥❣❡♥t✐❛❧ ✜❡❧❞s ❛r❡ ✭Bx =
B(0, x) ❞❡♥♦t❡s t❤❡ ❜❛❧❧ ♦❢ r❛❞✐✉s x✱ ❝❡♥t❡r❡❞ ❛t t❤❡ ♦r✐❣✐♥✱ ❛♥❞ κ = k0x✮






















‖γ(Es)‖2L2(∂Bx;C3) =
1

k2
0

∑

n

{

|ξl(κ)|2 |f1n|2 + |ξ′l(κ)|2 |f2n|2
}

‖γ(Es)‖2H−1/2(div,∂Bx)
=

1

k2
0

∑

n

{

√

1 + l(l + 1) |ξl(κ)|2 |f1n|2 +
|ξ′l(κ)|2 |f2n|2
√

1 + l(l + 1)

}

✭✹✳✼✮
❛♥❞






















‖γ(Hs)‖2L2(∂Bx;C3) =
1

k2
0

∑

n

{

|ξ′l(κ)|2 |f1n|2 + |ξl(κ)|2 |f2n|2
}

‖γ(Hs)‖2H−1/2(div,∂Bx)
=

1

k2
0

∑

n

{

|ξ′l(κ)|2 |f1n|2
√

1 + l(l + 1)
+
√

1 + l(l + 1) |ξl(κ)|2 |f2n|2
}



✶✼

❛♥❞ t❤❡ ❢✉❧❧ ✜❡❧❞s ❤❛✈❡ t❤❡ ♥♦r♠s























‖Es‖2L2(∂Bx;C3) =
1

k2
0

∑

n

{

|ξl(κ)|2 |f1n|2 +
(

|ξ′l(κ)|2 + l(l + 1)
|ξl(κ)|2

κ2

)

|f2n|2
}

‖Hs‖2L2(∂Bx;C3) =
1

k2
0

∑

n

{(

|ξ′l(κ)|2 + l(l + 1)
|ξl(κ)|2

κ2

)

|f1n|2 + |ξl(κ)|2 |f2n|2
}

❚❤❡ r❡s✉❧t ♦❢ t❤✐s ❧❡♠♠❛ ❝❛♥ ❛❧s♦ ❜❡ r❡✇r✐tt❡♥ ✐♥ ❛ ♠♦r❡ s②♠♠❡tr✐❝ ❢♦r♠ t❤❛t ✐s
♠♦r❡ ✉s❡❢✉❧ ✐♥ t❤❡ ❛♥❛❧②s✐s✳ ❲❡ ❤❛✈❡

‖γ(Hs)‖2H−1/2(div,∂Bx)
=

1

k2
0

∑

n

{

√

1 + l(l + 1) |tl(κ)|2 |ξl(κ)|2 |f1n|2

+
|ξ′l(κ)|2 |f2n|2

|tl(κ)|2
√

1 + l(l + 1)

} ✭✹✳✽✮

✇❤❡r❡

tl(κ) =
1

√

1 + l(l + 1)

ξ′l(κ)

ξl(κ)

■♥ ❘❡❢✳ ✽ t❤❡ ❢♦❧❧♦✇✐♥❣ ❧❡♠♠❛ ✐s ♣r♦✈❡❞✱ ❛♥❞ ❢♦r ❝♦♥✈❡♥✐❡♥❝❡ t❤❡ ♣r♦♦❢ ✐s r❡♣❡❛t❡❞✿

▲❡♠♠❛ ✹✳✸✳ ❋♦r ❡❛❝❤ ✜①❡❞ κ✱ t❤❡ s❡q✉❡♥❝❡ tl(κ)✱ l = 1, 2, 3, . . . s❛t✐s✜❡s

c(κ) ≤ |tl(κ)| ≤ C(κ)

✇❤❡r❡ t❤❡ ❝♦♥st❛♥ts 0 < c(κ) ≤ C(κ) ❛r❡ ✐♥❞❡♣❡♥❞❡♥t l✱ ❜✉t t❤❡② ❞❡♣❡♥❞ ♦♥ κ✳
▼♦r❡♦✈❡r✱ ❢♦r ✜①❡❞ κ0 > 0✱ κc(κ) ❛♥❞ κC(κ) ❛r❡ ✉♥✐❢♦r♠❧② ❜♦✉♥❞❡❞ ❢r♦♠ ❛❜♦✈❡ ❛♥❞
❜❡❧♦✇ ❢♦r ❛❧❧ κ > κ0✳

Pr♦♦❢✳ ❙✐♥❝❡ ♥❡✐t❤❡r ξl(z) ♥♦r ξ
′
l(z) ❤❛✈❡ ❛♥② r❡❛❧ ③❡r♦❡s z = x✱ tl(κ) st❛② ❛✇❛② ❢r♦♠

③❡r♦ ❛♥❞ ✐♥✜♥✐t② ❢♦r ❛❧❧ ✜♥✐t❡ l✱ ❛♥❞ ✐t s✉✣❝❡s t♦ ❝❤❡❝❦ ✐❢ t❤❡ ❧✐♠✐t ❛s l →∞ ✐s ♥♦t
③❡r♦ ♦r ✐♥✜♥✐t❡ t♦ ♣r♦✈❡ t❤❡ ❧❡♠♠❛✳ ❚❤❡ ❘✐❝❝❛t✐✲❇❡ss❡❧ ❢✉♥❝t✐♦♥ ξl(z) ✐s ❛♥ ❡♥t✐r❡
❢✉♥❝t✐♦♥ ♦❢ z✱ ❛♥❞ ✐t ❤❛s ❛ ✜♥✐t❡ s❡r✐❡s r❡♣r❡s❡♥t❛t✐♦♥ ❬✶✶❪

ξl(z) = eiz−i(l+1)π/2

l
∑

k=0

(l + k)!

k!(l − k)!

1

(−2iz)k

❛♥❞ ✐t s❛t✐s✜❡s t❤❡ r❡❝✉rs✐♦♥ r❡❧❛t✐♦♥

ξ′l(z) = ξl−1(z)−
l

z
ξl(z), ξl+1(z) =

2l + 1

z
ξl(z)− ξl−1(z)

✇❤✐❝❤ ✐♠♣❧✐❡s
ξ′l(κ)

ξl(κ)
= − l

κ
+

ξl−1(κ)

ξl(κ)



✶✽

❲❡ ♥♦✇ ❢♦❝✉s ♦♥ ❤♦✇ t❤❡ q✉♦t✐❡♥t fl(κ) = ξl+1(κ)/ξl(κ) ❣r♦✇s ❛s l →∞✳ ❋r♦♠ t❤❡
r❡❝✉rs✐♦♥ ❢♦r♠✉❧❛ ✇❡ ❤❛✈❡

fl(κ) =
2l + 1

κ
− 1

fl−1(κ)
, f0(κ) = −i +

1

κ

❘❡♣❡❛t❡❞ ✉s❡ ♦❢ t❤✐s r❡❝✉rs✐♦♥ ❢♦r♠✉❧❛ ❧❡❛❞s t♦ ✭❝♦♥t✐♥✉❡❞ ❢r❛❝t✐♦♥✮

fl(κ) =
2l + 1

κ
(1 +O(1/l))

