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Abstract

Estimation of a regression function from independent and identically distributed data is
considered. The Lo error with integration with respect to the distribution of the predictor
variable is used as the error criterion. The rate of convergence of least squares estimates
based on fully connected spaces of deep neural networks with ReLLU activation function
is analyzed for smooth regression functions. It is shown that in case that the distribution
of the predictor variable is concentrated on a manifold, these estimates achieve a rate of
convergence which depends on the dimension of the manifold and not on the number of
components of the predictor variable.
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1 Introduction

Deep neural networks (DNNs) are built of multiple layers and learn sequentially multiple
levels of representation and abstraction by performing a nonlinear transformation on the
data. The approach has proven itself to work incredibly well in practice, like for speech
(Graves et al. (2013)) and image recognition (Krizhevsky et al. (2017)), or game intel-
ligence (Silver et al. (2016)). But, unfortunately, the procedure is not well understood.
Recently, several researchers tried to explain the performance of DNNs from a theoret-
ical point of view. Results concerning the approximation power of DNNs were shown
in Montufar (2014), Eldan and Shamir (2016), Yarotsky (2017), Yarotsky and Zhevn-
erchuck (2020), Langer (2021b) and Lu et al. (2020). Beside this, quite a few articles
try to answer the question about why neural networks perform well on unknown new
data sets (cf., e.g., Bauer and Kohler (2019), Schmidt-Hieber (2020), Kohler and Langer
(2020), Kohler, Krzyzak, and Langer (2019), Langer (2021a), Imaizumi and Fukumizu
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(2019), Suzuki (2018), Suzuki and Nitanda (2019), Schmidt-Hieber (2019) and the lit-
erature cited therein). The standard framework to do this is to consider DNNs in the
context of nonparametric regression. Here, (X,Y) is an R? x R-valued random vector
satisfying E{Y?2} < oo, and given a sample of size n of (X,Y), i.e., given a data set

D, ={(X1,Y7),...,(X,,, )},

where (X,Y), (X1,Y1), ..., (X,,Y,) are independent and identically distributed (i.i.d.),
the aim is to construct an estimate

mn(-) = mu(-,Dy) : R 5 R

of the socalled regression function m : R — R, m(x) = E{Y|X = x} such that the
so—called Ly error

/ () — (%) PPx (dx)

is “small” (cf., e.g., Gyorfi et al. (2002) for a systematic introduction to nonparametric
regression and a motivation for the Ly error).

It is well-known that without smoothness assumptions on the regression function it
is not possible to derive nontrivial results on the rate of convergence of nonparametric
regression estimates (cf. Cover (1968) and Section 3 in Devroye and Wagner (1980)).
In the sequel we assume that the regression function is (p, C')-smooth according to the
following definition.

Definition 1. Let p = g + s for some ¢ € Ng and 0 < s < 1. A function m : R — R
is called (p, C)-smooth, if for every a = (a,...,aq) € Nd with 27:1 a; = q the partial
derivative dTm/(0x(" ... dxy?) ewists and satisfies

d7m 0%9m
A — " < s
ox{t - Oz () ox{t - - Oz (z)| < Clix —=|

for all x,z € RY, where || - || denotes the Euclidean norm.

As it was shown by Stone (1982), the optimal Minimax rate of convergence for es-
timation of a (p,C')-smooth regression function is n~2*/(>»+4) This rate underlies one
big problem, namely the so-called curse of dimensionality: For fixed p and increasing
d this rate gets rather slow. Since d tends to be very large in many machine learning
applications, to show Stone’s Minimax rate for DNNs is not really the answer for the
empirical good performance of DNNs. This is why many results are restricted to further
assumptions. Bauer and Kohler (2019), Schmidt-Hieber (2020), and Langer (2021a) con-
sidered regression functions with some kind of compositional structure and showed that
DNNs achieve a dimensionality reduction in this setting. Kohler, Krzyzak, and Langer
(2019), and Eckle and Schmidt-Hieber (2019) could show that DNNs can mimic the form
of multivariate adaptive regression splines (MARS). Kohler, Krzyzak, and Langer (2019)
further showed that in case of regression functions with low local dimensionality DNNs
are able to achieve dimensionality reduction. Further approaches like Barron (1993,1994),
Suzuki (2018), and Suzuki and Nitanda (2019) consider various types of smoothness or
spectral distibutions.



