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Dąbrowski, Adam Balcerzak and

Vincenzo Salzano

Received: 17 December 2021

Accepted: 14 January 2022

Published: 16 January 2022

Publisher’s Note: MDPI stays neutral

with regard to jurisdictional claims in

published maps and institutional affil-

iations.

Copyright: © 2022 by the authors.

Licensee MDPI, Basel, Switzerland.

This article is an open access article

distributed under the terms and

conditions of the Creative Commons

Attribution (CC BY) license (https://

creativecommons.org/licenses/by/

4.0/).

universe

Article

Estimating the Cosmological Constant from Shadows of
Kerr–de Sitter Black Holes
Misba Afrin 1,*,† and Sushant G. Ghosh 1,2,†

1 Centre for Theoretical Physics, Jamia Millia Islamia, New Delhi 110025, India; sghosh2@jmi.ac.in
2 Astrophysics and Cosmology Research Unit, School of Mathematics, Statistics and Computer Science,

University of KwaZulu-Natal, Private Bag 54001, Durban 4000, South Africa
* Correspondence: me.misba@gmail.com or misba@ctp-jamia.res.in
† These authors contributed equally to this work.

Abstract: The Event Horizon Telescope collaboration has revealed the first direct image of a black hole,
as per the shadow of a Kerr black hole of general relativity. However, other Kerr-like rotating black
holes of modified gravity theories cannot be ignored, and they are essential as they offer an arena in
which these theories can be tested through astrophysical observation. This motivates us to investigate
asymptotically de Sitter rotating black holes wherein interpreting the cosmological constant Λ as the
vacuum energy leads to a deformation in the vicinity of a black hole—new Kerr–de Sitter solution,
which has a richer geometric structure than the original one. We derive an analytical formula
necessary for the shadow of the new Kerr–de Sitter black holes and then visualize the shadow of
black holes for various parameters for an observer at given coordinates (r0, θ0) in the domain (r0, rc)

and estimate the cosmological constant Λ from its shadow observables. The shadow observables of
the new Kerr–de Sitter black holes significantly deviate from the corresponding observables of the
Kerr–de Sitter black hole over an appreciable range of the parameter space. Interestingly, we find a
finite parameter space for (Λ, a) where the observables of the two black holes are indistinguishable.

Keywords: alternative gravities; compact objects; dark matter; gravitational lensing; black hole
shadow

1. Introduction

Because of the black hole’s defining property at the event horizon and the surrounding
photon region, it casts a dark region over the observer’s celestial sky, which is known as
a shadow [1,2], which is an optical appearance cast by a black hole when it is in front of
a distant luminous source. It is a natural result of Einstein’s theory of general relativity
(GR), so it can provide us with information on the properties of the black hole. The seminal
works of Synge [3] and Luminet [4] led the foundation for the shadows of black holes.
Synge [3] was the first to study the angular radius of the photon capture region around
the Schwarzschild black hole. Interestingly, the photon sphere, in the case of a Kerr black
hole, becomes a “photon region” which is filled by spherical light-like geodesics at a sphere
r = constant. Bardeen [1] first correctly analysed the shadow of the Kerr black hole and
showed that the spin would distort the shape of the shadow, and that the deviation of the
shadow, from a circle, is proportional to the spin of the black hole. Furthermore, Teo [5]
analysed pictures of individual spherical light-like geodesics in the Kerr spacetime. The
application of shadow in unravelling gravity’s useful near-horizon features is a valuable
tool for testing GR. Thereby, the discussion was extended for other black holes, e.g., for the
Kerr–Newman spacetime [6], for δ = 2 Tomimatsu–Sato spacetimes [7], for black holes in ex-
tended Chern–Simons modified gravity [8], in a Randall–Sundrum braneworld scenario [9],
and a Kaluza–Klein rotating dilaton black hole [10], for the Kerr–NUT spacetime [11], for
multi-black holes [12], for regular black holes [13–20] and for higher-dimensional black
holes [21–27]. The shadows of modified theories of gravity black holes cast smaller and
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more distorted shadows when compared with that of the Kerr black hole [8–10,17,24,28–31].
Moreover, the spin, mass parameter and possibly other parameters of black holes can be
calculated [14,32–36]. In addition, shadow also finds applications in testing theories of
gravity [37], and Johannsen and Psaltis [38] explored how to test the no-hair theorem using
the shadow of a black hole. Most investigations have been largely based on ray tracing in
the respective spacetimes, rather than on analytical studies of the geodesic equation under
the assumption that the observer is at infinity. This prescription does not work when the
black holes are no longer asymptotically flat but instead when it is asymptotically dS/AdS,
and a cosmological horizon encompassing the event horizon is present [39–45]. Therefore,
the observer is located at the so-called domain of external communication, which is the
region defined between the event horizon and the cosmological horizon in asymptotically
de Sitter spacetimes [39,40]. Indeed, Rindler and Ishak [46] realized that the cosmological
constant Λ does influence the gravitational lensing features because it changes the angle
measurements as well as the angular radius of the shadow [39].

