
(VWLPDWLQJ VLQJOH FHOO FORQDO G\QDPLFV LQ KXPDQ EORRG
XVLQJ FRDOHVFHQW WKHRU\

%ULDQ -RKQVRQ †�� <XER 6KXDL†�� -DVRQ 6FKZHLQVEHUJ ∗�� DQG .LW &XUWLXV ∗���

�'LYLVLRQ RI %LRPHGLFDO ,QIRUPDWLFV� 'HSDUWPHQW RI 0HGLFLQH� 8QLYHUVLW\ RI &DOLIRUQLD 6DQ 'LHJR� ���� *LOPDQ 'U�� /D
-ROOD� ������ &$� 86$

�'HSDUWPHQW RI 0DWKHPDWLFV� 8QLYHUVLW\ RI &DOLIRUQLD 6DQ 'LHJR� ���� *LOPDQ 'U�� /D -ROOD� ������ &$� 86$
�0RRUHV &DQFHU &HQWHU� 8QLYHUVLW\ RI &DOLIRUQLD 6DQ 'LHJR� ���� *LOPDQ 'U�� /D -ROOD� ������ &$� 86$

∗&RUUHVSRQGLQJ $XWKRUV� NFXUWLXV#KHDOWK�XFVG�HGX DQG MVFKZHLQVEHUJ#XFVG�HGX
†7KHVH DXWKRUV FRQWULEXWHG HTXDOO\ WR WKLV ZRUN�

$EVWUDFW

:KLOH HYROXWLRQDU\ DSSURDFKHV WR PHGLFLQH VKRZ SURPLVH� PHDVXULQJ HYROXWLRQ LWVHOI LV GLIILFXOW
GXH WR H[SHULPHQWDO FRQVWUDLQWV DQG WKH G\QDPLF QDWXUH RI ERG\ V\VWHPV� ,Q FDQFHU HYROXWLRQ�
FRQWLQXRXV REVHUYDWLRQ RI FORQDO DUFKLWHFWXUH LV LPSRVVLEOH� DQG ORQJLWXGLQDO VDPSOHV IURP PXOWL�
SOH WLPHSRLQWV DUH UDUH� ,QFUHDVLQJO\ DYDLODEOH '1$ VHTXHQFLQJ GDWDVHWV DW VLQJOH FHOO UHVROXWLRQ
HQDEOH WKH UHFRQVWUXFWLRQ RI SDVW HYROXWLRQ XVLQJ PXWDWLRQDO KLVWRU\� DOORZLQJ IRU D EHWWHU XQGHU�
VWDQGLQJ RI G\QDPLFV SULRU WR GHWHFWDEOH GLVHDVH� :H GHULYH PHWKRGV EDVHG RQ FRDOHVFHQW WKHRU\
IRU HVWLPDWLQJ WKH QHW JURZWK UDWH RI FORQHV IURP HLWKHU UHFRQVWUXFWHG SK\ORJHQLHV RU WKH QXPEHU
RI VKDUHG PXWDWLRQV� 8VLQJ VLQJOH�FHOO GDWDVHWV IURP EORRG� ZH DSSO\ DQG YDOLGDWH RXU DQDO\WL�
FDO PHWKRGV IRU HVWLPDWLQJ WKH QHW JURZWK UDWH RI KHPDWRSRLHWLF FORQHV� HOLPLQDWLQJ WKH QHHG IRU
FRPSOH[ VLPXODWLRQV� :H VKRZ WKDW RXU HVWLPDWHV PD\ KDYH EURDG DSSOLFDWLRQV WR LPSURYH PHFK�
DQLVWLF XQGHUVWDQGLQJ DQG SURJQRVWLF DELOLW\� &RPSDUHG WR FORQHV ZLWK D VLQJOH RU XQNQRZQ GULYHU
PXWDWLRQ� FORQHV ZLWK PXOWLSOH GULYHUV KDYH VLJQLILFDQWO\ LQFUHDVHG JURZWK UDWHV �PHGLDQ 0.94 YV�
0.25 SHU \HDU� S  1.6 × 10−6�� )XUWKHU� VWUDWLI\LQJ SDWLHQWV ZLWK D P\HORSUROLIHUDWLYH QHRSODVP
�031� E\ WKH JURZWK UDWH RI WKHLU ILWWHVW FORQH VKRZV WKDW KLJKHU JURZWK UDWHV DUH DVVRFLDWHG ZLWK
VKRUWHU WLPH IURP FORQH LQLWLDWLRQ WR 031 GLDJQRVLV �PHGLDQ 13.9 YV� 26.4 PRQWKV� S  0.0026��

.H\ZRUGV� &RDOHVFHQW WKHRU\� KHPDWRSRLHVLV� VRPDWLF HYROXWLRQ� SK\ORG\QDPLFV� DJLQJ� FDQ�
FHU

,QWURGXFWLRQ

&ORQDO H[SDQVLRQV RI FHOOV WKDW DFTXLUH FHUWDLQ PXWDWLRQV SRVW�FRQFHSWLRQ DUH D GLUHFW UHVXOW RI VRPDWLF
HYROXWLRQ DQG DUH SUHYDOHQW DFURVV WKH KXPDQ ERG\�±�� %\ HVWLPDWLQJ WKH WLPLQJ RI FORQH LQLWLDWLRQ DQG
VXEVHTXHQW JURZWK UDWHV RI FORQHV� ZH FDQ FKDUDFWHUL]H HYROXWLRQDU\ PHFKDQLVPV WKDW XQGHUOLH DJLQJ�

DQG PDOLJQDQW SURJUHVVLRQ�±��� ,Q EORRG� IRU H[DPSOH� WKLV HYROXWLRQDU\ SURFHVV LV NQRZQ DV FORQDO

�
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KHPDWRSRLHVLV DQG KDV EHHQ DVVRFLDWHG ZLWK PDQ\ DJLQJ�UHODWHG GLVRUGHUV� VXFK DV DQHPLD��� LPSDLUHG
LPPXQLW\������ DQG FDUGLRYDVFXODU GLVHDVH������ DV ZHOO DV SURJUHVVLRQ WR KHPDWRSRLHWLF FDQFHUV�������
3UHYLRXV DQDO\VHV IRXQG WKDW VRPDWLF PXWDWLRQV FRQIHUULQJ KLJKHU ILWQHVV� PHDVXUHG E\ FORQDO JURZWK
UDWH� OHDG WR D KLJKHU ULVN RIPDOLJQDQW WUDQVIRUPDWLRQ��±��� +RZHYHU� YDOLGDWHGPHWKRGV IRU PHDVXULQJ
WKHVH LPSRUWDQW HYROXWLRQDU\ SDUDPHWHUV� ZKLFK FDQ YDU\ IURP SDWLHQW WR SDWLHQW� UHPDLQ OLPLWHG� )DVW�
DFFXUDWH HVWLPDWHV RI WKH XQGHUO\LQJ FORQDO G\QDPLFV XVLQJ JHQRPLF GDWD FRXOG VHUYH WR LPSURYH
SURJQRVWLF DELOLW\ DQG XOWLPDWHO\ OHDG WR EHWWHU SDWLHQW RXWFRPHV�

5HFHQW ZKROH JHQRPH VLQJOH�FHOO VHTXHQFLQJ H[SHULPHQWV LQ EORRG�����±�� DOORZ IRU SK\ORJHQHWLF UH�
FRQVWUXFWLRQ RI WKH DQFHVWUDO UHODWLRQVKLSV EHWZHHQ FHOOV� ,QIRUPDWLRQ RQ WKH JURZWK G\QDPLFV RI
LQGLYLGXDO FORQHV LV FRQWDLQHG LQ WKH SK\ORJHQ\ RI VDPSOHG FHOOV IURP D SRSXODWLRQ� 3UHYLRXV SK\�
ORG\QDPLFV DSSURDFKHV WR HVWLPDWH SRSXODWLRQ VL]H WUDMHFWRULHV GHSHQG RQ QRQ�SDUDPHWULF HVWLPD�
WLRQ RI .LQJPDQ¶V FRDOHVFHQW DQG LWV VXEVHTXHQW JHQHUDOL]DWLRQ WR YDULDEOH SRSXODWLRQ VL]H��±��� 7KH
HVWLPDWHG SRSXODWLRQ VL]H WUDMHFWRU\� ZLWK WKH DVVXPSWLRQ RI DQ XQGHUO\LQJ JURZWK PRGHO VXFK DV
:ULJKW�)LVKHU ZLWK VHOHFWLRQ��� SURYLGHV WKH EDVLV IRU FORQH JURZWK UDWH HVWLPDWLRQ XVLQJ WKH SK\OR�
G\Q 5 SDFNDJH������ DV ZHOO DV D PHWKRG FDOOHG 3K\ORILW������ 'XH WR WKH ODFN RI DQ DQDO\WLFDO VROXWLRQ�
WKHVH DSSURDFKHV DSSUR[LPDWH WKH SRSXODWLRQ VL]H WUDMHFWRU\ ZLWK $SSUR[LPDWH %D\HVLDQ FRPSXWDWLRQ
�$%&�� 0DUNRY FKDLQ 0RQWH &DUOR �0&0&� RU ,QWHJUDWHG QHVWHG /DSODFH DSSUR[LPDWLRQV �,1/$��
:H LQWURGXFH QHZ FRDOHVFHQW PHWKRGV IRU HVWLPDWLQJ WKH QHW JURZWK UDWH RI D FRQWLQXRXV WLPH� VXSHU�
FULWLFDO ELUWK�GHDWK SURFHVV� 7KH ELUWK�GHDWK SURFHVV LV FRQVLVWHQW ZLWK D FHOOXODU PRGHO RI V\PPHWULF
GLYLVLRQ �ELUWK� DQG GHDWK RU GLIIHUHQWLDWLRQ� DQG RXU PHWKRGV UHPDLQ YDOLG IRU RWKHU PRGHOV RI FORQDO
H[SDQVLRQ WKDW EHJLQ ZLWK DQ H[SRQHQWLDO JURZWK SKDVH �H�J�� ORJLVWLF� *RPSHUW]LDQ� HWF��� ,PSRUWDQWO\�
RXU PHWKRGV UHTXLUH IHZ DVVXPSWLRQV DQG GR QRW GHSHQG RQ FRPSXWDWLRQDOO\ H[SHQVLYH VLPXODWLRQ�
DOORZLQJ IRU QHDU LQVWDQWDQHRXV HVWLPDWLRQ RI WKH JURZWK UDWH DQG LWV FRQILGHQFH LQWHUYDOV�

2XU PHWKRGV EXLOG RQ WKH ZRUN RI +DUULV HW DO��� DQG /DPEHUW��� ZKR UHFHQWO\ GLVFRYHUHG D UHODWLYHO\
VLPSOH ZD\ WR GHVFULEH WKH H[DFW JHQHDORJ\ RI D VDPSOH RI VL]H n DW WLPH T IURP D ELUWK�GHDWK SURFHVV�
8VLQJ /DPEHUW¶V FRQVWUXFWLRQ� ZH GHULYH DQ DSSUR[LPDWLRQ WR WKH JHQHDORJ\ ZKHQ T DQG n DUH ODUJH
DQG XVH WKLV DSSUR[LPDWLRQ WR REWDLQ D PD[LPXP OLNHOLKRRG HVWLPDWH RI WKH QHW JURZWK UDWH RI D FORQH�
:H SURYH D OLPLW WKHRUHP ZKLFK JLYHV WKH DV\PSWRWLF GLVWULEXWLRQ IRU WKH WRWDO OHQJWKV RI WKH LQWHUQDO
DQG H[WHUQDO EUDQFKHV LQ WKH SK\ORJHQHWLF WUHH� 7KH DV\PSWRWLF GLVWULEXWLRQ RI WKH WRWDO LQWHUQDO EUDQFK
OHQJWK OHDGV WR D VHFRQG PHWKRG IRU HVWLPDWLQJ WKH QHW JURZWK UDWH� 7KLV DOVR DOORZV XV WR HVWLPDWH WKH
QHW JURZWK UDWH GLUHFWO\ IURP WKH QXPEHU RI LQWHUQDO RU VKDUHG PXWDWLRQV� WKRVH ZKLFK DUH LQKHULWHG
E\ PRUH WKDQ RQH RI WKH VDPSOHG FHOOV� $GGLWLRQDOO\� ZH SURYLGH DQ HVWLPDWH IRU FORQH DJH ZKLFK LV
DSSOLFDEOH ZKHQ WKH JURZWK UDWH LV NQRZQ DQG WKH PXWDWLRQ UDWH LV XQNQRZQ�

5HFHQW VLQJOH�FHOO VHTXHQFLQJ GDWDVHWV�����±�� KDYH JHQHUDWHG QRYHO LQVLJKWV DERXW WKH QDWXUH RI FORQHV
LQ WKH EORRG� LGHQWLI\LQJ KLJK ULVN PXWDWLRQV DQG UHYHDOLQJ WKDW FORQDO H[SDQVLRQV ZLWK NQRZQ GULYHUV
DUH SUHVHQW GHFDGHV EHIRUH V\PSWRPV DSSHDU��� $SSO\LQJ RXU PHWKRGV WR WKHVH GDWDVHWV JHQHUDWHV
DGGLWLRQDO LQVLJKWV RQ WKH HDUO\ JURZWK UDWHV RI FORQHV� ZKLFK DSSHDU WR EH FOLQLFDOO\ UHOHYDQW� :H
YDOLGDWH RXU HVWLPDWHV ZLWK ORQJLWXGLQDO GDWD DQG VKRZ WKDW RXU PHWKRGV FRQWULEXWH WR D EHWWHU XQGHU�
VWDQGLQJ RI WKH RYHUDOO WUDMHFWRU\ RI WKH SRSXODWLRQ VL]H RI D FORQH� UHILQLQJ SUHYLRXV HVWLPDWHV DQG
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IXUWKHU DGYDQFLQJ RXU XQGHUVWDQGLQJ RI KHPDWRSRLHVLV� DJLQJ DQG FDQFHU LQLWLDWLRQ�

5HVXOWV

:H GHULYHG QHZ PDWKHPDWLFDO HVWLPDWHV IRU HYROXWLRQDU\ SDUDPHWHUV �H�J�� JURZWK UDWH RI D FORQH�
ZKHQ DQDO\]LQJ VLQJOH FHOO�GHULYHG '1$ VHTXHQFLQJ GDWD IURP D VDPSOH RI WKH FORQH� $ VDPSOH LV D
UDQGRP VXEVHW RI WKH WRWDO FHOOV LQ WKH FORQH� DV LV FRPPRQO\ DYDLODEOH LQ D UHDOLVWLF VLQJOH�FHOO GDWDVHW�
,Q WKH EORRG GDWDVHWV DQDO\]HG EHORZ� VDPSOHV RI XQLTXH FORQHV UDQJH IURP ����� FHOOV�����±��� ZKLOH
WRWDO FORQH VL]H FDQ K\SRWKHWLFDOO\ EH DV ODUJH DV WKH WRWDO QXPEHU RI KHPDWRSRLHWLF VWHP FHOOV �+6&V�
LQ WKH KXPDQ ERG\ �HVWLPDWHV UDQJH IURP ������������������������ $QDO\VLV RI FRDOHVFHQFH WLPHV WKHQ
UHTXLUHV H[SOLFLW FRQVLGHUDWLRQ RI WKH VL]H RI WKH VDPSOH DQG WKXV QHZ WKHRUHWLFDO UHVXOWV ZHUH QHHGHG�
,Q WKLV VHFWLRQ� ZH SURYLGH RXU HVWLPDWHV IRU FORQDO JURZWK SDUDPHWHUV XQGHU D ZLGH UDQJH RI DSSOLFDEOH
PRGHOLQJ DVVXPSWLRQV� WKHQ DSSO\ WKHP WR VLPXODWHG DQG UHDO GDWD� :H DOVR FRPSDUH RXU UHVXOWV WR
WKRVH SURGXFHG XVLQJ 3K\ORILW� D UHFHQW0DUNRY FKDLQ0RQWH &DUOR �0&0&��EDVHG DSSURDFK���

0DWKHPDWLFDO PRGHOV IRU HVWLPDWLQJ FORQDO JURZWK

)LUVW� ZH GHVFULEH WKH ELRORJLFDO UDWLRQDOH IRU LQIHUULQJ WKH JURZWK UDWH IURP D JHQHDORJLFDO WUHH� $OO
FHOOV VDPSOHG IURP WKH VDPH FORQH SURJHQ\ ZLOO KDYH D FRPPRQ DQFHVWRU GDWLQJ EDFN WR WKH FORQH¶V
RULJLQ� L�H�� ZKHQ WKH ILUVW FHOO DFTXLUHG WKH LGHQWLI\LQJ PXWDWLRQ OHDGLQJ WR FORQDO H[SDQVLRQ� $Q\ WZR
VDPSOHG FHOOV PD\ KDYH D PRUH UHFHQW FRPPRQ DQFHVWRU� DQG WKH PRVW UHFHQW WLPH DW ZKLFK WKH WZR
FHOOV KDYH D FRPPRQ DQFHVWRU LV FDOOHG WKH FRDOHVFHQFH WLPH IRU WKHVH FHOOV� ,Q D VDPSOH RI n FHOOV�
WKHUH ZLOO EH n − 1 GLVWLQFW FRDOHVFHQFH WLPHV� )RU ODUJHU SRSXODWLRQV� LW LV OHVV OLNHO\ WKDW DQ\ WZR
VDPSOHG FHOOV ZLOO KDYH D UHFHQW FRPPRQ DQFHVWRU� 7KHUHIRUH� D IDVWHU JURZLQJ �ODUJHU� SRSXODWLRQ
VKRXOG KDYH ROGHU FRPPRQ DQFHVWRUV DQG D VORZHU JURZLQJ �VPDOOHU� SRSXODWLRQ VKRXOG KDYH PRUH
UHFHQW FRPPRQ DQFHVWRUV� %HFDXVH WKH SUREDELOLW\ RI D VKDUHG DQFHVWRU LV GHSHQGHQW RQ WKH WRWDO FORQH
VL]H� WKH GLVWULEXWLRQ RI FRDOHVFHQFH WLPHV SURYLGHV LQIRUPDWLRQ RQ WKH FORQH VL]H WUDMHFWRU\� DQG KHUH
ZH XVH LW WR LQIHU WKH HDUO\ JURZWK UDWH RI WKH FORQH� r�

