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Abstract

We consider the growth-fragmentation equation and we address the problem of
estimating the division rate from the stable size distribution of the population, which
is easily measured, but non-smooth. We propose a method based on the Mellin
transform for growth-fragmentation equations with self-similar kernels. We build a
sequence of functions which converges to the density of the population in division,
simultaneously in several weighted L2 spaces, as the measurement error goes to 0.
This improves previous results for self-similar kernels and allows us to understand
the partial results for general fragmentation kernels. Numerical simulations confirm
the theoretical results. Moreover, our numerical method is tested on real biological
data, arising from a bacteria growth and fission experiment.
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Introduction

A major issue for the coming years is to demonstrate the suitability of mathematical
models to represent biological phenomena in a fully quantitative way. In this respect,
inverse problem methods have already proved to be efficient. As a contribution to this
field, and following previous studies [26], 14, 12| [IT], this article proposes an improved
method to calibrate a growth model of major importance: the growth-fragmentation
equation. We also apply our method to experimental data of bacterial growth, as a proof
of concept for its accuracy.

To describe the growth and division of particles over time, one of the key equation
in the field of structured population dynamics is the so-called growth-fragmentation or
cell division equation. This equation was first introduced at the end of the sixties to
model cells dividing by fission [4], but it is also used to model protein polymerization
[6], neuron networks [24] 23] and the TCP/IP window size protocol for the internet [I].
For all these application fields, the common point is that the “particle” under concern
(which can be cells, polymers, dusts, windows, etc.) are well-characterized by their “size”,
i.e. a 1-dimensional quantity which grows over time, and which is distributed among the
offspring of the particle when it divides.

The population is described by its concentration of particles of size x at time ¢, denoted
by n(t, x). The equation for n is obtained either by a mass balance, in the same spirit as
for fluid dynamics [20, [3], or by considering the Kolmogorov equation for the underlying
jumping process [11], §]:

{ 2n(t, ) + £ (g()nlt, 7)) = —B()n(t,2) + k [ 5w, ) Bynlt ) dy, o> 0,
n(0,z) = n%(x), g(0)n(t,0) = 0. 0

Particles of size x grow with a growth rate g(x) and divide with a division rate B(z).
When a division occurs for a particle of size y, it splits into an average of £ > 1 smaller
particles, giving rise to a particle of size x with a probability rate x(z,y). This leads to
the following assumptions:

+oo
k(z,y)=0if x>y and / k(z,y)dr = 1.
0

Given an initial data n® € L', the existence of a unique solution n in C([0,4+00); L")

to Equation () follows from classical analysis of transport equations, while additional
integrability and L bounds may follow from the entropy structure of such models [21].

As concerns the asymptotic behaviour, under fairly general balance assumptions on
the parameters g, B and k, it was proved that the population grows exponentially over
time but tends to a steady profile, i.e. there exists a unique A > 0 and a unique function
N € L'(]0, +00)) solution of the following eigenvalue problem:

{ = (g(@)N (@) + (B(x) + NN (2) = k [ klz,y)Bly)N(y)dy =0 x>0, @)

g(0)N(0) =0 N(z >0) >0, A >0, Joo N(z)de =1,

and for a certain weighted norm, linked to the adjoint eigenvector, we have:
e Mn(t,r) = N(x),

see [25, 21}, T0] for more details, and recently [22} 24], 23] [19, [5] 2] for proof of an exponential
speed of convergence. Remarkably, this trend to equilibrium is not only a mathematical
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result but is also supported by biological evidence [27], which may explain the very fast
desynchronization of the cells, for instance [7].

For the problem that we are dealing with here, i.e. the calibration of the parameters of
the equation, it is thus valid to consider that we start with a noisy measure of the steady
behaviour, i.e. the exponential rate \, also called the fitness of the population, and the
steady profile N(z). The way we can use a measure A. on the fitness A to determine the
time-scale of the equation, for instance through a constant ¢ multiplying the growth rate
g(x), was explained in [13],[12]; for the sake of simplicity, and in order to concentrate on the
novel aspects of our study, we do not detail this aspect further, and here we consider that
A > 0 as well as g(z) are fully known. We model the measurement error in a deterministic
way, assuming that we are given an observation N¢ such that:

IN = N¥|lgs (0,400 < & for some s in [—1,0], (3)
where || [|g (0,1 o0y) Stands for the norm of a certain Sobolev Hilbert space H?([0, +o0))

As in the previous studies, we suppose that ¢g(z), k and k(z,y) are already known,
or guessed at — such measures may be carried out directly in many cases [27] — and we
concentrate on estimating the division rate B(z).

We notice that B only appears multiplied by N in Equation (2)), so that it cannot
be accurately estimated from this equation where N vanishes (near 0 and near +00).
Hence, we denote H = BN and in this article we focus on estimating H rather than B

(the interested reader may find in [I2] a fully rigorous estimate of B, obtained after a
HE].NE;n

truncated division by N, i.e. by defining B, =

- €
N ].NE;n

). Equation (2)) may be formulated
in terms of H :

0

%(Q(SL’)N(@) +AN(z) = —H(x) + k‘/o h k(z,y)H(y)dy, x>=0. (4)

We can now formulate precisely the inverse problem under study, which the previous
simplifications make linear.

Inverse Problem (IP): Given a measurement N°¢ of the solution NV of Equation (2) such
that N® — N satisfies Estimate (3), how can we get an approximation H® of H solution
of Equation (4)?

In [26] 4], a theoretical and numerical solution was proposed for the specific case
of equal mitosisﬁ], i.e. when k = 2 and k(x,y) = 512%, and estimates were obtained in
L2([0,400)). In practice, the numerical solution exhibited an oscillatory behaviour for
large values of x. Then, a generalization was proposed in [I5] for a general division kernel
K, but the estimation was proved in spaces L?(x9dz) with ¢ > 3, which leads in practice
to a noise amplification around zero. These two problems lead us to look for an estimate
in a space that would guarantee a smooth behaviour both around zero and infinity: we
are looking for an error estimate valid in L?(2? dz) spaces, with both ¢ = 0 and ¢ > 3, in
order to avoid noise amplification around both zero and infinity.

*In articles [26, (14, [15], the norm was in L2, i.e. s = 0. In article [12], the noise coming from density
estimation could be heuristically compared to H='/2, i.e. s = —1/2.
TThis kernel was the most widely studied (and is relevant for Escherichia coli or TCP/IP for instance).



The aim of this article is to give a complete solution of the inverse problem for general
self-similar fragmentation kernels. Self-similarity refers here to the cases where fragmen-
tation only depends on the ratio between the parent size and the offspring size. Mathe-
matically, this means that there exists a probability measure kq such that:

() = é o (g) ko€ P(0,1]), /01 =+ dro(2) = % (5)

Let us give a weak formulation of Equation (@) when x satisfies Assumption (Bl): for
every ¢ in C°((0, +00)):

+o0 +oo +o0o

—+o00 1
—/ gN' dz+ ) Neodx+ Hedr =k H(:U)/ o(yx) dro(y) dz. (6)
0 0 0 0 0

For a self-similar kernel k(z,y) = i/{o (%), the Mellin transform (c¢f. Section [3)
is suitable for the problem of inverting the linear operator £ because the term KH =
f0+°o Ko (5) H (y)% is the multiplicative convolution of the function H and the measure

ko. As the Fourier transform replaces additive convolution by product, the Mellin trans-
form (which can be viewed as the standard Fourier transform when applying a logarithmic
change of variables) replaces multiplicative convolution by product. See Section

In the first section, we give the main steps required for regularizing and solving the
inverse problem (IP), and state the main result. The second and third sections are devoted
to the Mellin transform: we recall some fundamental results, which we use as the key point
for our solution. The fourth section then details the numerical implementation. Technical
details of the proofs are given in the appendix.

1 Estimation Protocol and Main Result

Let us briefly explain the main steps of our method. Since it was first introduced in
[26] and then developed in [14] [15, [12], we only outline its main features and we let the
interested reader refer to those articles. First, we introduce some notations.

Definition 1.1 (L?, H", W™P W~*P). Let p > 1, € R,n € N*.
1. For f: R — R we denote

400 1/p
Il = ([ 1P e as)

We define IL? the Banach space LL? ((0, +00), 27 dz) equipped with the norm || ||]L{j :
2. We denote
WP (14 29) dz) :={f : [0,+00) = R| f,..., f™ € LP((1 +29)dz)} .