This paper investigates shadows of recently obtained Kerr black holes with a cos-
mological constant—new Kerr–de Sitter spacetimes [47]—and shows our prescription’s
applicability for the determination of the black hole parameters, emphasizing the com-
parison with the original Kerr–de Sitter black hole shadows. We found that the horizons’
structure contrast from the original Kerr–de Sitter horizons and expression for the photon
sphere radii are also different from those in the original Kerr–de Sitter. Furthermore, we
found changes in the photon regions of new Kerr–de Sitter black holes, which affect the
black hole shadows.

2. Kerr–de Sitter Black Holes

The metric of Kerr–de Sitter in the Boyer–Lindquist coordinates reads [48]:

ds2 = −
[

∆r − a2 sin θ2∆θ

Ξ2Σ

]
dt2 +

Σ
∆r

dr2 +
Σ
∆θ

dθ2 − 2a sin2 θ
[
(r2 + a2)2∆θ − ∆r

]
dtdφ

+
sin2 θ

Ξ2Σ

[
(r2 + a2)2∆θ − a2 sin2 θ∆r

]
dφ2, (1)

where the various functions in metric (1) are given by ∆r = r2 + a2− 2Mr− [Λr2(r2 + a2)]/3,
∆θ = 1 + (Λa2 cos2 θ)/3, Σ = r2 + a2 cos2 θ and Ξ = 1 + (Λa2)/3. The Λ > 0 is a positive
cosmological constant; M and a are, respectively, the black hole mass M and spin parameter.
The metric (1) is an exact Λ-vacuum solution of the Einstein equations:

Rab = −Λgab. (2)

This was first found by Carter [48]. In the limit a→ 0, M 6= 0, the Kerr–de Sitter results
to those of Schwarzschild de Sitter [49], whereas setting further M = 0 leads to de Sitter
metric. However, M = 0 alone results in a metric diffeomorphic to de Sitter spacetime;
thereby the metric (1) is asymptotically de Sitter [50].

The metric (1) is singular at the points where Σ 6= 0 and ∆r = 0 is a surface, namely
event horizon. However, ∆r = 0, for a given M, a and Λ admit three positive roots r−,
r+ and rc such that r− < r+ < rc, respectively, correspond to Cauchy horizon (r−), event
horizon (r+) and the outermost cosmological horizon (rc) [51]. When Λ = 0, the Kerr
horizons become rk

± = M±
√

M2 − a2. The area of the event horizon (r+) is:

A =
4π(r2

+ + a2)

Ξ
.

On the other hand, the entropy, temperature and angular velocity in terms of r+ are,
respectively [52]:
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S =
A
4

, T =
r+(1− Λa2

3 −Λr+ − a2

r2
+
)

4π(r2
+ + a2)

, Ω =
a(1− Λr2

+
3 )

r2
+ + a2

.

However, in the above, the chosen horizon can be Cauchy, event or cosmological, the
Kerr–de Sitter black holes satisfy:

dM = TdS+ + Ω+dJ

and this is true for each horizon. Furthermore, for Λ < 0 and Λ = 0, respectively, the above
quantities are associated with the Kerr–anti-de Sitter and Kerr black holes. Similarly to the
Kerr black hole, the Kerr–de Sitter black holes have killing vectors δ

µ
t and δ

µ
φ corresponding

to cyclic coordinates t and φ.

