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This paper studies the estimation of a semi-strong GARCH(1,1) model when it does not have a
stationary solution, where semi-strong means that we do not require the errors to be independent
over time. We establish necessary and sufficient conditions for a semi-strong GARCH(1,1) process
to have a unique stationary solution. For the non-stationary semi-strong GARCH(1,1) model, we
prove that a local minimizer of the least absolute deviations (LAD) criterion converges at the rate
v/n to a normal distribution under very mild moment conditions for the errors. Furthermore, when
the distributions of the errors are in the domain of attraction of a stable law with the exponent
k € (1,2), it is shown that the asymptotic distribution of the Gaussian quasi-maximum likelihood
estimator (QMLE) is non-Gaussian but is some stable law with the exponent x € (0,2). The
asymptotic distribution is difficult to estimate using standard parametric methods. Therefore, we
propose a percentile-t subsampling bootstrap method to do inference when the errors are independent
and identically distributed, as in Hall and Yao (2003). Our result implies that the least absolute
deviations estimator (LADE) is always asymptotically normal regardless of whether there exists a
stationary solution or not even when the errors are heavy-tailed. So the LADE is more appealing

when the errors are heavy-tailed. Numerical results lend further support to our theoretical results.
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1 Introduction

Since the seminal work of Engle (1982), ARCH/GARCH models have been widely used in
finance and economics, see Shephard (1996) and Rydberg (2000). The first order generalized

autoregressive conditional heteroscedastic (GARCH (1,1)) model is given by
X, =0y and of =w+aX? |+ pol,

where w > 0, > 0,8 > 0 are unknown parameters, while {£;} is a sequence of independent and
identically distributed (i.i.d) random variables with mean 0 and variance 1, and & is independent
of {Xy_,k > 1} for all ¢, see Bollerslev (1986).

Nelson (1990) proved that there exists a unique strictly stationary and ergodic solution to

GARCH(1,1) model if and only if
FElog(ae? + ) < 0.

Bougerol and Picard (1992) extended this result to the GARCH(p,q) case. Pan et al. (2008)
establish this result for a more general class of models under an additional moment condition
that Ele? < 400 for some ¢ > 0. Many authors have studied the asymptotic inference for
stationary ARCH/GARCH models. When the errors have finite fourth moment, i.e., Ec} < oo,
the consistency and asymptotic normality of quasi-maximum likelihood estimators (QMLE) for
ARCH/GARCH models have been established under different conditions, see Weiss (1986), Lee
and Hansen (1994), Lumsdaine (1996), Berkes et.al. (2003) etc. Mikosch and Straumann (2002)
adapted Whittle estimation to a heavy-tailed GARCH(1,1) model where X; has a Pareto-like



tail with tail index x > 4. They showed that the Whittle estimator converges in distribution to
an infinite series of a sequence of /4-stable random variables provided x < 8 and Eef < 400,
and a normal random variable provided x > 8. For a heavy-tailed ARCH (1) processes where
X; has a Pareto-like tail with tail index 0 < xk < 4, Davis and Mikosch (1998) established the
asymptotic theory for sample autocorrelation functions with the speed of convergence slower
than /n, and Mikosch and Starica (2000) extended the results to GARCH(1,1) model. In the
case that Eeél = 00, the asymptotic theory for QMLE becomes quite complicated and difficult.
Hall and Yao (2003) studied the QMLE for heavy-tailed GARCH models with the errors in
the domain of attraction of a stable law with exponent between 1 and 2. They showed that
the asymptotic distribution may be non-Gaussian and the convergence rate is slower than /n.
Straumann (2005) established similar results for a more general class of GARCH-type models.
Peng and Yao (2003) show that, in contrast, the least absolute deviations estimator (LADE) is
asymptotically Gaussian with convergence rate v/n provided Ec? < +oco. In fact, their conditions
on the error moments can be reduced to E|e¢|? < +o00o for some g > 0, which is more appealing
in dealing with heavy-tailed processes; see Pan et al.(2008).

Jensen and Rahbek (2004 a, 2004 b) were the first to consider the asymptotic theory of
the QMLE for non-stationary ARCH/GARCH models. They showed that the likelihood-based
estimator for the parameters in the first order ARCH/GARCH model is consistent and asymp-
totically Gaussian in the entire parameter region regardless of whether the process is strictly
stationary or explosive, i.e. even for the case that Flog(as?+ 3) > 0. But they assumed that the
errors have finite fourth moment, i.e. Fe} < co. So the inferential theory for a non-stationary
ARCH/GARCH model with errors with infinite fourth moments remains open.

Economic and financial time series often appear to be non-stationary and/or driven by
heavy-tailed noises, see Mandelbrot (1963), Mittnik et al. (1998), Mittnik and Rachev (2000),
Engle and Rangel (2005), and Polzehl and Spokoiny (2004). Furthermore, as Lee and Hansen
(1994) have pointed out, there is no reason to assume that all of the conditional dependence is
contained in the conditional variance. Thus, we assume that {¢;} are stationary and ergodic,
and call a GARCH(1, 1) model with such errors a semi-strong GARCH(1, 1) model, following
Drost and Nijman (1993). Lee and Hansen (1994) established the asymptotic normality of the
QMLE for strictly stationary semi-strong GARCH(1, 1) model with errors such that their fourth



moments conditional on the past are uniformly bounded. If we assume that the conditional
second and fourth moments of the error ¢; equals its unconditional second and fourth moments
a.s. respectively, the proof of Jensen and Rahbek (2004 a, 2004 b) still gets through for non-
stationary semi-strong GARCH (1, 1) models with minor modification. Hence, it is meaningful
to study the estimation problem for non-stationary semi-strong ARCH/GARCH models with
errors with infinite fourth moment.

In this paper, we give necessary and sufficient conditions for a semi-strong GARCH(1, 1)
model to have a unique stationary solution. We then study the estimation for the non-stationary
semi-strong GARCH(1, 1) model in the case that Ee} = co. We show that the proposed LADE
is asymptotically normal if the conditional expectation of |g;|>*? is uniformly bounded for some
§ > 0 and the conditional densities of loge? given the past satisfy some regular conditions. If
the errors of a non-stationary GARCH(1, 1) model are i.i.d., the moment condition of &; for the
LADE to have the asymptotic normality can be reduced to E|e|? < +oo for some g > 0. Based
on the asymptotic normality of LADE, some inference on the model can be easily undertaken.
For example, a Wald test of some interesting hypotheses can be built. We also investigate the
properties of the (Gaussian) QMLE when some mixing condition holds and the distribution of
the errors is in the domain of attraction of a stable law with exponent between 1 and 2 and
the tails of the conditional distribution of |eZ — 1| given the past are uniformly bounded by the
tail of some distribution which is in the domain of attraction of a stable law with the same
exponent as 7. The asymptotic distribution of the QMLE is non-Gaussian but some stable law
with unknown index x € (1,2), which makes inference difficult, and we will use the percentile-t
subsampling bootstrap method employed by Hall and Yao (2003) to do statistical inference.
Thus, the proposed LADE seems more appealing for the non-stationary semi-strong GARCH(1,
1) model with heavy-tailed errors. Finally, the asymptotic results for QMLE and LADE hold
independently of the choice of initial values and the scale parameter.