When equipped with the norm

”fHW"J’((lerq)d:v) = Z Hf(k)H]LP((lJr:vq)dm) ’
k=0

WP ((1 4 x?) dx) is a Banach space.



3. We define similarly W (27 dz). We also define: H"((14+27) dz) = W2 ((1 + 29) dz)
and H" (2?7 dz) = W™? (27 dx).

4. We also define:
W P((1+ 2% dz) == {f € D'(0,400): f =g+ h,g,h € LP((1+27)dx)}.

Equipped with the norm:

I Flhoqranyay = 308, (19llcronyan) + Wellrranyan)

W-L2((1 + 27) dz) is a Banach space.

5. Lastly we define for 6 in [0, 1] the Banach space W=%?((1 + 2%) dx) by complex
interpolation:

WP((1+ 29) dz) == [LP((1 + 2%) dz), W P((1 + 29) dx)}e :

Equipped with the standard norm for complex interpolation spaces (see [31] for
instance), W=%P((1 + z7) dx) is a Banach space.

The following linear operators, K, £ and D were introduced in [14].

K(H) = / k(o y)H(y) dy, 7)
L = Id—kK. (8)
D(N) = —8,(gN) — AN. (9)

Equation () may be formulated in terms of £ and D :

L(H) = D(N). (10)

To solve the problem (IP), we thus need two steps. The first step is the same as
in previous studies [26] 14, 15, 12], and consists in defining a convenient approximation
D, (N¥) of D(N) from a noisy measure N=. The second step is inverting the operator L:
find u solution to

L(u) = f. (11)
This is fully developed in Section [3] and it is the key point of the present article.

First step: regularization and estimation of D(N)

The operator N — D(N) defined by (@) is homogeneous to a derivative operator so
that it has a de-regularizing effect, whereas the operator £ is shown in Section [3] to be
continuously invertible from P to L spaces, under quite general assumptions on p, g.
Hence, starting from a data N in H*([0, +00)) for 0 < s < 1, for g which has a sufficient
regularity we have: D(N¢) € H*71([0, +o0)). To obtain an error estimate for H — H® in
an IL? space, we need a regularization step before applying £!. This regularization being
from H—*"! to IL? = H° defines a degree of ill-posedness a = 1 + s [16], 132, [12].



Among the many regularization techniques — see e.g. [26, [I8] — we choose here the fil-
tering or kernel approximation, already used in [14] [15] [12] for its simplicity and accuracy.
To do so, for n in N*, we introduce a mollifier p satisfying:

1 1
p € C3R), suppp C [-1,1], / p(x)de =1, / ¥ p(x)dz =0for k=1,...,n—1;

1 1
(12)
) that

«

(the forth condition is empty for n = 1). For o > 0 we define p,(z) = Lp(
provides us with the natural approximation D, (N¢) of D(N) :

D, (N?) := po * D(N?), (13)

which belongs to any Lg; all the useful estimates are recalled in Lemma [A.1lin the Ap-
pendix. We have the following estimate.

Proposition 1.1. Let n € N* and p satisfy Assumption [I2). For 1 < p < o0, 0 <
q < oo, we suppose that gN € W™P((1 + z7)dz) and N € W™P((1 + 2%)dx). Let
Ne e WP ((1 + 29) dx) with 0 < s < 1. Defining D(N) by (@) and, for o > 0, D,(N*¢)
by (I3) we have:

|Da(N%) = D(N) iy < € 0™ lg(N* = Nl iy

_'_Ofis HNE — NHW_S7P((1+:B‘1)d:B) + O[n

g—1

where the constant C' depends on2 v, Hl)/HLl([q,q) ) ”p””Ll([fl,l]) ,[A| and HgNHWnH,p((ng)dm);
HNHWn,p((qu)dm). If the terms || N — NHW_s,p((qu)dm) lg(NE — N)HW_S,p((qu)dx) are in
the order of €, the previous estimate is optimal for a = /" 1) which leads to:

| Da(N%) = D(N)||,p = O (/159)) .

Second and main step: inversion of £

We now define a continuous inverse £~ for £, and apply it to D,(N¢) to obtain an
estimate H of H. In the case of a general fragmentation kernel, the operator L : ILg — Lg
was shown to be continuously invertible for ¢ > 3 in the article [I5]. This result is
generalised to L7 spaces, for large enough values of ¢, in Section [E] of the appendix.
However, even if such a result provides an error estimate for H — H? in Lg spaces with
q > 3, it reveals unsatisfactory for practical purposes: the numerical methods developed
in [15] from such definition of an inverse proved to blow-up around zero. To avoid such
a blow-up, we would need to define an inverse in ]Lg spaces with smaller weights ¢, like
q=0.

This was done for the case of the equal mitosis kernel r(z,y) = d,—y in [14]: the
operator L : }Lg — ]Lg was shown to be invertible for ¢ > 3 and also for ¢ < 3, with two
distinct definitions of the inverse — one holding true for any g < 3, the other for any ¢ > 3.

We extend this result of [I4] to any self-similar kernel, by using the Mellin transform.
We give here only the main ingredients, and refer to Sections 2l and [3] for full details.

Definition 1.2. Let x4 be a complex valued regular measure on (0,+00). The Mellin
transform of 1 at s € C is defined by:

400
Mu(s) = /0 o~ dp(),
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provided that this expression exists. The Mellin transform of a function f at s € C is
simply obtained by taking = f(x)dz in the previous formula.

Thanks to the relation (@) and to the definition (8) we have MKu(s) = Mro(s)Mu(s)
and the following identity holds:

MLu(s) = (1 — kEMrko(s)) Muf(s).

Formally the solution u of Equation (I1]) may be given by

Mu(s) = — M)

1= kMerg(s) (14)

It remains to define a continuous inverse of the Mellin transform and to apply it to
the right-hand side; this can be done on a vertical line of the complex plane. To do so we
need 1 — KMk not to vanish on such a vertical line; this is expressed in Assumption [I]
below.

Assumption 1. ¢ € R is such that the function |1 — kMKl is bounded from below on
the vertical line ¢ + iR by a positive constant.

Note that by Assumption (Bl) on (ko, k): 1—kM#ko(1) = 1—k < 0 and 1—kMky(2) = 0,
so that Assumption [l never holds true for ¢ = 2.

Using Section 2, Mkg is (at least) defined in the half-plane {s € C | Res > 1} and
satifies |[Mro| < 1 in the half-plane {s € C | Res > 2}. Furthermore if x¢({0,1}) = 0
then |Meko| < 1 in the half-plane {s € C | Res > 2}: Assumption [l is always satisfied
for ¢ > 2. The existence of a value ( < 2 such that Assumption [ is satisfied is a more
complex question. We will see (¢f. Remark 3.4) that, under an additional assumption on
Meo(q), Assumption [ is satisfied for almost every ¢ < 2.

We then have the following proposition.

Proposition 1.2. Ifq € R is such that { = % satisfies Assumption[d, the linear operator
L defined by ([8) is continuously invertible from ILg to Lg.

This proposition is included in Proposition of Section B.2] where an upper bound
for the norm of £ is also provided.

If (Ko, k) satisfies (B) and if ko({0,1}) = 0 then Proposition [[.2 is satisfied for every
g2 > 3 (cf. Section[2). Under an assumption on 1—kMkg (% + z't) as t tends to +o0o we
will see that every weight ¢; < 3, except a countable set of values, satisfies Proposition

(cf. Remark [3.4)).

In the article [14] (Appendix A.1) it is shown that the expression of E(;I : Lg — Lg
does not depend on ¢ > 3 or on ¢ < 3. We generalise this to self-similar kernels, cf.
Propositions and B.10] respectively in Lé and in Lg spaces.

If D(N) € L2, and if B is such that H = BN € L2, then H = £, (D(N)) and we
can define

e ._ pr-1 €
HE =L, (Do(N7)). (15)
Proposition[I.2]together with Proposition[L.Tlimmediately give us an estimate for HH aa — H HLQ .

However, as detailed in Propositions and [3.10] of Section [l below, such an inverse will
not be the same in any space Lg, due to the fact that the function 1 — kMkg has a zero

7



at least in s = 2 (which corresponds to the space L2). To obtain an estimate that would
be true in several ILg spaces, for instance for both ¢ = 0 and ¢, > 3, we define for a given
constant a > 0:

H;(a) = H¢ 1[0@] + H;’a 1[a7+oo). (16)

ql 7a

To obtain an estimate for H; — H, the last ingredient lies in the following interpolation
lemma.