2.1. A New Kerr–De Sitter Black Hole

The Kerr–de Sitter solution of Carter [48] leaves the cosmological constant Λ immacu-
late. However, the Λ in the strong field regime, such as in the vicinity of a black hole, is
no longer constant in quantum field theory [47]. Recently, Ovalle et al. [47] interpreted
the cosmological constant Λ as vacuum energy and implemented the so-called gravitational
decoupling (GD) approach [53–55] to obtain a new Kerr–de Sitter black hole solution which
is geometrically richer and has an impact of rotation in the form of a warped curvature [47].
The new Kerr–de Sitter black holes in the Boyer–Lindquist coordinates read [47]:

ds2 = −
[

∆− a2 sin2 θ

Σ

]
dt2 +

Σ
∆

dr2 + Σdθ2 − 2a sin2 θ

[
1− ∆− a2 sin2 θ

Σ

]
dtdφ

+
sin2 θ

Σ

[
(r2 + a2)2 − ∆a2 sin2 θ

]
dφ2, (3)

where ∆ = r2 + a2 − 2Mr − (Λr4)/3 and Σ = r2 + a2 cos2 θ. The metric (3) describes
the rotating black holes in asymptotically de Sitter or anti-de Sitter, respectively, when
Λ > 0 or Λ < 0 and encompass the Kerr black hole in the absence of the cosmological
constant (Λ = 0) and Schwarzschild–de Sitter black hole (a = 0) [53]. When written in
Boyer–Lindquist coordinates, metric (3) is same as the Kerr black hole with M replaced by
m(r) = M + Λ

6 r3. Thus, the new Kerr–de Sitter black hole is different from the Kerr–de
Sitter black hole (1), which is a Λ-vacuum solution. In contrast, the new Kerr–de Sitter
metric (3) is not a Λ-vacuum solution and has a curvature warped in space given by [47]:

R(r, θ) = −4Λ
[

r2

r2 + a2 cos2 θ

]
, (4)

which is obeyed by the Carter’s Kerr–de Sitter metric in the equatorial plane (θ = π/2).
Furthermore, the deformation in R becomes most prominent as r ∼ a and vanishes for
r >> a (cf. Figure 1).

Energy Conditions

If Tµν is the energy momentum associated with matter for metric (3), we can define the
components of the energy momentum tensor which in the orthonormal frame reads [56,57]:

T(a)(b) = e(a)
µ e(b)ν Gµν, (5)

where e(a)
µ is the basis for the usual orthonormal tetrad [56–59]. We can write the compo-

nents of the energy momentum tensor as [47]
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ρ = −pr =
2 r2

Σ2 m′ = Λ
r4

Σ2 =
Λ̃2

Λ
, (6)

pθ = pφ = − r
Σ

m′′ +
2
(
r2 − Σ

)
Σ2 m′ = ρ− 2 Λ

r2

Σ
. (7)

The weak energy condition [56–60] requires ρ ≥ 0 and ρ + Pi ≥ 0 (i = r, θ, φ). Obviously:

ρ + Pθ = ρ + Pφ = −Λr2(2Σ− r2)

Σ2 . (8)

Clearly, the weak energy conditions are satisfied for Λ < 0. However, in general, as
seen from Figure 2, it may not hold. On the other hand, the dominant energy condition
demands that:

ρ ≥ 0, ρ ≥ |Pi| (i = r, θ, φ). (9)

The dominant energy condition holds for Λ > 0, but is found to be violated for
Λ < 0 [47]. Furthermore, the strong energy condition given by

ρ + Pr + 2 pθ ≥ 0, ρ + pr ≥ 0, ρ + pθ ≥ 0 (10)

is satisfied for Λ < 0 but is violated for Λ > 0 [47]. Our results show that the energy
conditions may not be prevented, e.g., cf. Figure 2. The weak energy condition is not
satisfied for Kerr–de Sitter black holes, but the violation can be minimal, depending on the
value of parameters, as shown in Figure 2. Despite violations, such solutions are essential
from a phenomenological point of view, and they are also essential as astrophysical black
holes are rotating [56–60].