✇❤✐❝❤ ✐♠♣❧✐❡s
∣

∣

∣

∣

ξ′l(κ)

ξl(κ)

∣

∣

∣

∣

=
l

κ

(

1 +O(1/l2)
)

❛♥❞

|tl(κ)| =
l

κ
√

1 + l(l + 1)

(

1 +O(1/l2)
)

→ 1

κ
❛s l →∞

❛♥❞ t❤❡ ❧❡♠♠❛ ✐s ♣r♦✈❡❞✳

▲❡♠♠❛ ✹✳✹✳ ❚❤❡ ♥♦r♠ ♦❢ t❤❡ ❡①t❡r✐♦r ❈❛❧❞❡ró♥ ♦♣❡r❛t♦r ✐s ‖Ce‖H−1/2(div,∂Ω) =
supl max{|tl(κ)|, 1/|tl(κ)|}✳ ❚❤❡ ♥♦r♠ ❞❡♣❡♥❞s ♦♥ κ = k0x✳

Pr♦♦❢✳ ❲❡ ❤❛✈❡

‖Ce‖H−1/2(div,∂Bx) = sup
‖γ(Es)‖H−1/2(div,∂Bx)

6=0

‖Ce(γ(Es))‖H−1/2(div,∂Bx)

‖γ(Es)‖H−1/2(div,∂Bx)

= sup
‖γ(Es)‖H−1/2(div,∂Bx)

6=0

‖γ(Hs)‖H−1/2(div,∂Bx)

‖γ(Es)‖H−1/2(div,∂Bx)

❚❤❡ r❡s✉❧t ♦❢ t❤❡ ❧❡♠♠❛ ❢♦❧❧♦✇s ❜② ❝♦♠♣❛r✐♥❣ ❝♦❡✣❝✐❡♥ts ✐♥ ✭✹✳✼✮ ❛♥❞ ✭✹✳✽✮ ❛♣♣❧②✐♥❣
▲❡♠♠❛ ✹✳✸✱ ✇❤✐❝❤ ❝❡rt✐✜❡s t❤❡ ❜♦✉♥❞❡❞♥❡ss ♦❢ t❤❡ ❡①♣r❡ss✐♦♥✳

■♥ ❋✐❣✉r❡ ✸✱ ✇❡ ❞❡♣✐❝t t❤❡ ♥♦r♠ ‖Ce‖H−1/2(div,∂Bx) ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ r❛❞✐✉s✱
♦r t❤❡ ❢r❡q✉❡♥❝② ♦❢ t❤❡ ❛♣♣❧✐❡❞ ✜❡❧❞✳ ❚❤❡ s❤❛♣❡ ♦❢ t❤❡ ♣❧♦t ✐s ❞✉❡ t♦ t❤❡ ❝♦✉♣❧✐♥❣
❜❡t✇❡❡♥ t❤❡ ❞✐✛❡r❡♥t ♠♦❞❡s ✐♥ t❤❡ ❡①♣❛♥s✐♦♥s ✐♥ t❤❡ ♥♦r♠s ✐♥ ✭✹✳✼✮ ❛♥❞ ✭✹✳✽✮✳ ❊❛❝❤
❧♦❝❛❧ ♠✐♥✐♠❛ ❛t t❤❡ ❝✉s♣s ❝♦rr❡s♣♦♥❞ t♦ ❛ s❤✐❢t ❢r♦♠ ♦♥❡ ♠♦❞❡ t❤❡ t❤❡ ♥❡①t ♦♥❡✳
▲❛r❣❡r r❛❞✐✉s ❛♥❞ ❤✐❣❤❡r ❢r❡q✉❡♥❝✐❡s ❝♦rr❡s♣♦♥❞ t♦ ❤✐❣❤❡r ♦r❞❡r ♠♦❞❡s ❛t ✇❤✐❝❤ t❤❡
♠❛♣♣✐♥❣ ❜❡t✇❡❡♥ t❤❡ t❛♥❣❡♥t✐❛❧ ❡❧❡❝tr✐❝ ❛♥❞ ♠❛❣♥❡t✐❝ ✜❡❧❞s ✐s t❤❡ str♦♥❣❡st✳ ❚❤❡
♠✐♥✐♠✉♠ ❛t k0x ≈ 0.6490 ✐s t❤❡ r♦♦t ♦❢

1

κ
= |t∞| =

1

|t1|
=

√
3κ
√
1 + κ2

√
1− κ2 + κ4

⇒ 3κ6 + 2κ4 + κ2 − 1 = 0

▲❡♠♠❛ ✹✳✺✳ ❖✉ts✐❞❡ t❤❡ ❧❡❛st ❝✐r❝✉♠s❝r✐❜✐♥❣ s♣❤❡r❡✱ x ≥ R✱ ✇❡ ❤❛✈❡ ❢♦r ❛♥②
s♣❤❡r✐❝❛❧ s✉r❢❛❝❡ R ≤ x1 ≤ x2

2‖F ‖2Γ ≤ ‖γ+(Es)‖2L2
t (∂B(0,x2);C3) + ‖γ+(Hs)‖2L2

t (∂B(0,x2);C3)

≤ ‖γ+(Es)‖2L2
t (∂B(0,x1);C3) + ‖γ+(Hs)‖2L2

t (∂B(0,x1);C3)



✶✾

2 4 6 8 10

5

10

15

20

25

30

l = 1
l = 2

l = 3
l = 4

l = 5

←− 1/κ

κ = k0x

‖Ce‖H−1/2(div,∂Bx)

❋✐❣✉r❡ ✸✿ ❚❤❡ ♥♦r♠ ♦❢ t❤❡ ❡①t❡r✐♦r ❈❛❧❞❡ró♥ ♦♣❡r❛t♦r ‖Ce‖H−1/2(div,∂Bx) ❢♦r ❛ s♣❤❡r❡
♦❢ r❛❞✐✉s x ✐s ❞❡♣✐❝t❡❞✳ ❚❤❡ ♠✐♥✐♠✉♠ ♦❢ ‖Ce‖H−1/2(div,∂Bx)(k0x) ≈ 1.541 ✐s ♦❜t❛✐♥❡❞
❛t k0x ≈ 0.6490✳ ❇❡❧♦✇ t❤❡ ♠✐♥✐♠✉♠ ♣♦✐♥t |tl| ❣✐✈❡s t❤❡ ♠❛①✐♠✉♠✱ ❛♥❞ ❛❜♦✈❡ t❤✐s
✈❛❧✉❡ 1/|tl| ❣✐✈❡s t❤❡ ♠❛①✐♠✉♠✳ ❚❤❡ ❞❛s❤❡❞ ❧✐♥❡s ❞❡♣✐❝t t❤❡ ❢✉♥❝t✐♦♥ 1/|tl(k0x)| ❢♦r
l = 1, 2, 3, . . . , 10✳