Lemma 1.3. Let a > 0, and 0 < q1 < qo. Let f € Lb and g € L . Then the function
h = flpa + glia,+0c) satisfies:

a—q1 _92—49
Pl +a Nl

Vg€ lqn, gl HhHLg <a
Proof. We first treat the case a = 1. We have forall x > 0:
()" 2 = | f(@)]" 2"Lj0,0) + [9(@) [ 2711 400) < [ ()] 2 Lo,y + [9(2) " 27 L1 400

Integrating this inequality leads to ||h||f, < |[f[[f, + |lglli» and the result follows from
q q1 q2

the convexity inequality (|z|” + |y|” )% < |z] + |y|. The general case a > 0 is obtained
by a change of variable. We set z,(z) = z(az) so that z,(1) = z(a). We apply the
above inequality to the functions f,, g, he and the result is a consequence of the fact

_atl
|zallps = v [l2p- 8

We can now state the main result of this article, which is a direct consequence of
Propositions [[L1l and and Lemma

Theorem 1.4. Let (ko, k) be defined by [Bl), and q1,qo real numbers such that 0 < ¢ <
3 < qo and satisfying the assumptions of Proposition [1.2.
Let (A, N) with N in H"((14+x%) dx) and X > 0 be the unique solution of Equation (2)).
We assume that: gN € H"™((1 + 2%)dz) and BN € L? ((1 + 2%)dz), for somen > 1.
Let 0 < s < 1 and let N° be a measure of N such that N® € H™*((1+ 2%)dx) for
q = q1,q2 and with a measurement error given by:

IN® = Nllg-s(ranaey <& N9 = Nllg-s (@ 420)an) < €

Let n € N* and p satisfy (I2). For a > 0, we define Do(N®) by (13), H;, by [I5). Let
a > 0 and define HE(a) by (16]).

For every weight q in [q1,¢2] and 0 < a < 1, the following estimate holds:
1H; = Hllp. < C (o e +a)
q

where the constant C' depends on a, ¢, [A[, g, ga, [|p'[|L 1,1y 10" L —my IV e (1402 day:

”gN”H”‘H((lJrz‘D)dz)'
This induces an optimal error in the order of €
parameter o in the order of ¢'/("1+s),

n/(nt145) obtained for a reqularization



2 Recall on the Mellin transform

Notation 2.1. For a function f: (4R — C we denote

1/p
1l ) = ( [iscinr dt) |

The construction of the Mellin transform on iR can be made in the general context of
the Fourier transform on locally compact abelian groups (we refer the reader to Chapter
1 of [28]). Here we consider the multiplicative abelian group G = (0,+o00) (with unit
1), equipped with the topology inherited from R and with the Haar measure % (that is
the unique measure on G, up to a positive multiplicative constant, which is translation-
invariant). It is easy to show that the dual group I' of all the characters of G with
the Gelfand topology is isomorphic to iR with the topology inherited from C wia the
application iR — T', it — (z + x~%). In this general context the L' and L.? theories
can be built, with the same results, as the Fourier transform on the topological group
(R™, +, dz). The extension of the Mellin transform to a vertical line ( +iR of the complex
plane C is simply obtained by defining M f({ + it) = Mg(it) with g(x) = 2¢ f(x).

In the following subsection we state some simple definitions and results concerning the
Mellin transform which will be useful for the proofs of Section Bl If a proposition cannot
be found in [28] or in [30], a brief proof is sketched out in Appendix [Bl We first introduce
the Mellin transform of a measure and then the Mellin transform of a function of class
LY L2

2.1 Mellin transform of a measure

We recalled above in Definition the Mellin transform of a measure. For the particular
case of measures supported in [0, 1], this definition exists in a half-plane, as expressed in
the following lemma.

Lemma 2.1. Let i be a non-negative measure supported in [0,1]. If Mu(a) exists for
some real number a then My is continuous in the closed half-plane {s € C | Res > a}
and is holomorphic in the open half-plane {s € C | Res > a}.

Definition 2.2. Let p be a non-negative measure supported in [0,1]. We define the
abscissa of convergence of p as: Absp = inf{a € R | Mpu(a) is finite} € RU {£o0}.

If Abs p is finite or —oo then My is holomorphic in the half-plane {s € C | Res >
Abs p}.

Example 2.2.
self-similar kernel & MEg(s) Abs kg
1[071} dzx 8_1 0
az® 1) de e 11—«
dsy0 € (0,1) o1 —00
S+ (1 —x)* Dlgyde, | § (aé_l + B(s,a)) [ max(1 — a,0)
a>0

In the last line B(z,y) = fol t*=1(1—¢t)¥~1 dt is the Euler Beta function which is defined

for Rex,Rey > 0 (and linked to the Euler Gamma function by: B(z,y)
self-similar kernel kg = p164, + p2d,, is studied in Appendix

9
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Lemma 2.3. Let i be a non-negative measure supported in [0, 1]. The function (Abs u, +00) —
R, t — Muf(t)

1. 1s a non-increasing and log-convex function,
2. tends to 0 as t tends to +oo if p({1}) =0,
3. is strictly decreasing if u({0,1}) = 0.

2.2 Mellin transform of functions on C

For f in L}, we define the Mellin transform of f by Definition [L2 applied to u = f(x) dz,
for s € ¢* + 1R with ¢* = ¢+ 1:

dz
=

Mis) = [ s

Theorem (Riemann-Lebesgue). The Mellin transform is a linear continuous map of ]Lé
into Cp(¢* +iR) C L>(¢* +iR), where ¢* = ¢+ 1, with norm 1.

Theorem (Inversion theorem). If f is in L and if M llsgesimy s finite, where ¢* =
q+ 1, then for a.e. x > 0 we have:

f=Mg (M),

where ,
B 1 q*+ico s 1 . ) gt it
M io(x) = 57 e p(s)x™*ds = ﬁ/R@(q +it)z~ T 7" dt.
Lemma 2.4. If f is in ]Lé for every real number q in (a,b) then its Mellin transform is
holomorphic in the strip {s € C|a+1< Res < b+ 1}.

Example 2.5. 1. The function f(z) = e * is in L} for all ¢ > —1 so M f(s) = I'(s)
is holomorphic in the half-plane {s € C | Res > 0}.

2. The function f(z) = = is in L} for all ¢ > 0 so Mf(s) = ['(s)((s), where

C(s) = >_.2,n~® is the Riemann zeta function, is holomorphic in the half-plane

{s € C|Res > 1}.

Lemma 2.6. If f is in Lé for every q in (a,b) then M f(C +it) tends to 0 as |t| tends to
+oo uniformly with respect to ¢ € [a+1+mn,b+1—n], for any 0 <n < b*Ta

Proposition. For a function f in L, ; N L3, _, we have:

1, = @O IMSF iz -

This identity may be directly derived from the Plancherel theorem for the Fourier
transform of g(y) = f(e¥)e®.

Theorem (Plancherel transform). According to the previous formula the Mellin transform

can be extended, in a unique manner, to an isometry (up to the multiplicative constant
(2m)7Y2) of L2 onto L*(q + iR), where § = 2L

A consequence of the previous construction of the Mellin transform in L2 is that for a
function f € L, ; NL3, | (resp. L*(¢+iR)NL'(¢+iR)) the two definitions of the Mellin
transform (resp. the inverse Mellin transform) coincide.
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3 Solution of Equation L(u) = f for self-similar ker-
nels

We are now equipped to give a rigorous meaning to Formula (I4]), which leads to solutions
u of Equation ([ITJ).

Mf(s)

m) € LLj. This assumption

The following assumption is equivalent to: M1 (

is not necessary in the ]Lg case.

Assumption 2. ¢ € R and f € L; are such that Mf € L'(¢* + iR) with ¢* = ¢ +1
and there exists a function v € I such that Mf(s)(1 — kMrg(s))™" = Mu(s) for a.e.
se€q+1+R.

The link between the inverse Mellin transforms defined in L} for different values of ¢
is made via the zeros of the function 1 —kMk, so we need an assumption on the location
of the zeros of this function. The following assumption will be used for both the Lé and
the L7 cases.

Assumption 3. For a given bandwidth (a,b) with a < 2 < b, let ¢ € (a, 2] such that the

zeros of 1 — kMrkg in {s € C| a < Res < b} are all included in the strip {s € C | ¢ <

Res < 2} (such a real number ¢ exists as My is holomorphic and non-constant, cf. ().
We assume that: there exists a set of horizontal segments

L,={seC|Ims=c¢, and ¢ < Res < 2},

where ¢, tends to 00 when n tends to oo, such that |1 — kM| is bounded from below
by a positive constant on U,¢czL,,.