Figure 1. Density plot of the curvature in the vicinity of the Kerr–de Sitter black hole elucidating the
warping effect.
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Figure 2. Plots of ρ + Pθ = ρ + Pφ with r for different values of x = cos θ and Λ/M−2 = −0.001 (left)
and for different values of Λ/M−2 and θ = π/4 (right). The value of spin parameter in the above
plots is a/M = 0.9.

Similar to the Kerr–de Sitter metric (1), Σ 6= 0 and grr = ∆ = 0 give the following four
roots [53]:

rNK
c =

√
κ

2
+

1
2

√
6
Λ
− κ − 12M

Λ
√

κ
, rNK

+ =

√
κ

2
− 1

2

√
6
Λ
− κ − 12M

Λ
√

κ
,

rNK
− = −

√
κ

2
+

1
2

√
6
Λ

+ κ +
12M
Λ
√

κ
, rNK
−− = −

√
κ

2
− 1

2

√
6
Λ
− κ +

12M
Λ
√

κ
, (11)

where κ = (2ω + δ + ω2)/(Λω), δ = 1− 4a2Λ, ω = (Q− P)
1
3 , P = 1 + 12a2Λ− 18M2Λ,

Q = 2[a2Λ(3 + 4a2Λ)2 + 9M2Λ(9M2Λ− 12a2Λ− 1)]
1
2 . The above roots correspond, re-

spectively, to the cosmological horizon, the event horizon, the Cauchy horizon and the
inner cosmological horizon (inside the singularity) such that rNK

−− < rNK
− < rNK

+ < rNK
c .

The Figure 3 shows the behaviour of the event horizon (rNK
+ ) and the cosmological

horizon (rNK
c ) of the new Kerr–de Sitter black holes in the (a/M − Λ/M−2) space. The

horizon structure of the new Kerr–de Sitter black holes is found to be substantially different
from the Kerr–de Sitter black hole which is evinced by the relative difference of the horizons
of the two black holes defined as:

∆r+ =
rNK
+ − r+

r+
and ∆rc =

rNK
c − rc

rc
. (12)

Interestingly, rNK
+ ≤ r+ and rNK

c ≥ rc, for the entire (a/M-Λ/M−2) space and while
there is a maximum of 11.408% negative deviation of the event horizon of the new Kerr–de
Sitter black holes, the cosmological horizon deviates by a maximum of 4.656% (cf. Figure 4);
thus, a larger screening effect due to the Λ is observed in the new Kerr–de Sitter black holes.

For Λ > 0, the region between the event horizon (rNK
+ ) and cosmological horizon

(rNK
c ) is called the domain of outer communication where grr > 0 leads to ∂r being space-like

and thus communication between two observers is possible in this region [40]. In the
domain of outer communication, the killing vector field ∂t is time-like and the spacetime (3)
being static allows the presence of static observers in this region. No static observer can be
considered in the regions r < rNK

+ or r > rNK
c wherein the causal character of vector field

∂r changes from space-like to time-like, and thus, such an observer would be invisible to
someone in the domain of outer communication [40]. The cosmic expansion will drive away
an observer outside the rNK

c , whereas one inside the rNK
+ would fall into the singularity [39].

Herein, we shall consider a static observer placed at a radial coordinate rNK
+ < ro < rNK

c ,
particularly, at Boyer–Lindquist coordinates (to, ro, θo = π/2, φo = 0) [40]. For an observer
at rNK

+ < ro < rNK
c , rNK

+ is the future inner horizon while rNK
c is the future outer horizon,

and crossing any of these two horizons will break the causal connection with region
rNK
+ < r < rNK

c [40]:
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Figure 3. Density plot of event horizon (left) and cosmological horizon (right) of the new Kerr–de
Sitter black holes shown in parameter space. For a given a and Λ, we can uniquely determine
the horizons.

Figure 4. Density plot of the percentage deviation of the event horizon (left) and cosmological
horizon (right) of the new Kerr–de Sitter black holes (3) from that of the Kerr–de Sitter black hole
shown in parameter space.