❛♥❞
{

‖Es‖L2(∂B(0,x2);C3) ≤ ‖Es‖L2(∂B(0,x1);C3)

‖Hs‖L2(∂B(0,x2);C3) ≤ ‖Hs‖L2(∂B(0,x1);C3)

❚❤❡ ❧✐♠✐ts
lim
x→∞
‖γ+(Es)‖L2

t (∂Ωx;C3) = lim
x→∞
‖γ+(Hs)‖L2

t (∂Ωx;C3)

= lim
x→∞
‖Es‖L2(∂Ωx;C3) = lim

x→∞
‖Hs‖L2(∂Ωx;C3) = ‖F ‖Γ

❤♦❧❞✳

Pr♦♦❢✳ ❚❤❡ ❧❡♠♠❛ ❢♦❧❧♦✇s ✐♠♠❡❞✐❛t❡❧② ❢r♦♠ ▲❡♠♠❛ ✹✳✷ ❛♥❞ ▲❡♠♠❛ ❈✳✶ ✐♥ ❆♣✲
♣❡♥❞✐① ❈✳

❙✐♠✐❧❛r❧②✱ ❢♦r t❤❡ H−1/2(div, ∂Ω) ♥♦r♠✱ ✇❡ ❤❛✈❡

▲❡♠♠❛ ✹✳✻✳ ❖✉ts✐❞❡ t❤❡ ❧❡❛st ❝✐r❝✉♠s❝r✐❜✐♥❣ s♣❤❡r❡✱ x ≥ R✱ ✇❡ ❤❛✈❡ ❢♦r ❛♥②
s♣❤❡r✐❝❛❧ s✉r❢❛❝❡ R ≤ x1 ≤ x2

‖F ‖2H−1/2(div,Γ)+‖F ‖2H−1/2(curl,Γ)

≤ ‖γ+(Es)‖2H−1/2(div,∂Bx2 )
+ ‖γ+(Hs)‖2H−1/2(div,∂Bx2 )

≤ ‖γ+(Es)‖2H−1/2(div,∂Bx1 )
+ ‖γ+(Hs)‖2H−1/2(div,∂Bx1 )



✷✵

❚❤❡ ❧✐♠✐t

‖F ‖2H−1/2(div,Γ)+‖F ‖2H−1/2(curl,Γ)

= lim
κ→∞
‖γ(Es)‖2H−1/2(div,∂Bx)

+ ‖γ(Hs)‖2H−1/2(div,∂Bx)

❤♦❧❞s✳

Pr♦♦❢✳ ❋r♦♠ ▲❡♠♠❛s ✹✳✷✱ ✇❡ ❤❛✈❡

‖γ(Es)‖2H−1/2(div,∂Bx)
+ ‖γ(Hs)‖2H−1/2(div,∂Bx)

=
1

k2
0

∑

n

{

|ξ′l(κ)|2 |f2n|2
√

1 + l(l + 1)
+
√

1 + l(l + 1) |ξl(κ)|2 |f1n|2
}

+
1

k2
0

∑

n

{

|ξ′l(κ)|2 |f1n|2
√

1 + l(l + 1)
+
√

1 + l(l + 1) |ξl(κ)|2 |f2n|2
}

=
1

k2
0

∑

n

|ξ′l(κ)|2 + (1 + l(l + 1)) |ξl(κ)|2
√

1 + l(l + 1)

(

|f1n|2 + |f2n|2
)

≥ 1

k2
0

∑

n

2 + l(l + 1)
√

1 + l(l + 1)

(

|f1n|2 + |f2n|2
)

=

‖F ‖2H−1/2(div,Γ) + ‖F ‖2H−1/2(curl,Γ)

❙✐♥❝❡✱ ❜② ▲❡♠♠❛ ❈✳✶✱ t❤❡ ❢✉♥❝t✐♦♥s |ξ′l(κ)|2 + |ξl(κ)|2 ❛♥❞ |ξl(κ)|2 ❛r❡ ❞❡❝r❡❛s✐♥❣
❢✉♥❝t✐♦♥s ♦❢ κ✱ t❤❡ ❧❡♠♠❛ ❢♦❧❧♦✇s✳ ▼♦r❡♦✈❡r✱ ✐♥ t❤❡ ❧✐♠✐t κ→∞✱ ✇❡ ♦❜t❛✐♥

lim
κ→∞
‖γ(Es)‖2H−1/2(div,∂Bx)

+ ‖γ(Hs)‖2H−1/2(div,∂Bx)

= ‖F ‖2H−1/2(div,Γ) + ‖F ‖2H−1/2(curl,Γ)

❜② ▲❡♠♠❛ ❈✳✶✱ ♦♥❝❡ ❛❣❛✐♥✳

✺ ❈♦♥❝❧✉s✐♦♥s

■♥ t❤✐s ♣❛♣❡r✱ ✇❡ ♣r❡s❡♥t s♦♠❡ ❣❡♥❡r❛❧ ❡st✐♠❛t❡s ♦❢ t❤❡ t♦t❛❧ ❛♥❞ s❝❛tt❡r❡❞ ✜❡❧❞s ✐♥ ❛
❣❡♥❡r❛❧ ❛♥✐s♦tr♦♣✐❝ s❡tt✐♥❣✳ ❚❤❡ ❡①t❡r✐♦r ❈❛❧❞❡ró♥ ♦♣❡r❛t♦r ✐s ❡♠♣❧♦②❡❞ t♦ s♦❧✈❡ t❤❡
❡①t❡r✐♦r s❝❛tt❡r✐♥❣ ♣r♦❜❧❡♠✳ ❚❤❡ ❡st✐♠❛t❡s ♦❢ t❤❡ ✜❡❧❞s ❛r❡ ❡①♣r❡ss❡❞ ✐♥ t❤❡ ♥❛t✉r❛❧
♥♦r♠sH(curl,Ω) ❛♥❞H−1/2(div, ∂Ω)✱ ❢♦r ✈♦❧✉♠❡ ❛♥❞ s✉r❢❛❝❡ ❡st✐♠❛t❡s✱ r❡s♣❡❝t✐✈❡❧②✳
❊st✐♠❛t❡s ♦♥ ❛♥ ❡♥❝❧♦s✐♥❣ s♣❤❡r✐❝❛❧ s✉r❢❛❝❡ ❛r❡ tr❡❛t❡❞ ✐♥ ❞❡t❛✐❧✳ ▼♦r❡♦✈❡r✱ ♣♦✐♥t✇✐s❡
❡st✐♠❛t❡s ♦❢ t❤❡ s❝❛tt❡r❡❞ ✜❡❧❞ ✐♥ t❤❡ s✉♣r❡♠✉♠ ♥♦r♠ ❛♥❞ t❤❡ L2 ♥♦r♠ ♦♥ ❛♥ ❡①t❡r✐♦r
✈♦❧✉♠❡ ❛r❡ ❣✐✈❡♥✳