3.1 Holomorphic Mellin transform in L'

All the proofs in this section can be found in Appendices [Bl and [C| and strongly rely on
the results recalled in Section

The following proposition gives an explicit formula for £ : Lcll — Lcll under some
additional integrability assumptions.

Proposition 3.1. Let ¢ > Absky — 1 such that { = ¢* = q + 1 satisfies Assumption [1l
For every [ in Lcll satisfying Assumption [3, there exists a unique u € IL; solution to
Equation (). It is explicitly given for a.e. x >0 by:

' 1 q*+ioco Mf(S) .

If fisin ]Lé for different values of ¢, does Formula (7)) define the same solution u,
whatever the value of ¢ is? And if not how can we characterize their difference? Remember
that in [14] (Proposition A1), for the case ko = d1/2, k = 2, there were exactly two distinct
solutions, one holding for any ¢ < 3 and one for any ¢ > 3. The following proposition
generalises this result.

11



Figure 1: Proofs of Propositions Bl B8 The crosses are the zeros of 1 — kMryg.

Proposition 3.2. Let a, b be such that Absky < a < 2 < b. We assume that the set P of
the zeros of 1 — kMkq satisfies Assumption[3 and that Assumption [l is satisfied for any
¢(=q* € (a,c)U(2,b). Let [ satisfy Assumption[2 for any q € (a—1,c— 1)U (1,b—1).

For any ¢ € (a—1,c—1) U (1,b— 1), there ezists a unique u, € ]Lé solution of
Equation (), given by the explicit formula ([IT). The solution u, = w(x) is independent
of g in (a—1,c—1) (resp. uy = u,(x) is independent of ¢ € (1,b — 1)), and for almost
every x > 0 we have:

w(z) — up(x) = %Zap Mf(p) z™? with a, = Res (mﬁ:p) :

peEP

Remark 3.3. Let g = (1—kMro(s))~!. From the relation Mrg(s) = Mrk(5) we deduce
that the poles of g are pairwise conjugated. Also, if g can be represented as the Laurent
series g(s) = >,z ln(s —p)" near p then g can be represented as the Laurent series

g(s) = g(5) = X,z ln(s — P)" near p; in particular @, = a; with the notation of the
theorem. Thus

Y a,Mf(p)zP= > a, Mf(p)z"+2 > Re(a, Mf(p)a").

peP peEPNR pEP,Imp>0

Remark 3.4. Assume that for every ¢* in (a,b) the relation |1 — kMko(g* +it)] >
0 > 0 is true for large values of ¢. Then, for every ¢* in (a,b), either the continuous
map t — 1 — kMpro(q* + it) vanishes for some ¢ € R or there exists ;. > 0 such that
|1 — kMeo(q* +it)| > 6;. > 0. As 1 — kMg is holomorphic in the strip {s € C | a <
Re s < b} the first case only occurs for a finite or countable set of values of ¢*.

Remark 3.5. We have:

u(e):%e q /Rg(t)e o dt  where g(t) = 1—k/\/§/<;0(q*jzit)'

The function g is of class C'°°, the method of the non-stationary phase, for the phase
¢(x) = —z, shows that the term [, g(t)e™"* dt is in O(2™") when z tends to +oo for every

12



integer n € N. Thus u(z) is also in O((Inx) "2~ ) when z tends to +oo for every integer
n € N. The same argument with u(exp(—z)) shows that u(z) is in O((—Inx) 29"
when z tends to 0 for every integer n € N.

Ezxample 3.6. Consider kg = 1], k = 2 and a function f satisfying Assumption 2 for ¢
n (0,2)\ {1}. The functions Mry(s) = < and M f are holomorphic in the strip {s € C |
1 < Res < 3}. The function 1 — 2 Mk, only vanishes at s = 2 and Res (S_%, s = 2) = 2.
For every ¢* in (1,3), M#ko(q* + it) tends to 0 # L as |t| tends to +oo. Proposition
and Remark [3.4] show that, for almost every z > O

w(z) —u(x) = 1 r? /0 Ootf(t) dt.

™

Exzample 3.7. Consider the general mitosis kernel ko = d,/;, for an integer £ > 2 and a
function f in I} for all ¢ in (0, 2) satisfying Assumption 2for ¢ in (0,2)\{1}. The functions
Mirg(s) = k'~ and M f are holomorphic in the strip {s € C | 1 < Res < 3}. The set of
the zeros of 1 — kMeko(s) is 2 + ZEL7Z; it is easy to show that Res (;—h—,2 + 21’:;) =
for every integer n € Z. For every ¢ in (0,2) \ {1}, [Mko(¢* + it)| = k™9 # 7. A simple
computation leads to |1 — kMro(2 +iy)| = 2 ’sm hlk) }; denoting ¢, = ¥% for n in Z
we find that |1 — kM| is bounded from below by 2 in Upez{cn}. Proposition and

Remark [3.4] show that, for almost every x > 0:

211

We refer the reader to Appendix [DI for a study of the zeros of 1 — kMkyg if kg =
p1501 + p2502-

3.2 Isometric Mellin transform in L2

We now turn to the IL? theory which is easier to handle in the context of inverse problems
and in the direct continuation of the previous studies [26]. All the proofs of this section
can be found in Appendix [Cl

In the L' theory, we saw that the I} norm for the function was linked to the L' (¢*+iR)
space for its Mellin transform, with ¢* = ¢+1. In the Lg theory, the Lg space of the function
is linked to the space IL?(¢ + iR) for its Mellin transform, with ¢ = q;r—l, as expressed by
the Plancherel transform recalled in Section 2l The following proposition gives an explicit
bound for H‘C_l”]Lga]Lg'

Proposition 3.8. Let g be a real number such that ¢ = q+1 > Abs kg and Assumption(d] is
satisfied for = q. For every f in ]Lg there exists a unique solutzon uin 1L2 to Equation ()
and we have the estimate:

1

T Mo (2 1 it)]

Remark 3.9. A weak form of this proposition is the following. We have for all real
number t: }M,‘io (% —i—it)’ < Mkg (q;r—l) Thus if: Mk (%) < %, — which is true if
ko({0,1}) = 0 and ¢ > 3 for instance — then:

~1
1 — Mg <%1+it) '1—k/\4/<0 (q;l)

This gives explicit expressions for ||£7!]|; . ;. thanks to the table of Example 2.2
q q

127 g0 < sup

sup
t€R

13



As for the LL! theory, let us now turn to the case when f is in ]Lg for several ¢q. The
following proposition corresponds to Proposition in the L!-case.

Proposition 3.10. Let a and b be such that Absky < a < 2 < b. We assume that the
set P of the zeros of 1 — kMkg satisfies Assumption[3 and that Assumption[d is satisfied
for any { = q in (a,c) U (2,b). Let f € L2 for any q in (2a — 1,2b — 1).

For any q in (2a —1,2c — 1) U (3,20 — 1), there exists a unique uq in L] solution of
Equation (). For almost every x > 0, uy(x) does not depend on q in (2a — 1,2¢ — 1)
(resp. on q in (3,20 —1)).

Remark 3.11. Propositions 3.1 3.2] 3.8 and can be easily adapted to closed equa-
tions, such as the case of the conservative equation, where kg is still defined by (Hl), but
the system keeps only one fragment at each division, so that the number of fragments k
does not appear in front of the non-local term (2) (k= 1) and A = 0:

{ 2 (9(x)Ne(@)) + B(x)Ne(w) — [, wla,y) B < > ) dy=0 =20, a18)
g(0)N,(0) = 0, N.(z > 0) >0, IS Ne(x) dz =

In this case the linear operator L is replaced by L. = Id —/C, so that 1 — Mk replaces
1 — kMkg in Assumptions [T, Rl and B, and the “pivot vertical line” is 1 + iR instead of
2 + iR. The exceptional spaces are L' and L? (resp. instead of L] and LL2). See also

Remark

4 Numerical simulations

4.1 Protocol

We assume that £ € N*, g,k are known. Given a measure N° of N, we would like to

compute approximations of the birth rate B. For a > 0, we define an approximation
D,(N¢) of D(N) by Formula (I3).