7R FRQQHFW JURZWK UDWHV WR D JHQHDORJLFDO WUHH� ZH FRQVLGHU WKH IROORZLQJ ELUWK�GHDWK SURFHVV� :H DV�
VXPH HDFK FHOO GLYLGHV V\PPHWULFDOO\ DW UDWH λ DQG GLHV RU GLIIHUHQWLDWHV DW UDWH µ� DFTXLULQJ PXWDWLRQV
WKURXJK WLPH DW UDWH ν� :H ZLVK WR HVWLPDWH r = λ− µ� WKH QHW JURZWK UDWH �VHH )LJXUH �$�� 7KH GDWD
FRQVLVWV RI D VDPSOH RI n FHOOV IURP WKH FORQH �RI WRWDO VL]H  N FHOOV� DW D FORQH DJH T � :H DVVXPH WKDW
r LV SRVLWLYH DQG FRQVWDQW GXULQJ WKH H[SDQVLRQ SKDVH RI WKH FORQH� :H DOVR DVVXPH WKH VDPSOH VL]H
n LV PXFK VPDOOHU WKDQ WKH WRWDO FORQH VL]H N � ZKLFK LV XVXDOO\ YDOLG IRU VLQJOH FHOO�GHULYHG GDWDVHWV
GHVFULEHG KHUHLQ WKDW W\SLFDOO\ KDYH PRVW FRDOHVFHQFH HYHQWV RFFXUULQJ VKRUWO\ DIWHU FORQH LQLWLDWLRQ
�L�H�� VWDU�VKDSHG JHQHDORJLHV������±��� $OWKRXJK RXU PDWKHPDWLFDO UHVXOWV DUH SURYHG IRU WKLV VLPSOH
ELUWK�GHDWK SURFHVV� WKH\ FDQ EH DSSOLHG WR D ODUJHU FODVV RI PRGHOV WKDW GHVFULEH WKH H[SDQVLRQ RI
FORQHV LQ EORRG ZLWK DQ HDUO\ H[SRQHQWLDO JURZWK SKDVH �H�J�� ORJLVWLF JURZWK������ SXUHO\ H[SRQHQ�
WLDO JURZWK��� HWF��� 2XU UHVXOWV ZLOO EH YDOLG ZKHQ REVHUYHG FRDOHVFHQFH WLPHV DUH QRW LPSDFWHG E\
FKDQJLQJ JURZWK UDWHV WKDW PD\ RFFXU DIWHU WKH LQLWLDO H[SDQVLRQ SKDVH �VHH )LJXUH �%�� DQG ZKHQ WKH
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WLPH DW VDPSOLQJ� T � GRHV QRW ELDV WKH REVHUYHG FRDOHVFHQFH WLPHV�
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)LJXUH �� 0RGHO VFKHPDWLF DQG FRDOHVFHQW UHVXOWV� $� 6WHP FHOOV XQGHUJR V\PPHWULF GLYLVLRQ DW UDWH λ� LQFUHDVLQJ WKH
SRSXODWLRQ RI VWHP FHOOV E\ 1� $V\PPHWULF GLYLVLRQ GRHV QRW DIIHFW WKH SRSXODWLRQ VL]H RU SK\ORJHQ\ H[FHSW WR LQWURGXFH
PXWDWLRQV� &HOO GHDWK �RU GLIIHUHQWLDWLRQ� RFFXUV DW UDWH µ� ZKLFK UHPRYHV WKH FHOO¶V LQKHULWHG KLVWRU\ IURP WKH SK\ORJHQ\
DQG GHFUHDVHV WKH SRSXODWLRQ VL]H E\ �� 2XU PHWKRGV VHHN RQO\ WR HVWLPDWH WKH JURZWK UDWH GXULQJ WKH H[SDQVLRQ SKDVH
RI D FORQH� ZKHQ WKH UDWH RI V\PPHWULF GLYLVLRQ LV JUHDWHU WKDQ WKH UDWH RI FHOO GHDWK �r = λ − µ > 0� DQG ERWK UDWHV DUH
DVVXPHG WR EH FRQVWDQW GXULQJ WKLV SKDVH� 0XWDWLRQV� ZKLFK FDQ RFFXU DW RU EHWZHHQ GLYLVLRQV� DUH DVVXPHG WR DFFXPXODWH
OLQHDUO\ ZLWK WLPH DW UDWH ν� %� 7KH DSSUR[LPDWH GLVWULEXWLRQ RI FRDOHVFHQFH WLPHV IRU n = 50 FHOOV LV SORWWHG DERYH RQH
H[DPSOH RI n−1 = 49 FRDOHVFHQFH WLPHV GUDZQ IURP WKH H[DFW GLVWULEXWLRQ RI FRDOHVFHQFH WLPHV IRU D ELUWK�GHDWK SURFHVV�
7KH H[SHFWHG SRSXODWLRQ VL]H DVVXPLQJ ORJLVWLF JURZWK ZLWK GLIIHUHQW FDUU\LQJ FDSDFLWLHV VKRZV WKDW PRVW FRDOHVFHQFH
HYHQWV RFFXU DW VPDOOHU SRSXODWLRQ VL]HV� ZKHQ WKH JURZWK WUDMHFWRU\ LV VWLOO DSSUR[LPDWHO\ H[SRQHQWLDO� 2WKHU SDUDPHWHUV�
r = 1� �λ = 1.5� µ = 0.5�� T = 20� 1RWH WKDW D VDPSOLQJ WLPH T < 10 \HDUV ZRXOG DUWLILFLDOO\ DIIHFW WKH GLVWULEXWLRQ RI
FRDOHVFHQFH WLPHV� LQWURGXFLQJ ELDV� &�0HWKRG RYHUYLHZ� 5HFRQVWUXFWLRQ RI D JHQHDORJLFDO WUHH XVLQJ WKH FRDOHVFHQW SRLQW
SURFHVV �&33� FDQ EH GRQH E\ ILUVW DGGLQJ D YHUWLFDO OLQH RI OHQJWK T � DQG WKHQ DGGLQJ VXFFHVVLYH YHUWLFDO OLQHV UHSUHVHQWLQJ
WKH FRDOHVFHQFH WLPHV �Hi�� 7KH FRDOHVFHQFH WLPHV DUH GUDZQ L�L�G� IURP WKH GLVWULEXWLRQ GHILQHG LQ 6LPXODWLQJ WKH H[DFW
JHQHDORJ\ DQG DUH WKHQ FRQQHFWHG YLD KRUL]RQWDO OLQHV WR IRUP WKH XOWUDPHWULF WUHH� '� 7UHH UHFRQVWUXFWHG XVLQJ WKH
FRDOHVFHQW SRLQW SURFHVV ZLWK FRDOHVFHQFH WLPHV IURP �%�� 5HG HGJHV DUH LQWHUQDO� UHSUHVHQWLQJ VKDUHG PXWDWLRQDO KLVWRU\�
DQG EOXH HGJHV DUH H[WHUQDO�
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$SSUR[LPDWLQJ JHQHDORJ\ XVLQJ D FRDOHVFHQW SRLQW SURFHVV

$ UHFHQW HOHJDQW PHWKRG E\ /DPEHUW IRU FRPSXWLQJ WKH H[DFW JHQHDORJ\ RI D VDPSOH RI VL]H n DW WLPH T
IURP D ELUWK�GHDWK SURFHVV LV GHVFULEHG LQ 6LPXODWLQJ WKH H[DFW JHQHDORJ\��� +HUH� ZH GHULYH D XVHIXO
DSSUR[LPDWLRQ WR WKH H[DFW JHQHDORJ\� :HPRGHO WKH FRDOHVFHQFH WLPHV DV LQGHSHQGHQW DQG LGHQWLFDOO\
GLVWULEXWHG �L�L�G�� UDQGRP YDULDEOHV KDYLQJ D ORJLVWLF GLVWULEXWLRQ� SOXV D UDQGRP VKLIW ZKLFK DFFRXQWV
IRU WKH UDQGRPQHVV LQ WKH LQLWLDO JURZWK RI WKH EUDQFKLQJ SURFHVV� 7KH IROORZLQJ DSSUR[LPDWH GLV�
WULEXWLRQ RI FRDOHVFHQFH WLPHV SURYLGHV WKH IRXQGDWLRQ IRU RXU HVWLPDWHV RI QHW JURZWK UDWH� :H QRWH
WKDW ,JQDWLHYD� +HLQ� DQG -HQNLQV�� VKRZHG XVLQJ D GLIIHUHQW PHWKRG LQYROYLQJ D UDQGRP WLPH FKDQJH
WKDW WKH FRDOHVFHQFH WLPHV FDQ EH DSSUR[LPDWHG ZHOO E\ L�L�G� ORJLVWLF UDQGRP YDULDEOHV� 7KH ORJLVWLF
GLVWULEXWLRQ DOVR DSSHDUHG LQ D VLPLODU FRQWH[W LQ ZRUN RI 'HODSRUWH� $FKD]� DQG /DPEHUW���

:H DUH PRVWO\ LQWHUHVWHG LQ WKH FDVH ZKHQ WKH FORQH DJH DW VDPSOLQJ T DQG WKH VDPSOH VL]H n DUH
ODUJH� :H FDQ WKHUHIRUH REWDLQ D XVHIXO DSSUR[LPDWLRQ E\ OHWWLQJ T → ∞ DQG WKHQ n → ∞ LQ WKH
FRQVWUXFWLRQ IURP VHFWLRQ 6LPXODWLQJ WKH H[DFW JHQHDORJ\ LQ 0HWKRGV� 7KLV OHDGV WR WKH IROORZLQJ
VLPSOHU PHWKRG IRU DSSUR[LPDWLQJ WKH FRDOHVFHQFH WLPHV H1, . . . , Hn−1�

�� /HWW KDYH DQ H[SRQHQWLDO GLVWULEXWLRQ ZLWK PHDQ ��

�� /HW U1, U2, . . . , Un−1 EH L�L�G� UDQGRP YDULDEOHV KDYLQJ WKH ORJLVWLF GLVWULEXWLRQ� ZKLFK LV D
V\PPHWULF GLVWULEXWLRQ RQ WKH UHDO OLQH ZLWK GHQVLW\ JLYHQ E\

fUi(u) =
eu

(1 + eu)2
.

�� /HW
Hi = T − 1

r

(
ORJ(1/W ) + ORJn+ Ui

)
.

)RU PDWKHPDWLFDO GHWDLOV RQ GHULYDWLRQV� VHH 6XSSOHPHQWDU\ VHFWLRQ ���� 2QFH WKHHi KDYH EHHQ GHWHU�
PLQHG� ZH FDQ FRQVWUXFW WKH JHQHDORJLFDO WUHH E\ UDQGRPO\ PHUJLQJ WZR OLQHDJHV DW HDFK FRDOHVFHQFH
WLPH� RU E\ XVLQJ WKH FRDOHVFHQW SRLQW SURFHVV DV VKRZQ LQ )LJXUH �&� 7R XQGHUVWDQG WKH IRUPXOD IRU
Hi� QRWH WKDW LQ D VXSHUFULWLFDO EUDQFKLQJ SURFHVV �r > 0�� WKH LQGLYLGXDOV VDPSOHG DW WLPH T DUH OLNHO\
WR KDYH EHHQ GHVFHQGHG IURP GLIIHUHQW DQFHVWRUV IDLUO\ FORVH WR WLPH ]HUR� ZKHQ WKH FORQH EHJDQ H[�
SDQGLQJ� 7KDW LV� WKH JHQHDORJLFDO WUHH ZLOO EH QHDUO\ VWDU�VKDSHG� ZLWK PRVW FRDOHVFHQFH RFFXUULQJ
QHDU WLPH �� 1RWH WKDW WKH H[SHFWHG SRSXODWLRQ VL]H RI WKH FORQH DW WLPH t LV ert� &RQVLGHULQJ WKH FDVH
ZKHQ λ = r DQG µ = 0� WKH VL]H RI WKH SRSXODWLRQ DIWHU D ODUJH WLPH t FDQ WKHUHIRUH EH DSSUR[LPDWHG
E\ Wert� ZKHUH W KDV DQ H[SRQHQWLDO GLVWULEXWLRQ ZLWK PHDQ �� 7KLV H[SUHVVLRQ HTXDOV n ZKHQ
t = 1

r (ORJ(1/W ) + ORJn)� :H H[SHFW PRVW OLQHDJHV WR FRDOHVFH ZKHQ WKH VL]H RI WKH SRSXODWLRQ LV
FRPSDUDEOH WR n� ZKLFK LV ZK\ WKH FRDOHVFHQFH WLPHVHi DUH FORVH WR T − 1

r (ORJ(1/W )+ ORJn)�

�
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(VWLPDWLQJ JURZWK UDWH RI D FORQH

,I ZH FDQ UHFRQVWUXFW WKH IXOO JHQHDORJLFDO WUHH IURP GDWD� WKHQ ZH KDYH HVWLPDWHV IRU WKH n − 1 FRD�
OHVFHQFH WLPHV H1, . . . , Hn−1� )URP WKH GLVFXVVLRQ DERYH� ZH FDQ ZULWH

Hi = a+ bUi, a = T − 1

r

(
ORJ(1/W ) + ORJn

)
, b =

1

r
. ���

ZKHUH WKH UDQGRP YDULDEOHV U1, . . . , Un DUH L�L�G� DQG KDYH D ORJLVWLF GLVWULEXWLRQ� 1RWH WKDW ZH FDQ
ZULWH b = 1/r LQVWHDG RI b = −1/r EHFDXVH WKH ORJLVWLF GLVWULEXWLRQ LV V\PPHWULF� :H FDQ WKHUHIRUH
HVWLPDWH WKH JURZWK UDWH r E\ HVWLPDWLQJ WKH SDUDPHWHU b� :H LQWURGXFH KHUH WKUHH PHWKRGV� $ORQJVLGH
WKH UHVXOWV EHORZ� ZH DOVR FUHDWHG DQ 5 SDFNDJH FORQH5DWH IRU LPSOHPHQWLQJ JURZWK UDWH HVWLPDWLRQ
RQ QRYHO XVHU LQSXW GDWD�

*URZWK UDWH HVWLPDWLRQ XVLQJ PD[LPXP OLNHOLKRRG

0D[LPXP OLNHOLKRRG FDQ EH XVHG WR HVWLPDWH b IURPH1, . . . , Hn−1� %HFDXVH WKH PD[LPXP OLNHOLKRRG
HVWLPDWH GRHV QRW KDYH D FORVHG IRUP H[SUHVVLRQ� LW PXVW EH IRXQG XVLQJ QXPHULFDO PHWKRGV� :H KDYH
XVHG WKH PD[/LN SDFNDJH LQ 5 WR FRPSXWH WKH PD[LPXP OLNHOLKRRG HVWLPDWH b̂��� )URP (TXDWLRQ ��
ZH FDQ HVWLPDWH r E\

r̂ = 1/b̂. ���

/HW 0 < α < 1� $ 100(1− α)� FRQILGHQFH LQWHUYDO �&,� IRU r LV
[
r̂

(
1−

czα/2√
n

)
, r̂

(
1 +

czα/2√
n

)]
, c =

3√
3 + π2

, ���

ZKHUH zα/2 LV WKH QXPEHU VXFK WKDW LI Z KDV D VWDQGDUG QRUPDO GLVWULEXWLRQ� WKHQ P (Z > zα/2) = α/2�
1RWH WKDW c ≈ .836� ZKLFK ZH XVH WR FRPSDUH WR WKH FRQILGHQFH LQWHUYDOV RI WKH IROORZLQJ HVWLPDWH
EDVHG RQ LQWHUQDO EUDQFK OHQJWKV� 6HH 6XSSOHPHQWDU\ VHFWLRQ ��� IRU &, GHULYDWLRQV�

*URZWK UDWH HVWLPDWLRQ XVLQJ LQWHUQDO EUDQFK OHQJWKV

,I ZH DUH DEOH WR UHFRQVWUXFW WKH IXOO WUHH� WKHQ ZH NQRZ WKH LQWHUQDO EUDQFK OHQJWKVLin
n �H�J�� VXP RI WKH

OHQJWKV RI UHG EUDQFKHV LQ )LJXUH �'�� %\ 7KHRUHP � LQ ,QWHUQDO DQG H[WHUQDO EUDQFK OHQJWKV LQ 0HWK�
RGV� WKH GLVWULEXWLRQ RI Lin

n LV DSSUR[LPDWHO\ QRUPDO ZLWK PHDQ n/r DQG YDULDQFH n/r2� 7KHUHIRUH� ZH
FDQ HVWLPDWH WKH JURZWK UDWH E\

r̂ =
n

Lin
n

, ���

DQG ZH REWDLQ DQ DV\PSWRWLFDOO\ YDOLG 100(1− α)� FRQILGHQFH LQWHUYDO IRU r E\
[
r̂

(
1−

zα/2√
n

)
, r̂

(
1 +

zα/2√
n

)]
. ���

7KLV HVWLPDWH EDVHG RQ WKH LQWHUQDO EUDQFK OHQJWKV FDQ EH FRPSDUHG GLUHFWO\ WR WKH PD[LPXP OLNHOL�
KRRG HVWLPDWH� DV ERWK PHWKRGV WDNH D WLPH�EDVHG XOWUDPHWULF WUHH DV LQSXW� ,I WKH FRDOHVFHQFH WLPHV

�
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DUH DFFXUDWH� WKHQ FRQVLGHULQJ RQO\ WKH LQWHUQDO EUDQFK OHQJWKV GLVFDUGV UHOHYDQW LQIRUPDWLRQ DQG RQH
ZRXOG H[SHFW WKH PD[LPXP OLNHOLKRRG HVWLPDWH WR SHUIRUP EHWWHU� 7KH FRQILGHQFH ERXQGV RI WKH LQWHU�
QDO OHQJWKV HVWLPDWH UHIOHFW WKLV� DV WKH FRQILGHQFH ERXQGV RI WKH LQWHUQDO OHQJWKV PHWKRG LQ (TXDWLRQ
� DUH LGHQWLFDO LQ IRUP WR WKH FRQILGHQFH ERXQGV IRU PD[LPXP OLNHOLKRRG LQ (TXDWLRQ �� H[FHSW WKDW
WKH LQWHUQDO OHQJWKV HIIHFWLYHO\ KDV c = 1� %HFDXVH c = 1 > 0.836� WKH LQWHUQDO OHQJWKV PHWKRG KDV
ZLGHU FRQILGHQFH LQWHUYDOV�

:KHQ UHFRQVWUXFWLQJ WKH WUHH IURPPXWDWLRQV� WKHUH ZLOO EH VRPH UDQGRPQHVV LQKHUHQW LQ WKH QXPEHU RI
REVHUYHG PXWDWLRQV� %HFDXVH WKH SUHYLRXV PHWKRGV XVH WKH WLPH�EDVHG WUHH DV LQSXW� QHLWKHU DFFRXQWV
IRU WKLV XQFHUWDLQW\� 7KH IROORZLQJ VHFWLRQ XVHV WKH LGHDV SUHVHQWHG KHUH WR HVWLPDWH WKH QHW JURZWK UDWH
GLUHFWO\ IURP WKH REVHUYHGPXWDWLRQV� SURYLGLQJ FRQILGHQFH ERXQGV ZKLFK DFFRXQW IRU WKH UDQGRPQHVV
RI PXWDWLRQ DFFXPXODWLRQ�

*URZWK UDWH HVWLPDWLRQ XVLQJ VKDUHG PXWDWLRQV UDWKHU WKDQ IXOO WUHH

,I ZH FDQ HVWLPDWH WKH PXWDWLRQ UDWH ν GXULQJ WKH H[SDQVLRQ SKDVH RI WKH FORQH� WKHQ ZH FDQ DOVR
HVWLPDWH WKH JURZWK UDWH GLUHFWO\ IURP WKH QXPEHU RI VKDUHG PXWDWLRQV� GHILQHG DV WKRVH PXWDWLRQV
SUHVHQW LQ PRUH WKDQ � EXW QRW DOO RI WKH n VDPSOHG FHOOV� 7KH NH\ LGHD LV WKDW WKHUH ZLOO EH PRUH
VKDUHG PXWDWLRQV ZKHQ WKH JURZWK UDWH LV VPDOOHU DQG IHZHU ZKHQ WKH JURZWK UDWH LV ODUJHU� $V VKRZQ
LQ 6KDUHG DQG SULYDWH PXWDWLRQV LQ0HWKRGV� WKH GLVWULEXWLRQ RI WKH QXPEHU RI VKDUHG PXWDWLRQVM in LV
DSSUR[LPDWHO\ QRUPDO ZLWK PHDQ nν/r DQG YDULDQFH σ2 = n(ν/r+ν2/r2)� 7KHUHIRUH� LI WKH PXWDWLRQ
UDWH ν LV NQRZQ� ZH FDQ HVWLPDWH WKH JURZWK UDWH E\

r̂ =
nν

M in
. ���

$Q DV\PSWRWLFDOO\ YDOLG 100(1− α)� FRQILGHQFH LQWHUYDO IRU r LV JLYHQ E\

[
r̂

(
1−

zα/2√
n

√
1 +

n

M in
n

)
, r̂

(
1 +

zα/2√
n

√
1 +

n

M in
n

)]
. ���

$FFRXQWLQJ IRU 3RLVVRQLDQ IOXFWXDWLRQV LQ WKH REVHUYHG QXPEHU RI VKDUHG PXWDWLRQV OHDGV WR FRQIL�
GHQFH ERXQGV VOLJKWO\ ZLGHU WKDQ WKRVH IURP WKH LQWHUQDO OHQJWKV PHWKRG �(TXDWLRQ ���

(VWLPDWLRQ SHUIRUPDQFH RQ VLPXODWHG GDWD

7R YHULI\ WKH SHUIRUPDQFH RI RXUPHWKRGV� ZH JHQHUDWHG WUHHV XVLQJ WKH H[DFW JHQHDORJ\ UHFRQVWUXFWLRQ
GLVFXVVHG LQ IXOO GHWDLO LQ 6LPXODWLQJ WKH H[DFW JHQHDORJ\ LQ 0HWKRGV� 5HFHQW ZRUN E\ /DPEHUW��

DOORZV IRU LQVWDQWDQHRXV JHQHUDWLRQ RI WKH H[DFW JHQHDORJ\ RI D VDPSOH IURP D VXSHUFULWLFDO ELUWK�
GHDWK SURFHVV� UHPRYLQJ WKH QHHG IRU H[SHQVLYH VLPXODWLRQ IRU D ZLGH UDQJH RI SRSXODWLRQ JHQHWLFV
DQG FRDOHVFHQW ZRUN� :H EULHIO\ GHVFULEH WKLV SURFHVV KHUH� )RU D VDPSOH RI VL]H n DW WLPH T IURP D
FORQH H[SDQGLQJ ZLWK ELUWK UDWH λ DQG GHDWK UDWH µ� n − 1 H[DFW FRDOHVFHQFH WLPHV DUH GUDZQ XVLQJ
WKH SURFHVV GHVFULEHG LQ 6LPXODWLQJ WKH H[DFW JHQHDORJ\� $Q H[DPSOH RI D VHW RI 49 FRDOHVFHQFH
WLPHV IRU D VDPSOH RI 50 FHOOV LV VKRZQ LQ )LJXUH �%� *LYHQ WKH FRDOHVFHQFH WLPHV Hi, . . . , Hn−1� WKH

�
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FRDOHVFHQW SRLQW SURFHVV FDQ EH XVHG WR TXLFNO\ UHFRQVWUXFW WKH JHQHDORJ\� 7R UHFRQVWUXFW WKH WUHH
IURP WKH FRDOHVFHQFH WLPHV� ZH EHJLQ E\ GUDZLQJ D YHUWLFDO OLQH RI KHLJKW T � :H WKHQ GUDZ YHUWLFDO
OLQHV RI KHLJKWV H1, . . . , Hn−1 DQG� DW WKH WRS RI HDFK YHUWLFDO OLQH� GUDZ D KRUL]RQWDO OLQH WR WKH OHIW�
VWRSSLQJ ZKHQ LW KLWV D YHUWLFDO EUDQFK� 7KH UHVXOWLQJ WUHH LV XOWUDPHWULF� PHDQLQJ WKDW WKH URRW WR WLS
GLVWDQFH LV WKH VDPH IRU DOO WLSV� )LJXUH �& VKRZV D VFKHPDWLF H[DPSOH RI JHQHUDWHG D WUHH ZLWK 10 WLSV
IURP n − 1 = 9 FRDOHVFHQFH WLPHV� DQG )LJXUH �' VKRZV WKH WUHH FRQVWUXFWHG IURP WKH FRDOHVFHQFH
WLPHV LQ )LJXUH �% XVLQJ WKH FRDOHVFHQW SRLQW SURFHVV�

7KHQ� DSSO\LQJ RXU PHWKRGV WR WKHVH UHFRQVWUXFWHG WUHHV JLYHV D GLVWULEXWLRQ RI HVWLPDWHV ZKLFK DO�
ORZV IRU EHQFKPDUNLQJ VLQFH ZH NQRZ WKH µWUXH¶ JURZWK UDWH LQ WKH VLPXODWHG GDWD� :H FRPSDUHG WKH
SHUIRUPDQFH RI RXU PHWKRGV WR WKH0DUNRY FKDLQ0RQWH &DUOR �0&0&��EDVHG DSSURDFK� 3K\ORILW� LQ�
WURGXFHG E\:LOOLDPV HW DO���� :H GLG QRW FRPSDUH WR WKH SHUIRUPDQFH RI WKHLU $SSUR[LPDWH %D\HVLDQ
FRPSXWDWLRQ �$%&��EDVHG HVWLPDWHV� EXW QRWH WKDW WKH DXWKRUV VKRZ D VWURQJ FRUUHODWLRQ EHWZHHQ HV�
WLPDWHV IURP 3K\ORILW DQG WKH $%&�EDVHG PHWKRG �FRUUHODWLRQ FRHIILFLHQW U  ��������

3HUIRUPDQFH DFURVV YDU\LQJ VDPSOH VL]H n DQG JURZWK UDWH r

:H IRXQG VLPLODU SHUIRUPDQFH XVLQJ RXU PHWKRGV FRPSDUHG WR XVLQJ 3K\ORILW� $V VKRZQ LQ )LJXUH
�$�%� 3K\ORILW DSSHDUV WR SHUIRUP VOLJKWO\ EHWWHU IRU VPDOO VDPSOH VL]H n� ZKLOH ERWK RI RXU PHWKRGV
RXWSHUIRUP 3K\ORILW IRU n ≥ 100� 2I RXU WZR PHWKRGV� PD[LPXP OLNHOLKRRG KDV WKH ORZHVW URRW�
PHDQ�VTXDUH HUURU IRU ODUJHU YDOXHV RI n �VHH )LJXUH �%�� :KHQ WKH VDPSOH VL]H n LV WRR ORZ� RXU
DSSUR[LPDWLRQ RI WKH GLVWULEXWLRQ RI FRDOHVFHQFH WLPHV� ZKLFK LV YDOLG DV n → ∞� QR ORQJHU DFFXUDWHO\
GHVFULEHV WKH SRSXODWLRQ� ,QWXLWLYHO\� D VPDOOHU VDPSOH SURYLGHV OHVV LQIRUPDWLRQ DYDLODEOH WR PDNH DQ
DFFXUDWH HVWLPDWH RI WKH JURZWK UDWH� $V VXFK� SHUIRUPDQFH GHWHULRUDWHV DQG WKH FRQILGHQFH LQWHUYDOV RI
RXU HVWLPDWHV H[SDQG ZLWK GHFUHDVLQJ n �VHH (TXDWLRQV �� �� DQG ��� :H XVH D FXWRII VDPSOH VL]H RI n =

10 LQ D FORQHZKHQ DSSO\LQJ WR UHDO GDWD EHORZ� EXW QRWH WKDW WKLV FXWRII GHSHQGV RQ WKH GHVLUHG DFFXUDF\
RI WKH HVWLPDWH� 7KH FRQILGHQFH LQWHUYDOV IRU RXU PHWKRGV DUH DSSUR[LPDWHO\ DFFXUDWH� DV VKRZQ LQ
)LJXUH �&� WKRXJK ZH QRWH WKDW WKH PD[LPXP OLNHOLKRRG FRQILGHQFH LQWHUYDOV PD\ EH VOLJKWO\ WRR
QDUURZ IRU VPDOO n EHFDXVH WKH YDULDQFH HVWLPDWH LV EDVHG RQ WKH DV\PSWRWLF &UDPHU�5DR ERXQG��� :H
DOVR VKRZ WKDW 3K\ORILW UXQWLPH VFDOHV ZLWK WKH QXPEHU RI VDPSOHV� ZKLOH RXU PHWKRGV DUH HVVHQWLDOO\
LQVWDQWDQHRXV UHJDUGOHVV RI WKH VL]H RI WKH WUHH �)LJXUH �'��

6LPLODUO\� ZH VKRZ WKH SHUIRUPDQFH RI RXU PHWKRGV DFURVV r YDOXHV� $V VKRZQ LQ )LJXUH �$�%�
RXU PD[LPXP OLNHOLKRRG PHWKRG SHUIRUPV EHVW IRU PRVW JURZWK UDWHV� $JDLQ� )LJXUH �& VKRZV WKDW
WKH FRQILGHQFH LQWHUYDOV DUH DSSUR[LPDWHO\ DFFXUDWH� ,Q )LJXUH �� WKH VPDOOHVW JURZWK UDWH r = 0.25

VKRZV FRQFHUQLQJ SHUIRUPDQFH� ZKLFK PRWLYDWHG IXUWKHU LQYHVWLJDWLRQ LQWR WKH LPSDFW RI VPDOO JURZWK
UDWHV�

6PDOO JURZWK UDWH GLDJQRVWLF IRU PHWKRG XWLOL]DWLRQ

:H LQYHVWLJDWHG WKH SHUIRUPDQFH IDLOXUH DW VPDOO JURZWK UDWHV DQG GHWHUPLQHG ZK\ WKLV KDSSHQV� :H
WKHQ GHULYHG D GLDJQRVWLF WR GHWHUPLQH ZKHQ WKH JURZWK UDWH LV ODUJH HQRXJK IRU RXU PHWKRGV WR EH
DSSOLFDEOH� $V VKRZQ LQ )LJXUH �$� DOO WKUHH PHWKRGV SHUIRUP SRRUO\ DW VPDOO JURZWK UDWHV� RXU

�

.CC-BY-NC-ND 4.0 International licenseperpetuity. It is made available under a
preprint (which was not certified by peer review) is the author/funder, who has granted bioRxiv a license to display the preprint in 

The copyright holder for thisthis version posted February 27, 2023. ; https://doi.org/10.1101/2023.02.24.529817doi: bioRxiv preprint 

https://doi.org/10.1101/2023.02.24.529817
http://creativecommons.org/licenses/by-nc-nd/4.0/


0.85

0.90

0.95

1.00

0 100 200 300 400 500
Number of samples, n

C
ov

er
ag

e 
pr

ob
ab

ilit
y

0.1

0.2

0.3

0 100 200 300 400 500
Number of samples, n

R
oo

t m
ea

n 
sq

ua
re

 e
rro

r

0.25 0.50 1.00 1.50

0.25 0.50 1.00 1.50

A

D

0.05

0.10

0.15

0.20

0.25

10 15 20 25 30
Clone age, T

Fr
ac

tio
n 

ou
ts

id
e 

95
%

 c
on

f. 
in

te
rv

al

Lengths
Max. likelihood
Phylofit

0

20

40

60

0 50 100 200 500 1000
# samples, n

R
un

tim
e 

(m
in

ut
es

)

Lengths
Max. likelihood
Phylofit*

n=10

n=30

n=50

n=100

n=200

n=500

B

C

0.05

0.10

0.15

0.20

0.25

10 15 20 25 30
Clone age, T

Fr
ac

tio
n 

ou
ts

id
e 

95
%

 c
on

f. 
in

te
rv

al

Lengths
Max. likelihood
Phylofit

0.05

0.10

0.15

0.20

0.25

10 15 20 25 30
Clone age, T

Fr
ac

tio
n 

ou
ts

id
e 

95
%

 c
on

f. 
in

te
rv

al

Lengths
Max. likelihood
Phylofit

0.05

0.10

0.15

0.20

0.25

10 15 20 25 30
Clone age, T

Fr
ac

tio
n 

ou
ts

id
e 

95
%

 c
on

f. 
in

te
rv

al

Lengths
Max. likelihood
Phylofit

Growth rate estimate, !

Sample size, n

Sample size, n

Sample size, n

0.00

0.02

0.04

0.06

100 200 300 400 500
Number of samples, n

R
oo

t m
ea

n 
sq

ua
re

 e
rro

r

)LJXUH �� 3HUIRUPDQFH DQG QXPEHU RI VDPSOHV� n� $� 'LVWULEXWLRQ RI HVWLPDWHV IURP RXU PHWKRGV XVLQJ (TXDWLRQ �
�JUHHQ� DQG (TXDWLRQ � �EODFN�� DQG 3K\ORILW �RUDQJH� RQ ��� VLPXODWHG XOWUDPHWULF WUHHV IURP HDFK n YDOXH� ZKHUH n LV WKH
QXPEHU RI VDPSOHG FHOOV� 6LPXODWHG WUHHV ZHUH JHQHUDWHG DVVXPLQJ D FRQWLQXRXV WLPH ELUWK�GHDWK EUDQFKLQJ SURFHVV ZLWK
r = 0.5 DQG T = 40� %LUWK UDWH λ LV VDPSOHG IURP D XQLIRUP GLVWULEXWLRQ RQ [0.5, 1.5] DQG GHDWK UDWH µ = λ− r� %� 5RRW
PHDQ VTXDUH HUURU IRU HDFK PHWKRG IURP WKH VLPXODWLRQV VKRZQ LQ �$� GHPRQVWUDWHV LPSURYHG SHUIRUPDQFH ZLWK QXPEHU
RI VDPSOHV� 3K\ORILW LV PRVW DFFXUDWH IRU VPDOO n ZKLOH 0D[LPXP OLNHOLKRRG SHUIRUPV EHVW IRU ODUJH n� &� $FFXUDF\ RI
95� FRQILGHQFH LQWHUYDOV GHYHORSHG IRU RXU ,QWHUQDO OHQJWKV DQG 0D[LPXP OLNHOLKRRG PHWKRGV EDVHG RQ VLPXODWLRQV LQ
�$�� '� 5XQWLPH �PHDQ ��� VW� GHY�� RI YDULRXV PHWKRGV RI HVWLPDWLQJ QHW JURZWK UDWH VKRZV WKDW ZKLOH WKH 0&0&�EDVHG
3K\ORILW VFDOHV ZLWK WKH QXPEHU RI VDPSOHV� n� RXU PHWKRGV UXQ HIIHFWLYHO\ LQVWDQWDQHRXVO\ IRU DQ\ WUHH VL]H�

PHWKRGV SHUIRUP ZRUVH WKDQ 3K\ORILW LQ WKLV VPDOO r UHJLPH� 7R XQGHUVWDQG ZK\ RXU PHWKRGV FDQ IDLO
IRU VPDOO r� ZH QRWH WKDW ZKHQ r > 0� VR WKDW WKH EUDQFKLQJ SURFHVV LV VXSHUFULWLFDO� WKH n VDPSOHG
FHOOV VKRXOG DOO KDYH GLVWLQFW DQFHVWRUV WKDW ZHUH DOLYH D VKRUW WLPH DIWHU WKH LQLWLDWLRQ RI WKH FORQH�
&RQVHTXHQWO\� WKH JHQHDORJLFDO WUHH ZLOO EH QHDUO\ VWDU�VKDSHG� ZLWK ORQJ H[WHUQDO EUDQFKHV DQG VKRUW
LQWHUQDO EUDQFKHV QHDU WKH URRW �VHH H[DPSOH LQ )LJXUH �'�� 2Q WKH RWKHU KDQG� ZKHQ r = 0� VR WKDW WKH
EUDQFKLQJ SURFHVV LV FULWLFDO� WKH SRSXODWLRQ VL]H LV QHDUO\ VWDEOH RYHU WLPH� 7KHQ WKH JHQHDORJ\ RI WKH