3. Photon Region and Shadow in Asymptotic de Sitter Spacetime

In order to discuss the photon region [5,61] and black hole shadow [16,62–64] in the new
Kerr–de Sitter spacetime, it is pertinent to study the motion of a test particle. We consider the
black hole in a luminous background and the photons from a source, due to gravitational
lensing [30,65,66], are deflected before reaching an observer. The photons, depending on the
energy, may be scattered, captured or move in unstable orbits [15,67]. Tracing back these
photon trajectories, we obtain the black hole shadow [16,30,31,40,43,62,63]. Hence, we need
to discuss the null geodesics for the new Kerr–de Sitter metric (1). Owing to the axial and
time translational symmetries alongside a hidden symmetry [68], the spacetime (3) gives
four constants of motion along each null geodesic: the mass gµν pµ pν = 0, total energy
E = −p.∂t, angular momentum Lz = p.∂φ and Carter constant Q. We follow the Carter’s
separable method to solve the Hamilton–Jacobi equation to obtain the following equations
of motion around the new Kerr–de Sitter metric in the first-order differential form [67,68]:
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Σṫ =
r2 + a2

∆
(E(r2 + a2)− aLz)− a(aE sin2 θ −Lz), (13)

Σφ̇ =
a
∆
(E(r2 + a2)− aLz)−

(
aE − Lz

sin2 θ

)
, (14)

Σ2ṙ2 =
(
(r2 + a2)E− aLz

)2
− ∆

(
K+ (aE−L)2

)
≡ R(r) , (15)

Σ2θ̇2 =K−
(

Lz
2

sin2 θ
− a2E2

)
cos2 θ ≡ Θ(θ) , (16)

where the separability constant K is related to the Carter constant Q through Q = K +
(aE − Lz)2 [67]. Furthermore, dimensionless impact parameters ξ = Lz/E , η = K/E2 [67]
reduce the degrees of freedom of the photon geodesics from three to two.

It turns out that the unstable photon orbits outline the black hole shadow whose radii
rp satisfyR(rp) = R′(rp) = 0 [5,15,67]. The shadow boundary is the apparent shape of the
unstable photon orbits due to strong gravitation lensing near the black hole. We note that
the Equation (15) can be recast as [15]:

ṙ2 + Ve f f (r) = 0, (17)

where Ve f f is the effective radial potential for the photons and is given by

Ve f f (r) =
1

Σ2

[
∆(K+ (aE−L)2)− ((r2 + a2)E− aLz)

2
]
. (18)

Thus, the unstable photon orbits have radial turning point when [15]:

Ve f f (r) = R = 0 and V′e f f (r) = R
′ = 0. (19)

Solving Equation (19) for the impact parameters yield:

ξcrit =
a2
(

3M + 2Λr3
p + 3rp

)
+ 3r2

p(rp − 3M)

a
(
3M + 2Λr3

p − 3rp
) ,

ηcrit = −
3r3

p

[
a2
(

4Λr3
p − 12M

)
+ 3rp(rp − 3M)2

]
a2
(
3M + 2Λr3

p − 3r
)2 . (20)

We note that, the critical parameters for the Kerr–de Sitter spacetime are slightly
different from Equation (20) and are given by

ξk
crit =

a2
(

3M + Λr3
p + 3rp

)
+ a4Λrp + 3r2

p(rp − 3M)

a
(

rp

(
a2Λ + 2Λr2

p − 3
)
+ 3M

) ,

ηk
crit =−

r3[6a2
(

3M
(

Λr2
p − 2

)
+ Λr3

p

)
+ a4Λ2r3

p + 9rp(rp − 3M)2]

a2
[
rp

(
a2Λ + 2Λr2

p − 3
)
+ 3M

]2 . (21)

Thus, the shadow cast by the two Kerr–de Sitter black holes (1) and (3) are likely to
be different. In the limit Λ → 0, both Equations (20) and (21) go to the critical impact
parameters of the Kerr black hole [67].