Assuming that N¢ is in ]Lg for ¢ in [q1, q2], Do(N®) satisfies Assumptions [I]and 2 thanks
to the regularity properties of the mollifier sequence (p,). We can invert the operator £
using the explicit formula (I7)) of Proposition B:I:I along the line q“ + iR for the two
values ¢ = qi, ¢2, and compute approximations H ., = £, (Do (N 6)) € ]L2 and HS, , =
£q2 (Do(N°)) € }Li of H= BN.

For a fixed a > 0 we then compute HZ(a) by Formula (I6).

‘h

Technical aspects. In order to compute integrals, we define the support of a function
f:R — Castheset f~'({|f| = n}) where 7 is a small positive constant. The integral of a
compactly supported function is computed with a closed Newton—Cotes formula (namely
the Boole-Villarceau’s rule of order 5, ¢f. [9]). A computation with the Fast Fourier
Transform is much faster (for n points of integration only O(nlnn) operations are done
instead of O(n?) with this method) but the results obtained are less accurate.

We denote Ff(£) = [; f(x)e ™ dx the Fourier transform of a function f. Thanks to
the relation Fp,(§) = Fp(af), we compute the term p, * D(IN¢) as

(Pa % (gN)) + Apa x N° = F 1 [F(a€)(—is F(gN7)(&) + AF(N)(€))]

14



The Mellin transform, and its inverse, are also linked to the Fourier transforms thanks
to the relations:

Mf(c+iu) = Fg(u)
M f(2) = oo~ Fh(In(z))

where  g(2) = f(exp(—z)) exp(—cz2),
h(z) = f(c+iz).

where

The terms appearing in Proposition 3.1l are computed in this way.

Before applying our method on biological data, see Section .3, we first tested it on
simulations. We initially computed numerical approximations of the function N using
numerical schemes of the articles [I4, 15], and then added a random noise to N. Let
us denote u® the uniform random variable on the interval %[—1, 1]; we defined N¢ =
(max(Ng(1 + v°),0))keqr,...ny Where N = (Ny,..., N,) is the numerical approximation of
the density N. We then applied the previously described technique to get a numerical
approximation of H.

4.2 Results on simulated data

Parameters. For all the following simulations we selected the growth rate g(z) = 2'/2,

and the birth rate to reconstruct B(z) = x?. The self-similar kernels tested satisfy k = 2
and are defined by ko = 1y 1 dx, 415 or ﬁexp (—# (x — %)2> 10y dz with o = 0.1.
As proved theoretically in Section B.1], the functions 1 —2Mky, for Ky = 1y 1) dx, d1 /2, only
vanish on the vertical line 2 4 ¢IR; this is also true numerically for the truncated Gaussian

kernel ﬁ exp (—# (:L’ — %)2> 1,1y dz. We took a = 2.

—1
We selected two mollifiers: p; = ¢p; with p1(x) = exp (ﬁ) 1 andc= (fol p1(x) d:c) )

-1
and py = cpz with pa(z) = exp (245) 1—1,1) and ¢ = (ﬁ1 p2(z) d:c) . The functions p;

and py are supported in [—1, 1] and are in C*°(R). Moreover p, satifies fj1 xpe(x)dr =0,
so the integer n appearing in Equation (I2]) can be n = 2.

Simulations and figures for each kernel k.

1. First no random noise is added to the numerically computed function N. Thus we
perform the Mellin inversion along the two vertical lines 0.5+ iR and 3.5+ ¢R. This
gives two numerical approximations of H, respectively H' in L? and H? in 2. We
also define H* = H'1jg 9 + H?1[ 1) which is in L? for every ¢ in [0,6]. We can
then approximate the birth rate B by defining B® = H'/ max(N,) where 9 is a
threshold, see [12].

2. Then a random noise is added to the numerically computed function N to get a noisy
data N¢ and we build numerical approximations -~ Hy € L?, H2® € L§, H3* € L.}
for every ¢ in [0, 6] — as previously.

The mean convergence rates for ||H? — Hi]\Lg, 1 =1,2,3 and p = p1, p2 are the follow-
ing.

pr ([ HS = Ho e | [ H2 = H?|[p | [|HZ — Hl
Ly de | 12.26 07 110 £062 24 068
5172 5.76 00! 90.15 £0-68 23.21 068
G 15.23 %7 | 9177 %% | 22,53 008
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Figure 2: Reconstructions of H and B from exact numerical data N for the truncated normal distribu-
tion and p = p;. Dotted blue line: H!, B'; green dashed line: H?2, B?; red line: H3, B3; dashed-dotted
black line: H = BN, B.
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Figure 3: Reconstructions of H and B from noisy numerical data N¢ for kg
(e,a) = (10%,32%) and p = pa.

= 1[011] dZC, k = 2,

P2 |H: — H'lp. HHE_HQHLg HHS—H?’HL%
Loy de | 5220 7.74 07 5.77 €07
0172 4.94 076 5.09 07 4.76 081
G 4.85 g076 5.36 073 3.84 016

All the illustrations are perfectly coherent with the theoretical results. The function
H? € 1.2 is a bad approximation of H = BN near 0, whereas it is a better approximation
of H than H! near +oo. The interpolated approximation H? is a good approximation of
H from both sides. The convergence rates of (H) obtained numerically are better than
the expected theoretical results (for py: O(%9) instead of O('/2); for py: O(e”7) instead
of O(e%3)). Note that the constants numerically obtained for p, are smaller than the ones
for p;.

4.3 Application to biological data

We analysed a dataset obtained through a microscopic time-lapse imaging of Escherichia
coli cells — data published in [29]. Since the cells divide into two almost equal daughter
cells, this corresponds to k = 2, and for the self-similar kernel kg, to an experimentally
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Figure 4: In HHE3 — H3HL2 as a function of Ine for kg = 01,2, k = 2, and for p = p; (left), p = po (right).
3

measured probability density ko (see Figure Bl right). The growth rate of the cells is
g(z) = cx, with a value of ¢ that can be experimentally measured — we took here ¢ = 1,
which is always possible, up to a change in the timescale. In this case the parameter \ is
equal to ¢ so here A = 1. The experimental conditions are well-controlled and stable, so
that the cells are in a steady state of growth. An image is taken every two minutes, and
the length of each cell is measured through image analysis — since the cells are of cylindric
shape with a roughly constant radius, we can identify the volume of a cell with its length,
see [11, 27]. In the dataset we analysed a sample of 30 900 sizes, gathering all sizes at all
times. As in [I2], we model this sample as an K-sample of i.i.d. realizations of random
variables of density N(x), and we apply the mollifier directly to the dataset by defining

Do(N%)(2) := pa % D (% Z 5:,3:%.) :

see Figure [ left. The graph of D,(N¢) looks like the curve of the Gaussian N (u, o)
with = 0.49 and ¢ small. The mollifier is the probability density function of the normal
distribution N(0, 1).

We also are able to measure the daughters’ cell sizes just after division; we apply the
same regularization technique to obtain the probability density kq. This fragmentation
kernel is regularized with the optimal parameter for estimating normal densities.

To test our method, we first simulate the inverse problem with the regularized experi-
mentally obtained steady state D,(N®) and the fragmentation kernels g = 6,2 (see Fig-
ure [f]) and ko obtained experimentally (see Figure [M); we obtain the interpolated birth
rate B>¢. Second, to measure the accuracy of this method, we simulate the direct problem
with B3¢ and the two fragmentation kernels kg (see FigureR) ; we obtain the steady state
N(B3*¢). To compare this steady state to D, (N¢) we define the discrepancy as:

| Da(N¥) = N(B*) |2
Do (NI

We choose the paramater «, for the regularization of N¢, which minimizes the dis-
crepancy. For both kernels the optimal value for « is the same: a = 5.6.

The discrepancies for both fragmentation kernels k¢ are small, around 2 %. The
discrepancy is slighltly smaller for the experimentally measured fragmentation kernel than
for 4y 5.

17



151

Figure 5: Reguralized density law D,(N¢) as a function of the sizes x (left), with a = 5.6, and
regularized experimentally measured fragmentation kernel k¢ (right), with o = 0.056.

Figure 6: H®¢ and B¢ = va: for i = 1,2, 3 as functions of the sizes x for the optimal value of o and
for ko = 012, a = 0.81.

Figure 7: H®*¢ and B¢ = If\;’a for i = 1,2, 3 as functions of the sizes x for the optimal value of o and
for kg which is experimentally measured, a = 0.83.
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Figure 8: De;lsity law D,, (]\7‘;) and szteady states N(B*#) for the (Oii)timal value ofL;Jz, for Iizo = 61/22>5(1eft)
and ko experimentally measured (right). Discrepancies : 2.1 % and 1.7 %.

