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ESTIMATION OF A MULTIVARIATE DENSITY
by Theophilos Cacoullos*

University of Minnesota

0. Summary and introduction. The problem of estimating a probability

density function has not receivedras much attention as the corresponding
problem of estimating the spectral density of a stationary times series.
However, several authors (Rosenblatt [4], Whittle [6], Parzen [3], and
Watson and Leadbetter [5]) have recenély considered estimating a.:
univariate density function f(x) on the basis of a random sample from
£(x).

This paper extends Parzen's results to the case of a multivariate
density function. The exposition and most of the results are parallel
to those of [3]. Thus a family of asymptotically unbiased, consistent,
and asymptotically normal estimates is obtained, Limits for bias and mean
square error are also given. Moreover, it is shown that the class of
estimators generates an asymptotically Gaussian process with independent
components.

The results of the paper, like those of [3], rest rather heavily
on Theorem 1.1, which is essentially a modification of some results on
approximations of functions at points given in [1]. Actually, the exten-
sion is carried out in two directions corresponéing to the two general
forms of the approximating functions of probability densities as generally
described in Theorems 1.1 and 6.1,

Estimating a multivariate density function might arise in various

practical situations, e.g.,.in estimating the hazard function £(x)/{1-F(x)}.

*This work was supported in part by the National Science Foundation under
Grant Number C-19126.



Thus, if Xl and X2 denote the ages of husband and wife respectively,

then f(xl, x2) is involved in what actuaries might call "the joint

force of mortality' of a couple: f(xl,xg)dxldxa/{l—F(xl,x2)]; this is

the conditional probability of the husband's death in (xl, X, + dxl)

given survival to age X and the wife's death in (x2, X, + dxz)
given survival to age Xye Apparently however, such applications at

present are rare (if not nonexistent), because of theoretical and

technical difficulties involved in such a pursuit.

1, A family of asymptotically‘dﬂbiésed estimates. Let Xl,X ,...,Xn

be n independent observations on a p-dimensional random variable X with

absolutely continuous distribution function F(x) so that

X X
1 P
(11)  F(x) = Bxp,oeei) = f.../f(yl,...,yp)dyl,...,dyp .
00 00

We are interested in estimating f(x) on the basis of the sample
xl,...,xn. It should be recalled at the outset that,whereas an unbiased

estimate of F(x) is provided by the empirical distribution function

|
M

(1.2)  F(x) = elx - X,),

j=1

where e(y) =1 if y; 2 0 for all i =1,...,p, and e(y) =0

otherwise, there exists no uniformly (in x) unbiased estimate of the
density £(x) (see [4]). Therefore, it is desirable to look for estimators
which, besides having other optimality properties, are unbiased in the
limit as n tends to infinity. In the absolutely continuous case a simple

asymptotically unbiased estimate may be constructed from Fn(x) as follows.



Let R(x;h) denote the rectangle in Ep centered at x defined as

(1.3) R(x;h) = (y:x; -h, sy, sx +h,i=1,...,p},

where hl""’hp are positive constants. Then, for "small®™ rectangles,

the density f£(x) may be estimated by the "average empirical density

function
. P -1
fg(x) = nH(zhi) {no. of X's falling in R(x;h)} .
i=1 ’
This can be written as
P 1_
Oy = | oP |
fn(x) = |2 Hhii A Fn(x)
i=1 |
where
AFn(x) = Fn(x1+ hl,...,xp+ hp) - Fn(xl- hy, x% h2,...,xp+ hp)
- e e .- Fn(x1+ hl,...,xp_1 + hp-l’ X5 hp)

-1)P - -
oo+ (F1)F (% hl""’xp hp)
is a p-th order difference of F_(x). Let us now choose h = (h.,...,h )
n 1 P

as a function of the sample size n (this will be understood in the sequel
even if, for convenience, we write h instead of h(n)) so that

(1.k)  Llim__ h(n) = 0.
It follows then, since Fn(x) is an unbiased estimate of F(x) and F(x) is

by hypothesis absolutely continuous, that

apl:"(x1 seoe ,xp)

. () . AF(x _
(1.5) nli)mooE[fn(X)] =nli)m°o _}l_)__ ax1 Bxp = £(x)
I (2,)
i=1



whenever x is a continuity point of f.
, o - . .
The estimate f_ (x) however may be writtenalsoas aweighted average

over Fn(x):