❆♣♣❡♥❞✐① ❆ ❋✉♥❝t✐♦♥ s♣❛❝❡s

■♥ t❤✐s ❛♣♣❡♥❞✐①✱ ✇❡ ❧✐st t❤❡ ✈❛r✐♦✉s ❢✉♥❝t✐♦♥ s♣❛❝❡s ✉s❡❞ ✐♥ t❤✐s ♣❛♣❡r✳ ▲❡t Ω ❜❡ ❛
❜♦✉♥❞❡❞✱ ♦♣❡♥✱ s✐♠♣❧② ❝♦♥♥❡❝t❡❞ s❡t ✐♥ R

3 ✇✐t❤ ▲✐♣s❝❤✐t③ ❛♥❞ ❝♦♥♥❡❝t❡❞ ❜♦✉♥❞❛r②
∂Ω✳



✷✶

❚❤❡ s♣❛❝❡ C(Ω) ✐s t❤❡ s♣❛❝❡ ♦❢ ❝♦♥t✐♥✉♦✉s ❢✉♥❝t✐♦♥s ✐♥ Ω✳ ❲❡ ❛❧s♦ ✉s❡ C0(Ω)
✇❤✐❝❤ ❝♦♥s✐sts ♦❢ ❛❧❧ ✉♥✐❢♦r♠❧② ❝♦♥t✐♥✉♦✉s ❢✉♥❝t✐♦♥s✱ ✇❤✐❝❤ ❛r❡ ③❡r♦ ❛t t❤❡ ❜♦✉♥❞❛r②✳
❚❤❡ s♣❛❝❡ C∞(Ω) ✐s t❤❡ s♣❛❝❡ ♦❢ ✐♥✜♥✐t❡❧② ❝♦♥t✐♥✉♦✉s❧② ❞✐✛❡r❡♥t✐❛❜❧❡ ❢✉♥❝t✐♦♥s ✐♥
Ω✱ ❛♥❞ C∞

0 (Ω) ❛r❡ t❤❡ ❢✉♥❝t✐♦♥s ✐♥ t❤✐s s♣❛❝❡ ✇✐t❤ ❝♦♠♣❛❝t s✉♣♣♦rt ✐♥ Ω✱ ✇❤✐❝❤ ✇❡
❛❧s♦ ❞❡♥♦t❡ D(Ω)✳

❙❡✈❡r❛❧ ❢✉♥❝t✐♦♥ s♣❛❝❡s ✇✐t❤ sq✉❛r❡ ✐♥t❡❣r❛❜❧❡ ❢✉♥❝t✐♦♥s ❛r❡ ✉s❡❞ ✐♥ t❤✐s ♣❛♣❡r✳
❚❤❡ ❜❛s✐❝ s♣❛❝❡ ✐s ✭u : Ω ⊂ R

3 7→ C✮

L2(Ω)
def
=

{

u(x) : u ▲❡❜❡s❣✉❡ ✐♥t❡❣r❛❜❧❡ ✐♥ Ω,

∫

Ω

|u(x)|2 dv <∞
}

✇✐t❤ s❝❛❧❛r ♣r♦❞✉❝t ❛♥❞ ♥♦r♠

(u, v)L2(Ω) =

∫

Ω

u(x)v(x) dv, ‖u‖L2(Ω) =

{

∫

Ω

|u(x)|2 dv

}1/2

= (u, u)
1/2

L2(Ω)

✇❤❡r❡ ❜❛r ❞❡♥♦t❡s t❤❡ ❝♦♠♣❧❡① ❝♦♥❥✉❣❛t❡✳ ❙✐♠✐❧❛r❧② ❢♦r ✈❡❝t♦r✲✈❛❧✉❡❞ s♣❛❝❡s ✇❡
❤❛✈❡ t❤❡ s❝❛❧❛r ♣r♦❞✉❝t

(u,v)L2(Ω;C3) =

∫

Ω

u(x) · v(x) dv

❛♥❞ t❤❡ ♥♦r♠

‖u‖L2(Ω;C3) =

{

∫

Ω

|u(x)|2 dv

}1/2

= (u,u)
1/2

L2(Ω;C3)

✇❤❡r❡ · ❛♥❞ | · | ❞❡♥♦t❡s t❤❡ ❊✉❝❧✐❞❡❛♥ s❝❛❧❛r ♣r♦❞✉❝t ❛♥❞ ♥♦r♠ ✐♥ C
3✱ r❡s♣❡❝t✐✈❡❧②✳

❲❡ ❛❧s♦ ❞❡✜♥❡ t❤❡ ❢✉♥❝t✐♦♥ s♣❛❝❡s
{

H(div,Ω)
def
=
{

u ∈ L2(Ω;C3) : ∇ · u ∈ L2(Ω)
}

H(curl,Ω)
def
=
{

u ∈ L2(Ω;C3) : ∇× u ∈ L2(Ω;C3)
}

✇❤✐❝❤ ❛r❡ ❍✐❧❜❡rt s♣❛❝❡s ✇✐t❤ ♥♦r♠s










‖u‖H(div,Ω) =
(

‖u‖2L2(Ω;C3) + ‖∇ · u‖2L2(Ω)

)1/2

‖u‖H(curl,Ω) =
(

‖u‖2L2(Ω;C3) + ‖∇ × u‖2L2(Ω;C3)

)1/2

❚❤❡ ❝✉r❧ ❛♥❞ t❤❡ ❞✐✈❡r❣❡♥❝❡ ❛r❡ ❞❡✜♥❡❞ ✐♥ t❤❡ ✇❡❛❦ s❡♥s❡ ❛s
{

(∇× u,φ)L2(Ω;C3) = (u,∇× φ)L2(Ω;C3), ∀φ ∈ D(Ω;C3)

(∇ · u, φ)L2(Ω) = −(u,∇φ)L2(Ω;C3), ∀φ ∈ D(Ω)

■♥ t❤❡ ❡①t❡r✐♦r r❡❣✐♦♥✱ ✇❡ ❞❡✜♥❡ s♣❛❝❡s ♦❢ ❧♦❝❛❧❧② ✐♥t❡❣r❛❜❧❡ ❢✉♥❝t✐♦♥s ❛s
{

Hloc(div,Ωe)
def
=
{

u ∈ D′(Ωe;C
3) : ξu ∈ H(div,Ωe), ∀ ξ ∈ D(R3)

}

Hloc(curl,Ωe)
def
=
{

u ∈ D′(Ωe;C
3) : ξ∇× u ∈ H(curl,Ωe), ∀ ξ ∈ D(R3)