1.1 Intrinsic Dimensionality

All the above mentioned results mainly focus on the structure of the underlying regression
function. Less results explore the geometric properties of the data. But it is reasonable
to also focus on the structure of the input variable X. Firstly, there exist several re-
sults where high-dimensional problems can be treated in much lower dimension (cf., e.g.,
Tenenbaum et al. (2000)). For instance, if we consider the pixels of potraits of persons,
the input dimensionality may be quite high, but the meaningful structure of these images
and therefore the intrinsic dimensionality can lie in a much smaller space. Secondly, as
already mentioned in Imaizumi and Nakada (2020), many estimators like kernel methods
or Gaussian process regression show good rate of convergence results depending only on
the intrinsic dimensionality of the input data (cf., e.g., Bickel and Li (2007) and Kpotufe
(2011)). It is therefore interesting to investigate whether estimators based on DNNs are
also able to exploit the structure of the input data.

In the sequel we do this by considering the special case that X is concentrated on some
d*—dimensional Lipschitz-manifold. To describe this formally, we use the following defi-
nition.

Definition 2. Let M C R be compact and let d* € {1,...,d}.
a) We say that Uy, ..., U, is an open covering of M, if Uy,..., U, C R? are open (with
respect to the Euclidean topology on R?) and satisfy

MgUm

=1

b) We say that
U1, 00,17 — RY

are bi-Lipschitz functions, if there exists 0 < Cy 1 < Cy 2 < 00 such that

Cy - |Ix1 — x| < lhi(x1) — Yi(x2)|| < Cypo - [|x1 — x2| (1)

holds for any x1,Xs € [0,1]*" and any 1 € {1,...,7}.
c) We say that M is a d*-dimensional Lipschitz-manifold if there exist bi-Lipschitz func-
tions ; : (0,114 — R? (i € {1,...,7}), and an open covering Uy,...,U, of M such
that

(0, 1)) =M N,
holds for alli € {1,...,r}. Here we call 11, ...,1, the parametrizations of the manifold.

If M is a d*-dimensional Lipschitz-manifold, then
M=M= Jw(0,)") (2)
I=1 =1

and (1)) hold. We will see in the proof of our main result that it suffices to assume that
M has these two properties.



1.2 Neural Networks

In our analysis we consider DNNs with rectifier linear unit (ReLU) o(x) = max{z,0} as
activation function. A neural networks can be described by its number of hidden layers
L € N and its number of neurons per layer k = (k1,...,kr) € N%, where k; describes the
number of neurons in the i-th layer. This leads to a network architecture (L, k) and the
corresponding neural network can be defined as follows:

Definition 3. A multilayer feedforward neural network with network architecture (L, k)
and ReLU activation function o is a real-valued function defined on R® of the form

kL
L L L
o) =36l 170 + el 3)
=1
for some cg,LO), e ’Cng?L € R and for functions fi(L) recursively defined by
ks—l
106 = { 3oy Ve -y @)
j=1
for some cgfo_l), . ,cfk_i)l €R,se{2,...,L}, and
d .
fi(l)(x) =0 Z cg?j)x(]) + C;OO) (5)
j=1
for some cgo), e ,057002 € R.

)

The space of multilayer neural networks with L hidden layers and r neurons per layer

is defined by
F(L,r)={f : f is of the form @) with k1 =kos=... =k =71}. (6)

As in Kohler and Langer (2020), we denote this network class as fully connected neural
networks. In contrast, network classes with a further restriction on the total number of
nonzero weights in the network are called sparsely connected neural networks.

A corresponding least squares estimator can be defined by

1 ¢ 2
mp(-) = argmin — Y |f(X;) —Yi|".
" fEF(Ln,rn) T ZZ:; ' ’

Here the number of hidden layers L, and the number of neurons 7, is chosen in de-
pendence of the sample size. For simplicity we assume here and in the sequel that the
minimum above indeed exists. When this is not the case our theoretical results also hold
for any estimator which minimizes the above empirical Lo risk up to a small additional



term.