Before proceeding further, we note that ηcrit = 0 leads to planar circular orbits limited
to the equatorial plane [5,15,61,67]. The allowed region for photon motion around the black
hole (3) is given by R ≥ 0 and Θ(θ) ≥ 0; considering ηcrit = 0 and Θ = 0, we obtain
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the photon orbit radii (r∓p ) of the new Kerr–de Sitter black holes and the photon region is
given by

r−p ≤ rp ≤ r+p ; r∓p ≡ α
[
1 +
√

1− 4a2Λ cos
(

1
3 arccos

(
∓|β|
9M2

))]
,

θ− ≤ θ ≤ θ+; θ∓ ≡ arccos

∓( a2−ηcrit−ξ2
crit+

√
(a2−ηcrit−ξ2

crit)
2
+4a2ηcrit

2a2

) 1
2
,

with α = 6M
3+4a2Λ and β =

9M2−32a6Λ2−48a4Λ+18a2(6ΛM2−1)
9M2(4a2Λ−1)

√
1−4a2Λ

.

(22)

Here, r∓p are, respectively, the prograde and the retrograde photon radii around the
new Kerr–de Sitter black holes (3) which are different from the Kerr–de Sitter (1) [69].
However, they go over to the photon sphere radii in the Kerr black hole (Λ = 0) [70]:

rk∓
p ≡ 2M

[
1 + cos

(
2
3

arccos
(
∓|a|

M

))]
, (23)

which are exactly same as that obtained by Teo [5]. They fall in the range M ≤ rk−
p ≤

3M ≤ rk+
p ≤ 4M [14] and further degenerate into a photon sphere of constant radius

rk−
p = rk+

p = 3M for the Schwarzschild black hole (Λ = 0, a = 0) [5,62]. The photon region
of the new Kerr–de Sitter black holes (3) is compared with the that of the Kerr–de Sitter
black holes (1) (cf. Figure 5). The event horizon of the former is also smaller than that of
the latter (cf. Figure 5):
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2

3

r
2
+a

2
/M SinθCosϕ

r
/M
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θ

a=0.70 M , =0.1 M-2

-3 -2 -1 0 1 2 3

-3

-2

-1

0

1

2

3

r
2
+a

2
/M SinθCosϕ

r
/M
C
o
s
θ

a=0.85 M , =0.1 M-2
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-3

-2

-1

0

1

2

3

r
2
+a

2
/M SinθCosϕ

r
/M
C
o
s
θ

a=0.98 M , =0.1 M-2

Figure 5. A comparison of the cross-section of the event horizon (blue shaded region) and photon
region (pink shaded region) for the two Kerr–de Sitter black holes. The lighter regions correspond to
the new Kerr–de Sitter black holes, whereas the darker regions correspond to the Kerr–de Sitter black
holes (1).

The unstable photons form successive photon subrings that asymptotically spiral
and approach the boundary of a dark silhouette called the shadow of the black hole [61].
In the present study, we shall investigate how the warped curvature of the new Kerr–
de Sitter spacetime (3) manifests observably itself through the shadow geometry and
calculate the deviation of its shadow observables from those of the Kerr–de Sitter black
hole observables. We assume a static observer at a finite location from the black hole (ro, θo)
such that rNK

+ < ro < rNK
c ; considering the domain of outer communication filled with light

sources everywhere except between the observer and the black hole [43], we shall only
focus on the unstable photon orbits in the exterior photon region (r > rNK

+ ) [43]. In order to
define the celestial coordinates along the shadow boundary, we construct the orthonormal
basis at the observer position [40,43] as
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e0 =
(r2 + a2)∂t + a∂φ√

Σ∆
, e1 =

1√
Σ

∂θ ,

e2 =−
∂φ + a sin2 θ∂t√

Σ sin θ
, e3 = −

√
∆
Σ

∂r. (24)

By making a stereographic projection of the black hole shadow on the observer’s
celestial sky to the image plane, the shadow boundary is outlined by the celestial coordi-
nates [40,43]:

sin χ(ro, rp) =
ξcrit(rp)− a√

(a− ξcrit(rp))2 + ηcrit(rp)
,

sin Φ(ro, rp) =

√
∆[(a− ξcrit)2 + ηcrit]

r2 + a2 − aξcrit
, (25)

which in the Cartesian plane become: [40,43],

X(ro, rp) =− 2 tan
(

Φ(ro, rp)

2

)
sin
(
χ(ro, rp)

)
,

Y(ro, rp) =− 2 tan
(

Φ(ro, rp)

2

)
cos
(
χ(ro, rp)

)
. (26)

Using the set of all (ξcrit, ηcrit) obtained in Equation (20) in Equation (26), we produce
a parametric closed curve in the (X−Y) plane which limns the shadow of the black hole.