�
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Net growth rate, !
C

)LJXUH �� 3HUIRUPDQFH DFURVV GLIIHUHQW JURZWK UDWHV� r� $� 'LVWULEXWLRQ RI HVWLPDWHV IURP RXU PHWKRGV DQG 3K\ORILW
RQ ��� VLPXODWHG XOWUDPHWULF WUHHV IURP HDFK r YDOXH� ZKHUH r LV WKH JURZWK UDWH� 6LPXODWHG WUHHV JHQHUDWHG DVVXPLQJ D
FRQWLQXRXV WLPH ELUWK�GHDWK EUDQFKLQJ SURFHVV ZLWK n = 100 DQG T = 40� %� 5RRW PHDQ VTXDUH HUURU� QRUPDOL]HG WR
DFFRXQW IRU WKH GLIIHUHQW WUXH JURZWK UDWHV� IRU HDFK PHWKRG IURP WKH VLPXODWLRQV VKRZQ LQ �$� GHPRQVWUDWHV D GHFUHDVH LQ
DFFXUDF\ IRU VPDOO JURZWK UDWHV� 3K\ORILW LV PRVW DFFXUDWH IRU VPDOO r ZKLOH 0D[LPXP OLNHOLKRRG SHUIRUPV EHVW IRU ODUJH
r� &� $FFXUDF\ RI 95� FRQILGHQFH LQWHUYDOV GHYHORSHG IRU RXU ,QWHUQDO OHQJWKV DQG 0D[LPXP OLNHOLKRRG PHWKRGV EDVHG
RQ VLPXODWLRQV LQ �$��

n VDPSOHG FHOOV ZRXOG PRUH FORVHO\ UHVHPEOH WKH FODVVLFDO .LQJPDQ¶V FRDOHVFHQW� LQ ZKLFK OLQHDJHV
PHUJH DW D FRQVWDQW UDWH DQG PRVW FRDOHVFHQFH HYHQWV RFFXU QHDU WKH WLPH RI VDPSOLQJ� OHDGLQJ WR ORQJ
LQWHUQDO EUDQFKHV DQG VKRUW H[WHUQDO EUDQFKHV� :KHQ r LV VPDOO EXW SRVLWLYH� WKH JHQHDORJLFDO WUHH ZLOO
EH VWDU�VKDSHG LI WKH VDPSOLQJ WLPH T LV VXIILFLHQWO\ ODUJH� EXW WKH LQWHUQDO EUDQFK OHQJWKV ZLOO VWLOO
EH ORQJHU WKDQ ZKHQ r LV ODUJHU� &RQVHTXHQWO\� LI T LV QRW VXIILFLHQWO\ ODUJH� WKHQ WKH FRQVWUDLQW WKDW
WKH FRDOHVFHQFH WLPHV PXVW EH OHVV WKDQ T ZLOO DIIHFW WKH GLVWULEXWLRQ RI WKH LQWHUQDO OHQJWKV� DQG WKH
DSSUR[LPDWLRQ WKDW ZH GHULYHG ZLOO QRW EH DFFXUDWH�

:H IRXQG WKDW DV ORQJ DV WKH WRWDO OHQJWK RI WKH H[WHUQDO EUDQFKHV LV PXFK ODUJHU WKDQ WKH WRWDO OHQJWK
RI WKH LQWHUQDO EUDQFKHV� WKLV SUREOHP GRHV QRW DULVH� DQG RXU PHWKRGV JLYH DFFXUDWH UHVXOWV� 7KLV
OHDGV QDWXUDOO\ WR D GLDJQRVWLF ZKLFK GHWHUPLQHV ZKHQ RXU PHWKRGV DUH DSSOLFDEOH� $V VKRZQ LQ
)LJXUH �$� ZKHQ WKH UDWLR RI H[WHUQDO WR LQWHUQDO OHQJWKV LV JUHDWHU WKDQ RU HTXDO WR �� RXU PHWKRGV DQG
FRQILGHQFH LQWHUYDOV DUH DFFXUDWH� )LJXUH �% VKRZV WKDW PRVW RI WKH VLPXODWHG WUHHV ZLWK SUREOHPDWLF
VPDOO JURZWK UDWHV IDLO WKLV GLDJQRVWLF FXWRII� $SSO\LQJ WKLV FXWRII WR D VLPXODWHG GDWDVHW ZLWK JURZWK
UDWHV EHWZHHQ ��� DQG � UHGXFHV RYHUHVWLPDWHV DQG JUHDWO\ LPSURYHV SHUIRUPDQFH �)LJXUH �&�'��
1RWDEO\� VPDOO JURZWK UDWH FORQHV DUH XQOLNHO\ WR EH REVHUYHG LQ HQRXJK VDPSOHG FHOOV LQ UHDO GDWD WR
PDNH DQ DFFXUDWH HVWLPDWH� ,Q IDFW� QRQH RI WKH �� FORQHV ZKLFK ZH DQDO\]H IURP WKH EORRG GDWDVHWV

��
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Growth rate estimate, !

)LJXUH �� 6PDOO JURZWK UDWH r GLDJQRVWLF� $� 7UHHV ZLWK n = 50 WLSV DQG T = 40 ZHUH FUHDWHG IURP ������ UDQGRPO\
VDPSOHG r YDOXHV IURP D XQLIRUP GLVWULEXWLRQ RQ ����� �� DQG WKHQ ELQQHG E\ WKH UDWLR RI H[WHUQDO WR LQWHUQDO OHQJWKV LQ
LQFUHPHQWV RI RQH� )RU FRUUHVSRQGLQJ HVWLPDWHV RI r� DFFXUDF\ RI WKH 95� FRQILGHQFH LQWHUYDOV �&,� VKRZV WKDW WKH UDWLR RI
H[WHUQDO WR LQWHUQDO OHQJWKV FDQ EH XVHG DV D GLDJQRVWLF WR GHWHUPLQH ZKHWKHU RXU PHWKRG FDQ DFFXUDWHO\ HVWLPDWH JURZWK
UDWH� :H XVH D UDWLR RI � DV D FXWRII YDOXH DV VLPXODWLRQV ZLWK D UDWLR JUHDWHU WKDQ � DUH FDSWXUHG E\ WKH 95� FRQILGHQFH
LQWHUYDOV DSSUR[LPDWHO\ 95�RI WKH WLPH� 0LQLPXP QXPEHU RI VLPXODWLRQV FDSWXUHG LQ D VLQJOH ELQ LV ��� %�'LVWULEXWLRQ RI
HVWLPDWHV IURP RXU PHWKRGV DQG 3K\ORILW RQ ��� VLPXODWHG XOWUDPHWULF WUHHV IURP HDFK r YDOXH� ZKHUH r LV WKH JURZWK UDWH�
6LPXODWHG WUHHV JHQHUDWHG DVVXPLQJ D FRQWLQXRXV WLPH ELUWK�GHDWK EUDQFKLQJ SURFHVV ZLWK n = 100 DQG T = 40� )RU HDFK
WUHH� ZH FDOFXODWH WKH UDWLR RI H[WHUQDO OHQJWKV WR LQWHUQDO OHQJWKV� )RU HDFK JURZWK UDWH� ZH VKRZ WKH SHUFHQWDJH RI WUHHV
ZKLFK KDYH D UDWLR RI H[WHUQDO WR LQWHUQDO OHQJWKV EHORZ WKH GLDJQRVWLF YDOXH RI �� &� 5HODWLYH IUDFWLRQDO HUURU GLVWULEXWLRQ
IRU IRXU PHWKRGV IURP WKH VDPH VLPXODWLRQV VKRZQ LQ �$� EHIRUH �GDVKHG OLQHV� LWHUDWLRQV  ������� DQG DIWHU �VROLG OLQHV�
LWHUDWLRQV  ������ WKH FXWRII RI � ZDV DSSOLHG� ,QVHW VKRZV VLJQLILFDQW UHGXFWLRQ LQ RYHUHVWLPDWHV GXH WR WKH GLDJQRVWLF
FXWRII� '� 1RUPDOL]HG URRW PHDQ VTXDUH HUURU �506(� DQG IUDFWLRQ RI VDPSOHV RXWVLGH RI 95� FRQILGHQFH LQWHUYDOV
�FRYHUDJH SUREDELOLW\� IRU IRXU PHWKRGV XVLQJ VDPH VLPXODWLRQV VKRZQ LQ �$� DQG �&� EHIRUH DQG DIWHU WKH GLDJQRVWLF
FXWRII ZDV DSSOLHG� 7KH GLDJQRVWLF SURYLGHV D VLJQLILFDQW UHGXFWLRQ LQ HUURU DQG LPSURYHPHQW LQ DFFXUDF\ RI FRQILGHQFH
LQWHUYDOV�

��



EHORZ KDV DQ H[WHUQDO WR LQWHUQDO OHQJWK UDWLR OHVV WKDQ �� DQG RQO\ WZR KDYH D UDWLR OHVV WKDQ ��

$SSOLFDWLRQ WR KXPDQ EORRG GDWDVHWV

1XPEHU RI
,QGLYLGXDOV

1XPEHU RI
&ORQHV 'DWD VRXUFH 'LDJQRVLV 5HI�

�� �� ��� XQLTXH� $GXOW SHULSKHUDO EORRG �3%�
DQG�RU ERQH PDUURZ �%0�

0\HORSUROLIHUDWLYH
1HRSODVP �031�

��

� � $GXOW %0 031 ��

� �� $GXOW 3% DQG�RU %0 1RUPDO ��

� � $GXOW 3% 1RUPDO ��

�� �� ��� XQLTXH� 7RWDO

7DEOH �� :KROH JHQRPH VHTXHQFLQJ GDWDVHWV RI VLQJOH�FHOO GHULYHG FRORQLHV� 1XPEHU RI FORQHV LQGLFDWHV WKH QXPEHU RI
FORQDO H[SDQVLRQV ZLWK n ≥ 10 FHOOV VDPSOHG� $V VRPH FORQHV SURILOHG E\ :LOOLDPV HW DO��� KDG n ≥ 10 FHOOV VDPSOHG DW
PXOWLSOH WLPHSRLQWV IURP WKH VDPH FORQH� ZH DOVR VSHFLI\ WKH QXPEHU RI XQLTXH FORQHV� 6HH 6XSSOHPHQWDU\ VHFWLRQ ���
IRU GHWDLOV�

:H DSSOLHG RXU PHWKRGV WR VLQJOH�FHOO GHULYHG VHTXHQFLQJ GDWD IURP KXPDQ EORRG �7DEOH ��� 7KH
PHWKRGV IRU JHQHUDWLQJ WKH GDWD DUH IDLUO\ VLPLODU DFURVV WKH VWXGLHV� VLQJOH KHPDWRSRLHWLF SURJHQLWRU
FHOOV ZHUH FORQDOO\ H[SDQGHG DQG HDFK VLQJOH�FHOO GHULYHG FRORQ\ ZDV VHTXHQFHG WR D PHDQ GHSWK RI
URXJKO\ ��[� ZLWK VOLJKW GLIIHUHQFHV GHSHQGLQJ RQ WKH VWXG\�����±��� 7LPH�EDVHG XOWUDPHWULF WUHHV JHQ�
HUDWHG LQ WKHVH VWXGLHV DUH XVHG DV LQSXW IRU RXU PHWKRGV DQG 3K\ORILW� 0DQXDO DQQRWDWLRQ LV UHTXLUHG
WR LGHQWLI\ FORQDO H[SDQVLRQV� DVVRFLDWH FORQHV ZLWK VSHFLILF GULYHUV� DQG WR UHPRYH QHVWHG VXEFORQDO
H[SDQVLRQV IURP WKH FORQH RI LQWHUHVW� :H JHQHUDOO\ GHVLJQDWHG WKH FORQHV DV DQQRWDWHG LQ WKH VWXGLHV
ZKLFK SURGXFHG WKH GDWD�����±�� DQG SURYLGH GHWDLOV LQ 6XSSOHPHQWDU\ VHFWLRQ ����

)LUVW� ZH FKHFN RXU DVVXPSWLRQ RI QHXWUDOLW\ ZLWKLQ H[SDQGLQJ FORQHV �L�H�� DOO FHOOV ZLWKLQ WKH FORQH
JURZ DW DSSUR[LPDWHO\ WKH VDPH UDWH�� 3UHYLRXV DXWKRUV KDYH VWXGLHG WKH H[SHFWHG VLWH IUHTXHQF\ VSHF�
WUXP IRU D VDPSOH IURP D ELUWK�GHDWK SURFHVV� /HWWLQJ Mk

n GHQRWH WKH QXPEHU RI PXWDWLRQV LQKHULWHG
E\ k RI WKH n VDPSOHG LQGLYLGXDOV� 'XUUHWW�� VKRZHG WKDW DV T → ∞� IRU k ≥ 2 ZH KDYH

E[Mk
n ] ∼

nν

r
· 1

k(k − 1)
. ���

*XQQDUVVRQ� /HGHU� DQG )RR�� FDOFXODWHG WKH H[DFW H[SHFWDWLRQ LQ WKH FDVH ZKHQ WKH HQWLUH FORQH LV
VDPSOHG �VHH DOVR����� IRU VLPLODU FDOFXODWLRQV�� 7KHUHIRUH� ZH H[SHFW WKH VLWH IUHTXHQF\ VSHFWUXP WR
IROORZ WKH FXUYH 1/k(k−1)� ZKHUH k HTXDOV WKH QXPEHU RI FHOOV� ,Q )LJXUH �$� ZH VKRZ WKH DYHUDJHG
VLWH IUHTXHQF\ VSHFWUXP DFURVV DOO FORQHV� ZLWK DQ\ QHVWHG VXEFORQHV UHPRYHG� DORQJ ZLWK WKH 95�
FRQILGHQFH LQWHUYDO RI WKH PHDQ� 7KH DJUHHPHQW EHWZHHQ WKH REVHUYHG PHDQ DQG WKH H[SHFWDWLRQ
LQGLFDWHV QHXWUDOLW\ ZLWKLQ FORQHV� FRQVLVWHQW ZLWK SUHYLRXV FRQFOXVLRQV LQ EORRG�����±��� )RU PRUH
GHWDLOHG GDWD RQ WKH VLWH IUHTXHQF\ VSHFWUXP IRU HDFK FORQH� VHH 6XSS� 7DEOH ��

��
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)LJXUH �� $SSO\LQJ HVWLPDWHV WR EORRG GDWD� $� $YHUDJHG VLWH IUHTXHQF\ VSHFWUXP DFURVV 42 FORQHV VKRZV DJUHHPHQW
ZLWK WKH 1

k(k−1) QHXWUDO H[SHFWDWLRQ �VROLG OLQH�� (UURU EDUV VKRZ 95� FRQILGHQFH LQWHUYDO RI WKH PHDQ� %�&�2XU HVWLPDWHV
DQG 3K\ORILW IRU FORQHV ZLWK n ≥ 10 WLSV IURP LQGLYLGXDOV ZLWK �%� DQG ZLWKRXW �&� 0\HORSUROLIHUDWLYH QHRSODVPV �031�
VKRZV JRRG DJUHHPHQW DFURVV PHWKRGV� %UDFNHWV LQ �%� JURXS HVWLPDWHV IURP WKH VDPH FORQHV LQ WKH VDPH SDWLHQW HVWLPDWHG
IURP WZR GLVWLQFW VDPSOHV WDNHQ \HDUV DSDUW� VKRZLQJ FRQVLVWHQF\ RI HVWLPDWHV� 1RWH WKDW ZH DOVR LQFOXGH HVWLPDWHV IURP
9DQ (JHUHQ HW DO� �� LQ OLJKW EOXH IRU WKH WZR FORQHV IURP WKHLU GDWDVHW� '� &RUUHODWLRQ EHWZHHQ RXU PD[LPXP OLNHOLKRRG
HVWLPDWH DQG HVWLPDWHV IURP 3K\ORILW IRU DOO FORQHV IURP �%� DQG �&�� (� 0HDQ PD[� OLNHOLKRRG QHW JURZWK UDWH HVWLPDWH
IRU FORQHV IURP SDWLHQWV ZLWK �UHG� DQG ZLWKRXW �EODFN� D GLDJQRVLV RI 031 VKRZV WKDW PRUH DJJUHVVLYH H[SDQVLRQV DUH
DVVRFLDWHG ZLWK 031� )� 0D[� OLNHOLKRRG QHW JURZWK UDWH HVWLPDWH IRU FORQHV ZLWK VLQJOH RU XQNQRZQ GULYHUV �JUHHQ�
DQG PXOWLSOH GULYHUV �PDJHQWD� VKRZ WKDW ILWQHVV SUHGLFWHG E\ RXU PHWKRGV LV FRQVLVWHQW ZLWK HIIHFWV RI NQRZQ GULYHUV�
1RQ�SDUDPHWULF 0DQQ�:KLWQH\ WHVW XVHG IRU S�YDOXH FDOFXODWLRQ LQ �(� )�� *� ,Q WKH VLQJOH PRVW DJJUHVVLYH FORQH IURP
HDFK SDWLHQW GLDJQRVHG ZLWK 031� VWUDWLILFDWLRQ E\ PHDQ QHW JURZWK UDWH r̄ VKRZV VLJQLILFDQW GLIIHUHQFHV LQ .DSODQ�0HLHU
VXUYLYDO FXUYHV IURP FORQH LQLWLDWLRQ WR031 GLDJQRVLV �ORJ�UDQN WHVW S 0.0026� WKRXJK VDPSOH VHW ZDV VPDOO ��� SDWLHQWV��
$W WLPH RI VDPSOLQJ� PHDQ DJH RI KLJK JURZWK UDWH JURXS ZDV 60.3 \HDUV� PHGLDQ ZDV 50.4 \HDUV� 0HDQ DJH RI ORZ JURZWK
UDWH JURXS ZDV 60.9 \HDUV� PHGLDQ ZDV 63 \HDUV�

��



,Q DSSO\LQJ RXU PHWKRGV WR UHDO GDWD� ZH IRXQG DJUHHPHQW DFURVV RXU WZR PHWKRGV DQG DJUHHPHQW
ZLWK WKH HVWLPDWHV IURP 3K\ORILW �VHH )LJXUH �%�'�� $V GLVFXVVHG LQ &RPSDULQJ DQDO\WLFDO HVWLPDWHV
WR WKRVH XVLQJ 3K\ORILW LQ 0HWKRGV� ZH RQO\ LQFOXGH WKH HVWLPDWHV IURP 3K\ORILW ZLWKRXW LQFOXGLQJ WKH
VDPSOHG FORQDO IUDFWLRQ DV D WDUJHW EHFDXVH FORQHV KDYH EHHQ VKRZQ WR EHKDYH XQSUHGLFWDEO\ DW KLJK
FORQDO IUDFWLRQV� GHFHOHUDWLQJ PRUH WKDQ ZRXOG EH H[SHFWHG E\ D ORJLVWLF JURZWK WUDMHFWRU\������ $OVR�
VDPSOHG FORQDO IUDFWLRQ DQG�RU 9DULDQW $OOHOH )UHTXHQF\ �9$)� PD\ EH D SRRU HVWLPDWH RI PXWDQW
DOOHOH EXUGHQ LQ SURJHQLWRUV DQG +6&V �VHH 6XSS� )LJXUH ��� SRVVLEO\ GXH WR OLQHDJH ELDV LQ PXWDWHG
FHOOV� VXFK DV WKH HU\WKURLG OLQHDJH ELDV REVHUYHG LQ -$.� PXWDQWV���

7KH PRVW ILW FORQHV �WKRVH ZLWK IDVWHVW JURZWK UDWHV� ZHUH REVHUYHG LQ SDWLHQWV ZLWK P\HORSUROLIHUD�
WLYH QHRSODVPV �031�� $V VKRZQ LQ )LJXUH �(� ZH IRXQG VLJQLILFDQWO\ LQFUHDVHG HVWLPDWHV RI PHDQ
GHWHFWHG FORQH ILWQHVV LQ LQGLYLGXDOV GLDJQRVHG ZLWK031 DV RSSRVHG WR KHDOWK\ DGXOWV �S 0.029�� $G�
GLWLRQDOO\� )LJXUH �) VKRZV WKDW PXOWLSOH�GULYHU FORQHV KDYH VLJQLILFDQWO\ LQFUHDVHG UDWHV RI H[SDQVLRQ
DV FRPSDUHG WR FORQHV ZLWK MXVW RQH RU ]HUR NQRZQ GULYHU PXWDWLRQV �S 1.6 × 10−6�� 7KLV VXJJHVWV
LQFUHDVLQJ ILWQHVV HIIHFWV IURP WKH DFFXPXODWLRQ RI DGGLWLRQDO PXWDWLRQV� +LJKHU JURZWK UDWHV PD\
DOVR EH DVVRFLDWHG ZLWK VKRUWHU WLPH IURP FORQH LQLWLDWLRQ WR FDQFHU GLDJQRVLV �ORJ�UDQN S 0.0026�� DV
VKRZQ LQ .DSODQ�0HLHU FXUYHV LQ )LJXUH �*� +HUH WKH FORQH LQLWLDWLRQ WLPH LV HVWLPDWHG WR RFFXU 1/r
\HDUV EHIRUH WKH ILUVW FRDOHVFHQFH �L�H�� ILUVW VXUYLYLQJ V\PPHWULF GLYLVLRQ�� 7RJHWKHU� WKHVH ILQGLQJV
LQGLFDWH WKDW PHFKDQLVWLF UDWHV IRU FORQDO G\QDPLFV VXFK DV WKH HDUO\ JURZWK UDWH PD\ SURYLGH FOLQL�
FDOO\ LPSRUWDQW LQIRUPDWLRQ LQ RXU XQGHUVWDQGLQJ RI KHPDWRSRLHWLF FHOO HYROXWLRQ DQG WUDQVIRUPDWLRQ
WR PDOLJQDQF\�

/RQJLWXGLQDO YDOLGDWLRQ RI FORQH JURZWK HVWLPDWHV

:H OHYHUDJHG DYDLODEOH ORQJLWXGLQDO GDWD WR YDOLGDWH RXU JURZWK UDWH HVWLPDWHV� $JDLQ� IRU VLQJOH FHOO�
GHULYHG FRORQLHV� ZH XVHG D ORZHU ERXQG RI n = 10 FHOOV SHU FORQH WR LQFOXGH LQ RXU DQDO\VLV� )RU
ORQJLWXGLQDO EXON GDWD� ZH UHVWULFW WR D PLQLPXP RI 4 WLPHSRLQW VDPSOHV RI WKH VDPH EXON FHOO W\SH
IURP H[SDQGLQJ FORQHV� )XUWKHU� EHFDXVH FRDOHVFHQW HVWLPDWHV DUH UHOHYDQW IRU WKH HDUO\ JURZWK UDWH�
ZH UHTXLUH WKDW ORQJLWXGLQDO GDWD KDYH DW OHDVW WZR VDPSOHV ZLWK D YDULDQW DOOHOH IUHTXHQF\ LQ EHWZHHQ
0 DQG 0.25� 7KH ORQJLWXGLQDO GDWD FRQVLVWV RI SHULSKHUDO �ZKROH� EORRG VDPSOHV�� DQG SHULSKHUDO EORRG
JUDQXORF\WH VDPSOHV��� ,W KDV EHHQ VXJJHVWHG WKDW FORQDO IUDFWLRQ PD\ GLIIHU DFURVV GLIIHUHQW EORRG
FHOO W\SHV �JUDQXORF\WH YV� ZKROH YV� PRQRQXFOHDU���� 'DWD IURP :LOOLDPV HW DO��� LV FRQVLVWHQW ZLWK
WKLV ILQGLQJ� DV WKHUH LV VLJQLILFDQWO\ GLIIHUHQW FORQDO IUDFWLRQ DFURVV VDPSOHG FHOO W\SH LQ � RXW RI �
SDWLHQWV ZKHUH PXOWLSOH FHOO W\SHV ZHUH VDPSOHG ZLWKLQ D PRQWK RI HDFK RWKHU �VHH 6XSS� )LJXUH ���
7KHUHIRUH� ZH UHTXLUH WKDW D FRQVLVWHQW W\SH EH XVHG ZLWKLQ HDFK ORQJLWXGLQDO JURZWK UDWH HVWLPDWH�
)RU PRUH GHWDLOV RQ WKH FULWHULD IRU LQFOXVLRQ RI ORQJLWXGLQDO GDWD� VHH 0HWKRGV VHFWLRQ /RQJLWXGLQDO
FORQH LQFOXVLRQ FULWHULD�

:H DQDO\]HG 4 FORQHV IURP :LOOLDPV HW DO��� DQG 56 FORQHV IURP )DEUH HW DO��� WKDW KDG DSSURSULDWH
ORQJLWXGLQDO GDWD� 2I WKHVH 60 FORQHV� 3 KDYH VXIILFLHQW PDWFKHG GDWD IURP VLQJOH FHOO�GHULYHG :*6
VDPSOHV �1 FORQH IURP :LOOLDPV HW DO��� DQG 2 FORQHV IURP )DEUH HW DO���� WR DOORZ IRU RUWKRJRQDO
HVWLPDWHV IURP WKH VDPH FORQH� 5HVXOWV IRU WKHVH � FORQHV DUH VKRZQ LQ )LJXUH �$�&� DORQJ ZLWK D
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)LJXUH �� /RQJLWXGLQDO YDOLGDWLRQ� $�&� /RJLVWLF ILW WR ORQJLWXGLQDO GDWD IRU WKUHH FORQHV ZKLFK KDYH ERWK VLQJOH FHOO
DQG ORQJLWXGLQDO GDWD� 2QO\ ORQJLWXGLQDO EXON :*6 GDWD ZDV XVHG IRU ILWWLQJ� 6LQJOH FHOO FRORQ\ FORQDO IUDFWLRQ �GLYLGHG
E\ �� DQG 95� FRQILGHQFH LQWHUYDOV DUH VKRZQ LQ RUDQJH� 6RXUFH IRU �$� LV :LOOLDPV HW DO� ��� DQG VRXUFH IRU �%� DQG �&� LV
)DEUH HW DO� ��� '� /RQJLWXGLQDO DQG &RDOHVFHQW HVWLPDWHV IRU HDFK RI WKH FORQHV LQ �$�&� VKRZ DJUHHPHQW DFURVV GDWD W\SHV�
(� /RQJLWXGLQDO DQG FRDOHVFHQW HVWLPDWHV IRU GLIIHUHQW FORQHV VKDULQJ WKH VDPH GULYHU� )� &ORQDO FRPSHWLWLRQ EHWZHHQ
D '107�$�&%/ FORQH DQG D '107�$�-$.� FORQH VKRZQ LQ WKH UHFRQVWUXFWHG SK\ORJHQ\ �L�� 0D[LPXP OLNHOLKRRG
FRDOHVFHQW HVWLPDWH IURP HDFK FORQH �LL� VKRZV WKDW WKH'107�$ � -$.� FORQH OLNHO\ KDV KLJKHU ILWQHVV� /RQJLWXGLQDO GDWD
VKRZV WKDW WKH '107�$�-$.� FORQH LQFUHDVH LQ 9$) RYHU WLPH ZKLOH WKH '107�$�&%/ FORQH GHFUHDVHV� FRQILUPLQJ
WKDW WKH '107�$�-$.� FORQH KDV KLJKHU ILWQHVV� DV SUHGLFWHG E\ RXU SK\ORJHQHWLF HVWLPDWH� $OO HUURU EDUV UHSUHVHQW 95�
FRQILGHQFH LQWHUYDOV�

��



ORJLVWLF JURZWKPRGHO ILW� :KLOH ZH VKRZ WKH FRUUHVSRQGLQJ VLQJOH FHOO FRORQ\ FORQDO IUDFWLRQ �RUDQJH�
GLYLGHG E\ � WR VFDOH WR WKH 9$) RI D GLSORLG PXWDQW�� ZH GR QRW XVH WKLV GDWD SRLQW LQ WKH ILWWLQJ DV
WKH GLIIHUHQW FHOO W\SH PD\ DIIHFW WKH FORQDO IUDFWLRQ� DV QRWHG DERYH� 7KH ORJLVWLF JURZWK PRGHO LV
XVHG SULPDULO\ WR LGHQWLI\ WKH JURZWK UDWH� r� DQG LV FKRVHQ EHFDXVH LW KDV EHHQ VKRZQ WR IDFH IHZHU
SDUDPHWHU LGHQWLILDELOLW\ LVVXHV WKDQ RWKHU VLJPRLG JURZWK PRGHOV� VXFK DV *RPSHUW] RU 5LFKDUGV¶�
ZKHQ DSSOLHG WR VLPLODU GDWD��� )RU GHWDLOV RQ WKH ORQJLWXGLQDO PRGHOLQJ� VHH0HWKRGV VHFWLRQ /RJLVWLF
PRGHOLQJ RI ORQJLWXGLQDO GDWD�

,Q FRPSDULQJ WKH JURZWK UDWHV IURP WKH ORQJLWXGLQDO ILWV WR RXU PHWKRGV DQG 3K\ORILW �)LJXUH �'�� ZH
IRXQG JHQHUDO DJUHHPHQW LQ WKH HVWLPDWHV� WKRXJK ZH QRWH WKH ZLGH FRQILGHQFH LQWHUYDOV HVSHFLDOO\
IURP WKH ORJLVWLF ILW� $GGLWLRQDO ORQJLWXGLQDO GDWD IURP )DEUH HW DO���� DOWKRXJK QRW IURP FORQHV ZLWK
PDWFKHG VLQJOH FHOO GDWD� ZDV XVHG WR FRPSDUH WR RXU FRDOHVFHQW HVWLPDWHV� )LUVW� ZH LGHQWLI\ ORQJLWX�
GLQDO FORQHV ZLWK GULYHUV DOVR SUHVHQW LQ WKH VLQJOH FHOO GDWD� 7KHQ� ZH ILW WKH ORJLVWLF JURZWK PRGHO
WR WKHVH ORQJLWXGLQDO FORQHV� $IWHU ILOWHULQJ �VHH /RQJLWXGLQDO FORQH LQFOXVLRQ FULWHULD� DQG H[FOXGLQJ
WKH � FORQHV VKRZQ LQ )LJXUH �$�&� WKHUH ZHUH 13 FORQHV ZLWK ORQJLWXGLQDO GDWD DQG D GULYHU JHQH
PDWFKLQJ WKH FORQHV SURILOHG E\ VLQJOH FHOO VDPSOLQJ� 7KLV GDWD FRPHV IURP FORQHV ZLWK D PXWDWLRQ
LQ RQH RI WKH IROORZLQJ JHQHV� '107�$� -$.�� RU 330�'� 7KH HVWLPDWHG JURZWK UDWHV DUH VKRZQ LQ
)LJXUH �(� 6LPLODU JURZWK UDWHV LQ WKH VDPH GULYHU JHQHV VKRZV JHQHUDO FRQVLVWHQF\ DFURVV DOO PHWK�
RGV� WKRXJK WKH VPDOO DPRXQW RI GDWD DQG ZLGH FRQILGHQFH LQWHUYDOV OLPLW WKH FRQFOXVLRQV WKDW FDQ EH
GUDZQ�

)LQDOO\� ZH FRQVLGHUHG FRPSHWLQJ FORQHV ZLWKLQ WKH VDPH SDWLHQW� ,I RXU HVWLPDWHV DUH UHOHYDQW IRU
FORQDO ILWQHVV� ZH ZRXOG H[SHFW WKDW FORQHV ZLWK KLJKHU HVWLPDWHG JURZWK UDWHV VKRXOG RXW�FRPSHWH
FORQHV ZLWK ORZHU HVWLPDWHG JURZWK UDWHV� 7KH RQO\ H[DPSOH RI FRPSHWLQJ FORQHV ZLWK VXIILFLHQW
VLQJOH FHOO GDWD FRPHV IURP SDWLHQW 3'���� IURP :LOOLDPV HW DO��� �)LJXUH �)�� $ &%/ DQG D -$.�
PXWDWLRQ JLYH ULVH WR WZR LQGHSHQGHQW FORQHV� ERWK RI ZKLFK DOUHDG\ FDUU\ D '107�$ PXWDWLRQ �)LJ�
XUH �) L�� %\ RXU PD[LPXP OLNHOLKRRG HVWLPDWH� WKH '107�$ � -$.� FORQH LV VOLJKWO\ PRUH ILW WKDQ
WKH'107�$ � &%/ FORQH �)LJXUH �) LL�� %RWK 3K\ORILW DQG RXU ,QWHUQDO OHQJWKV PHWKRG DOVR HVWLPDWH
D KLJKHU JURZWK UDWH IRU WKH -$.� FORQH� :KLOH WKLV SDWLHQW ZDV XQGHUJRLQJ WUHDWPHQW LQ WKLV WLPH
SHULRG DQG WKH WUDMHFWRU\ GRHV QRW DSSHDU ORJLVWLF� WKH -$.� FORQH LQFUHDVHV LQ YDULDQW DOOHOH IUHTXHQF\
ZKLOH WKH &%/ FORQH GHFUHDVHV� FRQVLVWHQW ZLWK RXU HVWLPDWH VXJJHVWLQJ WKDW WKH -$.� FORQH LV PRUH
ILW� 7KHUH LV DQ LPSRUWDQW FDYHDW LQ WKLV H[DPSOH EHFDXVH WKH VSHFLILF LQWHUDFWLRQV EHWZHHQ FORQH�PX�
WDWLRQ DQG WUHDWPHQW PD\ EH UHVSRQVLEOH IRU WKH LQFUHDVLQJ�GHFUHDVLQJ 9$)� ZKLFK LV QRW DFFRXQWHG
IRU E\ RXU FRDOHVFHQW HVWLPDWH RI ILWQHVV WKDW FKDUDFWHUL]HV HDUO\ JURZWK EHIRUH WUHDWPHQW ZRXOG KDYH
EHJXQ�

'LVFXVVLRQ

:H GHYHORSHG QHZ PHWKRGV XVLQJ FRDOHVFHQW WKHRU\ WR HVWLPDWH UDWHV RI FORQDO H[SDQVLRQ �DQG FORQH
DJH� DW JUHDWO\ UHGXFHG FRPSXWDWLRQDO H[SHQVH� /HYHUDJLQJ SUHYLRXV ZRUN��� ZH YDOLGDWHG RXU PHWK�
RGV XVLQJ HIILFLHQW FRPSXWDWLRQDO UHDOL]DWLRQV RI SK\ORJHQLHV UHVXOWLQJ IURP ELUWK�GHDWK EUDQFKLQJ

��



SURFHVVHV� :H WKHQ DSSOLHG RXU PHWKRGV WR VLQJOH FHOO UHVROXWLRQ GDWD IURP EORRG� VKRZLQJ WKDW RXU
JURZWK UDWH HVWLPDWHV DUH ERWK PHDQLQJIXO DQG FRQVLVWHQW LQ ELRORJLFDO DQG FOLQLFDO FRQWH[WV� :H IRXQG
JHQHUDO FRQVLVWHQF\ RI HVWLPDWHV ZLWK D SUHYLRXVO\ SXEOLVKHG 0&0&�EDVHG DSSURDFK� 3K\ORILW��

�R2 = 0.94�0.96�� :KHUH SRVVLEOH� ZH YDOLGDWHG RXU HVWLPDWHV XVLQJ VLQJOH FHOO GDWD IURP PXOWL�
SOH WLPHSRLQWV� DQG DOVR VKRZ WKDW RXU HVWLPDWHV DUH FRQVLVWHQW ZLWK DQG JHQHUDOO\ PRUH SUHFLVH WKDQ
RUWKRJRQDO HVWLPDWHV RI QHW JURZWK UDWH GHULYHG IURP ORQJLWXGLQDO EXON GDWD� %HFDXVH WKH\ DUH EDVHG
RQ DQDO\WLFDO UHVXOWV� RXU PHWKRGV IRU HVWLPDWLQJ JURZWK UDWHV IURP SK\ORJHQHWLF UHFRQVWUXFWLRQ DUH
VLPSOH DQG UXQ TXLFNO\ ZLWKRXW VDFULILFLQJ DFFXUDF\� )RU IXWXUH GDWDVHWV ZLWK D KLJKHU QXPEHU RI
VDPSOHG FHOOV n DQG ODUJHU QXPEHUV RI SDWLHQWV DQG FORQHV� QHDU LQVWDQWDQHRXV UXQWLPH DW DQ\ WUHH VL]H
PD\ EH D FULWLFDO IHDWXUH VHSDUDWLQJ RXU PHWKRGV IURP0&0& RU $%&�EDVHG DOWHUQDWLYHV� :H SURYLGH
D VLPSOH DQG HDV\ WR XVH 5 SDFNDJH� FORQH5DWH� ZKLFK ZLOO DOORZ RWKHU UHVHDUFKHUV WR HVWLPDWH JURZWK
UDWHV ZLWK WKHLU RZQ LQSXW GDWD�

)RU WHVWLQJ PRGHO SHUIRUPDQFH RQ VLPXODWHG GDWD� ZH XVH UHVXOWV RI +DUULV� -RKQVWRQ� DQG 5REHUWV��

DQG /DPEHUW�� WR UHFRQVWUXFW WKH H[DFW JHQHDORJ\ RI D VDPSOH RI VL]H n IURP D ELUWK�GHDWK SURFHVV DW
WLPH T � FRQGLWLRQDO RQ WKH SRSXODWLRQ VL]H EHLQJ DW OHDVW n DW WLPH T � 7KLV PHWKRG DYRLGV WKH QHHG
WR VLPXODWH WKH HQWLUH ODUJH FORQDO SRSXODWLRQ VWDUWLQJ IURP D VLQJOH FHOO DV LV FRPPRQO\ SHUIRUPHG LQ
RWKHU PHWKRGV� )URP D PDWKHPDWLFDO SRLQW RI YLHZ� WKH LGHD RI XVLQJ WKH FRDOHVFHQW SRLQW SURFHVV WR
REWDLQ UHVXOWV DERXW VWDWLVWLFV VXFK DV WKH VLWH IUHTXHQF\ VSHFWUXP DQG WKH DOOHOH IUHTXHQF\ VSHFWUXP
JRHV EDFN WR /DPEHUW�� DQG ZDV ODWHU GHYHORSHG IXUWKHU��������� DQG WKHQ ZDV UHFHQWO\ DSSOLHG WR FDQFHU
PRGHOLQJ E\ 'LQK HW� DO���� +HUH ZH FRPELQH WKHVH LGHDV ZLWK WKH UHVXOWV IURP /DPEHUW�� WR REWDLQ
DV\PSWRWLF UHVXOWV IRU TXDQWLWLHV WKDW FDQ EH GHULYHG IURP D ODUJH VDPSOH IURP D ELUWK�GHDWK SURFHVV�
%\ WDNLQJ DGYDQWDJH RI WKH LQGHSHQGHQFH WKDW LV LQKHUHQW LQ WKH FRDOHVFHQW SRLQW SURFHVV� ZH DUH
DEOH WR DSSO\ WKH m�GHSHQGHQW &HQWUDO /LPLW 7KHRUHP WR VKRZ WKDW WKH WRWDO LQWHUQDO EUDQFK OHQJWK�
ZKLFK FDQ EH XVHG WR HVWLPDWH WKH JURZWK UDWH RI WKH SURFHVV� KDV DQ DV\PSWRWLF QRUPDO GLVWULEXWLRQ�
7KLV REVHUYDWLRQ DOORZV XV WR REWDLQ DQ DV\PSWRWLFDOO\ YDOLG FRQILGHQFH LQWHUYDO IRU WKH JURZWK UDWH�
)LQDOO\� WKLV LV D XQLI\LQJ PHWKRG IRU JURZWK UDWH HVWLPDWLRQ WKDW LV DSSOLFDEOH WR PDQ\ ELRORJLFDOO\
UHOHYDQW PRGHOV DVVXPHG LQ SUHYLRXV ZRUNV IRU FORQDO G\QDPLFV LQ EORRG��������±���

$FNQRZOHGJLQJ WKDW WKLV LV ERWK D OLPLWDWLRQ DQG D VWUHQJWK� RXU PHWKRGV HVWLPDWH RQO\ WKH JURZWK
UDWH LQ WKH HDUO\ H[SDQVLRQ SKDVH� ZKHQ JURZWK LV DSSUR[LPDWHO\ H[SRQHQWLDO� *URZWK UDWHV IROORZLQJ
WKH LQLWLDO H[SDQVLRQ SKDVH PD\ FKDQJH RYHU WLPH LQ XQSUHGLFWDEOH ZD\V DQG WKLV GRHV QRW DIIHFW RXU
UHVXOWV� ,Q IRFXVLQJ RQO\ RQ WKH HDUO\ JURZWK UDWH� RXU PHWKRGV GR QRW UHO\ RQ DVVXPSWLRQV RI WKH
RYHUDOO JURZWK WUDMHFWRU\� $GGLWLRQDOO\� ZH KDYH VKRZQ WKDW HDUO\ JURZWK UDWHV DUH UHOHYDQW WR WKH
JUHDWHU FRQWH[W RI FORQDO DQG PDOLJQDQW KHPDWRSRLHVLV� )RU H[DPSOH� ZH IRXQG WKDW KLJKHU JURZWK
UDWHV DUH DVVRFLDWHGZLWK VKRUWHU WLPH IURP FORQH LQLWLDWLRQ WR031 GLDJQRVLV� 7KH DVVRFLDWLRQ EHWZHHQ
031 GLDJQRVLV DQG JURZWK UDWH VXJJHVWV D SRVVLEOH DYHQXH IRU HDUO\ GHWHFWLRQ E\ SUHGLFWLQJ ZKLFK
SDWLHQWV DUH PRUH OLNHO\ WR UHPDLQ DV\PSWRPDWLF DQG ZKLFK DUH PRUH OLNHO\ WR XQGHUJR PDOLJQDQW
WUDQVIRUPDWLRQ� 8QGHUVWDQGLQJ WKH UROH RI HYROXWLRQDU\ G\QDPLFV WR SUHGLFW ULVN RI SURJUHVVLRQ LQ
FORQDO KHPDWRSRLHVLV DQG SURYLGH SURJQRVWLF LQIRUPDWLRQ LQ KHPDWRORJLFDO PDOLJQDQFLHV KDV EHHQ
QRWHG DV D WRS FOLQLFDO SULRULW\������

��



)XUWKHU� PXOWL�GULYHU FORQHV VKRZ VLJQLILFDQWO\ LQFUHDVHG UDWHV RI H[SDQVLRQ� VXJJHVWLQJ SRVVLEOH FX�
PXODWLYH DQG�RU V\QHUJLVWLF HIIHFWV RI GULYHU PXWDWLRQV� :H IRXQG ZLGH KHWHURJHQHLW\ RI ILWQHVV HI�
IHFWV IRU -$.� FORQHV� FRQVLVWHQW ZLWK SUHYLRXV ILQGLQJV��� DQG UHODWLYHO\ ORZ ILWQHVV HIIHFWV ZLWK
VPDOOHU YDULDWLRQ IRU '107�$ FORQHV� ,Q WKH FRQWH[W RI FORQDO KHPDWRSRLHVLV� VLQJOH KLW GULYHUV ZLWK
ORZHU JURZWK UDWHV PD\ LQFUHDVH ULVN IRU 031 E\ LQFUHDVLQJ WKH UHVHUYRLU RI FHOOV DW ULVN RI DGGLWLRQDO
VWRFKDVWLF PXWDWLRQV� WKXV LQLWLDWLQJ PXOWL�KLW GULYHU FORQHV ZLWK SRWHQWLDOO\ DGGLWLYH ILWQHVV HIIHFWV�
7KHUH DUH RWKHU SRVVLEOH EHQHILWV WR NQRZLQJ WKH HDUO\ UDWH RI H[SDQVLRQ� )RU H[DPSOH� HDUO\ H[SDQ�
VLRQ UDWHV DUH DIIHFWHG E\ IHZHU RXWVLGH SUHVVXUHV VXFK DV WUHDWPHQW�� DQG PD\ EH PRUH FRQVLVWHQW
DFURVV SDWLHQWV�

2XU ILQGLQJV DOVR SURYLGH JXLGDQFH WR H[SHULPHQWDO UHVHDUFKHUV GHVLJQLQJ VLQJOH�FHOO '1$ VHTXHQFLQJ
H[SHULPHQWV WKDW DLP WR GHWHUPLQH FORQH ILWQHVV� 7KH QXPEHU RI VDPSOHG FHOOV UHTXLUHG IRU UHOLDEOH
HVWLPDWHV RI JURZWK UDWHV LV URXJKO\ ��� GHSHQGLQJ RQ GHVLUHG DFFXUDF\ �VHH )LJXUH ��� %XON ZKROH
JHQRPH VHTXHQFLQJ SHUIRUPHG SULRU WR VLQJOH�FHOO H[SHULPHQWV FRXOG SURYLGH YDULDQW DOOHOH IUHTXHQF\
LQIRUPDWLRQ WKDW FDQ EH XVHG WR HVWLPDWH WKH FHOO IUDFWLRQ RI FORQHV RI LQWHUHVW� 7KHQ� WKH WRWDO QXPEHU
RI FHOOV VHTXHQFHG FDQ EH GHFLGHG LQ D ZD\ WKDW HQVXUHV HQRXJK VDPSOHG FHOOV IURP FORQHV RI LQWHUHVW
DUH LQFOXGHG� ZKLOH UHGXFLQJ RYHUDOO FRVWV�

2QH OLPLWDWLRQ LV WKDW FXUUHQW PHWKRGV UHO\ RQ WKH PDQXDO DQQRWDWLRQ RI FORQHV IURP D SK\ORJHQHWLF
WUHH� :KLOH WKLV LV FXUUHQWO\ D IDLUO\ HDV\ WDVN JLYHQ WKH UHODWLYHO\ VPDOO VL]H RI VLQJOH FHOO '1$
VHTXHQFLQJ GDWDVHWV� LW PD\ EHFRPH PRUH FKDOOHQJLQJ IRU H[SHFWHG LQFUHDVHV LQ WKURXJKSXW��� $Q
DXWRPDWHG ZD\ WR GHWHFW FORQDO H[SDQVLRQV DQG GLVWLQJXLVK QRUPDO FHOO WXUQRYHU IURP H[SDQVLRQV
PD\ EH UHTXLUHG WR HIIHFWLYHO\ VFDOH WKH DSSOLFDWLRQ RI RXU PHWKRGV� 6XFK DQ DXWRPDWHG DOJRULWKP
ZRXOG OLNHO\ KDYH WR OHYHUDJH QRW MXVW WKH GLVWULEXWLRQ RI FRDOHVFHQFH WLPHV� EXW DOVR PHDVXUHV RI WUHH
EDODQFH�

:LWK RXU PHWKRGV� SK\ORJHQHWLF UHFRQVWUXFWLRQ FDQ EHFRPH DQ HYHQ PRUH SRZHUIXO WRRO WR LQIHU WKH
SDVW HYROXWLRQDU\ G\QDPLFV RI D SRSXODWLRQ RI FHOOV� ,W KDV EHHQ K\SRWKHVL]HG WKDW LQGLYLGXDOV DW KLJK
ULVN RI GHYHORSLQJ P\HORLG PDOLJQDQFLHV FDQ EH LGHQWLILHG EHIRUH SUHVHQWLQJ ZLWK DQ\ V\PSWRPV���
.QRZLQJ ZKLFK GULYHUV DUH DVVRFLDWHG ZLWK PRUH DJJUHVVLYH H[SDQVLRQV ZLOO SURYLGH FOLQLFLDQV ZLWK
EHWWHU WRROV WR GLUHFW WUHDWPHQW DQG�RU SUHYHQWLRQ VWUDWHJLHV� $GGLWLRQDOO\� FORQDO H[SDQVLRQV ZLWKRXW
NQRZQ GULYHUV FDQ SURYLGH PHFKDQLVWLF DQG ELRORJLFDO LQVLJKW� :KLOH EORRG LV FXUUHQWO\ WKH PRVW
FRQYHQLHQW PHGLXP IRU FUHDWLRQ RI VLQJOH FHOO�GHULYHG '1$ VHTXHQFLQJ GDWD DQG YDOLGDWLRQ RI WKHVH
PHWKRGV� DJH�UHODWHG FORQDO H[SDQVLRQV DUH DOVR D IHDWXUH RI VRPDWLF HYROXWLRQ LQ WLVVXHV ZLWK VSD�
WLDO RUJDQL]DWLRQ� 6HOHFWLRQ RI WKH VDPH GULYHUV DUH IRXQG DW VLPLODU EXUGHQV LQ VROLG WLVVXHV DFURVV
SDWLHQWV� DQG WKXV DFFXUDWH SK\ORJHQHWLF UHFRQVWUXFWLRQ LQ VROLG WLVVXHV PD\ DOORZ RXU PHWKRG WR EH
DSSOLFDEOH LQ D YDULHW\ RI GLVHDVH W\SHV� 0RUH FRPSUHKHQVLYH PHWKRGV DQG GDWDVHWV OHDGLQJ WR WKH FRQ�
VWUXFWLRQ RI PRUH DFFXUDWH SK\ORJHQHWLF WUHHV� ZKHQ FRPELQHG ZLWK WKH PHWKRGV SUHVHQWHG KHUH� ZLOO
HQDEOH UHVHDUFKHUV DQG FOLQLFLDQV WR TXLFNO\ GUDZ FRQFOXVLRQV DERXW QHW JURZWK UDWH IURP PXWDWLRQDO
GDWD�

��



0HWKRGV

6LPXODWLQJ WKH H[DFW JHQHDORJ\

:H SUHVHQW KHUH /DPEHUW¶V FRQVWUXFWLRQ RI WKH H[DFW JHQHDORJ\ RI D VDPSOH RI VL]H n DW WLPH T IURP
D ELUWK�GHDWK SURFHVV��� 7KH LGHD LV WR GHVFULEH WKH JHQHDORJLFDO WUHH RI n LQGLYLGXDOV IURP n − 1

UDQGRP YDULDEOHV H1, . . . , Hn−1 ZKLFK UHSUHVHQW FRDOHVFHQFH WLPHV� 7R UHFRQVWUXFW WKH WUHH IURP WKH
FRDOHVFHQFH WLPHV� ZH EHJLQ E\ GUDZLQJ D YHUWLFDO OLQH RI KHLJKW T � :H WKHQ GUDZ YHUWLFDO OLQHV RI
KHLJKWV H1, . . . , Hn−1 DQG� DW WKH WRS RI HDFK YHUWLFDO OLQH� GUDZ D KRUL]RQWDO OLQH WR WKH OHIW� VWRSSLQJ
ZKHQ LW KLWV D YHUWLFDO EUDQFK� 7KH UHVXOWLQJ WUHH LV XOWUDPHWULF� PHDQLQJ WKDW WKH URRW WR WLS GLVWDQFH LV
WKH VDPH IRU DOO WLSV� 6HH ILJXUH �&�'� 7KLV FRQVWUXFWLRQ LV NQRZQ DV D FRDOHVFHQW SRLQW SURFHVV DQG
JRHV EDFN WR WKH ZRUN RI 3RSRYLF�� DQG RI $OGRXV DQG 3RSRYLF�� LQ WKH VHWWLQJ RI FULWLFDO EUDQFKLQJ
SURFHVVHV�

%\ EXLOGLQJ RQ HDUOLHU ZRUN RI 6WDGOHU�� DQG /DPEHUW DQG 6WDGOHU��� ZKR FRQVLGHUHG WKH FDVH LQ ZKLFK
HDFK LQGLYLGXDO LQ WKH SRSXODWLRQ LV VDPSOHG ZLWK VRPH IL[HG SUREDELOLW\ y� /DPEHUW�� VKRZHG WKDW ZH
REWDLQ H[DFW WKH JHQHDORJ\ RI D VDPSOH RI VL]H n IURP D ELUWK�GHDWK SURFHVV DW WLPH T � FRQGLWLRQDO RQ
WKH SRSXODWLRQ VL]H DW WLPH T EHLQJ DW OHDVW n� LI ZH FKRRVH H1, . . . , Hn−1 E\ WKH IROORZLQJ WZR�VWHS
SURFHGXUH�

�� &KRRVH D UDQGRP YDULDEOH Y ZLWK SUREDELOLW\ GHQVLW\ IXQFWLRQ RQ (0, 1) JLYHQ E\

fY (y) =
nδTyn−1

(y + δT − yδT )n+1
, δT =

re−rT

λ(1− e−rT ) + re−rT
. ���

�� &RQGLWLRQDO RQ Y = y� OHW WKH UDQGRP YDULDEOHVH1, . . . , Hn−1 EH L�L�G� ZLWK SUREDELOLW\ GHQVLW\
IXQFWLRQ RQ (0, T ) JLYHQ E\

fHi|Y=y(t) =
yλ+ (r − yλ)e−rT

yλ(1− e−rT )
· yλr2e−rt

(yλ+ (r − yλ)e−rt)2
. ����

1RWH WKDW WKH IRUPXOD IRU WKH GHQVLW\ RI Y FRPHV IURP HTXDWLRQ ���� LQ /DPEHUW��� DQG WKDW δT KHUH LV
1−a LQ /DPEHUW��� 7KH GHQVLW\ IRUHi FRPHV IURP HTXDWLRQ ��� LQ /DPEHUW��� 2QH FDQ FKHFN WKDW WKH
UHVXOWLQJ MRLQW GHQVLW\ IRU H1, . . . , Hn−1 PDWFKHV WKH MRLQW GHQVLW\ IRU WKH RUGHUHG FRDOHVFHQFH WLPHV
JLYHQ LQ 3URSRVLWLRQ �� RI +DUULV� -RKQVWRQ� DQG 5REHUWV���

:KLOH /DPEHUW¶V FRQVWUXFWLRQ LV RQO\ H[DFW ZKHQ WKH ELUWK DQG GHDWK UDWHV DUH FRQVWDQW RYHU WLPH�
OHDGLQJ WR D SRSXODWLRQ ZKLFK JURZV H[SRQHQWLDOO\ DW D FRQVWDQW UDWH� &KHHN�� KDV VKRZQ WKDW XQGHU
FHUWDLQ FRQGLWLRQV� WKH FRQVWUXFWLRQ UHPDLQV DSSUR[LPDWHO\ YDOLG HYHQ ZKHQ WKH JURZWK UDWH RI WKH
SRSXODWLRQ VORZV RYHU WLPH� SURYLGHG WKDW WKH SRSXODWLRQ LV VWLOO JURZLQJ VXSHUOLQHDUO\ DW WKH WLPH T
ZKHQ WKH VDPSOH LV WDNHQ� )RU H[DPSOH� WKLV PHWKRG VKRXOG JLYH D JRRG DSSUR[LPDWLRQ LQ FHUWDLQ
PRGHOV RI ORJLVWLF SRSXODWLRQ JURZWK� SURYLGHG WKDW WKH VDPSOH LV WDNHQ EHIRUH WKH SRSXODWLRQ UHDFKHV
D IUDFWLRQ x RI LWV FDUU\LQJ FDSDFLW\� ZKHUH 0 < x < 1��� &RQVHTXHQWO\� ZH EHOLHYH WKDW RXU PHWKRGV�
ZKLOH GHULYHG LQ WKH FDVH RI FRQVWDQW ELUWK DQG GHDWK UDWHV� PD\ EH PRUH EURDGO\ DSSOLFDEOH�

��



,QWHUQDO DQG H[WHUQDO EUDQFK OHQJWKV

+HUH� ZH VWDWH RXU PDLQ OLPLW WKHRUHP� ZKLFK GHVFULEHV WKH OHQJWKV RI WKH LQWHUQDO DQG H[WHUQDO
EUDQFKHV IRU WKH JHQHDORJLFDO WUHH RI D ELUWK�GHDWK SURFHVV ZKHQ T DQG n DUH ODUJH� 7KH DV\PS�
WRWLF GLVWULEXWLRQ RI WKH LQWHUQDO EUDQFK OHQJWKV FDQ EH XVHG WR HVWLPDWH WKH QHW JURZWK UDWH RI D FORQH�
ZKLOH WKH UDWLR RI H[WHUQDO WR LQWHUQDO EUDQFK OHQJWKV FRXOG SURYLGH DQ HVWLPDWH RI WKH FORQH DJH ZKHQ
WKH JURZWK UDWH LV NQRZQ� DV GHWDLOHG IXUWKHU LQ (VWLPDWLQJ WKH FORQH DJH�

:H FDOO D EUDQFK RI WKH JHQHDORJLFDO WUHH LQWHUQDO LI LW LV DQFHVWUDO WR EHWZHHQ � DQG n − 1 RI WKH n
OHDYHV �UHG HGJHV LQ )LJXUH �&�'� DQG H[WHUQDO LI LW LV DQFHVWUDO WR RQO\ RQH RI WKH n OHDYHV �EOXH HGJHV
LQ )LJXUH �&�'�� 1RWH WKDW D PXWDWLRQ DORQJ DQ LQWHUQDO EUDQFK ZLOO EH LQKHULWHG E\ PRUH WKDQ RQH
RI WKH VDPSOHG LQGLYLGXDOV� ZKLOH D PXWDWLRQ DORQJ DQ H[WHUQDO EUDQFK ZLOO EH XQLTXH WR RQH RI WKH
VDPSOHG LQGLYLGXDOV� 7KHUHIRUH� RQH FDQ HVWLPDWH WKH LQWHUQDO DQG H[WHUQDO EUDQFK OHQJWKV IURP WKH
QXPEHU RI VKDUHG DQG SULYDWH PXWDWLRQV UHVSHFWLYHO\�

7KH VLWH IUHTXHQF\ VSHFWUXP DQG WKH DOOHOH IUHTXHQF\ VSHFWUXP KDYH SUHYLRXVO\ EHHQ VWXGLHG IRU SRS�
XODWLRQV ZKRVH JHQHDORJ\ LV GHVFULEHG E\ D FRDOHVFHQW SRLQW SURFHVV�����±��� %HFDXVH WKH LQWHUQDO
DQG H[WHUQDO EUDQFK OHQJWKV DUH FORVHO\ UHODWHG WR WKH VLWH IUHTXHQF\ VSHFWUXP� RXU PHWKRGV IRU XVLQJ
WKH FRDOHVFHQW SRLQW SURFHVV WR XQGHUVWDQG WKH LQWHUQDO DQG H[WHUQDO EUDQFK OHQJWKV DUH VLPLODU WR WKH
PHWKRGV XVHG LQ WKHVH SUHYLRXV ZRUNV� +RZHYHU� WKHVH HDUOLHU UHVXOWV DUH DSSOLFDEOH ZKHQ ZH DUH
LQWHUHVWHG LQ WKH VLWH IUHTXHQF\ VSHFWUXP RI WKH HQWLUH SRSXODWLRQ� RU ZKHQ HDFK LQGLYLGXDO LV VDPSOHG
LQGHSHQGHQWO\ ZLWK VRPH SUREDELOLW\ p� 2XU UHVXOW SHUWDLQV WR WKH FDVH RI D VDPSOH RI IL[HG VL]H n
IURP D PXFK ODUJHU SRSXODWLRQ� OHDGLQJ WR D VWDU�VKDSHG JHQHDORJLFDO WUHH ZLWK ORQJ H[WHUQDO EUDQFKHV
LQ ZKLFK PRVW RI WKH FRDOHVFHQFH RFFXUV QHDU WKH URRW RI WKH WUHH�

7KH DV\PSWRWLF GLVWULEXWLRQ IRU WKH LQWHUQDO DQG H[WHUQDO EUDQFK OHQJWKV ZDV REWDLQHG IRU WKH FODVVLFDO
.LQJPDQ¶V FRDOHVFHQW�� DQG IRU IRU FRDOHVFHQWV ZLWK PXOWLSOH PHUJHUV������ 5HFHQWO\� DQ DV\PSWRWLF
UHVXOW IRU H[WHUQDO EUDQFK OHQJWKV LQ <XOH WUHHV ZDV SURYHG��� +RZHYHU� DV IDU DV ZH NQRZ� VXFK UHVXOWV
KDYH QRW SUHYLRXVO\ EHHQ HVWDEOLVKHG IRU D VDPSOH RI VL]H n IURP D ELUWK�GHDWK WUHH�

7R VWDWH RXU WKHRUHP� ZH QHHG WR FRQVLGHU D VHTXHQFH RI ELUWK�GHDWK SURFHVVHV LQGH[HG E\ WKH VDPSOH
VL]H n� DQG WKH WLPH DW ZKLFK WKH VDPSOH LV WDNHQ� ZKLFK ZH ZLOO QRZ GHQRWH E\ Tn� PXVW WHQG WR
LQILQLW\ ZLWK n� :H ZLOO DOVR ZULWH λn� µn� rn� DQG νn IRU WKH ELUWK� GHDWK� JURZWK� DQG PXWDWLRQ UDWHV
UHVSHFWLYHO\ WR HPSKDVL]H WKDW ZH DOORZ WKHP WR GHSHQG RQ n� :H ZLOO OHW Lin

n DQG Lex
n GHQRWH WKH WRWDO

OHQJWK RI DOO LQWHUQDO DQG H[WHUQDO EUDQFKHV UHVSHFWLYHO\ LQ WKH JHQHDORJLFDO WUHH�

7KHRUHP �� 6XSSRVH
OLP
n→∞

ne−rnTn = 0. ����

7KHQ� XVLQJ P−→ WR GHQRWH FRQYHUJHQFH LQ SUREDELOLW\ DV n → ∞� ZH KDYH

rnLin
n

n
P−→ 1. ����

��



)XUWKHUPRUH� VXSSRVH LQVWHDG ZH KDYH

OLP
n→∞

n3/2(ORJn)e−rnTn = 0. ����

/HW Z KDYH D VWDQGDUG QRUPDO GLVWULEXWLRQ� DQG OHWW KDYH DQ H[SRQHQWLDO GLVWULEXWLRQ ZLWK PHDQ ��
LQGHSHQGHQW RI Z� 7KHQ

(
rn√
n

(
Lin
n − n

rn

)
,
rn
n
Lex
n − rnTn + ORJn+ 1

)
⇒ (Z, ORJW ), ����

ZKHUH⇒ GHQRWHV FRQYHUJHQFH LQ GLVWULEXWLRQ DV n → ∞�

5HFDOO WKDW WKH H[SHFWHG SRSXODWLRQ VL]H DW WLPH Tn LV ernTn � VR WKH FRQGLWLRQ ���� PHDQV WKDW WKH VDPSOH
VL]H n PXVW EH PXFK VPDOOHU WKDQ WKH SRSXODWLRQ VL]H� 8QGHU WKLV FRQGLWLRQ� WKH WRWDO LQWHUQDO EUDQFK
OHQJWK Lin

n LV FORVH WR n/rn ZLWK KLJK SUREDELOLW\� ZKLFK PHDQV WKH JURZWK UDWH HVWLPDWH ��� VKRXOG EH
DFFXUDWH� 8QGHU WKH VWURQJHU FRQGLWLRQ ����� WKH GLVWULEXWLRQ RI WKH WRWDO LQWHUQDO EUDQFK OHQJWK Lin

n LV
DSSUR[LPDWHO\ QRUPDO ZLWK PHDQ n/rn DQG VWDQGDUG GHYLDWLRQ

√
n/rn� ZKLFK ZH GHQRWH E\

Lin
n ∼ N (n/rn,

√
n/rn) . ����

7KLV PHDQV WKDW WKH FRQILGHQFH LQWHUYDO LQ ��� VKRXOG EH DFFXUDWH�

%HFDXVH E[ORJW ] = −γ� ZKHUH γ ≈ .577 LV (XOHU¶V FRQVWDQW� 7KHRUHP � DOVR VXJJHVWV WKDW IRU WKH
WRWDO H[WHUQDO EUDQFK OHQJWK�

E[Lex
n ] ≈ nTn −

n

rn
(ORJn+ 1− E[ORJW ]) = nTn −

n

rn
(ORJn+ 1 + γ). ����

6KDUHG DQG SULYDWH PXWDWLRQV

/HWM in
n GHQRWH WKH QXPEHU RI PXWDWLRQV WKDW DSSHDU RQ WZR RU PRUH RI WKH VDPSOHG LQGLYLGXDOV� DQG

OHWM ex
n GHQRWH WKH QXPEHU RI PXWDWLRQV WKDW DSSHDU RQ RQO\ RQH RI WKH VDPSOHG LQGLYLGXDOV� %HFDXVH

ZH DUH DVVXPLQJ WKDW PXWDWLRQV RFFXU DORQJ HDFK OLQHDJH DW UDWH νn� WKH FRQGLWLRQDO GLVWULEXWLRQ RI
M in

n JLYHQ Lin
n LV 3RLVVRQ ZLWK PHDQ νnLin

n � DQG OLNHZLVH IRUM ex
n � ,Q SDUWLFXODU� ZH KDYH

E[M in
n ] = νnE[Lin

n ] ≈ nνn
rn

. ����

DQG� XVLQJ WKH FRQGLWLRQDO YDULDQFH IRUPXOD�

9DU(M in
n ) = E[9DU(M in

n |Lin
n )] + 9DU(E[M in

n |Lin
n ]) = νnE[Lin

n ] + ν2
n9DU(L

in
n ).

1RWH WKDW WKH DSSUR[LPDWLRQ IRU E[M in
n ] LV FRQVLVWHQW ZLWK ��� EHFDXVH

∑∞
k=2 1/(k(k − 1)) = 1� 7KH

IROORZLQJ FRUROODU\ WR 7KHRUHP � VKRZV WKDWM in
n KDV DQ DV\PSWRWLFDOO\ QRUPDO GLVWULEXWLRQ�

��



&RUROODU\ �� 6XSSRVH WKDW ���� KROGV DQG WKDW

OLP
n→∞

νnn

rn
= ∞. ����

/HW
σ2
n = n

(
νn
rn

+
ν2
n
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/HW Z KDYH D VWDQGDUG QRUPDO GLVWULEXWLRQ� 7KHQ
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σn

(
M in
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rn

)
⇒ Z,

ZKHUH⇒ GHQRWHV FRQYHUJHQFH LQ GLVWULEXWLRQ DV n → ∞�

$OVR� XVLQJ ���� ZH KDYH WKH DSSUR[LPDWLRQ

E[M ex
n ] ≈ nνnTn −

nνn
rn

(ORJn+ 1 + γ). ����

$ VLPLODU IRUPXODZDV GHULYHG E\'XUUHWW��� )RU WKH SULYDWHPXWDWLRQVM ex
n � GHSHQGLQJ RQ WKHPXWDWLRQ

UDWH� WKH GRPLQDQW VRXUFH RI IOXFWXDWLRQV FRXOG HLWKHU EH WKH *DXVVLDQ IOXFWXDWLRQV IURP WKH PXWDWLRQV
SURFHVV RU WKH QRQ�*DXVVLDQ IOXFWXDWLRQV IURP WKH UDQGRP YDULDEOHW �

&RPSDULQJ DQDO\WLFDO HVWLPDWHV WR WKRVH XVLQJ 3K\ORILW

$V GHVFULEHG E\ :LOOLDPV HW DO�� 3K\ORILW LV ³DQ HIILFLHQW 0&0& DSSURDFK WKDW PRGHOV VHOHFWLRQ �
JURZWK E\ GLUHFWO\ ILWWLQJ WKH WKUHH SDUDPHWHU GHWHUPLQLVWLF SKDVH SRSXODWLRQ WUDMHFWRU\ XVLQJ WKH MRLQW
SUREDELOLW\ GHQVLW\ RI FRDOHVFHQFH WLPHV JLYHQ WKH SRSXODWLRQ VL]H WUDMHFWRU\´��� 7KH WKUHH SDUDPHWHUV
PHQWLRQHG DUH WKH JURZWK UDWH� WKH WRWDO QXPEHU RI KHPDWRSRLHWLF VWHP FHOOV� DQG WKH PLGSRLQW WLPH
RI D GHWHUPLQLVWLF ORJLVWLF JURZWK SRSXODWLRQ WUDMHFWRU\� 7KH OLNHOLKRRG IXQFWLRQ IRU WKH FRDOHVFHQFH
WLPHV LV EDVHG RQ (TXDWLRQ � LQ /DQ HW� DO��� ,Q WKLV VHQVH� LW LV VLPLODU WR RXU DSSURDFK� OHYHUDJLQJ WKH
LQIRUPDWLRQ SURYLGHG E\ FRDOHVFHQFH WLPHV� +RZHYHU� WKHUH DUH WZR ZD\V WR UXQ 3K\ORILW� RQO\ RQH
RI ZKLFK LV GLUHFWO\ FRPSDUDEOH WR RXU PHWKRGV�

3K\ORILW RSWLRQDOO\ LQFRUSRUDWHV $EHUUDQW &HOO )UDFWLRQ �$&)� LQWR LWV FDOFXODWLRQ RI WKH OLNHOLKRRG�
$EHUUDQW &HOO )UDFWLRQ LV VLPSO\ WKH QXPEHU RI VDPSOHG FHOOV ZLWKLQ D FORQH GLYLGHG E\ WKH WRWDO
QXPEHU RI VDPSOHG FHOOV� :H UHIHU WR LW DOWHUQDWLYHO\ DV ³VDPSOHG FORQDO IUDFWLRQ´ LQ $SSOLFDWLRQ WR
KXPDQ EORRG GDWDVHWV� EXW XVH ³$EHUUDQW &HOO )UDFWLRQ´ KHUH IRU FRQVLVWHQF\ ZLWK WKH WHUPLQRORJ\ LQ
:LOOLDPV HW DO���� ,Q WKLV VHQVH� LW LV DQDORJRXV WR WKH YDULDQW DOOHOH IUHTXHQF\ WKDW ZRXOG EH REVHUYHG
LQ EXON ZKROH JHQRPH VHTXHQFLQJ� :KHQ LQFRUSRUDWLQJ $&)� 3K\ORILW DVVXPHV WKDW WKH SRSXODWLRQ
WUDMHFWRU\ RI WKH FORQH LV ORJLVWLF� ZLWK D FDUU\LQJ FDSDFLW\ IRU WKH FORQH HTXDO WR WKH WRWDO QXPEHU RI
KHPDWRSRLHWLF VWHP FHOOV� :KLOH FRDOHVFHQFH HYHQWV SURYLGH LQIRUPDWLRQ IURP WKH HDUO\ KLVWRU\ RI WKH
FORQH� ZKHQ WKH WRWDO FORQH VL]H LV RQ WKH RUGHU RI WKH VDPSOH VL]H n� WKH $&) SURYLGHV LQIRUPDWLRQ
RQ WKH FORQH VL]H DW WKH WLPH RI VDPSOLQJ� 7KHUHIRUH� ZKLOH WKH DVVXPSWLRQV IRU RXU PHWKRGV VLPSO\
UHTXLUH DQ HDUO\ H[SDQVLRQ SKDVH ZLWK FRQVWDQW ELUWK DQG GHDWK UDWHV� 3K\ORILW ZLWK $&) DVVXPHV D
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ORJLVWLF SRSXODWLRQ VL]H WUDMHFWRU\ZLWK D FDUU\LQJ FDSDFLW\ LQGLFDWLQJ WKDW D FORQH EHFRPLQJ FRPSOHWHO\
GRPLQDQW LQ WKH EORRG �$&) ��� 7KLV LV D PXFK VWURQJHU DVVXPSWLRQ WKDQ LV QHFHVVDU\ IRU RXU PHWKRGV
RU ZKHQ XVLQJ 3K\ORILW ZLWKRXW LQFRUSRUDWLQJ $&)� ,I WKH ORJLVWLF SRSXODWLRQ VL]H WUDMHFWRU\ LV QRW WKH
DFWXDO SRSXODWLRQ VL]H WUDMHFWRU\ RI D FORQH� WKH HVWLPDWHG JURZWK UDWH IURP 3K\ORILW ZLWK $&) ZLOO
EH DIIHFWHG� 7KH SRSXODWLRQ VL]H WUDMHFWRU\ RI D FORQH DW WKH WLPH RI VDPSOLQJ LV OLNHO\ WR KDYH EHHQ
DIIHFWHG E\ DQ $&) FDUU\LQJ FDSDFLW\ EHORZ �� WUHDWPHQW� DQG�RU RWKHU FRPSHWLQJ H[SDQVLRQV� ,Q IDFW�
GHFHOHUDWLRQ RI FORQDO H[SDQVLRQ UDWHV GLYHUJLQJ IURP WKH ORJLVWLF WUDMHFWRU\ LV REVHUYHG LQ WKH UHFHQW
ZRUN SXEOLVKHG E\0LWFKHOO HW DO��� DQG )DEUH HW DO���� 7KHUHIRUH� ZH FRPSDUH RXU HVWLPDWHV WR 3K\ORILW
ZLWKRXW $&)� DV WKLV PHWKRG� OLNH RXU PHWKRGV� HVWLPDWHV WKH JURZWK UDWH GXULQJ WKH H[SDQVLRQ SKDVH
RI WKH FORQH� +RZHYHU� ZH QRWH WKDW WKH SXEOLVKHG UHVXOWV LQ�� GR XVH $&)� VR RXU 3K\ORILW UHVXOWV GLIIHU
IURP WKRVH ZKLFK WKH\ SUHVHQW� )RU PRUH GHWDLOV RQ $&) DQG FORQDO GHFHOHUDWLRQ� VHH 6XSSOHPHQWDU\
VHFWLRQ ����

(VWLPDWLQJ WKH FORQH DJH

:KLOH ZH GLG QRW ILQG D GDWDVHW DSSURSULDWH IRU DSSO\LQJ RXU PHWKRG RI HVWLPDWLQJ WKH FORQH DJH �L�H��
WLPH IURP FORQH LQLWLDWLRQ WR WLPH RI VDPSOLQJ�� ZH VKRZ KHUH KRZ LW FDQ EH GRQH ZKHQ WKH JURZWK UDWH
RI D FORQH LV NQRZQ DQG WKH PXWDWLRQ UDWH LV XQNQRZQ� ,I WKH PXWDWLRQ UDWH LV NQRZQ� WKHQ HVWLPDWLQJ
WKH FORQH DJH LV VWUDLJKWIRUZDUG EHFDXVH ZH FDQ VLPSO\ GLYLGH WKH DYHUDJH QXPEHU RI PXWDWLRQV RQ WKH
VDPSOHG LQGLYLGXDOV E\ WKH PXWDWLRQ UDWH� :H WKHUHIRUH IRFXV RQ KRZ WR HVWLPDWH WKH FORQH DJH ZKHQ
WKH JURZWK UDWH LV NQRZQ EXW WKH PXWDWLRQ UDWH LV XQNQRZQ� 1RWH ILUVW WKDW LW LV QRW SRVVLEOH WR PDNH
VXFK DQ HVWLPDWH E\ XVLQJ RQO\ WKH VKDUHG PXWDWLRQV� 7R VHH WKLV� FRQVLGHU WKH ILJXUH EHORZ LQ ZKLFK
WKH GRWV UHSUHVHQW PXWDWLRQV� %HFDXVH WKH JHQHDORJLFDO WUHH LV QHDUO\ VWDU�VKDSHG� ZH ZLOO VHH WKH VDPH
VKDUHG PXWDWLRQV UHJDUGOHVV RI ZKHWKHU ZH WDNH WKH VDPSOH DW WLPH T/2 RU WLPH T � 7KH RQO\ GLIIHUHQFH
LV WKDW LI WKH VDPSOH LV WDNHQ DW WLPH T � ZH ZLOO VHH PRUH SULYDWH PXWDWLRQV� :H WKHUHIRUH HVWLPDWH WKH
WXPRU DJH E\ FRPSDULQJ WKH QXPEHU RI VKDUHG PXWDWLRQV WR WKH QXPEHU RI SULYDWH PXWDWLRQV� )URP
���� DQG ����� D QDWXUDO HVWLPDWH RI WKH DJH RI WKH WXPRU LV

T̂ =
M ex

n

rM in
n

+
ORJn+ 1 + γ

r
.