Due to the fact that we do not impose any sparsity constraints (i.e., an additional bound
on the number of nonzero weights in the functions in our neural network space), the
least squares estimate above can be (approximately) implemented in a very simple way
with standard software packages, e.g., in the Deep Learning framework of tensorflow and
keras. Here approximating the above least squares estimate from data xcqrn, and Yiearn
can be done with only a few lines of code as follows:

model = Sequential()
model.add(Dense(d, activation="relu", input_ shape=(d,)))
for i in np.arange(L):

model.add(Dense(K, activation="relu"))
model.add(Dense(1))
model.compile(optimizer="adam", loss="mean squared error")
model.fit(x=x_learn,y=y learn)

For the implementation of sparsely connected neural networks, one may use so-called
pruning methods, which start with large strongly connected neural networks and delete
redundant parameters during the training process. Although the procedure is also simple,
the computational costs of these methods are high, due to the large initial size of the
networks. Therefore, the implementation of sparsely connected networks is critically
questioned in the literature (see, e.g., Evci et al. (2019) or Liu et al. (2019)).

1.3 Main results

In our study, we analyze the performance of DNNs when the input values are concentrated
on a d*-dimensional Lipschitz-manifold. Here we develop a proof technique which enables
us to show a rate of convergence which depends only on the smoothness p and dimension
d* of our manifold, but not on d. In particular, we show that the convergence rate of
the above least squares neural network estimator is of the order n=2?/(?P+4") (up to some
logarithmic factor) and therefore able to circumvent the curse of dimensionality in case
that d* is rather small. In contrast to earlier results (see, e.g., Schmidt-Hieber (2019) and
Imaizumi and Nakada (2020)) we consider fully connected DNNs in our analysis. In these
networks the number of hidden layers is bounded by some logarithmic factor in the sample
size and the number of neurons per layer tends to infinity suitably fast for sample size
tending to infinity. To show the above rate of convergence we derive a new approximation
result concerning fully connected DNNs on d* -dimensional Lipschitz-manifolds. As in
Kohler and Langer (2020) we use a two-step approximation, where we partition our space
in a finite set of coarse and fine hypercubes and approximate the Taylor polynomial on
each of the cubes by a DNNs. As already mentioned above the analysis of fully connected
DNNs has the main advantage that an approximate implementation of a corresponding
least squares estimate is much easier.



1.4 Related results

First results concerning neural networks date back to the 1980’s. Here networks with
only one hidden layer, so-called shallow neural networks, were analyzed and it was shown
that they approximate any continuous function arbitrarily well provided the number of
neurons is large enough (see, e.g., Cybenko (1989)). Limits of this network architecture
were analyzed e.g. in Mhaskar and Poggio (2016), who showed that specific functions can-
not be approximated by shallow neural networks but by deep ones. Concerning results
on the approximation power of multilayer neural networks we refer to Montufar (2014),
Eldan and Shamir (2016), Yarotsky (2017), Yarotsky and Zhevnerchuck (2019), Langer
(2021b) and the literature cited therein. The generalization error of least squares esti-
mates based on sparsely connected multilayer neural networks has been investigated in
Bauer and Kohler (2019), Kohler and Krzyzak (2017), Schmidt-Hieber (2020), Imaizumi
and Fukumizu (2020), and Suzuki (2018). In particular, it was shown that DNNs can
achieve a dimension reduction in case that the regression function is a composition of
(sums of) functions, where each of the function depends only on a few variables. As
was shown in Kohler and Langer (2020) and Langer (2021a) similar results can also be
achieved for least squares estimates based on fully-connected multilayer neural networks,
which are easier to implement.