}

✇❤❡r❡ Ωe = R
3 \ Ω ❛♥❞ D′(Ωe) ✐s t❤❡ s♣❛❝❡ ♦❢ ❞✐str✐❜✉t✐♦♥s✳



✷✷

❆✳✶ ❚r❛❝❡ ❛♥❞ ❧✐❢t✐♥❣ ♦♣❡r❛t♦rs

❖♥ t❤❡ ❜♦✉♥❞❛r②✱ ✇❡ ❤❛✈❡ t❤❡ L2 s♣❛❝❡s

L2(∂Ω) =

{

u :

∫

∂Ω

|u(x)|2 dS <∞
}

✇❤❡r❡ dS ❞❡♥♦t❡s t❤❡ s✉r❢❛❝❡ ♠❡❛s✉r❡ ♦❢ ∂Ω✳ ❋♦r t❤❡ ✈❡❝t♦r✲✈❛❧✉❡❞ ❢✉♥❝t✐♦♥s✱ ✇❡
❤❛✈❡



























L2(∂Ω;C3) =

{

u :

∫

∂Ω

|u(x)|2 dS <∞
}

L2
t (∂Ω;C

3) =

{

u : u · ν̂ = 0 ❛♥❞

∫

∂Ω

|u(x)|2 dS <∞
}

❚❤❡ s❝❛❧❛r ♣r♦❞✉❝ts ❛♥❞ ♥♦r♠s ❛r❡

(u, v)L2(∂Ω) =

∫

∂Ω

u(x)v(x) dS, ‖u‖L2(∂Ω) =

{

∫

∂Ω

|u(x)|2 dS

}1/2

❛♥❞

(u,v)L2(∂Ω;C3) =

∫

∂Ω

u(x) · v(x) dS, ‖u‖L2(∂Ω;C3) =

{

∫

∂Ω

|u(x)|2 dS

}1/2

❚❤❡ ❛♣♣r♦♣r✐❛t❡ tr❛❝❡ s♣❛❝❡s ✇❤✐❝❤ ✇❡ ✉s❡ ✐♥ t❤✐s ♣❛♣❡r ❛r❡ H−1/2(div, ∂Ω) ❛♥❞
H−1/2(curl, ∂Ω) ❞❡✜♥❡❞ ❜②







H−1/2(div, ∂Ω)
def
=
{

u ∈ H− 1
2 (∂Ω;C3), ν̂ · u = 0, div∂Ωu ∈ H− 1

2 (∂Ω)
}

H−1/2(curl, ∂Ω)
def
=
{

u ∈ H− 1
2 (∂Ω;C3), ν̂ · u = 0, curl∂Ωu ∈ H− 1

2 (∂Ω)
}

✇❤❡r❡ t❤❡ s✉r❢❛❝❡ ❞✐✈❡r❣❡♥❝❡✱ div∂Ω✱ ❛♥❞ t❤❡ s✉r❢❛❝❡ r♦t❛t✐♦♥✱ curl∂Ω✱ ❛r❡ ❞❡✜♥❡❞ ❜②
❞✉❛❧✐t② ❛♥❞ r❡str✐❝t✐♦♥

{

(div∂Ωu, φ)L2(∂Ω) = −(u, grad∂Ωφ)L2(∂Ω;C3), ∀φ ∈ D(∂Ω)

curl∂Ωu = ν̂ · (∇× u)|∂Ω

❛♥❞ t❤❡ s✉r❢❛❝❡ ❣r❛❞✐❡♥t✱ grad∂Ω✱ ✐s ❞❡✜♥❡❞ ❜② t❤❡ ♦rt❤♦❣♦♥❛❧ ♣r♦❥❡❝t✐♦♥ ♦❢ ∇ ♦♥
t❤❡ s✉r❢❛❝❡ ∂Ω✱ ✐✳❡✳✱ grad∂Ωφ = π(∇φ)✱ ✇❤❡r❡ π ✐s ❞❡✜♥❡❞ ✐♥ ❚❤❡♦r❡♠ ❆✳✶ ❜❡❧♦✇✳
❲✐t❤ t❤❡ ❛ss✉♠♣t✐♦♥s ♠❛❞❡ ♦♥ t❤❡ ❜♦✉♥❞❛r② ∂Ω✱ H−1/2(curl, ∂Ω) ✐s t❤❡ ❞✉❛❧ ♦❢
H−1/2(div, ∂Ω)✱ ✐✳❡✳✱

(

H−1/2(div, ∂Ω)
)′
= H−1/2(curl, ∂Ω)✳

❚❤❡ ❢♦❧❧♦✇✐♥❣ t❤❡♦r❡♠ ✐s ♣r♦✈❡❞ ✐♥ ❬✶✵❪✿



✷✸

❚❤❡♦r❡♠ ❆✳✶✳ ✶✳ ❚❤❡ tr❛❝❡ ♠❛♣♣✐♥❣ π : H(curl,Ω) 7→ H−1/2(curl, ∂Ω)✱ t❤❛t
❛ss✐❣♥s t♦ ❛♥② u ∈ H(curl,Ω) ✐ts t❛♥❣❡♥t✐❛❧ ❝♦♠♣♦♥❡♥t ν̂ × (u × ν̂)✱ ✐s ❝♦♥✲
t✐♥✉♦✉s ❛♥❞ s✉r❥❡❝t✐✈❡ ❢r♦♠ H(curl,Ω) ♦♥t♦ H−1/2(curl, ∂Ω)✳ ❚❤❛t ✐s

‖π(u)‖H−1/2(curl,∂Ω) ≤ Cπ‖u‖H(curl,Ω), ∀u ∈ H(curl,Ω)

✷✳ ❚❤❡ tr❛❝❡ ♠❛♣♣✐♥❣ γ : H(curl,Ω) 7→ H−1/2(div, ∂Ω)✱ t❤❛t t❛❦❡s u ∈ H(curl,Ω)
t♦ ✐ts ✭r♦t❛t❡❞✮ t❛♥❣❡♥t✐❛❧ ❝♦♠♣♦♥❡♥t ν̂ ×u✱ ✐s ❝♦♥t✐♥✉♦✉s ❛♥❞ s✉r❥❡❝t✐✈❡ ❢r♦♠
H(curl,Ω) ♦♥t♦ H−1/2(div, ∂Ω)✳ ❚❤❛t ✐s

‖γ(u)‖H−1/2(div,∂Ω) ≤ Cγ‖u‖H(curl,Ω), ∀u ∈ H(curl,Ω)