The rest of paper is organized as follows. Section 2 discusses when a semi-strong GARCH(1,
1) model defines a strictly stationary and ergodic solution and when it has no stationary ver-
sion. Section 3 discusses estimation of a non-stationary semi-strong GARCH(1, 1) model. Sub-
section 3.1.1 gives the LADE and its asymptotic properties and Subsection 3.1.2 presents a
Wald test based on the result of Subsection 3.1.1. The asymptotic results of QMLE for a



non-stationary semi-strong GARCH(1, 1) model with k-stable errors are presented in Subsec-
tion 3.2.1 and Subsection 3.2.2 provides subsampling bootstrap methods to construct confidence
intervals. Section 4 reports some numerical results. Section 5 concludes. The appendix contains
the proofs of all results.

We denote by L, 4, and SN the convergence, respectively, in probability, in distribution
and in L,. Denote the Euclidean norm of a vector V by || V ||. Let AT denote the transpose
of a matrix or a vector A, and let C' be a generic constant which may be different at different

places. I(-) stands for the indicator function through the whole paper.

2 The solution of the semi-strong GARCH(1, 1) model

Consider the first order semi-strong GARCH(1, 1) model given by
X, =0y and of =w+aX?,+ pol, (2.1)

where w > 0, > 0, 8 > 0 are unknown parameters, and {e;} is a strictly stationary and ergodic

sequence of random variables. Denote

v = Elog(ape} + o),

where (wp, ap, Bp) is the true value of the parameter of model (2.1). For the semi-strong
GARCH(1, 1) model, we can not get the necessary and sufficient conditions for stationarity
under the original assumptions on {&;}. However, imposing some mixing condition on {&;} when
v =0, we can get Theorem 1 which shows that model (2.1) has a unique strictly stationary and

ergodic solution if and only if v < 0. The assumptions needed are in the following:

A1l. g is strictly stationary and ergodic, €7 is non-degenerate (g; thus need to be different from
scaled symmetric Bernoulli or degenerate random variables) and E|e]|? < +oo for some

o> 0.

A2. In the case of ¥ = 0, €7 is p-mixing with Z:{g g071~/2 < +o00, where

On = sup ’PT(B) — Pr(B|4)|
AEFO _ ,BEFT,Pr(A)>0



and }'f =o(et,i <t <j).

Theorem 1. Suppose that Assumptions A1-A2 hold and wy > 0. Then it follows that the semi-
strong GARCH(1,1) model (2.1) defines a unique strictly stationary and ergodic solution if and

only if v < 0. Furthermore, 02 — +00 a.s provided v > 0.

Remark 1. When ¢; is i.i.d. with Fe? = 1, the condition for strict stationarity v < 0 is
weaker than the requirement for weak stationarity, Gg+ag < 1. What drives the surprising result
is the well- known fact that the second moments of a stationary solution to model (2.1) are finite
if and only if By 4+ ap < 1. So that, while strict stationarity still holds if v < 0 and By + ag > 1,
weak stationarity fails since variances are infinite and autocovariances are not defined. In the
Gaussian ARCH(1) case, one can have even ag < 0.5ezp( — ¥(0.5)) ~ 3.56, where W¥(:) is the
Euler psi function. Thus the set of allowable parameter values for strict stationarity is larger than
the set of values for weak stationarity. This situation is a bit more complicated when Ee? = oo.
In particular, Nelson (1990) shows that when ¢, is standard Cauchy, v = 2 ln(aé/ 2+Bé/ 2), so that
the set of allowable parameter values for strict stationarity is smaller than the set ag + Gy < 1

(although in that case the set of parameter values implying weak stationarity is empty due to

the infinite second moments).

3 Estimation for a non-stationary semi-strong GARCH(1,1) model

We assume the initial value of X; is Xy and that the unobserved o3 is parameterized by 7o,

i.e. 02 = my. The parameter of the model (2.1) is then ¢ = (a,B,w,n)’ with true value

do = (ag,ﬂo,wo,no)T. Denote § = (a,ﬂ)T and ¢ = (w,n)T with true value 6y = (ao,ﬂo)T and
)T

1o = (wo,mo) ' respectively. Let

0(¢) = w +aXiy + foi 1(9), (3.1)

with 03(¢) =1 and 0Z(¢o) = o?.

The least absolute deviations estimator (LADE) for model (2.1) is defined as a minimizer of



the following objective function

n

Su(@) = Y |log X? —log o (9], (3-2)

t=u+1

where 02(¢) is defined in (3.1), u = u(n) is a nonnegative integer. The quasi-maximum likelihood

estimator (QMLE) for model (2.1) is a minimizer of

IR X?
; log o2 (¢ af(t(;ﬁ))’ (3.3)

3

where 07(¢) is defined by (3.1). These objective functions can be computed quite cheaply and
many algorithms are available for finding the minima.

We collect here some notation that will be useful in the sequel. Let Z;(¢) = log X? —log 02(¢)
and denote A;(¢) = (A14(0), Ast(4)) T, where

O
Auld) = =5, oi(¢) ;B] Uf(cbj)’ 4
L 00k(d) 1 <0t 4(9)
0= 705 G & e &
Then,
O ) P —auo)
Oln(p) 1 X2 Oln(9) 1 X7
il tz; (Alt(¢) _ %Alt(@), 95 2 (A2t(¢) 2(6) A2t(¢))
Let Ay = (Ay, Agy) T =: Ay(¢o). Define Dy(a,b) = (Dis(a,b), Dag(a,b))", where a > 0, b > 0
and +oo i j 1 +oo i

Denote Dt = (Dlta Dgt)T with Dit = Dit(ﬁo, Bo), 1= 1, 2.

Remark 2. By Lemma 3 in the appendix of this paper, we use two stationary ergodic

processes D1; and Do; to approximate Aj; and As; respectively.



3.1 Least absolute deviation estimator
3.1.1 Asymptotic properties of the LADE

The QMLE can be viewed as an extended version of least squares estimation, which is known
to be sensitive to heavy-tails, while the LADE would be more robust, see Peng and Yao (2003).
In this subsection, we establish the properties of the LADE defined as a minimizer of (3.2) for
the non-stationary semi-strong GARCH(1,1) model (2.1) with heavy-tailed errors in the sense
that the errors have infinite fourth moment. Denote F; = (g5, s < t). We need the following

assumptions.