(1.6)  £2(x)

p -
-1 -y X -y
1 71
Hhi fK = ""’ph p) an(y)
i=1 i P

P

n
-1 - X - X,
th K 1 41 *~ %ip
i h, o0 h >
i=1 1
j=1

where the weighting function K(y) is the uniform kernel:

(1.7) K(y) = 2P if Iyi[ £ 1 for each i=l,...,p,

K(y)

- here, and henceforth unless otherwise stated, the domain of integration

0 otherwise;

is the entire range of the integrated variable; Xj = (le,...,xjp), j=1,...,n.
The form of the estimate fﬁ(x) in (1.6) suggests that by choosing different

kernels K(y) as weighting functions we can generate a family of estimates
of the form (1.6).

Indeed, we are now going to give fairly general conditions on kernels
K(y) so that the corresponding estimates of the form (1.6) are asymptotically
unbiased. First, we shall consider the case where the role of the rectang%e

(1.3) above is played by a square centered at x, so that h1=h2=...=hp=h.

Therefore, the problem reduces to finding conditions on K(y) under which

estimates of the form

_ 1 -y \ L1 Y\ 7—71. x)
18) gm= [ (8(n))P X(izhy) ¢Fal) " a(h(n))P L K(xh i

j=1

are asymptotically unbiased in the sense that, whenever the sequence of

b



positive constants h(n) satisfies (1.4), we have

lim E[fn(x)] = f(x).
n —o

Such sufficient conditions on K are essentially given by the following
theorem, which is a multivariate analog of Theorem 1A of [3], and forms
the basis of this paper.

Theorem 1.1. Suppose K(y) is a Borel function on Ep such that

(1.9)  sup|K(y)| < =,
yeEp

(1.10) .fIK(y)ldy<oo ,

(1.11) 1im |y|P|R(y)| = O,
y|=e

where |y| denotes the length of the vector y.

Let g(y) be another scalar function on Ep such that

flg(y)ldy<°° 3

and define

1
(112) g = s [xghy stenar,

where (h(n)} is a sequence of positive constants satisfying (1.k4).

Then at every point x of continuity of g

(113)  lim g, (x) = 2x) [ Ky)ay .

n—w

Proof. Note that

g, (x) - 8(x) fK(Y)dY = j; f [e(x-¥) - g(x)] X(f) a5

Choose & > O and split the region of integration into two regions:



|y]| =8 and |y| >8. We have

le (x) - &(x) | K(y)dy| = max|g(x-y) - &(x)| | |K(z)|dz
\f II fs

y|=6 |zléﬁzﬁj
leGey)| _IyI® N 1
' |§|/;s IyIP (a(a))P el + 1 )I|§|[>a (h(n))P Roolk
s |$T§a|g(x'y> - g(x)lflK(z)ldHa—; 's:!l; '1%1')‘ IZIPIK(z)Iflg(y)Idy
+

ESINAEOILE
=1 562y

which tends to O if we let first n —w(h(n) »0) and then & - 0.

Corollary 1.1. The estimates defined by (1.8) are asymptotically unbiased

provided the constants h(n) satisfy (l.4) and the kernel K(y) satisfies,

in addition to (1.9) - (1.11), the condition
(1.14) fK(y)dy -1

Proof. Note that by (1.8)

(1.15)  Ef_(x) = E[;hzn))p K(g(;)x)] - »/‘(h(i))P KGE 5 ) £(y)dy

and apply Theorem 1 with gn(x) = fn(x), g(x) = £(x).

Remarks. It should be observed that K(y) above does not have to be positive
in order that Corollary 1.1 hold.. However, since we would like fn(x) to

be nonnegative for every x énd every n, it is more natural for our purposes

to assume that K(y) is also nonnegative, in which case the estimates fn(x),

as well as the K(y), are themselves density functions. We might think, then,



of the kernel K(y) as a weighting function, and, moreover, from the
definition of fn(x), for each x as a parameter point K defines an a

priori density on Ep of the form K(Eﬁx)/hp so that fn(x) may be

considered, in some sense, as a Bayes estimate of £(x) with respect to
K as "prior weighting distribution.'" The form K(Eﬁx) as a function of
y also motivates the symmetry assumption we are going to make in the
sequel (c.f. (1.6) and (1.7)), namely, that K(y) is an even function in
the sense that

(1.16)  K(y) = K(-y)

Some examples of K(y) are given in Table A. All the kernels except the

normal one are product kernels in the sense that

P

(1.17)  K(y) = illl Ky (v;)

where Ko(t) is a kernel in El' Of course the normal kernel becomes

a product kernel if A is a diagonal matrix.