5 Conclusion

We focussed on the problem of finding the birth rate B of a size-structured population
from measurements of the time-asymptotic profile N¢, following [26] 14 [15]. For general
fragmentation kernels we generalized the estimates obtained in [I5] to every L? space for
the birth rate B and for less smooth data N°. Above all, for self-similar fragmentation
kernels we provided a new method to find the birth rate B. The method is based on
the Mellin transform, and is simple and efficient both theoretically and numerically. The
method allowed us to understand the partial results for general fragmentation kernels and
to improve them for self-semilar kernels. The results obtained numerically confirmed the
theoretical estimates. The method made it possible to compute the birth rate B from
a fragmentation kernel which is experimentally measured. The question of inverting the
operator £ defined by (&) in IL?(x? dx) spaces for ¢ < 3 remains open when the kernel « is
not self-similar. Other research directions concerning adapting our method, based on the
measurement of the asymptotic profile, to other types of structured population equations,
possibly defined for multidimensional variables (c¢f. [I7, 24]). As concerns the numerical
implementations, our method could probably be improved to run faster, which would
be of key importance for higher dimension problems, using the fast Mellin transform for
instance.

Lastly, we would like to thank the reviewers for their useful comments, Lydia Robert
for sharing biological data on Escherichia coli making it possible to test our method on
real data and Richard James for his careful reading of this article.
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A The filtering method: proof of Proposition [1.1]

The filtering method is classical both in a deterministic setting and in a statistical setting,
where it is generally referred to as the kernel estimation method. We give here a quick
proof for its application in our setting, for the sake of completeness. This method gives
a control of ||[Hg — H|yp if the operator £ : Ly — L is invertible. We slightly generalise

the statements of [I5], where it was assumed that N€ is in L?I, to a noisy measure N°¢ €
W=*P((1 + 27) dz) spaces, which allows us to compare our results directly with those
obtained in a statistical setting (heuristically comparable to s = —1/2, see [12]).

We first recall some convolution estimates, which are the basis of kernel regularization
methods. The following lemma is a kind of generalization of Lemma 2.1. of [15].

Lemma A.1. Letp > 1,¢ >0, a € [-1,1]\ {0},0 € [0, 1] real numbers and p a function
supported in [—1,1]. We define: po(z) = 1p(£) for |z] < o

1. If the function f is in LP((1 + 29) dx) and if p™ is in LY([—1,1]) for an integer
n € N, we have:
H(,Oa)(n) * fHL%} <Clal™ ||f||LP((1+a:q)dx) ’

where C' = max (L 2%> Hp(n)HlLl([—lv”)'

2. If the function f is in W=OP((1 4+ 27) dz) and if p, p' are in LY([—1,1]), we have:

-0
[P f||]Lg < Clof ||f||W*9»P((1+xQ)dx) g

g—1
where € = maix (1,27 ) masx(lplla 1.0 11/ lag 1)

8. If the function f is in W=P((1 + 29) dz) and if ¢, p" are in L([—1,1]), we have:
—(146
1(pa)” f”]Lg < Clal () ||f||w—6,p((1+xq)dx) ’

q—1
where C' = max (1, 2 ) max([| o |y 11 > 12" e 21,0y)-

4. If [ is in WYP((1 + 2?) dx) and if p is in LY ([—1,1]) with 1ol (o1, = 1 we have:
1f = pa * f”u; < Claf ||f||W1»P((1+aC¢Z)d$) )
where C' = max (1, 2%1>

5. Letn € N an integer. If f is in W*P((1427) dz) and if p satisfies ||pll iy = 1
and fil 2Fp(2)dz =0 fork=1,...,n we have:

n+1
1f = pa = f||u; < Cla™ ||f||Wn+Lp((1+xq)da:) g

where C' = max (1, 2%> /(n!).
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Proof of LemmalA 1. We use the standard inequalities, valid for all real numbers z, y and
a > 0:

a>1 2™ + [y|*
ae0,1] 227" (J2|* + y|*)

(ol + )" < 27 (lal” + [y,
(ol +1y)* < lal"+ 1y

N IN

1. We first prove this inequality in the case n = 0. Writing |p| = |,0|§ |p|% and by

Holder’s inequality, we have:
1 1 »
<ol ([ NG = s az)
—1

1
ot F(@)] = ] [ rersta—az)a:
L/ 1 +o0
o 1y < Ul [ [ 15— az e et dr e

Then:

2 1 +oo
= ol [ 0] [ 15— a2l o = ax sl deds

/N

2 —+00
Ay [0 [ 15— 0P C ol o asft) d e

<l (712, + ol 1712, )
< CHPHL [~1,1]) Hf”m ((1+29) dz) »

where C' = max(1,2971). The general case n € N is a consequence of the previous
inequality using the fact that (po)™ = a™(p™),.

2. We first prove the inequality for 8 = 1 and then use an interpolation argument to
get it for 6 in [0,1]. Let f = g+ A’ a function in W=1?((1 + 27) dz) with g, h in
LP((1 -+ 2%) dz). Writing g * s < 9 * gllp + [(a)’ * hllz, applying the pre-
vious inequality for n = 0,1 and taking the infimum over g, h such that f =g+ A’
we get the result. Let 6 € [0,1] and let T' = p,*. The first point of the lemma with
n = 0 implies that T is bounded from LL? to L’((1 + 27)) with its norm less than

-1
max (1,27 ) pllps ) < C where € = max (1,25 ) max(pllus gy » 16/ lusgor)-
We have just proved that T is bounded from L2 to W='?((1 + 27)dx) with its
norm less than C'Wl‘. Therefore by complex interpolation and by definition of
W-9P((1 + 2%) dx) we get the estimate.

3. This is the same proof as that of point 2 with p’ instead of p.

4. As we have f, f" € L? we can write: f(x) — f(z —az) = az fo (x —taz)dt, so, by

Holder’s inequality or by Jensen’s inequality: |f(x) — f(z — a2)|” < |az|? fo (2 — taz)[? dt.
As ||,0a||]L1([_171D =1 we have:

+oo p
If = pax fllf, = '/ fla—az)p(z)dz| |z|? dz
+o0
< / / F(@) = (@ — a) Ip(2)] dz Jo da
+o0
< / 1 / / (@ — taz)P laP lo(=)] ol dzdtdz,



the rest of the proof is the same as that given in the first point of the lemma with
f" instead of f.

5. As we have f,..., f*T! € P we can write, for a.e. x € [0, +00):

n

flx) = flz —az) = Z %f(k) (x — az)(az)* + %(&2)n+1 /01 D (2 — taz) dt.

Integrating this quantity multiplied by p(z) we get:

Fla) — pas fla) = S / () / oz drds.
- 0

n! 1

By the same manipulation as for the previous point we get:

‘a‘n-i-l)p N »
I = pas g < [ [ [ = e (e el

which leads to the conclusion as previously.
U
Proof of Proposition[I1. Between D(N) defined by (@) and D, (N¢) by (I3), we define

an intermediate D, by
D, = po * D(N).

We use the decomposition: || Do(N%) — D(N)|[z < [[Da(N®) = Da(N)|pp+[Da(N) = D(N)||y-

1. For the term || Do (N®) — Do(N)||yp it remains to estimate the two terms: | (pa * (gN® — gN))’

and [A[[|pa * (N® — N)||y» which can be done using respectively the third point of
the lemma for 6 = s and the second point for 6 = s.

2. For the term [|[Do(N) — D(N)||yz we write:

| (pa * (9N)) = Apax N = (gNY = AN)]|,
< llow* (GNY = (@Yl + M llpa * N = Nl

and we use the fourth point or the fifth point of the lemma.

Fora,b> 0, a,e > 0 we write: ea %+ab = ab-9/21/2 (51/20F(b+“)/2 + 5*1/204(*’*“)/2) :
the second term is greater than 2 with equality iff & = £/®+®_  Thus we obtain the
inequality:

ca® 4+ ab > 2€b/(b+a)’

which is an equality iff o = £'/(+%) The last points of the proposition are consequences

of this inequality with (a,b) = (14 s,1) and (a,b) = (14 s,n+ 1). O
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B Proofs of the lemmas of Section

Proof of Lemma (2.1 This is a consequence of Lebesgue’s dominated convergence for holo-
morphic functions. For every real number z > 0: s — 2! is holomorphic in C and for
every s in C such that Res > a: |257Y < 2%t € LY([0,1], u). O

Proof of Lemma[Z.3. The proofs are based on Lebesgue’s dominated convergence theorem
and on Holder’s inequality.