A3. For some § > 0, there exists a G5 < oo such that E(|e;|*10|F;_1) < G5 < o0 a.s.

A4. Conditional on F;_1, log(¢?) has zero median and a differentiable density function f;(z)

satisfying f;(0) = f(0) > 0, and sup,¢cp>1 | fi(z)| < B1 < oc.

A5. v — oo and u/n — 0, as n — 0.

Remark 3. The class of adapted sequences with bounded conditional moments is quite
wide and includes, for instance, the classes of randomly stopped sequences and martingale
transforms (e.g., Remark 3.3 in de la Pena et al.(2003)). Interestingly, moment inequalities for
nonnegative adapted sequences and martingales with bounded conditional moments have the
same form as under independence (see also the discussion in Sections B.3 and B.4 in Nze and
Doukhan, (2004)). This is the essence of why the results of Jensen and Rahbek (2004 a, 2004
b) still hold for non-stationary semi-strong GARCH (1, 1) models when the conditional second
and fourth moments of the error €; equal its unconditional second and fourth moments a.s.

respectively.

Theorem 2. Suppose that v > 0 and Assumptions A1-A4 hold.
(i) Denote Sn<¢)’¢:(9T7,¢J)T by Sn(0) with w = 0. Then there exists a local minimizer
0= (&,B)" of Sp(0) such that
1

V(6 —60) % N (o, Mﬁfl)a



where Q@ = E(DyD]") and S,(¢) is defined in (3.2),

(ii) Let 1. be any fived value of 1 and denote Sp(d)|gp—=oT yr)m by Sn«(f). Assume, in
addition, v > 0 and Assumption A5 hold. Then there exists a local minimizer 0, = (o}*,B*)T of
Sn«(0) such that

1

V(b — o) - N (0, WQ”),

where Q and Sy (¢) are the same as in (i) of this theorem.

Remark 4. Since Assumption A4 assumes log(e?) has zero median conditional on F;_1,
we have P(ef > 1|F_1) = 1/2 implying P(e < 1/2|F—1) < 1, which and Assumption A3
together ensure the validity of Lemma 3. If {e;} are i.i.d., Assumption A3 is redundant, and
in this case, the moment condition for ¢; in Theorem 2 can be reduced to E|e4]? < oo for some
o> 0.

Remark 5. The result of (ii) implies that («, 3) can be estimated by taking any value of 1.

One may estimate 1, but the asymptotic properties of the estimated v have not been obtained.

3.1.2 Wald test for linear hypotheses

In this subsection, we use the same notation as in Subsection 3.1.1. We can use the result of
Theorem 2 to do some inference for a subset of the parameters of the model (2.1). For example,

we may consider a general form of linear null hypothesis
H() : F@O = A,

where I' is a s X 2 constant matrix with rank s < 2 and A is a s x 1 constant vector. A Wald

test statistic may be defined as
P, = 4f2(0)(Td, — A)T (PO 'TT) (T4, — A)

and we reject Hy for large values of P,. In the above expression

2 n

£.(0) = - ZKCogf?*), 2= X 0= 13 [AB)AT(B).

nbw,, pt bw, gt2(¢*) n —

where ¢, = (0] ,9])7, 1y = (wy,n,)" is some fixed value of 1, K(-) is a kernel function on

R and bw, > 0 is a bandwidth. By Theorem 2 and using the same method of Theorem 3 in



Pan et. al. (2007), we can obtain that f,(0) and €2, are consistent estimators for f(0) and €

respectively. Thus, we have the following theorem.

Theorem 3. Suppose that the conditions of Theorem 2 hold. Moreover, we assume that the
kernel function K(-) is bounded, Lipschitz continuous and of finite first moment. Let b, — 0

and nb} — oo, as n — oco. Then it follows that P, N 2.

3.2 The Gaussian QMLE
3.2.1 Asymptotic properties of the QMLE

In this subsection, we give the asymptotic behavior of QMLE defined as a minimizer of (3.3)
for a non-stationary semi-strong GARCH(1,1) model when the distributions of the errors are
in the domain of attraction of a stable law with the exponent x € (1,2). Jensen and Rahbek
(2004b) have established the consistency and asymptotic normality of the QMLE for model (2.1)
with i.i.d. errors under the conditions v > 0 and Ee} < oo. The asymptotic properties of the
QMLE in Jensen and Rahbek (2004b) still hold for the non-stationary semi-strong GARCH(1,1)
model if we assume in addition that E(g;|F—1) = 0, E(e?|F,—1) = 1, and E(e}|F;_1) = Ee} a.s.
However, we will show that the limiting distribution of QMLE for non-stationary semi-strong

GARCH(1,1) model is non-Gaussian but some stable law if the following assumption holds.

A6. E(g|Fi-1) =0 as., E(e?|F—1) = 1 a.s., and the distribution of 7 is in the domain of
attraction of a stable law with the exponent x € (1,2). Moreover, there exists a positive

random variable Y with distribution function Fy such that
sup Pr(|e} — 1| > z|F—1) < 1— Fy(z), a.s (3.6)
t>1

for sufficiently large =, where 1 — Fy(z) ~ 27 "Ly (z) as * — oo and Ly (x) is a slowly

Ly (Ax)
Ly (z)

varying function which means that lim,_ o — 1 for any A > 0.

A7.  liminf, . Uc(y)/Uy(y) = 2Xo > 0, where Uy (y) = (ﬁ)l_(y) = inf{x : ﬁy(@ >
y}, Us(y) = (1_1Fs)g(y) = inf{x : % >y} and F.(z) is the distribution function of
|7 — 1.

10



A8. |e? — 1] is strongly mixing with geometric rate, namely,

alk) = sup |Pr(AN B) — Pr(A)Pr(B))| < Ci* -0, k— oo,
AEo((sgfl)Dt;t>k)

BEU((e%—l)Dt;tgo)
where 0 < ¢ < 1 and C are constants. Furthermore, we assume (¢7 — 1)D; is strongly

mixing with geometric rate too.

Remark 6. Denote RV, = {H : limy .o H(yx)/H(y) = 2, forany « > 0}. Under
Assumption A6, 1—F.(x) € RV_, and 1 —Fy (x) € RV_, and then we know that Uc(y) € RV},
and Uy (y) € RVj, by the theory of regular variation, see Resnick (1987). Thus, U.(y) =
y'/5Q.(y) and Uy (y) = y'/*Qy (y), where Q.(z) and Qy (z) are both slowly varying functions.
Here we give an example of a class of slowly varying functions ensuring Assumption A7 hold.
Let X = {Q(y) : Qly) = a(l +by=%),& > 0,a > 0,b > 0}. It is easy to verify that for
any Q(y) € N and Q(y) € R, Q(y) and Q(y) are both slowly varying functions satisfying
lim, 400 Q(y)/Qy) = C > 0.