✸✳ ■♥ ❜♦t❤ ❝❛s❡s✱ ❛ ❝♦♥t✐♥✉♦✉s ❧✐❢t✐♥❣ ✇✐t❤ ③❡r♦ ❞✐✈❡r❣❡♥❝❡ ❢♦r t❤❡s❡ tr❛❝❡ ♦♣✲
❡r❛t♦rs ✐♥ H(curl,Ω) ❡①✐sts✳ ▼♦r❡ ♣r❡❝✐s❡❧②✱ t❤❡r❡ ❡①✐sts ❛♥ ♦♣❡r❛t♦r R :
H−1/2(div, ∂Ω) 7→ H(curl,Ω) s✉❝❤ t❤❛t ❢♦r ❡✈❡r② m ∈ H−1/2(div, ∂Ω) t❤❡r❡
❡①✐sts ❛ u ∈ H(curl,Ω) s❛t✐s❢②✐♥❣ γ(u) = m✱ ❛♥❞

‖R(m)‖H(curl,Ω) ≤ C‖m‖H−1/2(div,∂Ω), ∀m ∈ H−1/2(div, ∂Ω)

▼♦r❡♦✈❡r✱ ❢♦r ❛♥② u,v ∈ H(curl,Ω)✱ t❤❡ ❢♦❧❧♦✇✐♥❣ ❙t♦❦❡s✬ ❢♦r♠✉❧❛ ❤♦❧❞s✿

(∇× u,v)L2(Ω;C3) − (u,∇× v)L2(Ω;C3) = (γ(u),π(v))L2(∂Ω;C3)

❆✳✷ ▲❛①✲▼✐❧❣r❛♠✬s t❤❡♦r❡♠

❲❡ ❝♦♥❝❧✉❞❡ t❤✐s ❛♣♣❡♥❞✐① ❜② st❛t✐♥❣ t❤❡ ▲❛①✲▼✐❧❣r❛♠ t❤❡♦r❡♠ ❬✺❪✳

❚❤❡♦r❡♠ ❆✳✷ ✭▲❛①✲▼✐❧❣r❛♠✮✳ ❆ss✉♠❡ t❤❛t H ✐s ❛ ❍✐❧❜❡rt s♣❛❝❡✱ ✇✐t❤ ♥♦r♠ ‖·‖H ✳
▼♦r❡♦✈❡r✱ ❛ss✉♠❡

B : H ×H 7→ C

✐s ❛ s❡sq✉✐❧✐♥❡❛r ❢✉♥❝t✐♦♥❛❧ ♦♥ H✱ ❢♦r ✇❤✐❝❤ t❤❡r❡ ❡①✐sts ❝♦♥st❛♥ts a, b > 0✱ s✉❝❤ t❤❛t

|B[u, v]| ≤ a‖u‖H‖v‖H , ∀ u, v ∈ H

❛♥❞
b‖u‖2H ≤ |B[u, u]| , ∀ u ∈ H

❋✐♥❛❧❧②✱ ❧❡t f : H 7→ C ❜❡ ❛ ❜♦✉♥❞❡❞ ❧✐♥❡❛r ❢✉♥❝t✐♦♥❛❧ ♦♥ H✳
❚❤❡♥ t❤❡r❡ ❡①✐sts ❛ ✉♥✐q✉❡ u ∈ H s✉❝❤ t❤❛t

B[u, v] = f(v), ∀ v ∈ H.

s❛t✐s❢②✐♥❣

‖u‖H ≤
1

b
‖f‖H′

✇❤❡r❡ H ′ ❞❡♥♦t❡s t❤❡ ❞✉❛❧ s♣❛❝❡ ♦❢ H ✇✐t❤ ♥♦r♠ ‖·‖H′✳



✷✹

❆♣♣❡♥❞✐① ❇ ❱❡❝t♦r s♣❤❡r✐❝❛❧ ❤❛r♠♦♥✐❝s ❛♥❞ s♣❤❡r✲

✐❝❛❧ ✈❡❝t♦r ✇❛✈❡s

❚❤❡ ✈❡❝t♦r s♣❤❡r✐❝❛❧ ❤❛r♠♦♥✐❝s ❛r❡ ❞❡✜♥❡❞ ❛s ❬✷❪



























A1n(x̂) =
1

√

l(l + 1)
∇× (xYn(x̂)) =

1
√

l(l + 1)
∇Yn(x̂)× x

A2n(x̂) =
1

√

l(l + 1)
x∇Yn(x̂)

A3n(x̂) = x̂Yn(x̂)

✇❤❡r❡ t❤❡ s♣❤❡r✐❝❛❧ ❤❛r♠♦♥✐❝s ❛r❡ ❞❡♥♦t❡❞ ❜② Yn(x̂)✳ ❚❤❡ ✐♥❞❡① n ✐s ❛ ♠✉❧t✐✲✐♥❞❡①
❢♦r t❤❡ ✐♥t❡❣❡r ✐♥❞✐❝❡s l = 1, 2, 3, . . .✱ m = 0, 1, . . . , l✱ ❛♥❞ σ = ❡✱♦ ✭❡✈❡♥ ❛♥❞ ♦❞❞
✐♥ t❤❡ ❛③✐♠✉t❤❛❧ ❛♥❣❧❡✮✳ ❋r♦♠ t❤❡s❡ ❞❡✜♥✐t✐♦♥s ✇❡ s❡❡ t❤❛t t❤❡ ✜rst t✇♦ ✈❡❝t♦r
s♣❤❡r✐❝❛❧ ❤❛r♠♦♥✐❝s✱ A1n(x̂) ❛♥❞ A2n(x̂)✱ ❛r❡ t❛♥❣❡♥t✐❛❧ t♦ t❤❡ ✉♥✐t s♣❤❡r❡ Γ ✐♥ R

3

❛♥❞ t❤❡② ❛r❡ r❡❧❛t❡❞ ❛s
{

x̂×A1n(x̂) = A2n(x̂)

x̂×A2n(x̂) = −A1n(x̂)

❚❤❡ ✈❡❝t♦r s♣❤❡r✐❝❛❧ ❤❛r♠♦♥✐❝s ❢♦r♠ ❛♥ ♦rt❤♦♥♦r♠❛❧ s❡t ♦✈❡r t❤❡ ✉♥✐t s♣❤❡r❡ Γ
✐♥ R

3✱ ✐✳❡✳✱
∫

Γ

Aτn(x̂) ·Aτ ′n′(x̂) dΓ = δnn′δττ ′

✇❤❡r❡ dΓ ✐s t❤❡ s✉r❢❛❝❡ ♠❡❛s✉r❡ ♦♥ t❤❡ ✉♥✐t s♣❤❡r❡✳
❚❤❡ L2✲♥♦r♠ ❛♥❞ t❤❡ s❝❛❧❛r ♣r♦❞✉❝t ♦♥ t❤❡ ✉♥✐t s♣❤❡r❡ Γ ✐♥ R

3✱ ‖·‖Γ ❛♥❞ < ·, · >Γ

❛r❡

‖u‖2Γ =

∫

Γ

|u(x̂)|2 dΓ < u,v >Γ=

∫

Γ

u(x̂) · v(x̂) dΓ ✭❇✳✶✮

❆♥② u(x̂) ∈ L2(Γ) ❤❛s t❤❡ ❡①♣❛♥s✐♦♥

u(x̂) =
∑

n
τ=1,2,3

bτnAτn(x̂)