Function approximation and estimation on manifolds has been studied e.g. in Belkin
and Niyogi (2008), Singer (2006), Davydov and Schumaker (2007), Hangelbroek, Nar-
cowich and Ward (2012), and Lehmann et al. (2019). An analysis in connection to DNNs
is given in Mhaskar (2010), who showed an approximation rate using so-called Eignets.
An overview of related results can be found in Chui and Mhaskar (2018). In Schmidt-
Hieber (2019) approximation rates and statistical risk bounds for functions defined on
a manifold were derived. His result is restricted to sparsely connected neural networks,
where only a bounded number of parameters in the network is non-zero. In comparison to
our result his proof strategy is more complex and requires a stronger smoothness assump-
tion on the charts of the manifold. In Imaizumi and Nakada (2020) approximation rates
and statistical risk bounds depending on the Minkowski dimension of the domain were
shown, which is a more general framework than in our paper since the Minkowski dimen-
sion of the d*-dimensional Lipschitz-manifolds considered in our paper is bounded from
above by d*. In case that supp(X) is only of dimension d* < d in the Minkowski sense,
Imaizumi and Nakada (2020) derived similar to us a d*-dimensional approximation rate
and a convergence rate of a corresponding least squares estimator of n~2P/(2p+d") Byt
in contrast to our results, the DNNs in Imaizumi and Nakada (2020) were restricted by
a further sparsity constraint, such that an implementation of a corresponding estimator
is more difficult.

In the computer science literature the problem considered in this paper is called man-
ifold learning, see Subsection 5.11.3 in Goodfellow, Bengio, and Courville (2016) and the
literature cited therein.



1.5 Notation

Throughout the paper, the following notation is used: The sets of natural numbers,
natural numbers including 0, integers, and real numbers are denoted by N, Ny, Z, and
R, respectively. For z € R, we denote the smallest integer greater than or equal to z by
[z], and |z| denotes the largest integer less than or equal to z. Vectors are denoted by
bold letters, e.g., x = (M, ..., 2T, We define 1 = (1,...,1)7 and 0 = (0,...,0)7. A
d-dimensional multi-index is a d-dimensional vector j = (j W (d))T € Ng. As usual,
we define [|j =0 4. 4@ 5= W1 5@ and

7= Az Gz

Let D C R% and let f : R? — R be a real-valued function defined on RY. We write x =
arg min,cp f(z) if min,ep f(z) exists and if x satisfies x € D and f(x) = mingep f(2).
For f:R% — R,

[flloc = sup [f(x)]

x€R4

is its supremum norm, and the supremum norm of f on a set A C R% is denoted by
[[flloc,a = sup [ f(x)].
x€A
Furthermore, we define the norm || - ||ca(4) of the smooth function space C“(A4) by

| llcaca = max {09 loe.a il < a.j € N}

for any f € C9(A). Let F be a set of functions f : R* = R, let x1,...,x, € R? and set
x! = (x1,...,%Xp). A finite collection fi,..., fn : R? — R is called an € cover of F on
x| if for any f € F there exists ¢ € {1,..., N} such that

=31 Gxe) — il < =
k=1

The e-covering number of F on X7 is the size N of the smallest e-cover of F on x!' and
is denoted by N (e, F,x7}). For z € R and § > 0 we define Tz = max{— [, min{z, 5}}.
1.6 Outline of the paper

The main result is presented and proven in Section[2l In Section Bl we prove a result con-
cerning the approximation of a smooth function on a manifold by deep neural networks.

2 Main result

Our main result is the following theorem, which presents a generalization bound of a
least squares estimate based on fully connected DNNs in case when X is concentrated
on a d*-dimensional Lipschitz-manifold.



Theorem 1. Let (X,Y), (X1,Y1),...,(Xy, Y,) be independent and identically distributed
random variables with values in R* x R such that

E {exp(c; - Y?)} < o0

for some constant ¢y > 0. Let p = q+ s for some q € Ny and s € (0,1], let C > 0 and
assume that the corresponding regression function m(-) = E{Y|X = -} is (p, C)-smooth
and satisfies

[m| garay < o0,
and that the distribution of X is concentrated on a d*-dimensional Lipschitz-manifold
M. Let m,, be the least squares estimate defined by

my(-) = argmin — IY; — h(X;)|?
hE}—(Lnﬂ"n) Z

for some Ly, Ty € N, and define my, = T¢,.105(n)n for some ca > 0 sufficiently large.
Choose cs,cq > 0 sufficiently large and set

_dar
L, = fc;g - log n—| and T, = ’704 . n?(?p-l»d*)“ )

Then
2
/’mn )’2PX(dX) < ¢5 - (log n)6 S

holds for some constant c5 > 0.