For a static observer, the Λ is found to have a decremental effect on the shadow size
in both the Kottler black holes as well as the new Kerr–de Sitter black holes (cf. Figure 6)
which is similar to the behaviour of the Kerr–de Sitter black hole shadows [69]. Moreover,
for fixed values of a and Λ, the shadows are found to decrease in size as the static observer
retreats from r+p to rNK

c (cf. Figure 7); when the observation distance varies from r+p to rNK
+ ,

the shadows become increasingly deformed in the prograde region (cf. Figure 7) and finally,
at ro = rNK

+ , the shadow disappears and the observer sky becomes completely dark as in
the Kerr–de Sitter case [39,40].
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Figure 7. Shadow profile of new Kerr–de Sitter black holes with varying observer distance
rNK
+ < ro < r+p (upper panels) and r+p < ro < rNK

c (lower panels).

4. Parameter Estimation and Relative Difference of Shadow Observables

Estimation of the black hole parameters has been under constant endeavour [71–76] and
the shadows have been utilized to estimate the parameters in both GR [32,33,77] as well as in
modified theories of gravity (MoGs) [14,78,79]. Interestingly, though the black hole spin and
various other hairs have been estimated, the shadow has not been utilized for the estimation
of the cosmological constant Λ thus far. In the present study, we intend to estimate the Λ
in addition to the spin using shadow observables. Einstein introduced the cosmological
constant Λ to balance the evolutionary models with repulsion to set a steady-state but later
abandoned as a blunder. One can introduce Λ as the vacuum energy required to drive
inflation [80]. The accelerating expansion may even be interpreted as the continuation of
inflation, possibly at a slower rate than in the early universe. The cosmological constant Λ
has a dimension (length)2, and as per the classical general relativity, one has no preferred
choice of what the length scale defined by Λ could be.

Hioki and Maeda approximated the shadow silhouette to a reference circle coinciding
with the top (Xt, Yt), bottom (Xb, Yb) and right (Xr, 0) extremes of the shadow; the shadow
size and deviation from a perfect circle was thus characterized by two observables, the
shadow radius (Rs) and distortion (δs) [32] which are defined as

Rs =
(Xt − Xr)2 + Y2

t
2|Xr − Xt|

, δs =
|Xl − X

′
l |

Rs
, (27)
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where the shadow symmetry concerning the x axis implies (Xb, Yb) = (Xt,−Yt). Further-
more, the reference circle and leftmost edge of the shadow silhouette intersect with the x
axis at (X

′
l , 0) and (Xl , 0), respectively, [32]. However, the requirement of the shadow to be

approximated by a circle is found to not always be feasible viz., for haphazard shadows in
MoGs [33,77,81–84] and also for noisy data [14,83]. Thus, more versatile observables—the
shadow area (A) and oblateness (D)—characterizing a general haphazard shadow were
introduced by Kumar and Ghosh [14] which only require a symmetry concerning the x axis
and are defined as

A = 2
∫ r+p

r−p

(
Y(rp)

dX(rp)

drp

)
drp , D =

Xr − Xl
Yt −Yb

. (28)

The shadow observables of the new Kerr–de Sitter black holes are found to be impacted
by both the spin a as well as the Λ (cf. Figure 8). Taking a static observer at ro = 4M
observing at an inclination of θo = 90◦, we plot the contours of the two pairs of observables
(Rs, δs) and (A/M2, D) (cf. Figure 9) in the (a/M-Λ/M−2) space—the unique contour
intersection points thus obtained unambiguously determine the spin a as well as the Λ
that we tabulate for few representative points (cf. Table 1). Here, we propose a new
method to estimate the value of Λ using a black hole shadow, which may be useful in
Cosmology. Figure 9 is representative, however, of a black hole with mass M, with which
one can adjust the range of Λ suitably. Considering the M87* as a new Kerr–de Sitter black
hole, and using the mass M = 6.5× 109M� and distance d = 16.8 Mpc as reported by
the Event Horizon Telescope collaboration (EHT) [85–87], we estimate the value of the
cosmological constant Λ = 1.046× 10−52m−2, 1.368× 10−52m−2 obtained, respectively, for
(Rs, δs)= (4.985× 1013m, 0.5) and (A, D)= (7.298× 1027m2, 0.9812), which agree with the
present estimated value of Λ = 1.11× 10−52m−2 [88–90]. Thus, our method is robust to
estimate the cosmological constant Λ as well as the spin a, provided one has a suitably
chosen range for a given black hole. Thus, we estimated, as a first, the cosmological
constant using the black hole shadow which opens a new avenue to use the shadow for
cosmological estimations.