� � � � � � T

T/2

)LJXUH �� 6L[ OLQHDJHV VDPSOHG DW WLPHV T/2 DQG T

7KH UHVXOW EHORZ HVWDEOLVKHV VRPH DV\PSWRWLF SURSHUWLHV RI WKLV HVWLPDWH� DQG VKRZV KRZ WR REWDLQ D
FRQILGHQFH LQWHUYDO IRU T � &RQGLWLRQ ���� LV QHHGHG WR HQVXUH WKDW WKH *DXVVLDQ IOXFWXDWLRQV IURP WKH
OHQJWKV RI WKH LQWHUQDO EUDQFKHV DQG WKH PXWDWLRQV SURFHVV DUH WKH GRPLQDQW VRXUFH RI IOXFWXDWLRQV�
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UDWKHU WKDQ WKH QRQ�*DXVVLDQ IOXFWXDWLRQV IURP WKH UDQGRP YDULDEOHW WKDW PHDVXUHV WKH LQLWLDO JURZWK
RI WKH EUDQFKLQJ SURFHVV�

&RUROODU\ �� 6XSSRVH WKH IROORZLQJ FRQGLWLRQV KROG�
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DV LQWURGXFHG DERYH� /HW Z KDYH D VWDQGDUG QRUPDO GLVWULEXWLRQ� 7KHQ
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)URP WKLV UHVXOW� RQH FDQ VKRZ WKDW IRU 0 < α < 1� DQ DV\PSWRWLFDOO\ YDOLG 100(1− α)� FRQILGHQFH
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/RQJLWXGLQDO PRGHOLQJ

/RQJLWXGLQDO FORQH LQFOXVLRQ FULWHULD

,Q ORQJLWXGLQDO GDWD IURP LQGLYLGXDOV ZLWKRXW KHPDWRORJLFDO PDOLJQDQFLHV��� VHTXHQWLDO GDWD W\SLFDOO\
VKRZV D ORZHU EXW LQFUHDVLQJ 9$)� PDNLQJ LW LGHDO IRU RXU HVWLPDWHV RI HDUO\ JURZWK UDWH� +RZHYHU� LQ
ORQJLWXGLQDO GDWD IURP LQGLYLGXDOV ZLWK 031��� LQFUHDVHG FORQDO FRPSHWLWLRQ DQG WUHDWPHQW JLYHV ULVH
WR PRUH FRPSOLFDWHG G\QDPLFV� 0DQ\ FORQHV ZKLFK DW ILUVW DSSHDU DGYDQWDJHRXV DUH RXWFRPSHWHG E\
FORQHV ZLWK KLJKHU ILWQHVV RU NQRFNHG GRZQ E\ WUHDWPHQW� OHDGLQJ WR FORQHV RFFDVLRQDOO\ GHFUHDVLQJ
LQ 9$) RYHU WKH VDPSOHG WLPH SHULRG� 7R DYRLG WKHVH H[WHUQDO HIIHFWV� ZKLFK DUH QRW UHSUHVHQWDWLYH RI
WKH JURZWK UDWH GXULQJ WKH HDUO\ H[SDQVLRQ SKDVH� ZH GLG QRW FRQVLGHU ORQJLWXGLQDO GDWD IURP FORQHV
GHFUHDVLQJ LQ VL]H� $Q\ GDWD SRLQWV IHDWXULQJ PRUH WKDQ D 20� GHFUHDVH LQ 9DULDQW $OOHOH )UHTXHQF\
�9$)� IURP D SUHYLRXV WLPHSRLQW ZHUH UHPRYHG� 5HPRYDO GXH WR D 20� GURS ZDV RQO\ DSSOLHG LI
WKH SUHYLRXV 9$) ZDV ≥ 0.05� WR DYRLG UHPRYLQJ GDWD GXH WR VPDOO IOXFWXDWLRQV DW ORZ 9$)� $IWHU
UHPRYLQJ DQ\ GHFUHDVLQJ GDWD� ZH UHTXLUHG 4 GDWD SRLQWV LQ WRWDO DQG DW OHDVW 2 ZLWK D 9$) > 0 DQG
≤ 0.25� )LQDOO\� EHFDXVH ZH DUH ORRNLQJ IRU H[SDQGLQJ FORQHV� ZH UHPRYH DQ\ FORQHV ZKLFK GR QRW
LQFUHDVH LQ 9$) E\ DW OHDVW 0.05�

$V QRWHG LQ /RQJLWXGLQDO YDOLGDWLRQ RI FORQH JURZWK HVWLPDWHV� WKLV ILOWHULQJ OHDYHV XV ZLWK 60 FORQHV�
ZLWK 56 IURP )DEUH HW DO��� DQG 4 IURP:LOOLDPV HW DO���� 2I WKHVH� RQH FORQH IURP:LOOLDPV HW DO��� DQG
WZR FORQHV IURP )DEUH HW DO��� KDYH VXIILFLHQW PDWFKHG VLQJOH FHOO GDWD WR PDNH JURZWK UDWH HVWLPDWHV
IURP ERWK GDWD PRGDOLWLHV� :H QRWH WKDW WKH RQO\031 FORQH ZLWK PDWFKHG VLQJOH�FHOO DQG ORQJLWXGLQDO
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GDWD �3'����� -$.� � '107�$� LV DOVR IURP D SDWLHQW WKDW LV HVVHQWLDOO\ XQWUHDWHG� ZLWK WKH RQO\
LQWHUYHQWLRQ EHLQJ YHQHVHFWLRQ �EOHHGLQJ�� )XUWKHU� WKH -$.� �'107�$ FORQH LQ WKLV SDWLHQW DSSHDUV
WR EH WKH RQO\ ODUJH H[SDQVLRQ� DQG WKHUH DUH 11 ORQJLWXGLQDO VDPSOHV IURP WKH VDPH FHOO W\SH� PDNLQJ
WKLV FORQH DQ LGHDO FDQGLGDWH IRU YDOLGDWLRQ�

)URP WKH UHPDLQLQJ 57 FORQHV ZLWKRXW PDWFKHG VLQJOH FHOO GDWD� ZH LGHQWLILHG 17 FORQHV ZLWK PXWDWLRQV
LQ WKH VDPH GULYHU JHQH DV D VLQJOH FHOO FORQH� :H WKHQ H[FOXGHG WKH ORQJLWXGLQDO GDWD IURP WZR 031
FORQHV IURP:LOOLDPV HW DO���� DV WUHDWPHQW OLNHO\ DIIHFWHG WKH 9$) LQ ERWK FDVHV� )XUWKHU� ZH UHPRYHG
RQH -$.� FORQH ZKHUH WKHUH ZDV D FRPSHWLQJ FORQH DW KLJK 9$)� DV WKLV ZDV OLNHO\ WR DIIHFW WKH JURZWK
UDWH� $IWHU ILWWLQJ WKH ORJLVWLF JURZWK UDWH PRGHO WR HDFK RI WKH UHPDLQLQJ FORQHV� DV GHWDLOHG LQ /RJLVWLF
PRGHOLQJ RI ORQJLWXGLQDO GDWD� ZH UHPRYHG RQH '107�$ FORQH ZKHUH WKH ILW IDLOHG WR FRQYHUJH�
$IWHU DOO ILOWHULQJ VWHSV� WKHUH ZHUH 13 ORQJLWXGLQDO FORQHV PDWFKLQJ WR 10 VLQJOH FHOO FORQHV� '107�$
PXWDQW FORQHV ZHUH WKH PRVW DEXQGDQW� ZLWK 7'107�$ FORQHV KDYLQJ ORQJLWXGLQDO GDWD DQG 5 KDYLQJ
VLQJOH FHOO GDWD� 7KHUH ZHUH 3 ORQJLWXGLQDO -$.� FORQHV DQG 4 VLQJOH FHOO -$.� FORQHV� 7KHUH ZHUH 3
ORQJLWXGLQDO 330�' FORQHV DQG 1 VLQJOH FHOO 330�' FORQH�

/RJLVWLF PRGHOLQJ RI ORQJLWXGLQDO GDWD

:H XVHG WKH QOV�� IXQFWLRQ IURP WKH VWDWV SDFNDJH LQ 5� ZLWK WKH SRUW DOJRULWKP� WR SHUIRUP ILWWLQJ
WR WKH IROORZLQJ ORJLVWLF JURZWK HTXDWLRQ� ZKLFK PRGHOV WKH 9DULDQW $OOHOH )UHTXHQF\ �9$)� RYHU
WLPH�

9$)(t) =
K

1 + e−(rt+φ)
����

%RXQGV IRU K� UHSUHVHQWLQJ WKH FDUU\LQJ FDSDFLW\� DUH [0, 0.5]� DV DOO PXWDWLRQV DUH LQ GLSORLG UHJLRQV�
%RXQGV IRU r DUH [0, 5] SHU \HDU� DQG ERXQGV IRU φ DUH [−500, 0]� 95� FRQILGHQFH LQWHUYDOV DUH IRXQG
E\ DVVXPLQJ QRUPDOLW\ RI WKH SDUDPHWHU HVWLPDWH� XVLQJ r ± 1.96 ∗ VWG(UURU WR FDOFXODWH WKH ERXQGV�
0LGSRLQW WLPH RI WKH ORJLVWLF FXUYH LV JLYHQ E\ tm = −φ/r� 6HH 'DWD DQG FRGH DYDLODELOLW\ IRU H[DFW
LPSOHPHQWDWLRQ DQG IRU VWHSV WR UHSURGXFH�

,PSRUWDQWO\� ZH GR QRW DVVXPH D FDUU\LQJ FDSDFLW\K HTXDO WR D YDULDQW DOOHOH IUHTXHQF\ RI 0.5� LQVWHDG
DOORZLQJ WKH FDUU\LQJ FDSDFLW\ WR EH ILW VLPXOWDQHRXVO\ ZLWK WKH JURZWK UDWH DQG PLGSRLQW WLPH� 7KLV LV
D GLVWLQFWLRQ IURP WKH LQKHUHQW DVVXPSWLRQV LQ WKH 3K\ORILW ZLWK $&) DSSURDFK� ZKLFK LV GLVFXVVHG LQ
&RPSDULQJ DQDO\WLFDO HVWLPDWHV WR WKRVH XVLQJ 3K\ORILW DQG IXUWKHU LQ 6XSSOHPHQWDU\ VHFWLRQ ���� 2XU
GHFLVLRQ WR ILWK UDWKHU WKDQ IL[LQJ LW DW 0.5 LV PRWLYDWHG E\ GDWD�� VKRZLQJ JURZWK UDWHV VORZLQJ PRUH
WKDQ ZRXOG EH H[SHFWHG E\ D ORJLVWLF ILW ZLWK K = 0.5� HYHQ LQ WKH DEVHQFH RI WUHDWPHQW� ,Q ILWWLQJ WR
ORQJLWXGLQDO GDWD IURP 16 FORQHV �3 IURP)LJXUH �$�& DQG 13 IURP)LJXUH �(� 9 KDYH D ILW 9$) FDUU\LQJ
FDSDFLW\ EHORZ 0.4� FRQVLVWHQW ZLWK WKH FODLP WKDW FORQHV GR QRW DOZD\V VDWXUDWH DW DQ DOOHOH IUHTXHQF\
RI 0.5� $ SRVVLEOH H[SODQDWLRQ IRU WKLV ORZHU FDUU\LQJ FDSDFLW\ LV OLQHDJH ELDV ZKLFK PD\ OHDG WR
FORQDO GRPLQDQFH LQ RQO\ D VXEVHW RI WKH EORRG SURJHQLWRUV� )RU H[DPSOH� -$.� PXWDQWV ZHUH IRXQG
DW KLJKHU FORQDO IUDFWLRQV LQ PHJDNDU\RF\WH DQG HU\WKURLG SURJHQLWRUV��� 9DULDQW DOOHOH IUHTXHQF\ LQ
ZKROH EORRG PD\ VDWXUDWH EHORZ 0.5� HYHQ ZKHQ D FORQH KDV EHFRPH FRPSOHWHO\ GRPLQDQW ZLWKLQ D
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VSHFLILF W\SH RI SURJHQLWRU �L�H� 0HJDNDU\RF\WH (U\WKURLG 3URJHQLWRUV �0(3� LQ -$.� PXWDQWV�� ,Q
IDFW� VLQJOH FHOO FORQDO IUDFWLRQ GDWD IURP WKH 13 031 SDWLHQWV ZH KDYH DQDO\]HG VKRZV QR H[DPSOH
RI D VRPDWLF FORQH WKDW LV FRPSOHWHO\ GRPLQDQW� GHVSLWH PDWFKHG VWURPDO�� RU EXFFDO�� QRUPDO FHOO
VDPSOHV GLVWLQJXLVKLQJ EHWZHHQ VRPDWLF DQG JHUPOLQH YDULDQWV�

,W VKRXOG EH QRWHG WKDW D ORJLVWLF JURZWK PRGHO ZLWK DQ\ FDUU\LQJ FDSDFLW\ PD\ QRW EH D JRRG PRGHO
IRU FORQHV LQ WKH EORRG� HVSHFLDOO\ LQ WKH SUHVHQFH RI RWKHU FORQHV DQG�RU WUHDWPHQW��� 2XU FRDOHVFHQW
PHWKRGV DYRLG WKLV GHSHQGHQFH RQ D SDUWLFXODU PRGHO E\ DVVXPLQJ RQO\ WKDW H[SRQHQWLDO JURZWK RFFXUV
LPPHGLDWHO\ IROORZLQJ WKH LQLWLDWLRQ RI D FORQH� ZKLOH LWV SRSXODWLRQ VL]H LV VWLOO RQ WKH RUGHU RI WKH
VDPSOH VL]H� n� +RZHYHU� ORQJLWXGLQDO YDOLGDWLRQ UHTXLUHV WKH FKRLFH RI D SDUWLFXODU JURZWK PRGHO LQ
RUGHU WR HVWLPDWH D JURZWK UDWH� %DVHG RQ SUHYLRXV ZRUN H[SORULQJ SUDFWLFDO SDUDPHWHU LGHQWLILDELOLW\
LQ VLJPRLG JURZWK PRGHOV��� WKH ORJLVWLF PRGHO RXWSHUIRUPHG *RPSHUW] DQG 5LFKDUGV¶ PRGHOV� ZKLFK
LV ZK\ ZH XVH LW IRU ORQJLWXGLQDO YDOLGDWLRQ�

'DWD DQG FRGH DYDLODELOLW\

:H KDYH FUHDWHG DQ RSHQ VRXUFH 5 SDFNDJH FDOOHG FORQH5DWH WR SHUIRUP JURZWK UDWH HVWLPDWLRQ XV�
LQJ XOWUDPHWULF RU PXWDWLRQ�EDVHG SK\ORJHQHWLF WUHHV DV LQSXW GDWD �?iiTb,ff;Bi?m#X+QKf#/Dj9f
+HQM2_�i2f�� FORQH5DWH DOVR LQFOXGHV PHWKRGV IRU UDSLG JHQHUDWLRQ RI H[DFW VDPSOHG WUHHV IURP VX�
SHUFULWLFDO ELUWK�GHDWK SURFHVVHV EDVHG RQ WKH ZRUN RI /DPEHUW��� 8VHUV FDQ DSSO\ RXU PHWKRGV WR QHZ
GDWD DQG DOVR UHFUHDWH RXU UHVXOWV KHUHLQ XVLQJ SXEOLVKHG GDWD�����±��� ZKLFK LV LQFOXGHG LQ WKH SDFN�
DJH IRU FRQYHQLHQFH� $UWLFOHV FRQWDLQLQJ WKH GHWDLOV QHHGHG WR UHSURGXFH RXU DQDO\VHV DUH DYDLODEOH
IURP WKH SDFNDJH ZHEVLWH� DORQJ ZLWK RWKHU YLJQHWWHV WR JXLGH XVHUV �?iiTb,ff#/Dj9X;Bi?m#XBQf
+HQM2_�i2f��
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