Remark 1. Let v € R4 Since

[0, 1] x {v}

is a d*-dimensional Lipschitz manifold, it is easy to see that Stone (1982) implies that
the rate of convergence in Theorem [l is optimal up to some logarithmic factor.

Remark 2. The parameters L, and r, of the estimate in Theorem [l depend on d* and
p, which are usually unknown in practice. But if they are chosen, e.g., by splitting of
the sample (cf., e.g., Chapter 7 in Gyorfi et al. (2002)), then the corresponding estimate,
which does neither depend on d* or p, achieves the same rate of convergence as our esti-
mate in Theorem [I1

Remark 3. We conjecture that Theorem [l can also be extended to very deep fully
connected neural network classes, where the number of neurons per layer is fixed and the
number of hidden layers tends to infinity for sample size tending to infinity. In order to
show this one could try to modify the proof in Theorem 1b) in Kohler and Langer (2020).

Proof of Theorem [Il Theorem 1 in Bagirov, Clausen and Kohler (2009) (cf., Lemma



18 in Supplement B of Kohler and Langer (2020)) together with Lemma 19 in Supplement
B of Kohler and Langer (2020) helps us to bound the expected Ls error by

E/\mn(x) — m(x))? Px (dx)

< 25 (log(n)exr - log(n) log(Ln 1) L / |£(x) = m(x)[* Px (dx).
n feF(Ln,rn)
Using this together with Theorem 2 below, where we choose
M = [egs - nTo7m ],
shows the assertion. O

3 Approximation of smooth functions on a
Lipschitz-manifold by deep neural networks

3.1 An approximation result

In this section we evaluate how well a DNN approximates a (p, C')-smooth function f on
a d*-dimensional Lipschitz-manifold.

Theorem 2. Let d € N, let d* € {1,...,d}, let M be a d*-dimensional Lipschitz-
manifold, and let 1 < a < 0o such that M C [~a,a]®. Let f : R® — R be (p,C)-smooth
for somep=q+s,q€ Ny, s€(0,1], and C > 0. Let M € N be such that

M 22 and M2 > - (e (o | oo })

holds for some sufficiently large constant cg > 1. Let 0 : R — R be the ReL U activation
function
o(x) = max{x,0}.

There exists a neural network
faet € F(L, 1)
with
L = [c7 -log(M)] and r = [eg - M@,

such that

. 4(q+1) _
1 = Fetlloont < o (max {11 flcaen }) M. (7)



3.2 Idea of the proof of Theorem

The proof of Theorem 2 builds on the proof of Theorem 2a) in Kohler and Langer (2020).
In particular, we approximate a (p,C)-smooth function f by a two-scale approximation,
where we approximate piecewise Taylor polynomials with respect to a partition of R¢
into cubes with sidelength 1/M?2. More precisely, we construct a coarse and fine grid of
cubes with side length 1/M and 1/M?, respectively, and approximate for the cube of the
coarse grid, which contains the x—value, the local Taylor polynomials on each cube of
the fine grid which is contained in the cube on the coarse grid and which has non-empty
intersection with M.

The difficulty compared to the result in Kohler and Langer (2020) is, that we only consider
those cubes on our grid that have a non-empty intersection with our manifold. This, in
turn, means that our cubes are not necessarily next to each other. It is therefore not
possible to only use the information about a lower left corner of one cube to reproduce
the whole grid as it was done in Kohler and Langer (2020). Although our proof works
somewhat differently, some parts are similar to the one of Theorem 2a) in Kohler and
Langer (2020). For convenience of the reader we will nevertheless present a complete
proof, which sometimes means that we have to repeat arguments of Kohler and Langer
(2020).