✇✐t❤ ♥♦r♠
‖u‖2Γ =

∑

n
τ=1,2,3

|bτn|2

❋♦r ❛ t❛♥❣❡♥t✐❛❧ ✜❡❧❞✱ u(x̂) · x̂ = 0✱ t❤❡ s✉♠♠❛t✐♦♥ ✐s ♦♥❧② ♦✈❡r τ = 1, 2✳
▼♦r❡♦✈❡r✱ ❛♥② u(x̂) ∈ H−1/2(div, ∂Bx) ❤❛s t❤❡ ❡①♣❛♥s✐♦♥ ❬✽✱ ✾❪

u(x̂) =
∑

n
τ=1,2

bτnAτn(x̂)



✷✺

✇✐t❤ ♥♦r♠

‖u‖2H−1/2(div,∂Bx)
= x2

∑

n
τ=1,2

(1 + l(l + 1))τ−3/2 |bτn|2

= x2
∑

n

{

1
√

1 + l(l + 1)
|b1n|2 +

√

1 + l(l + 1) |b2n|2
} ✭❇✳✷✮

❚❤❡ r❛❞✐❛t✐♥❣ s♦❧✉t✐♦♥s t♦ t❤❡ ▼❛①✇❡❧❧ ❡q✉❛t✐♦♥s ✐♥ ✈❛❝✉✉♠ ❛r❡ ❞❡✜♥❡❞ ❛s ✭♦✉t✲
❣♦✐♥❣ s♣❤❡r✐❝❛❧ ✈❡❝t♦r ✇❛✈❡s✮















u1n(k0x) =
ξl(k0x)

k0x
A1n(x̂)

u2n(k0x) =
1

k0
∇×

(

ξl(k0x)

k0x
A1n(x̂)

)

❍❡r❡✱ ✇❡ ✉s❡ t❤❡ ❘✐❝❝❛t✐✲❇❡ss❡❧ ❢✉♥❝t✐♦♥s ξl(x) = xh
(1)
l (x) ✇❤❡r❡ h

(1)
l (k0x) ✐s t❤❡

s♣❤❡r✐❝❛❧ ❍❛♥❦❡❧ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ✜rst ❦✐♥❞ ❬✶✶❪✳ ❚❤❡s❡ ✈❡❝t♦r ✇❛✈❡s s❛t✐s❢②

∇× (∇× uτn(k0x))− k2
0uτn(k0x) = 0, τ = 1, 2

❛♥❞ t❤❡② ❛❧s♦ s❛t✐s❢② t❤❡ r❛❞✐❛t✐♦♥ ❝♦♥❞✐t✐♦♥ ✐♥ ✭✷✳✹✮✳ ❆♥♦t❤❡r r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ t❤❡
❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ ✈❡❝t♦r ✇❛✈❡s ✐s















u1n(k0x) =
ξl(k0x)

k0x
A1n(x̂)

u2n(k0x) =
ξ′l(k0x)

k0x
A2n(x̂) +

√

l(l + 1)
ξl(k0x)

(k0x)2
A3n(x̂)

❆ s✐♠♣❧❡ ❝♦♥s❡q✉❡♥❝❡ ♦❢ t❤❡s❡ ❞❡✜♥✐t✐♦♥s ✐s














u1n(k0x) =
1

k0
∇× u2n(k0x)

u2n(k0x) =
1

k0
∇× u1n(k0x).

■♥ ❛ s✐♠✐❧❛r ✇❛②✱ t❤❡ r❡❣✉❧❛r s♣❤❡r✐❝❛❧ ✈❡❝t♦r ✇❛✈❡s vτn(k0x) ❛r❡ ❞❡✜♥❡❞ ❬✷❪✳






v1n(k0x) = jl(k0x)A1n(x̂)

v2n(k0x) =
1

k0
∇× (jl(k0x)A1n(x̂))

✇❤❡r❡ jl(k0x) ✐s t❤❡ s♣❤❡r✐❝❛❧ ❇❡ss❡❧ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ✜rst ❦✐♥❞ ❬✶✶❪✳

❆♣♣❡♥❞✐① ❈ ▼♦❞✉❧✉s ♦❢ t❤❡ s♣❤❡r✐❝❛❧ ❍❛♥❦❡❧ ❢✉♥❝✲

t✐♦♥s

❙♦♠❡ ✉s❡❢✉❧ ♠♦♥♦t♦♥✐❝✐t② ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ♠♦❞✉❧✉s ♦❢ t❤❡ s♣❤❡r✐❝❛❧ ❍❛♥❦❡❧ ❢✉♥❝✲
t✐♦♥s ❛r❡ ❞❡r✐✈❡❞ ✐♥ t❤✐s ❛♣♣❡♥❞✐①✳



✷✻

▲❡♠♠❛ ❈✳✶✳ ❉❡✜♥❡ ξn(x) = xh
(1,2)
n (x) ❢♦r x > 0✳ ❚❤❡♥ ❢♦r ❡❛❝❤ ✜①❡❞ ♣♦s✐t✐✈❡

✐♥t❡❣❡r n✱ t❤❡ ❢✉♥❝t✐♦♥✺

|ξn(x)|2

❛♥❞ t❤❡ ❝♦♠❜✐♥❛t✐♦♥s






|ξ′n(x)|2 + |ξn(x)|2

|ξ′n(x)|2 + n(n+ 1)
|ξn(x)|2

x2

❛r❡ ❞❡❝r❡❛s✐♥❣ ❢✉♥❝t✐♦♥s ♦♥ t❤❡ ♣♦s✐t✐✈❡ r❡❛❧ ❛①✐s✳ ❚❤❡ ❧✐♠✐ts ❛s x→∞ ❛r❡

lim
x→∞
|ξn(x)|2 = lim

x→∞
|ξ′n(x)|2 = lim

x→∞

{

|ξ′n(x)|2 + n(n+ 1)
|ξn(x)|2

x2

}

= 1

Pr♦♦❢✳ ❚❤✐s ♥♦♥✲tr✐✈✐❛❧ r❡s✉❧t ✐s ♠♦st ❝♦♥✈❡♥✐❡♥t❧② ♣r♦✈❡❞ ✇✐t❤ ◆✐❝❤♦❧s♦♥✬s ✐♥t❡✲
❣r❛❧ ❬✶✹✱ ✭✶✮ ♦♥ ♣✳ ✹✹✹❪

∣

∣h(1,2)
n (x)