Denote ln((ﬁ)’(ﬁ:(gT,wJ)T by 1,(0) and 1y(@)]g— (o7 wTyT bY lns(0), Where I,(¢) is defined in
(3.3), and ¥, = (wy, %) " is some fixed value of 1.

Theorem 4. Suppose v > 0 and Assumptions A2 and A6-A8 hold. Assume that ¢ has a
Lebesgue density g(x) and the origin lies in the closure of the interior of {g > 0}. Then it
follows that

(i) There exists a fized open neighborhood U(6y) of 6y such that 1,,(0) has a unique minimizer

6 in U(6y) with probability tending to one as n — oo. Furthermore, 0 is consistent and
1.7 d
na,, (0 — 6y) — Wi,
where a, = inf{z : P(e? > z) < 1/n} and W, is a non-degenerate r-stable random vector.

(i5)If v > 0 holds, the results in (i) hold for ,.(0).

Remark 7. First, Assumption A6 implies Assumption A3 and P(e? < 1/2|F1) < 1,

thus the results of Lemma 3 hold. Second, in the case when {g;} are i.i.d., it is obvious that

11



Assumption A7 and the latter part of Assumption A6 hold, and furthermore, we can prove that
Assumption A8 holds. In fact, by the definition of D,, we have

D, = LDt 1+ ( g ! )T (3.7)
aoer_; + Bo el 1+ B0 el + o

Thus, it follows that

a((e? —1)Dy; t > k:) C cr(DtH;t >k — 1) and O‘((E% —1)Dy;t < O) C O'(Dt+1;t < 0).

Therefore,
sup |Pr(AN B) — Pr(A)Pr(B))| < sup |Pr(AN B) — Pr(A)Pr(B)|.
AGU((E?*l)Dt;t>k) AEG(Dt+1;t>k71)
Be(;((agq)Dt;tgo) BEJ(Dt+1;t§O)

But, (3.7), Assumption A6 and the conditions that ; has a Lebesgue density g(x) and the origin
lies in the closure of the interior of {g > 0} ensure that D; satisfies the assumptions in Theorem

7.4.1 of Straumann (2005), which implies that D; is strongly mixing with geometric rate.

3.2.2 Bootstrap methods

Note that from Theorem 4 the scale na;, ! depends intimately on the particular law in whose
domain of the distribution €7 lies. In fact, the scale depends on the unknown tail exponent k.
Since the law is unknown, it is awkward to determine the scale empirically. In the following,
we use a similar method to that in Hall and Yao (2003) to demonstrate how to apply the result
of Theorem 4 in practice. In this subsection, we use the same notation as in Section 3.2.1 and

assume that the errors are i.i.d. Define

1 < 1 <& 9
%22526?—(5253) .
t=1 t=1

Using the same method of Theorem 3.1 in Hall and Yao (2003), we can obtain that

ay ' (n(f — 60) T, ') T L (W) T, w)T, (3.8)

n

where ((W,gl))T, T/T/,,g2))T is a k-stable vector with dimension 3 and 6, = (G, 3,)" is a minimizer

of 1,+(0). Obviously, (3.8) means that

6, —0 oo
pr2de b a W, (3.9)

12



Due to (3.9), we can use the subsample bootstrap to approximate the distribution of 0, — by,
but we must take account of the fact that the errors {e;} are unknown. Suppose we observe a
sample X = {X1, -+, X,,} from the model (2.1), a natural approach is to use the standardized

residuals computed by & = X;/6,, where &; = 0y(0,,1,),1 < t < n. Define

Then, by the same way as in Hall and Yao (2003), we have
a (10— 80) T n?/27) S (W) T W), (3.10)

where W,V and W,? are the same as in (3.8). Result (3.10) demonstrates that the replacement
of & for €; comes at no cost.
Since we require that ¢; has mean 0 and variance 1, in practice we standardize &; as follows
. 5t—”_12j 1€
- (n 1ZJ 1€ ] —(n~ IZ] 165)? )1/2

Now we can construct confidence intervals using subsampling bootstrap. Suppose €}, for 0 <

t < +oo are drawn randomly from {é;,t = 1,...,n}. Consider the process (conditional on X))

defined by X; = o7¢}, where (0§)? = 7. and
(07) =" + @u(X7 )2 + Bulof_;)?, 0<t< +o0,

Since 6, is a consistent estimator of 6, it follows that the probability, conditional on X, of X}
being non-stationary converges to 1 as n — 4o00. Let m < n, and compute the QMLE él‘ of
0y using the data set X* = { X7, -+, X} }, namely, 0 = (dI,BI)T is a maximizer of the quasi-
maximum likelihood function based on X*. Define &f = X; /57, where (57)% = w. + a5 (X[ ()2 +
367 )% 1 <t <m. Let
PP =3 (D
-om t=1 m t=1 7

be the bootstrap versions of 72. If m/n — 0, as in Hall and Yao (2003), it follows that

Priag [m(@: — 6.7, m'*] € V x [yr, )| X }

— Pr{(W) ", W) e V x [y, ]}, (3.11)

13



in probability for each cylindrical set V of R? and all continuity points 0 < y; < y2 < 0o of W,EQ),
where W,gl) and W,EQ) are the same as in (3.8). Therefore, multivariate confidence regions for 6y
can be developed. However, as Hall and Yao (2003) has pointed out, such regions can be difficult
to interpret. Notice that a two sided interval may be obtained by taking the intersection of the
two one-sided intervals, thus we shall consider only one-sided confidence interval for individual

parameter component. Given 7 € (0,1), let
I} = inf {u: Prim'2(7) Y& — ) < ulX] > T}
and
12 = inf {u s Pr{ml/2(7) 71 (F: - ) < uld] > 7).
By (3.11), we know both [@, —n =127}, 4+00) and [3, —n~ /2712, +00) have nominal coverage

in the sense that Pr{ag € [d, —n 271} +00)} — m and Pr{fy € [B, — n~ V2712, +00)} — .