The partitions of R? into the half-open equivolume cubes are defined as follows: Let

1 1

1 1
C(kl,...,kd) = [kl-M,(kil—Fl)-M) X oo X [kd-M,(kd—Fl)-M), ki,...,kq € Z,

and

1 1 1 1
Dg,...oka) = [kl : Wa(kﬁ'l) : W)X"'X[kjd‘ma(kd‘Fl)'W)a ki,....kq € Z,

be the equivolume cubes with sidelengths 1/M and 1/M?, respectively. Then the corre-
sponding partitions are defined by

P ={Cx : ke€Z¥} and P,={Dy : keZ}. (8)

For a partition of cubes P on R? we denote by Cp(x) the cube C that contains
x € R% The "bottom left" corner of some cube C is denoted by Ciegr. Therefore, one
can describe the cube C' with side length s (which is half-open as the cubes in P; and
P2) by a polytope as

2+ 0% <0and 29 — ) —s <0 (je{l,...,d})

Furthermore, we describe by C9 C C' the cube that contains all x € C that lie with a
distance of at least § to the borders of C i.e., a polytope defined by

—z0) 4 Cl(gf) < =0 and 1) — Cl(g& —s<—=0 (jed{1,...,d}).

10



As every cube Cj € Py contains M 4 smaller cubes of P, we denote those smaller cubes
by Cij,...,Cpa;. Here we order the cubes such that Cp,...,Cy; i are all those cubes
which have a nonempty intersection with M (where N; € {0,1,...,M%}). We define by
. x — %))

T = Y (@) EoX

j!
jeNo:|ljll1<q

the Taylor polynomial of total degree q around xg.

Lemma 1 in Kohler (2014) implies that the piecewise Taylor polynomial

T ,4.(Cpy ere (X) = > Tt 0. (Coonere X)Ly (%) 9)
ke{l,...,Md4} iez?

satisfies
1
2
Hf B Z vaqv(ék,i)left ’ ]lék,iHOO = ¢ (2 na d) "o M2’
ke{l,..,Md}ieZd
For x € M we have 15 (x) =0if C;N M =0 or k> Nj, hence
Tf,q,(cpz (%) et (x) = Z va‘]v(ék,i)left (x) - ]lék,i(x)
ke{l,...,N; }ieZa:CinM£D
satisfies
1 = T,q.(Cpy ()iest loomt = 1 = > T4 4o X)L lloom
ke{l,...,Md} i€z
1
gclo-(Q-a-d)Qp-C-— (10)

M2’

If we use (@) to approximate f on some fixed compact set, then it is easy to see that
all summands except some constant times M?2? of the summands in () are zero for all
the x-values in the compact set. As our next lemma shows, due to the fact that we
use T (G e (x) only to approximate f on our Lipschitz-manifold M, the number of
summands in the definition of Tf,q,(ék,i)left (x), i.e.,

Y N=|{CePy: COM#D}Y,
iGZd:CiﬂMGIE@

is bounded by some constant times M 2d" - Furthermore, we show that N; < ¢11 - M4
holds for all i € Z<.

Lemma 1. Let M be a d*-dimensional Lipschitz-manifold.
a) Let h € (0,1] and set

P:{[kl-h,(kl—i-l)-h)X---X[/{?d-h,(kd—i-l)-h) : kl,...,kdEZ}.

11



Then -
HCeP: CNM=D}H <cya- <—> )
where cig =1 (4-Cyo - Vidr + 4)%,
b) Define Py, Py and N as above. Then
N; < i3 MT
holds for all i € Z2, where c13 = max{l/Cgfl,?)d* 12 (2 Oy - Var +2)T}.
Proof. a) Because of ([2]) we have
mc U Pi ([k1 - by (k1 41) - h) % - X [kge - hy (kge +1) - ),
G=1k1,....kg=€{0,1,....,|1/h]}
hence we can bound
HCeP :CNM£DY
ro 3]

SHIDs

j=1k1=0  k3=0
HC eP : Crwyy ([ky-hy(ky+1) - h) X - x [kge - by (kge +1) - 1)) # 0}].