TABLE A
. | - .
R(y) kw) = [y | @)y = @) feu)n
p P sinu, 1
2™ F, |yi|§l, i=l,...,p AL ( ui -2-5
0, otherwise - L
-1 1
(EF)p/2|A|% -3y'Ay -zu'A""u .Jfﬂji
e e o
X (47)
P
- 2 x| e .
o Pe i=l (1 +u?) 1 27P
i=
H [1r(1 +yi] -1 e - §_1 |u,| TP
P /sin(u,/2)\%
1 24P
iﬂl(l-lyil)’ Iyi|§1 1H1< ui/2 ) (3)
0 otherwise

.."{..



2. Asymptotic moments of the estimates. The estimate fn(x) defined in

(1.8) may be written as an average
n

-X.
(2.1) £ (x) =1 j; tag () £y0) = % ),

of independent random variables identically distributed as a random
variable
_E:E)P
(2.2) gn(x) = K( 7—)/h
The study of the asymptotic properties of fn(x) relies on certain asymp-

totic expressions for the moments of gn(x) given in the following

propositions.

Lemma 1.1 Let r z 1; then, under (1.%4), at every continuity point x of £(x)

(2.3)  tim wPOD g(F(x) = £(x) f K (y)dy.

n —cw
Proof. By (1.9) and (1.10) K (y) is bounded and absolutely integrable,

and hence by Theorem 1.1
W0 gty = [ (D) £
h

converges to f(x)'/\KF(y)dy as n tends to .
Applying the lemma for r = 2 and from (2.1), we obtain

Corollary 2.1. The asymptotic variance of fn(x) in (1.8) satisfies

(2.4)  wh® varle, ()] 223 £(x) [ €(y)ay

at every continuity point x of f provided the constants h = h(n) satisfy (1.k).
Lemma 2.2. Let x and x* be two continuity points of £. Then, under (1.k4),
the asymptotic covariance of fn(x) and fn(x*) satisfies

(2.5)  obP Cov(?n(x), £ (x*)}—>0

as n —oo,



Proof. From (2.1) and (2.2) the quantity in (2.5) is equal to

fi ot 2] -of eip] fg ]

The second term -0 as n -« by (1.4) and Theorem 1.1, and the first

term after changing the variables can be written as

: *
P
(2.6) fK(Z) K("- T *) £(x-hz)dz.
To show that this also tends to zero as h -0 (i.e.,n =) note that K(y)
is bounded by hypothesis and K(y) -0 as |y| »= by (1.11); hence, it
is possible to split the region of integration into two regioms, |z| £ p

and |z| >p where p is sufficiently big so that for every e; > 0
K(z) < €, for |z] >p, and for every €, > 0 there is N(el) such that
x¥- x
for all n > N(ez) h(n) makes K{z ——z~7) €, for all |z| s p. Therefore,

the integral in (2.6) tends to zero as h — 0 in view of the uniform bounded-

ness of K and the fact that u/}E(y)dy =

3. Consistency of the estimates.

Theorem 3.1. If the constants h = h(n) in addition to (1.4) satisfy the

condition

(3.1)  lim nhP(n) ==,
n ->o

then the estimates f (x) are consistent in quadratic mean, i.e.,

(3.2) lim E[fn(x) - £(x)]2 =

n —ow
at every point x of continuity of £f.

Proof. We have

E[fn(x) - £(x)]12 = Var[fn(x)] + bg[fn(x)]

-9-



JOE:

where

b[f (x)] = E[f (x)] - £(x)
is the bias of fn(x). Hence and by (3.1) and Corollaries 1.1 and 2.1
(3.2) follows.

Now it will be shown that, under some additional assumptions,fn(x)

is a uniformly consistent estimate of f(x). For this we introduce the

Fourier transform
i ]
(33 k) = [e™xay

of K(y), and the sample characteristic fgnction
iu' 1 iu'X,
(3.4) @ (u) = fe Y aR (v) = ;Ze ]
_‘|=

Then fn(x) may be written as

1 S A W -iu'x
35) £ = 4 _121 K(h 1) - 25 fe k(hu) o_(u)du

since k(u),like K(y) is even.