4 Numerical Properties

This section presents some numerical evidence on the performance of asymptotic results of
the proposed LADE and QMLE in finite samples through a simulation study. The data are
generated from the non-stationary GARCH(1,1) model (2.1) with the true parameter ¢y =
(0.1,1,0.1,0.5) ". In all experiments, we use the sample size n = 600 with 1000 replications.
We first give some numerical comparisons between LADE and QMLE. Here we take u = 10
and consider four error distributions, ¢(2), ¢(3), t(4), and N (0, 1), where ¢() stands for Student’s
t-distribution with degree of freedom i, ¢ = 2,3,4. Notice that the variances are infinite for
GARCH processes (2.1) with the true parameter ¢y = (0.1,1,0.1,0.5) " driven by all the error
distributions considered above, including the normal case N(0,1). Figure 1 gives the boxplots
of the average absolute error (AAE) (|& — 0.1| + 16 — 1])/2 for both LADE and QMLE when
w and n are fixed at their true values, namely, w = 0.1 and n = 0.5. For heavy tailed errors,
i.e., t(2), t(3), and t(4), LADE outperforms QMLE. This is natural since LADE converges faster
than QMLE in this case by Theorem 1 and Theorem 2. As we expected, MLE is better when
the errors are normal. The boxplots of AAE for LADE and QMLE when w and 7 take different
values are presented in Figure 2. Figure 2 indicates that there is almost no influence on the

estimation error of o and 8 when the values of w and 7 vary; see Remark 5.
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Then we investigate numerically the construction of confidence intervals for model (2.1)
using bootstrap methods. For the sake of simplicity we only consider the case of the one sided
intervals [, —n Y2711, +00) and [, —n /2712, +00). In this experiment, we take 7 = 0.9 with
1000 replications for bootstrap sampling and take (w,n) = (0.1,0.5), (0.3,0.4), (0.1,0), (0.2,0.5)
respectively. Three error distributions, #(3), ¢(4), and ¢(5) are considered. To investigate the
impact of subsampling size m, we take m = 150, 200, 250, 300, 350, 400, 450, 500, 550, and
600 respectively. Figure 3 presents the difference of the nominal level and the real level of
the confidence intervals. Figure 3 indicates that the difference is very close to zero, and the
variation of (w,n) has little impact on the results. Although the method is quite robust against

the selection of m, it seems that m = 400 is a good selection for almost all cases.

5 Conclusion

The contribution of this paper is to extend the domain of coverage of existing asymptotic theory
to cover non-stationary and heavy tailed GARCH processes. We found that the LADE estimator
is asymptotically normal even under our extremely demanding conditions, while the Gaussian
QMLE requires stronger moment conditions and even then may have non-normal limiting distri-
butions and slower rates of convergence. We provided explicit methods for conducting inference
for both estimation methods.

Our results have some practical significance. Ibragimov (2004) argues that a number of
economic and financial series can have very heavy tails. Although the tails of standardized
residuals from estimated GARCH models are typically lighter than the tails of the raw series
itself the residual series still has ‘heavy tails” and in some cases the tail thickness may approach

the region where our theory is relevant.
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A Appendix

A.1 Proof of Theorem 1

Denote
t—1
y; = log(awe? + Bo) and S = Zyz
i=0
First of all, we introduce a lemma.

Lemma 1. Suppose v =0 and the conditions of Theorem 1 hold. Then it follows that

limsup Sy = 400, a.s.

t—-+o0
Proof. Since y; is a measurable function of €;, Assumption A2 and the definition of p-mixing
(see page 166 of Billingsley (1968)) ensure that {y;} is also ¢-mixing and with > 7, @1/2 < 00,

where @, is the ¢-mixing coefficients of {y;}. Notice that for ¢ > 0, there exists some constant

C such that
log Bo < log(awe? + By) < C + (ae? + Bo)/™.

By Assumption Al, we obtain that Fy? < +oco. Note that E(Y;) = v = 0. Applying the
functional central limit theorem (see Theorem 20.1 of Billingsley (1968)), we have
1
Vi
where 02 = Ey3+237°, E(yoy:). Since {y;} is ergodic and A = {w : limsup,_, , ., Si(w) = +o0}

S, -4 N(0, 02), (A.1)

is an invariant set, we obtain that Pr(A) =0 or Pr(A) = 1. Notice that

Pr(A) = Pr{n= U5 {S: > m}}
= lim Pr{UZy {8 >m}}

> limsup Pr{sz > m}

m——+oo

= 1-®(1/o) >0,

where the last equality is from (A.1) and ®(-) stands for the cumulative probability function of
a standard normal random variable. Thus, Pr(A) = 1, which means that limsup,_, Sy = 400

a.s. O
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Proof of Theorem 1.
Sufficiency. Suppose v < 0. By the ergodic theorem it follows that
1 n
— Zlog(aosf_i +fo) — <0 a.s,
A
as n — oo. Using the same argument of Theorem 2 of Nelson (1990), we obtain that semi-strong
GARCH(1,1) model (2.1) defines a unique strictly stationary and ergodic solution.
Necessity. Now we suppose the semi-strong GARCH(1,1) model (2.1) has a strictly stationary

and ergodic solution {X;}. If v > 0, we have
1
ESt — >0, a.s,
as t — +o0o by the ergodic theorem, which implies that
Sy — +00, a.s, (A.2)

as t — +00. On the other hand, by reduction we have

t—1 k

(aogi_; + Bo) + w[l + Z H(aoaf,i + Bo)]

k=11i=1

=

Il
—_

2
oy = O0p

)

(0405?_1‘ + Bo)

-

v

7

wn.
—_ =

= 0'[2) (ao&‘? -l-,Bo).

)

Il
o

Thus, logo? > logwy + S; — +00 a.s as t — +oo by (A.2). However, this contradicts the
assumption that X; a strictly stationary and ergodic solution. So, we have that v < 0. But,

Lemma 1 implies that vy # 0. This completes the proof.

A.2 Proof of Theorem 2

Let Z;(¢) = log X? —logo?(¢). Put

Zy(0) = Zy(®) |y (o7 wyT>  Zix(0) = Ze(D)|y=(67 )T
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where 6 = 0y + ﬁv, v = (vy,v2)" € R2. Tt is easy to verify 0 =06, + fv and 6, = 0y + fv*,

where 0 and v, are the minimizer of T},(v) and T),.(v), respectively. Here

n

Tuw) = S (1200 + —=0)| — | Zu(60)):

t=u-+1 \/ﬁ

" 1
Ths(v) = | Ztx (00 + —=v)| — | Z1«(00)])-
Z( PV o))

The proof of Theorem 2 needs the following lemmas.