Table 1. Estimated parameters of new Kerr–de Sitter black holes.

Rs δs a/M Λ/M−2

1.30 0.002 0.06598 0.00735
1.25 0.015 0.16740 0.02065
1.10 0.040 0.27950 0.05025
0.80 0.140 0.57850 0.07741
0.60 0.240 0.85430 0.08940

A/M2 D a/M Λ/M−2

5.0 1.000 0.05272 0.01538
4.0 0.999 0.16600 0.04127
3.5 0.996 0.34040 0.05225
2.0 0.980 0.74150 0.08380
1.6 0.955 0.94420 0.08882
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Figure 8. Variation of the shadow observables with Λ for different spins a for a static observer at
(ro, θo) = (4M, 90◦).
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Figure 9. Contours for new Kerr–de Sitter black holes shadow observables, Rs (red solid lines) and
δs (blue dashed lines) (left), A/M2 (red solid lines) and D (blue dashed lines) (right) for a static
observer at (ro, θo) = (4M, 90◦). The contour intersection points uniquely determine the black
hole parameters.

Finally, to compare and contrast the new Kerr–de Sitter black holes from the original
Kerr–de Sitter black hole, we plot the relative difference between the shadow observables
(∆O) of the two Kerr–de Sitter black holes. In the (a/M-Λ/M−2) space, the ONK are
identical to O over a finite parameter space (the region bounded by the black lines with the
axes in Figure 10). An intersection of the four regions (I) where the ∆O = 0 would give
a bound on the parameters a and Λ of the new Kerr–de Sitter black holes for which the
shadow cast by them perfectly capture the shadow of Kerr–de Sitter black holes for any
static observer at a given distance and observation angle. On the other hand, in the region
{0 ≤ a/M ≤ 1, 0 ≤ Λ/M−2 ≤ 0.1}\I , one would be able to distinguish the two shadows
and consequently tell the two Kerr–de Sitter black holes (1) and (3) apart (cf. Figure 10).
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Figure 10. Relative difference ∆O (%) between the shadow observables of the new Kerr–de Sitter
black holes and the Kerr–de Sitter black hole at (r0, θo) = (4M, 90◦). In the regions bounded within
the black solid curves and the axes, the observables of the new Kerr–de Sitter black holes and the
Kerr–de Sitter black hole are indistinguishable.

5. Conclusions

We explored the various spacetime properties in the strong-field regime of the new
Kerr–de Sitter black holes and found the curvature’s warping effect. The horizons sig-
nificantly deviate from the original Kerr–de Sitter horizons. We obtained an expression
for the photon sphere radii and found that they are different from those in the original
Kerr–de Sitter. Consequently, they impact the photon region’s structure in the new Kerr–de
Sitter black holes and the black hole shadows. The new Kerr–de Sitter black hole, not
asymptotically flat, has a cosmological horizon which prevents us from considering a static
observer at an arbitrarily large distance and is compelling to restrict it within the region
(r+, rc). Thus, our formalism allows for observers at any Boyer–Lindquist coordinates
in the domain of outer communication. We derived an analytical formula for the new
Kerr–de Sitter black hole shadows using a detailed analysis of the photon regions. We
present observables A along with D characterizing the new Kerr–de Sitter shadow shape
to estimate the cosmological constant Λ. Interestingly, we find a finite parameter space for
(Λ, a) where the two observables A and D of the new Kerr–de Sitter black holes and the
Kerr–de Sitter black hole are indistinguishable.

Finally, our results, in the limit Λ→ 0, go over to those of the Kerr black holes.
Note added in Proof: After this work was submitted to the Journal, we learned of a

similar work by E. Omwoyo et al. [91], which appeared in arXiv a couple of days after
submission.
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