Theorem 3.2. Uniform consistency of the estimates fn(x). If
(i) the probability density f(x) is uniformly continuous,
(ii) the constants h = h(n), in addition to (1.l4),satisfy

(3.6) lim oh®P? =w ,
n —o :

(iii) the Fourier transform k(u) of K(y) is integrable (this is true for

all k(u) in Table A except the first (c.£.[3])), then, for every € > 0

(3.7) lim P[ s;p Ifn(x) - £(x)| > el =o0.
n oo
P

Proof. It suffices to show that

(3.8) lim E2 [ sup |£ (x) - £(x)|2] = 0.
n —ow E
P

210-



But since, by the uniform continuity of £(x) and Theorem 1.1, we have

lim sup |£f (x) - £(x)| =0,
n —o Ep n

(3.8) will hold if

(3.9) 1lim E%[ sup]fn(x) - E(fn(x))le] =0
n —ow E
P !

holds. By (3.5) we have

(3:10) s |2,6x) - E(£,(0)] 5 (am)” [ tha)lo(e) - B, ()] au,
P

and by Holder-Minkowski inequality (see, e.g., [1])

(3.11) E? [ sup [ £,0) - B(e,6))]*] = (en)? [ k() o () - £ (u)]7a
1 . _ |

s (n%hp)-lxlsk(u)du,

which tends to 0 as n —»w by (ii) and (iii). (The last inequality in (3.11)

follows from the fact that Var ¢n(u) s 1 by (3.4)).

n

L. Evaluation of bias and mean square error.

Theorem 4.1. Evaluation of bias. If the probability density function f£(x)

has . continuous partial derivatives of third order in a neighborhood of

x and if

x1) [y, xe

"

O, i=1,...,p,

then as n -5
b(f (x))
(k.2) —= - 3 fdaf(xsy) K(y)dy,
P P
) e 4
d2£(x;y) =z Z Swon. JiYy

where




Proof. From (1.14) and (1.15)

e, (x)] = BL£ ()] - £x) = [ L£(x+ hy) - £G0)] K(yday

and, expanding f(x + hy) by Taylor's Theorem, (4.2) follows in view
of (k.1).
Under the assumptions of Theorem 4.1, an approximate expression may

be given for the mean square error (m.s.e.):

L
(:3)  wle,6) - 601 > KB [reer + ([ eetuy) xoe)®

The value of h which minimizes the m.s.e. for a fixed value of n is

easily found to be (c.f. Lemma %4a of [3])

4
pf(X)fKa(Y)dy e

) n(fdaf(x;y) R(y

that is, assuming that the integrak in (4.4) converge absolutely,

_ 1
(+.5) h= O(n pt )

Therefore, the m.s.e.

E|£_(x) - f(?:)l"*’ (pth) l_l%(f asy) K(Y)dy)z] i

)
(%%l fKE(Y)dY) FE_)

which shows that fn(x) as an estimate of f(x) is consistent of order

(h.k) h

L : h
n o , i.e., its m.s.e. = 061 F’I) (c.f. [3] and [4] for p = 1).

5. Asymptotic normality. In this section, we establish the asymptotic

normality of the estimates fn(x). The proof is based on the expression
(2.1) of fn(x) as a sum of independent and identically distributed random

variables gnj(x) and the expressions for the asymptotic moments of these

-

-12-



variables as given in section 2.
Theorem 5.1 Let x(l),x(z),...,x(k) be any finite set of continuity
points of f. If the constants h = h(n) satisfy (1.4) and (3.1), then

the joint distribution of the random variables fn(xl)""’fn(xk) is

asymptotically a k-variate normal in the following sense:

For any real numbers CpseeesCys

lim P[(nhp)%(fn(x(i)) _ E[fn(x(i).l) '§ ci, ,...,P] i1y (0.)

n -0 i

where § denotes’' the standard normal distribution function, and
(5.1) o? (l)) u/‘Kz(y)dy i=l,...,p .

Proof. We have from (2.1) and (2.2)
n
(mhp)”]E fn(x(i)) - n %P/ J; gnj(x(i)), i=1l,...,k,

where, for each fixed i and each n, the

nJ( (1)) -pK(i ;) j=1,...,n

are independent random variables identically distributed as a random

variable N
En(x(i)) - h"PK(’_iglz'_X).