Lemma 2. Suppose Assumptions A1 and A3 hold. Define q,(a,b) = E{[a/(aoefqtb)]p\]:t,l}. If
Pr(e? < %\.7-}_1) < 1, then for any p > 1, there exists a constant p such that q,(Bo, Bo) < p < 1,

a.s. Furthermore, for any p > 1, there exist some constants Br, By, pr and py such that

Br < Po < Bu, ap(Bu, Po) < pu <1 and qp(Bo, BL) < pr < 1.
Proof. By Lemma 4 (1) of Lee and Hansen (1994), we have that
1
Pr(e? < §|-7'-t—1) <r, a.s. (A.3)

with 7 =1 — 1/[2(2+%) /5G2/6] € (0,1). Denote the conditional distribution function of &; given
Fi—1 by Fy, then by (A.3) it follows that

pla,b) = /{ (a)det—i—/{ (—aYPdF,

x2§1} a01§2+b a:2>%} a0x2+b

a a 1
< (b)ppr & < !}} 1)+ (m)pPr(gf > 51 Fi)
_ (4 Ny Gyp G \p 9 1

(b+a0/2) + [(b) (b+a0/2) JPris; < 2\-7‘—75—1)
o @ A (btag/2)r—br
b (b+a0/2)P

Therefore,

B+ (Bo + o /2)Pr — Bhr
(Bo + ao/2)P '

P
Notice that the function h(a) = gf) i (fgjfgé 21)7; Bo” ig continuous and increasing with h(5p)

p < 1. Then, there exists some fy > fy such that h(Gy) = pr < 1, which means ¢,(8v, fo) <

QP<60750) < p< 17 with pP=

pu < 1. Similarly, we can prove that there exists some 1, < By such that g,(6o,0r) < pr <
1.

(I
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Lemma 3. Suppose Assumptions Al - A3 hold. Then, it follows that E|D||* < oo for any
integer k > 0, Ay < Dy and
1 — L, 1 — 5 Ly ,
E(Dit — Ag)? =0, = (Diy — Air) 30, and =Y (Dig — Aip)> 30, =12 (A4)
n n
t=1 t=1

for all p > 1. Furthermore, for any p > 0, there exist some constants B, < By < By such that
E||D(Bo, Br)||P < 0o and E||D(Bu, Bo)||P < oo.

Proof. Since Lemmas 3 and 4 of Jensen and Rahbek (2004 b) deals with the case for Ag;, we will
prove that the results hold for Aj; in the following and the case for Ag; is similar. By Lemma

2, it follows that

ap = E{[Bo/(c0e? + Bo) | Fia} < p <1, a.s.

for any p > 1, where p is a constant independent with ¢. Using Minkowski’s inequality, we have

[E(Dy)"]'" < Z{ (7= Dp 20 kjl W]}l/p
- iog{”ﬁ(aoaf&w}””
: OfoE{E[Zﬁ:(Om)pE((Omaﬁ_ﬁloJrﬂo)pm”)]}vp
= %E{E[E(my]}w
< olgp(j_l)/p<°°-

By Lemma 2, we can obtain with the same method as above that there exist some constants
Br < Bo < By such that E|Dy(5o, BL)||P < oo and E||Di(Bu, Bo)||P < oo for any p > 0. Next,
we will establish (A.4). From (3.4), we have Aj; = Z] (e y i ik . Notice that

2
k=107 k+1

2 2

Ut—j Jt—j 1
— <

O i1 (040815,]‘ + Bo)oi_; +wo T awgp_; 0

we obtain Ay; < Dy holds. By theorem 1, for any fixed j,
Bo Boo?;

aosffj + Bo (aost{j + ﬁo)at{j + wp

— 0 a.s.,
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which implies that

X
> st —j H 5
aoz-:t & + ﬁo o

150 as. (A.5)

Therefore, L; convergence holds by dominated convergence in (A.5). Now, using the same

statement as Lemma 4 of Jensen and Rahbek (2004 b), we can obtain (A.4) holds. O
Lemma 4. Suppose that Assumptions A1-Aj hold. Then

n
n~1/? Z v! Aisgn(loge?) R N(0,v" ),
t=1

for any v € R?, where sgn(z) stands for sign of x.

Proof. By Assumption A4, we obtain that E (v A;sgn(loge?)|Fi—1) = 0. Thus {v" Aysgn(loge?)}
is a martingale difference with respect to F;_1. First,

n

%ZE([UTAtsgnaogs,?)]2|ft,1) - %E(JAt - %Z T D)2 Z[(UTAt)Q—(UTDt)Q]
t=1 t=1

t=1 t:1
L BE((wTDy)?) = v,

by Lemma 3 and the ergodic theorem. Next, we can verify the Linderberg condition. Notice
that Ay < Dy, i = 1,2 (see Lemma 3). Then, by dominated convergence theorem, for any

5> 0, we have

n

Z E[(v" A4)*I(JoT Ay > v/nd)]

1
n
t=1

IN

%HUH2ZE[HDt”Ql(HDtH > V/nd/||v]])]
t=1
= |lPE[IDAPI(IDe] > v/nd/[vl)] —

as n — oo, since E||Dy|?> < oco. Now we can obtain the result by applying the central limit

theorem for martingale differences in Brown (1971). O
Lemma 5. Suppose that the conditions of Theorem 2 (ii) hold. Then it follows that
p
T, (v) = Thu(v) — 0,

uniformly on compact sets.
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Proof. Notice that Lemma 2 of this paper ensures that Lemma 12, and Lemma 14 of Jensen

and Rahbek (2004b) still hold. By the mean value theorem, we have

1 1
0o + —=v) — Zp (00 + —=
”Us“ugpM\Zt( 0+ \/ﬁv) Z1(0o + \/ﬁv)\
= sup ‘8Zt(¢) (¢ - w*ﬂ < CD2t(5O,,BL)Tt7

<m0V

where ¢ = A6y, ¥x) T +(1—=X)(60,%0) " for some X € [0, 1], and By, > Sy satisfying E[Das (6o, Br)]P <
oo by Lemma 3 and E(r;)? = 7' for some 0 < p < 1 and 0 < r < 1 by Jensen and Rahbek

(2004b). Therefore, by Holder’s inequality,

n

E( sup | Z:(00 + —=v
||v||th_Zu;1 vn

) = Zuu(0 + —=v)|)"*

1
—U
n
n

< C"2 N [B(DulBo, B))) P =0

t=u+1

as n — o0o. But

n

1 1
sup |Tn(v) — Tha(v)| <2 sup | Z(0p + —=v) — Zi(0p + —=0)|.
ol <M ol <M g;l vn vn
This completes the proof of this lemma. O

Proof of Theorem 2.
(i) Define

n

Ti(w) = > (1Zi(00) —n 20T Ae| = | Ze(00)))-
t=u+1
It holds that for z # 0,
|z =yl — |zl = —ysgn(z) + 2(y — 2 ){I(0 <z <y) = I(y <z <0)}.