1. If a > b, for all z in [0,1]: 2* < 2% If k = ak, + (1 — a)ky with a in (0,1) the
inequality Mkg(k) < Mrkg(ky)* Mrg(ks)'~* is a consequence of Holder’s inequality
for p =1 € [1,400).

2. For x in [0, 1), thus p-a.e. because p({1}) = 0, z* tends to 0 as a tends to +o0o and
is dominated by 1 everywhere.

3. If a > b, for all z in (0,1): 2* < 2° then this is true for p a.e. because p({0,1}) = 0.
U

Proof of Lemma (2.4 This is a consequence of Lebesgue’s dominated convergence theorem
for holomorphic functions. For almost every real number z > 0: s — f(x)x*"! is holo-
morphic in C. Let n > 0. Forall sin {s € C | a+1+n < Res < b+1—n} and for almost
every x > 0: |f(z)x™ | < [f(2)] 2 M ,e00) + | f(2)] 2 M ef1,+00) € LY. (In particular:

VneN*VseCla+1l<Res<b+1l MfM(s)= ["(Inz)"z*" f(z)dz.) 0

Proof of Lemma[Z.0. Let 0 < 5 < %52, For ¢ = 1.4, with 0 < ¢ < d, My is holomorphic
in C using Lemma 2.4 and can be explicitly computed (M(s) = 1(¢* —d*) for s # 0 and

Mp(0) =1In (%)), an easy computation leads to the desired property. By linearity of M
it is also true for a linear combination of indicator functions.

Let ¢ > 0. There exists a linear combination of indicator functions ¢ such that
Ilf — <p|]L1((071)7ma+77 ) < € and lf — ¢|]L1((17+w)7xb_n ) S € Therefore

1 400
IM(f)(C +it)] </0 |(f—<P)(9U)|9€‘“”7dsc+/1 |(f = @) (@) 2" da + [ M(p) (¢ + it)|

and then limyy o0 [M(f)(¢ + it)| < 22 uniformly with respect to ¢ in [a+1+n,b+1—
n]. O

C Proofs related to subsections 3.1 and

Proof of Proposition[31. (uniqueness) Let ¢* = g+ 1 and Z = 1 — kMkq. The difference
w € L} of two solutions of the equation Lu = f satisfies Lw = 0 so Z(s)Muw(s) = 0 for
all sin ¢*+iR. As Z does not vanish on ¢* 4R, it implies that Mw = 0 on ¢* +iR, thus
w(z) = 0 for almost every z > 0 by the L' inversion theorem, cf. Theorem Section [2

(explicit formula) Let g(s) = %S) Since M f € L!(¢* + iR), and since thanks to
Assumption [l |Z7Y| is bounded (by 1/§) on ¢* + iR, g is also in L!(¢* +iR). We can thus
define a function u by the explicit formula (IT).

(existence) Thanks to Assumption 2 there exists a function v in I} such that M f(s)(Z2(s))~! =
Mu(s) on ¢* + iR and then u = v a.e., by the L! inversion theorem; thus the previous
explicit formula (I7) defines an Lé function. O
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Proof of Proposition[33. a) Let g(s) = 279 which is meromorphic in {s € C | a <

Z(s)
Res < b} using Proposition 2.4 and may have poles in P. It results from Propo-
sition Bl that Equation () L£(u) = f has a unique solution u, € L, for ¢ in
(a—1,c—1) U (1,b— 1) and that it is given for almost every x > 0 by u,(z) =
*4ioco —s
o qq*_ioo g(s) x=5ds.

Let q1,90 € (1,b—1). Denoting ¢f = ¢; + 1, we want to show that, for almost every

x>0:
g5 +ioco q5+ico
/ g(s) z7°ds = / g(s) 7% ds.
q q

I —ioco 5 —100
For n in N consider a rectangle I',, oriented in the direct sense with edges at ¢f +
iCn, @5 £ ic,. As the function Z does not vanish in the strip {s € C | ¢ < Res < ¢} }
we have:

qi +icn q5+icn q5 —1icn g5 +icn
0:/g(s)x5ds:/ ~-~d3—/ ~-~ds—i—/ -~-ds—/ - ds.
' qi —icn q5—icn q7 —icn qi+icn

q5+icn
. qi +icn
fq?:;;" g(s)z~*ds tend to zero (if IMf(qg* £it)| < € for |t| > ¢,,q* € [qf, ¢5], these
integrals are smaller than 1 |go — 1] [2| "% € where 2% := %1, +2°1,2,). By the
dominated convergence theorem the two vertical integrals tend to the aimed integrals
because fq?jizo |IMf(s)| ds and 43100 |Mf(s)| ds are finite. The same proof holds

q5—ioo

By Lemma [2.6, as n tends to +o0o the two horizontal integrals g(s)x~*ds and

to show that u, does not depend on ¢ in (a — 1,¢ —1).

To show that u; — u, is given by the above formula we use a path I',, encircling the set
P:set ¢ € (a—1,c—1)and ¢» € (1,0 — 1) and consider a rectangle oriented in the
direct sense with edges at qj £ ic,, g5 £ ic,. The residue formula gives:

q; ticn q5+icn q5—icn q5+icn
ZRQS(Q(S)IL‘S,SZP):/ _/ +/ _/ ... ds.
q q q q

T—icn 5 —1iCn, T—icn I +icn

The horizontal integrals tend to 0 as n goes to +00 because of Lemma and because
t — |1 — kMEKo(t + icy,)| is uniformly bounded from below for ¢ in [¢f, ¢5] and n in N
by Assumption [3l The vertical integrals converge for the same reason as above.

O

Proof of Proposition[3.8. (uniqueness) Let ¢ = %. The difference w € ]Lg of two solutions
of Equation (II) satifies L(w) = 0 so Z(s)Muw(s) =0 for all s in ¢+ i{R. As Z does not
vanish in ¢+ iR, it implies that Mw = 0 in ¢+ iR, thus w(x) = 0 for almost every x > 0
by Theorem of Section

(existence) We define: Mu(s) = Mf(s)Z(s)~! for all s in ¢+4R. As |Z7!| is bounded

(by 1/8) on q + iR, Mu is in L?(q + iR) and thus, using Theorem of Section 2 u
is in IL2. Moreover the function u satisfies Mf(s) = Mu(s)Z(s) and is the solution of
Equation (IIJ).

(estimate) Using Theorem of Section 2l we get the estimate:

Mu(s)]|?
Z(s)

1
2
112 = 5

o

_ 1
) ’ H]L‘X’(Z]UriR) o

N ES

2
| Muf(s) H]LQ(’quiR)
L2(g+iR)

—2 2
< 212 my s
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Proof of Proposition[310 Let ¢ € (2a —1,2b—1) and ¢ = % (a,b). Proposition B.§

implies that Equation () with f € L?I admits a unique solution u, € L?I for ¢ in

(2a—1,2c¢—1) U (3,2b—1) and that it is defined by u, = M™* (%), with Z = 1—kMko,

and where the inverse is taken on the line ¢ 4 iR.

Let T > 0. We define:
2

fr=lfgay on0400), prls)=exp (5 ) o) =2F rsy
The function fr is in IL; for every ¢ in R thanks to Holder’s inequality. As a consequence
the function M fr is holomorphic on C, is in L>(g +iR) for every ¢ € R and the function
M frpr is in L(q + iR) for every q € R because

¢ —y?
\w(qﬂy)\éexp( 7 )GJL‘”;

the function gr is meromorphic in {s € C | a* < Re s < b*} and may have poles in P.

Let ¢; and ¢ be in (3,20 — 1). We want to show wug, () = ug(x) for almost every
x > 0. As in point b) of the proof of Proposition [3.2] taking paths along the lines g; + iR
and @2 + 1R, as | Z| is bounded from below on them, and as g7 € L'(¢+iR) for ¢ = q1, ¢o,
we get (using Lemma but not Assumption [2)):

Mcil (97) = Mcfgl (97)-

Using the fact that the two definitions of the Mellin inverse transforms coincide for
functions in L' N1L?, we now pass to the limit when 7" tends to +oco. The function ¢r(s)
tends to 1 on every vertical strip 1 4+ iR as T goes to +0o. As f is in }Lg for every
q € (2a—1,2b— 1), fr tends to f in L2 and M fr tends to M f in L?(¢q + iR) for every
q € (a,b).