By Bernstein's multivariate central limit theorem (see Robbins-
Hoeffding [2]) as applied to the set of independent and identically

distributed random vectors
p/2 1 k
an =h (gnj(x( )),...,gnj(x( ))), j=1,...,n,

it suffices to show that

-13-



(5.2) 1lim Cm;@’/2 gn(x(r)), nP/2 gn(x(s))) = 025

n —ew _

rs
for r,s=1,...,k, and Srs= 1 if r=s,8rs= O‘if r # s, and

(5.3) lim a % o =0

n —w

where

p3 = max EEIP/a gn(x(i)) - E(gn(x'(i))ﬂ?’ .

to1sisk
Now (5.2) follows immediately from (2.3) and Lemma 2.2.
In order to verify (5.3) it is enough to show that

(5.4) n"%g hplagn(x(i))]?’——)O, i=1,...,k,

as n »w». But by (2.3), for each i, the quantity in (5.4) is approximately

equivalent to

(P) Ee(x (1)) f B(y)ay ,

and hence (5.4) follows from (3.1) since \/ﬁks(y)dy < o, K being bounded

and integrable. This completes the proof of the theorem.

Remark. In view of the results above, we may regard the estimates fn(x)
as a stochastic process with vector parameter x ranging in the domain of
definition of the estimated density f(x); furthermore, by Theorem 5.1,
the process is asymptotically (as n ) Gaussian and its finite dimensional
distributions are multinormal with indépendent components.

In order to be able to replace E[fn(x)] by its limit f(x) in Theorem 5.1
so that we can state that \lgﬁﬁ%n(x) is asymptotically normal with mean f(x)
and variance f(x)‘/ﬂK?(y)dy, it is necessary to impose some further res-
trictions on the rate of convergence of h to O as a function of n. Thus

from Theorem 5.1, the bias of fn(x) must satisfy

-14-



lim (nhP)? b[£_(x)] =0
n o .

which, under the assumptions of Theorem 4.1 and by (3.1),holds if
1

- 1
h =0(n "), ;;E'< a < > °

It is interesting however to point out that the above range of ¢,
specifying the rate of convergence of h to 0. as n tends to infinity,
does not include the optimum o = (p+h)-1 corresponding to the h=h(n)
of (4.4). Since however " is the left en& point of the above o interval,
it suggests choosing h just smaller than the optimal h. This would make
possible the above normal appfoximation of the distribution of fn(x) for
"large" n, and, in such case, it is clear how this might be used, for
example, in setting up a test for the hypothesis that £(x) takes on a
specified value. However, the discussion of this and related problems
is outside the scope of our present investigation and we will not pursue
it any more here.

6. cCase of product kernels. The results of the preceding sections depend

to some extent on the fact that, roughly speaking, the rectangle R(h,x)
in (1.3) was restricted to a square,so that the estimators of the form
(1.6) obtained the special form of (1.8). This enabled us to impose'
fairly general and nice conditions on the weighting functions K(y), which
resulted in a natural multivariate generalization as given above. The
purpose of this section is to indicate how most of the preceding results
carry over to the case of estimates of the form (1.6). Of course, now we

assume that the sequence of comstant vectors h(n) = (hi(n),...,hp(n))

satisfies (L.4). Moreover, in order to obtain an approximation theorem

analogous to Theorem 1.1, we have to impose a different set of conditions

-15-



on the kernels K(y). Such sufficient conditions are given in the following
theorem relating to the interesting case of product kernels as defined in
(1.17). The estimates now take . the form
P 2 P x,.- X,
(6.1) f:(x)=[nil;[1hj]-lz I Ko(lTiE)} :
j=1{i=1
Theorem 6.1. Let K(y) be a product kernel in the sense of (1.17), that is,

P
(6'2) K(yls'--’y ) = H Ko(yi)
LA v |
where K.O is a kernel in El. Suppose Kb is bounded and absolutely integ-

rable, and

(6.3) lim |tKo(t)| =0 .
- =0

Let g(y) be as in Theorem 1.1, and define

1 7L J
gn(x) = P f KC'E]T: e 3?{:) g(x'Y)dY3

h,
i

i=

where the sequence of constant vectors h=(h1,...,hp)=h(n) satisfies (1.4).