Noticing that Z;(pg) = loge?, we have

TF(v) = —n~Y/? ZUTAtsgn(log £?)
t=1
+ 2Z(n71/2vTAt —loge)[I(0 < loge? < n~ V2T Ay)) — I(n™ V20T A; < loge? < 0)]
t=1

=: Jin + Jon.
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By Lemma 4, we have Jy, 4 vT€, where € ~ N(0,Q). Now turning to Jo,, let

B = (n Y20 4, —loge?)I(0 < loge? < n~ /20T A)),

and
Cre = (0207 Ay — loge2)I(n" Y207 A, < loge? < 0).
Then
n—l/Q,UTAt
ZEBnt - Z E(I(w" A > 0)/ (T Ay — 2)? fy(z)dx)
1 0
n n—l/QUTAt
<> m [ T A ) — SO
— 0
n—l/Z,UTAt
+ / (v Ay — 2)2 f(0)da]
0
< ZE (Bin~*(v A" + f(O)n (0T 40)°)
< —SE(IDd)l* + [|1D]*).
Hence

n
. 2
lim Y EB} =0.
t=1
Similarly, we can prove that

n
Jim_ ; EC?, = 0.
Next, we will establish that

ZE Byt — Ct)| Fe— 1] —> f(QO)E(UTDt)Q-

Put

n n71/2vTAt
= ZI(UTAt > 0)/0 (n~ 20T Ay — 2) £(0)da
til —1/2,UTAt
Bou= Y1074, >0) (20T Ay — 2)(fu(a) — £(0))d

ZI (vT A; <0) / (n 20T Ay — 2) £(0)da

n—1/2 TAt

0

Con = ZI(UTAt <0) / (n120T Ay — 2)(fi(x) - f(0))dx
t=1

n—1/29T A
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Using the same method as (A.6), we can show that
P P
By, -0 and (Cy%, —0 asn— o

By Lemma 3, we have
1 n
S (T4 BT Dy)?,

n
t=1
as n — +oo. Notice that

Bip + Cin = @ Z('UTAt)zv

n
t=1

then we obtain

n

£(0)

>~ B[BulFi1] = Bun + Cu + Boo + Con = =

t=1
by (A.9) and (A.8). But, from (A.6) and (A.7), it follows that

(A.8)

Var(E (Bnt — Cnt — E((Bnt — Cnt)|.7:t71))) = Z Var(Bny — Cnt — E((Bpt — Crt)|Fi-1))
t=1

t=1

<> 2E(B},+C}) — 0.
t=1

Therefore,

which implies that
Jon — F(0)0 T Q.

Let T(v) = f(0)v  Qu+v '€, Then the finite dimensional distributions of T} (v) converge to those

of T'(v). But, since T,/ (v) has convex sample paths, this implies that the convergence is in fact

on C(R?) (see the proof of Proposition 1 in Davis and Dunsmuir (1997)). Let Hy(6)

_ 92Z4(6)
006’

and we have supgcy(g,) [|[Hi(0)]| < &, where U(f)) is some fixed neighborhood of 6y and & is

strictly stationary and ergodic with E||&| < oo, see Jensen and Rahbek (2004b). Hence, the

result of (i) holds by a similar proof to that of Theorem 1 of Pan et. al (2005). (ii) By Lemma

5, we have
T (v) -5 T(v), on C(R?).

By the same argument as in (i), we obtain the result.
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A.3 Proof of Theorem 4

We need the following lemmas to prove Theorem 4.

Lemma 6. Suppose that Assumptions A6 and A7 hold. Then

n n
12 —1)D; —a, 1Z(Et—
t=1

t=1

Proof. Define

Hy(b) = E[Y?I(Y <b)], b, =U:(n), ¢, = Uy(n),

Tnt - I(k? - 1’ < bn)u Jnt =1~ Tntv Tnt = E[({ff - 1)Tnt|ft—1]7

n n

Ly =Y (8 - 1D)A, Lo=Y (e — 1) Jmds,

t=1 t=1

n
Z —1 nt — Tnt]At, Ly —ZTntAt,

t=1

where U.(x) and Uy (z) are defined in Assumption A7. Replacing A; by Dy, we define L; in

the same way as the definition of L;, i = 1,--- ,4. Note that (¢ — 1) is still in the domain of

attraction of a k-stable law, and a,, = b, + 1 for sufficiently large n. Thus,
ap ~ by, as n — oo.

By Theorem 2 of Feller (1971, P283), it follows that

. BE[YIY >b)] 2-x . PPr(Y>b) 2-k
lim = and lim = .
b——+00 Hy (b) k—1 b—+oo  Hy(b) K

Hence

E[YI(Y > )] K
lim = .
b—oo bPT(Y>b) k—1

From the definition of ¢,, and Assumption A6, we obtain that, for any fixed A > 0

Pr(Y > \b)

Jm nPr(Y>en) =1, and - lim 5 =AT
By (A.11), (A.12) and (A.13), we have that for any fixed A > 0
Hy (Acy,
lim —E[YI(Y > Aep)] = P and lim nHy (Acn) A
n—oo ¢y, k—1 n—00 c% 2—K
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Since Assumptions A6-A7 imply that A\g < b, /¢, < 1 for sufficiently large n, (3.6) ensures that

E(|ef — 1] Jnt| Fi—1)

400
/ Pr(|ef — 1| Jpe > y|Fi—1)dy
0

bn +o00
/ Pr(|ef — 1| > bu|Fi1)dy —|—/ Pr(|ef — 1| > y|Fi—1)dy
0

n

bn +00
/ Pr(Y>bn)dy+/ Pr(Y > y)dy
0 b

n

E(YI(Y >by,)) < E[YI(Y > A\ocn)]

for sufficiently large n. Therefore, it follows from Lemma 3, (A.14) and (A.15) that

E|Ly — Ly|

This implies that

For L3, we have,

IN

IA

IN

1 n )
by S Aocn;EKDt—At)E(\Et—11Jnt|ft_1)]

n

IA

AOCnE[YI (Y > Xocn)] ZE (D¢ — Ag) —

Ly— L
2" 22 Py, (A.15)

from (3.6), that

E{ [(ef — 1) Yot — Tnt]2|}—t*1)}
[5 QTnt_Tt‘ft 1)]
[ &t nt’ft—l)]

—+o00
2/ yPr(|e2 — 1T > ylFit)dy
0

bn,

2/ yPr(y < &2 — 1] < bl Fio1)dy
0

bn

bn
2 yPr ]6t — 1| > y|F—1)dy — 2/ yPr(\e? — 1| > by|Fi—1)dy
0

2

J
I

bn
ydy + 2/ yPr(Y > y)dy
A

bn
A+ BE[Y2I(Y <by)| + 2/ yPr(Y > b,)dy
0

A%+ H(cp) + cp Pr(Y > Xocn) (A.16)
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for sufficiently large n. Notice that
B{[(57 = 1) Tt = 7ut] (Ait = Dit) [(£2 = 1)Tos = 7] (Ais — Dis) } =0
for t # s, i =1,2. Then, it follows from Lemma 3, (A.13), (A.14) and (A.16) that
E Ly~ Ly _ 1y E{(Ai — Dy)*E[[(s] - 1)Y 2
(T> = b%; {( it — it) [[(%ft - 1) nt _Tnt] |-7:t—1]}