As |Z71] is bounded on ¢; + iR, the dominated convergence theorem shows that (gr)
tends to 22/ in L2(q, +4R); then the sequence (M(il (97))r tends to ug, in L2 . We obtain
similarly that (M) "(gr))r tends to ug, in L2 Up to extractions of subsequences we
deduce that: u, = u,, almost everywhere.

The same demonstration holds to show that u, does not depend on ¢ in (a,2(c+1) —
1). O

D Study of the zeros of 1 — kM(p10,, + p2d,,) along
vertical lines

Consider kg = p104, + P20, With 0 < 01 < 09 < 1 and 07 < % < 09. The Mellin transform
of Ko is Mrg(s) = p1oit + paos™! for s in C. The assumptions Mro(1) = p; + py = 1

11

and Mkg(2) = p1oy + p02 = 1 are satisfied iff (p1, p2) = (;270’“1, 0’“2:711 . The measure g
is non-negative because o < % < 09.

For a given real number =, we want to describe the sets I'y, = {z +iy | y €

R, p1o?7 oW + pyot~loll = =}, which are the zeros of 1 — kM(p10s, + p205,) on the
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Figure 9: The triangle condition.

line z +iR. Each set I';, is discrete because Mkq is a non-constant holomorphic function.
As ko({0,1}) = 0, the function ¢ € R — 1 — kMko(t) € R is strictly increasing, cf.
Lemma 23, so: 2 € Ty (because Mro(2) = 1), I, is the empty set for z > 2 and for
every v < 2, ', N R is the empty set. Describing the set I', is based on the following
geometrical fact.

Let A, B and C be non-negative real numbers. Finding a pair of real numbers (6,6")
satisfying Ae? + Be® — C' = 0 is equivalent to building a positively oriented triangle,
possibly flat, with sides of lengths A, B, C' and such that the oriented angles between the
sides of lengths C' and A and the sides of lengths C' and B are respectively equal to 6
and 0'. If ©y = (6o, 6]) is a solution of the previous equation then all the solutions are
O¢ + 27Z x 217 U —Og + 277 X 27Z (in the complex plane the problem is to find the
intersection of the circle centered at 0 of radius A with the circle centered at C' of radius

B).

Let 2 € R and set A = pjof ™, B = poo5 ', C = L. The equation Ao}’ + Boy = C
has a solution iff one can find y € R such that a triangle as above can be constructed
with § = ylno; mod 27 and ¢ = ylnoy mod 27 (triangle condition). If there exists a
solution y = yo then y is another solution iff (y —yo)(Inoy,Inoy) € (27Z)% iff y € yo+27G
where G is the additive subgroup of R, G = aZ N BZ with a = ﬁ and = ﬁ The

structure of such a group is discussed below. If there exists yo such that the triangle
condition is true then I', = x +iH with H = yo 427G U —yg + 27G. Otherwise ', = ().

By the triangle condition, in order to have a solution we must have |A — B| < % <
A+ B, where A = pioi™', B = pyos'. The right-hand side of this inequality is not
satisfied for x > 2, and we find again that I', is the empty set in this case. In the case
x = 2 the triangle condition is satisfied with y = 0 so I'y = 2+ 2mG where G is the same
as above. In the case z < 2, the triangle condition may be satisfied or not (for instance

if |[A— B| > 1).

To finish describing the sets I', we have to study the subgroup of R, G = aZ N pZ
where « and [ are two given real numbers. The subgroups of R are either cyclic, that is
of the form ¢Z for some real number ¢ > 0, or are dense in R. Therefore, as G is discrete,

26



it is cyclic. It is easy to prove that there exists ¢ > 0 such that aZ N BZ = cZ iff a # 0
andﬁ%Oand%E@.

We then have two cases. The first one is when M is a rational number (for instance if
VE-1 1

09 =1—07 and oy :é: S T 5, 1 ——+ L where r = \3/1 +‘{8_, = yg/é—iJr‘{—("_;));
then G = aZ N PBZ is cyclic and not reduced to {0}. The set I'; is x + iH or is the
emptyset whether the triangle condition is satisfied or not. The second (and generic) case
is when ln #22 i3 not a rational number (for instance if oo = 1 — 07 with oy transcendental);
then G i 1s reduced to {0} and consequently I’y = {2} and for x < 2, T, =z +iyoor ', =0
whether the triangle solution is satisfied or not.

E Inverting the operator £ as a Neumann series

It is possible to build directly £71 1 L — P for any p > 1 and for large enough weights ¢
(¢ > 2p — 1) thanks to a Neumann series. ThlS result generalises Proposition 2.1. of [15],
which corresponds to the case p = 2 and ¢ > 3, and was proved by the use of Young’s
inequalities and the Lax-Milgram theorem.

The following constants in R U {400} are defined in the article [15].

Definition E.1. Let x be a general fragmentation kernel. We set, for a real number u:

=g [ et (5) a2y [t (G)

Remark E.1. In the case of a self-similar kernel x(z,y) = = K (%) the constants of

< =

definition [E.1] are simply written:
C(u) = Mko(u), D(u) = Mro(u+1).

Proposition E.2. Let p,r be two real numbers with 1 < p < oo. The linear operator
K :1E — 1P defined by () has a norm smaller than

1 1/ 1 1/p
C, = (—Q+ —7’) D(—q—; —l—T(p—l)—l) )

where C(u), D(u) are introduced in definition [E1l and where p' is the conjugate exponent
of p (that is: z% +% =1).

If there exists a real number r such that C, < %,

defined by ) is invertible and we have the estimate:

£ g < (-G

the linear operator L : b — 1LY

, u/p’ —u/p’ -
Proof. Let v € R. Writing x = x/P (%) kP (%) for z,y > 0 and using Holder’s

inequality we have:



Then using Fubini’s theorem for non-negative functions:

3 s

foo oo N
Ikl < cw? [Car [T (2) 1@ ayds

> Yy T —u(p—1)+q
= cw? [ iwry [ (%) dz dy
y>0 0 Yy

< C(w)? D(=u(p—1)+q) |H|Z, .

g+l

This calculation leads to the conclusion by taking r = — u.

In the Banach space L(IL},LY) with the operator norm || ||, as [|[kK|| < kC; < 1, we
can write the Neumann series £~ = (Id —kK)™! = Z;:E EPICP which gives the second
point of the proposition taking || ||. O

Remark E.3. If we have f in Ll we can define the affine map 7' : LY — L by T'(u) =
f + kK(u). By the previous calculations T is Lipschitz continuous with its constant less
than kC, and is therefore a contraction if this constant is strictly less than one. Let us
call u the unique fixed point of 7', which is the solution of Lu = f. Defining the sequence

ur1 = T(u;) for some ug in I, we have that (u;) tends to u with geometric convergence

l
rate: [lu — ully < fﬁ’& [lur — wollyz-

This remark was used to implement a code to compute L1 f for a given f in LP. The
inverse obtained in this way is in L7 for large enough values of g.

Corollary E.4. Let p be a real number with: 1 < p < oo and let k(z,y) = i Ko (5) be
a self-similar kernel and k € N* defined by (). The linear operator L : 1) — 1LY defined
by @) is invertible if Mro(q) < 5 where § = q%l with the estimate: Hﬁ’lﬂLgﬁLg <
(1 — kM#ro(@) ™. Moreover if ko({0,1}) = 0 the condition Mrko(q) < = is satisfied iff
q>2p—1.

Proof. The first part results from Proposition [E.2] for 7 = 0 and from Remark [E.Il The
second part is a consequence of Lemma 23 Mro(q) < § = Mro(2) iff 7> 2. O

Remark E.5. For the conservative equation introduced in Remark [B.11] with a self-
y

Lp — P defined by () is invertible if Mro(q) < 1 where g = q%l. If ko({0,1}) = 0 the

condition Mk (q) < 1 is satisfied iff ¢ > p — 1.

similar kernel k(x,y) = i Ko (”3) Corollary [E.4l becomes: the linear operator £ = Id —K :

For a self-similar kernel xo such that x¢({0,1}) = 0 the condition of this corollary is
true for any fixed p in (1,+00) and for large enough values of ¢, unlike the conditions
obtained in Propositions B.1] and 3.8 which are satisfied only for p = 1 and 2 but for any
weight ¢ except a countable set of values of q.
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