∣

∣

2
= j2n(x) + n2

n(x) =
4

πx

∫ ∞

0

K0(2x sinh t) cosh[(2n+ 1)t] dt, x > 0

✇❤❡r❡ K0(x) ✐s t❤❡ ♠♦❞✐✜❡❞ ❇❡ss❡❧ ❢✉♥❝t✐♦♥ ❬✶✶❪✳ ❙✐♥❝❡ K0(x) ✐s r❡❛❧✲✈❛❧✉❡❞ ❛♥❞

❞❡❝r❡❛s✐♥❣ ♦♥ t❤❡ ♣♦s✐t✐✈❡ r❡❛❧ ❛①✐s✱✻ |h(1,2)
n (x)|2 ✐s ❛ ❞❡❝r❡❛s✐♥❣ ❢✉♥❝t✐♦♥ ♦♥ t❤❡

♣♦s✐t✐✈❡ r❡❛❧ ❛①✐s✱✼ ✐✳❡✳✱
d

dx

∣

∣h(1,2)
n (x)

∣

∣

2
< 0, x > 0

❚♦ ♣r♦✈❡ t❤❛t |xh(1,2)
n (x)|2 ❛r❡ ❞❡❝r❡❛s✐♥❣ ❢✉♥❝t✐♦♥s✱ ❛❣❛✐♥ ✉s❡ ◆✐❝❤♦❧s♦♥✬s ✐♥t❡❣r❛❧

❛♥❞ ✐♥t❡❣r❛t❡ ❜② ♣❛rts✳ ❲❡ ❣❡t

d

dx

(

x2j2n(x) + x2n2
n(x)

)

=
d

dx

4x

π

∫ ∞

0

K0(2x sinh t) cosh[(2n+ 1)t] dt

=
4

π

∫ ∞

0

{K0(2x sinh t) + 2x sinh tK ′
0(2x sinh t)} cosh[(2n+ 1)t] dt

=
4

π

{

tanh t cosh[(2n+ 1)t]K0(2x sinh t)|t=∞
t=0

+
4

π

∫ ∞

0

K0(2x sinh t)

{

cosh[(2n+ 1)t]− d

dt
(tanh t cosh[(2n+ 1)t])

}

dt

}

✺|xh(j)
n (x)|✱ j = 1, 2✱ ❛r❡ ✐❞❡♥t✐❝❛❧ ❢✉♥❝t✐♦♥s ♦♥ t❤❡ r❡❛❧ ❛①✐s✳

✻❚❤✐s ✐s ♦❜✈✐♦✉s ❢r♦♠ t❤❡ ✐♥t❡❣r❛❧ r❡♣r❡s❡♥t❛t✐♦♥

K0(x) =

∫

∞

0

e−x cosh t dt

✼■♥ ❢❛❝t✱ |h(1,2)
n (x)|2 ❛♥❞ x|h(1,2)

n (x)|2 ❛r❡ ❞❡❝r❡❛s✐♥❣ ❢♦r ❛❧❧ r❡❛❧ n✳



✷✼

❚❤❡ ✜rst t❡r♠ ♦♥ t❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡ ✈❛♥✐s❤❡s✱ ❛♥❞ ✇❡ ♦❜t❛✐♥

d

dx

(

x2j2n(x) + x2n2
n(x)

)

=
4

π

∫ ∞

0

K0(2x sinh t) cosh[(2n+ 1)t] tanh t {tanh t− (2n+ 1) tanh[(2n+ 1)t]} dt

❚❤❡ ✐♥t❡❣r❛♥❞ ✐s ♥❡❣❛t✐✈❡✱ s✐♥❝❡

(2n+ 1) tanh[(2n+ 1)t]− tanh t

✐s ♣♦s✐t✐✈❡ ❢♦r t ≥ 0 ❛♥❞ n ❛ ♣♦s✐t✐✈❡ ✐♥t❡❣❡r✱ ❛♥❞ ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t

d

dx

∣

∣xh(1,2)
n (x)

∣

∣

2
=

d

dx

(

x2j2n(x) + x2n2
n(x)

)

< 0, x > 0

❛♥❞ t❤❡ ✜rst ♣❛rt ♦❢ t❤❡ ❧❡♠♠❛ ✐s ♣r♦✈❡❞✳
❯s✐♥❣ t❤❡ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥s✱ ✇❡ ♦❜t❛✐♥

d

dx

∣

∣(xh(1)
n (x))′

∣

∣

2
= (xh(1)

n (x))′′(xh(2)
n (x))′ + (xh(1)

n (x))′(xh(2)
n (x))′′

=

(

n(n+ 1)

x2
− 1

)

{

xh(1)
n (x)(xh(2)

n (x))′ + (xh(1)
n (x))′xh(2)

n (x)
}

=

(

n(n+ 1)

x2
− 1

)

d

dx

∣

∣xh(1)
n (x)

∣

∣

2

❋r♦♠ t❤✐s ✐❞❡♥t✐t② ✇❡ s❡❡ t❤❛t |(xh(1)
n (x))′|2 ✐s ♥♦t ♠♦♥♦t♦♥✐❝✱✽ ❜✉t✱ ♦♥ t❤❡ ♦t❤❡r

❤❛♥❞ ❢♦r n = 1, 2, . . .

d

dx

{

∣

∣(xh(1)
n (x))′

∣

∣

2
+
∣

∣xh(1)
n (x)

∣

∣

2
}

=
n(n+ 1)

x2

d

dx

∣

∣xh(1)
n (x)

∣

∣

2
< 0, x > 0

❛♥❞

d

dx

{

∣

∣(xh(1)
n (x))′

∣

∣

2
+ n(n+ 1)

∣

∣h(1)
n (x)

∣

∣

2
}

=

(

n(n+ 1)

x2
− 1

)

d

dx

∣

∣xh(1)
n (x)

∣

∣

2
+ n(n+ 1)

d

dx

∣

∣xh(1)
n (x)

∣

∣

2 − n(n+ 1)2x
∣

∣h(1)
n (x)

∣

∣

2

=

(

n(n+ 1)

x2
− 1 + n(n+ 1)

)

d

dx

∣

∣xh(1)
n (x)

∣

∣

2 − n(n+ 1)2x
∣

∣h(1)
n (x)

∣

∣

2
< 0, x > 0

❛♥❞ t❤❡ r❡♠❛✐♥✐♥❣ t✇♦ ♣❛rts ♦❢ t❤❡ ♠♦♥♦t♦♥✐❝✐t② ❛r❡ ♣r♦✈❡❞✳ ❚❤❡ ❧✐♠✐t ✈❛❧✉❡s
❛r❡ ❡❛s✐❧② ♣r♦✈❡❞ ❜② t❤❡ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ s♣❤❡r✐❝❛❧ ❍❛♥❦❡❧ ❢✉♥❝t✐♦♥s ❢♦r ❧❛r❣❡ r❡❛❧
❛r❣✉♠❡♥ts✳

✽■♥ ❢❛❝t✱ ✐t ❤❛s ❛ ♠✐♥✐♠✉♠ ❛t x =
√

n(n+ 1)✳
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