Then for every continuity point x of g

(6:4) 1im g(x) = g(x) [ K()ay,

n —>x

Proof. For the sake o brevity and clarity, we give the proof for the
bivariate case p = 2, since the general case requires only obvious modi-
fications.

We have by (6.2)

(65)  8,(x,%,) - 8lrymy) [[ Koloy) Rylrp)evya3,
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[( ) - & )] = (y—l) 72\ 4y q
BLX = ¥p5%) = Vo) - BlX Xy hih 5 b, 5 hz,' Y195 -

Let &, > O, 52 > 0 and split the region of integration into

1

four regions,
|y1| £ 95 and|y2| = 62, R2:|y1| > 81 and|y2| = 62, R3:lyi| s 51
and |y2| > 8,5 Ry: |y1| > &, and |y2| >8,. Then the contribution

from R, to the absolute value of the right-hand side of (6.5) is not

greater than

max la(xy- v;5 %5m 3,) - 8(x)5%,)] fIKO(zl)Idzl flKo(za)Idzg )

1

which tends to O if we let &,, &, go to O, since (xl,xe) is a continuity

1’ 72

point of g. The contribution from R.2 is at most equal to

o
=

1
e sup |
LT s ey 1SS [ T8y,

-0 < 22 < o

p o lal )l [ IxyGeplaey [ Ix(ep)laz,

|z, > 8, /0

which tends to O by (6.3) if we let n tend to » (i.e., hl(n) -0).

Similarly for R,, and finally the contribution from Rh does not exceed

3

1 .
8,8, IZIIsug 81/h1|leo(zl)||22Ko(22)|ffg(yl,ye)dyldye

|22| > 8,/h,
+ Ig(xl,x2)| u/\ IKO(Zl)ldz J/ |k (22)|d22 ,
lz)| >8,/n;  |z,|> 5,

-17-



which tends to 0 as n »®, Hence (6.4) follows.

In obtaining the ahalogs of Corollaries 1.1, 2.1 and Theorem 3.1,
3.2, and 5.1 for the estimators f'f;(x) of (6.1) details will he
omitted. Thus, Ifor example, the condition (3.1) in Theorem 3.1 will be

replaced by thi(n) —»® as n -, and (3.6) in Theorem 3.2 by
i=1 . '

p
.thZ(n) —® as n »», Theorem 5.1 holds if we replace nP by h.h,. ,...,h_;
i=1 i ] 172 P
P
note also that, since K(y) :=H1K0(yi), the asymptotic variances ¢Z in (5.1)
i= 1

become o; = f(x(iz))[ng(t)dfz]P .

For an estimate of the bias of f':;(x) we have the following analog of
Theorem 4.1, which can be easily established.
Theorem 6.2. Suppose f(x) satisfies the assumptions of Theorem 4.1, and

ftKo(t)dt = 0. Let h(n) satisfy (1.4) and suppose that

1i by(n) >0, ik, 1,j=1
im = Tr,. s 1 s 1 =1,0005p 5
n oo hjins ij

then as n 5=

b[fz(:)] __,; fi;(x) ft2 K (£)at

r
i
where : b
O2f(x) ;
f..(x)='—'L r2 = r,2 ,r, =1, i=l
ii a H] . / i3 ’ ii 3 Slyeeeyp
Bxi oY l

Furthermore, it can be easily verified, that for fixed n, the optimum

choice of h(n) = (h1 (n),...,hp(n)) in order to minimize the approximate

expression for the mean square error of f: (x) (c.£.(4.3)) requires taking

hl(n) = he(n)=...=hp(n) = ho(n). It then follows that again ho(n) is of

-18-



the same order of magnitude as h(n) in (4.4).

Finally, we should like to point out that the estimates fi(x) in (6.1)
have a stronger invariance property than the one possessed by the fn(x)

in (1.8), namely, whereas the fn(x) are invariant under the same scale

transformation Xi —acxi(c > 0) of each of the components X .,xp of the

1o
abreviation vector X, the fﬁ(x) are invariant under different scale trans-

formations of the components of X, i.e., Xi —9ciX1(ci > 0). This property
of fﬁ(x) is more desirable from the practical point of view, since the

components of X may represent incommensurable characteristics (e.g., height

and weight).
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