1 n
(A% 4 H(en) + G Pr(Y > Aoca) ]~ > E(Ai — Dir)* — 0,
t=1

< n
— 2.2
AG¢n

where Lgi) and f/gi) denote the ith element of Ls and Ls respectively, ¢ = 1,2. Therefore,

Ly— L3 p

= 0. (A.17)
bn
Finally, we will show that
Li—L
CE (A.18)
bn

Notice that E[(e7 —1)|F—1] = 0. Then 7, = —E((¢} —1).J5,¢). Hence, using the same argument
as for (A.15), we declare that (A.18) holds. It is easily verified that

Li=Ls+ L3+ Ly and E1:E2+E3—|—E4.
Combining (A.10), (A.15), (A.17) and (A.18), we complete the proof of this lemma. O

Lemma 7. Suppose that the conditions of Theorem 4 hold. Then (¢7 — 1)Dy; has an extremal
index A > 0.

Proof. Let us recall the definition of the extremal index (see Leadbetter et al.(1983)) first. We
say that a stationary process {,} has extrema index A if for each ¥ > 0, there exists a, (1)
such that n(1 — F(a,(9))) — ¢ and P(mazi=1,.. n& < an(9)) — e 2% as n — oo. Suppose by
contradiction that A = 0. Let Y, = max;e(y,... n3{|e7 — 1|D;} and Y, be the partial maxima of

the corresponding iid sequence {Q;}, where Q1 has the same distribution as |¢? — 1|D;. Since

|e? — 1| Dy is regularly varying with index x by Remark 7 and Breiman (1965), we have

lim inf P(Y,, < a,z) = exp{—(sz)™*} >0, for all x>0,

n—oo
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where ¢ = [EHDtH"””]l/’i (see Chapter 3 of Embrechts et al.(1997)). By Theorem 3.7.2 of Lead-
better et al. (1983), we obtain that

lim P(Y, <apz)=1 (A.19)

n—oo

provided A = 0. However, it holds that for any x; > 0, y; > 0,1 =1,2,

71t T2 > min{ﬂ,ﬂ}.
Y1+ Y2 Y1 Y2
Hence,
0o2(6p) 1 1 1 :002(60) 0a?(o)
Dy > |4 =t > —=— [ + ¢
DA = A = 1225 ) = o (R 22
t i—1
1 > i1 ) (5?7j+1)0t27j
NG t j—1 t j—1
V2w D a0 B el ot + Bhod
_ i1 _
_ 1 Zzzll ) (5?—]'4‘1)%2—]'4‘56 Ye§ +1)ad
\/i Zé;ll (j)il(wo + 0405?_j0t2_j) + Béil(wo + 040630'3 -+ ﬂoa’%)
j—1,_2 2 -
> L in0 iy + Voicy o (ef + 1o ; 1<j<t—1}
T V2 ﬁo_l(wg+a05§_jaf_j) L1 (wo + apedol + Bood) T
2 2 2
os .
> g7, L2 L0 gy
V2 wo “ap’ wo g’ Bood
S 1 in{1 1 1 1}
= ML, —, =,
V2 ap 2 20
= ¢g>0
Note that, as n — oo,
P(le? — 1| > an) ~ P(e? > ap) ~n" L. (A.20)

Let F(-) be the marginal distribution of |¢? — 1|. For any = > 0, we have

n(l—Fla() = nP(le —1]> ()
nP(|lef — 1> a(y)) |
nP(le? — 1| > ay)
— 1, (A.21)

nP(|8f — 1] > ap)

1/k 1

where y = (¢ L2)=% and q(y) = any V/*F = ¢y anz. The convergence above holds because

|e? — 1] is regularly varying with index x and (A.20). By Assumption (A8) and (A.21), for any
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fixed y defined in (A.21) and integer k > 1,

[n/k]

n Z (168 = 1 > gn(w), |e] = 11 > gu(v))

[n/k

= n Z (P13 =11 > au(v). |23 = 11 > aa(v) = P(1e} = 11 > aa) P(12 = 1] > au(v))

+P(\51 — 1> a @) P(lf - 11 > q”(y))]

[n/k]
. 2
< n Y a—1)+nn/k(1 - Fgm)))
j=2
1 2
< o(l)+ kf(l — F(qn(y)))
o2
—
k-1
asn — oo, where | | denotes the integer part and «(5) is defined in Assumption (A8). Therefore,
[n/k]
lim limsup n Z P(lef — 1| > gn(y), \63 — 1> qu(y)) =0 (A.22)

k—oo0 n—oo

By Assumption (A8), (A.21), (A.22) and Theorem 3.4.1 of Leadbetter et al. (1983), we obtain

lim P(I{l<aX|€t -1 <c¢y anx) = exp{—(cg'x) ™"}

n—oo

Thus,
P(Y, < apz) < P(I?<ax e} — 1| < ¢planz) — exp{—(cg'z) "} <1, n— o0
<n
which contradicts (A.19). Thus, A > 0. O

Proof of Theorem 4.

The proof for consistency in Theorem 1 and Theorem 2 of Jensen and Rahbek (2004 b) is
still valid for the consistency of 6. For the asymptotic normality, we follow the routine lines.
According to Lemma 12 -14 of of Jensen and Rahbek (2004 b), it is sufficient to deal with
1,(0) = 1,(6,%0). By Taylor expansion, we have

00 06 0000 0 7D
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Figure 1: Boxplots of AAE for LADE and QMLE when w and 7 are fixed at their true values for model

(2.1).

where 6 is the minimizer of [,(0) and 0 is on the line from 6 to 6y. Notice that 3ln(9) =0 and

835’3(2/1) = 8219%(3?) + op(1) (see Jensen and Rahbek (2004 b) ), and 81” 00 =150 (e7 — 1)Ay,

we have
s 9%1,,(0o) i
1 n 1 2
na, (0 — 00)(W +o0p(1)) = ay, ;(Et -

By Lemma 6, it is enough to prove that
a;! Z ~1)D, L w,.. (A.23)

By Lemma 7 and the conditions of this theorem, the assumptions of Theorem 7.1.1 of Straumann

(2005) hold. It follows that (A.23) holds. This completes the proof.
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Figure 2: Boxplots of AAE for LADE and QMLE when w and 7 take different values for model (2.1).
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Figure 3: Differences between the nominal level and the real level of the confidence intervals when w

and 7 take different values for model (2.1).
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