Consequently, it suffices to show that

{C eP : CNuy([kr-hy (k1 +1)-h)x - X [kge - b, (kg- +1) - b)) # 0}
<(2-Cya-Vd +2)". (1)

The Lipschitz continuity of 1; implies that
1/1j([k1~h,(/<?1+1)-h) X oo X [kd* -h,(k)d* +1)-h))

is contained in a cube with sidelength 2-Cy 2-v/d*-h. But any such cube has a nonempty
intersection with at most

<2-C¢,2-\/E-h
h

d*
+2> :(2-C¢72'\/d_*—{—2)d*

many cubes from the partition P. This shows the assertion.
b) W.lo.g. we can assume that M > 1/Cy ;. We have

Ny = [{1<j<M?:CjinM#0}
M r M-1 M-1

uuu-- U

j=1l=1ki=1  kge=1

12



(6 cumn ([55) = i 25)) )|

Condition () implies for any x;,xs € [0,1]%
1
(1) = Yu(x2)l| 2 Copr - llxr = %2fl 2 77+ f[x1 = .

Using that two points in C'j,i have a supremum norm distance of at most 1/M? this
implies that for fixed j € {1,...,M%} and I € {1,...,r} there are at most 3% different
(k1y. .. kge) €{0,1,..., M — 1}%" which satisfy

k1 ki1+1 kge kg +1
curm (5457 v [ 5 0

Using this we see

«
Ny < 3% .p. max
le{1,..., r},

Eqyeoskgx €40,...,M—~1}

~ ki ki +1 kg kg +1
reaae Gun ([ 557 o (3 5577) ) o}
Using

1/} ki ki+1 « « kg kg +1
M M M’ M

c U

jly-"vjd* e{ova_l}

¥j ([leI/M k1+(j1+1)/M> X re X [kd*+jd*/M k‘d*—i-(jd*—kl)/M))

M ' M M ’ M
the assertion follows from ([ITJ). O

To approximate f(x) on M by neural networks our proof follows similar to the proof of
Theorem 2a) in Kohler and Langer (2020) four key steps:

1. Compute Tﬁq’(c732 ()1t (x) by using recursively defined functions.

2. Approximate the recursive functions by neural networks. The resulting network
will be a good approximation for f(x) in case that

x e | | D)) ppzee | "M,
kezd

13



3. Construct a neural network to approximate wp,(x) - f(x) for x € M, where

).

is a linear tensorproduct B-spline which takes its maximum value at the center of
Cp,(x), which is nonzero in the inner part of Cp,(x) and which vanishes outside

of Cp2 (X)

d

, 1 ,

) =TT (1 =20 |(Cn )4 + 557 — ¥
j=1

4. Apply those networks to 2¢ slightly shifted partitions of Py to approximate f(x)
in supremum norm.

3.3 Key step 1 of the proof of Theorem [2: A recursive definition of
Tt,4.(Cy e (%)

In the first key step we describe how to compute Tf7q7(c7,2 ()hefs (x) by recursively defined
functions. Those functions will later be approximated by neural networks.
Assume x € M, and let i € Z¢ such that we have Cp, (x) = C;. The recursion follows

two steps. In a first step we compute the value of (Cj;)ere for j € {1,...,N;}, the
values of (O'f)((Cji)ets) for 5 € {1,...,N;} and 1 € NZ with [|1]; < ¢ and the length
of the corresponding cubes C'j,i for j € {1,...,N;}. This can be done by computing
the indicator function 1¢, multiplied by (C;i)es, (9'f)((Cjxers) and 1/M? for each
k € Z¢ with Cx N M # 0, respectively. Furthermore, we need the value of the input x
in the further recursive definition, therefore we shift this value by applying the identity
function. We set

d
b= (@), o) =x,
9= 09", 05 = 3 (Ciaiett - Loy (%)
KEZA:Cy NM#AD, §< Ny

for j € {1,...,[013-Md*]},

gg) _ 3 (8f) ((éj,k)left) Loy (x)

keZ:CrNMAD, j< Ny
for j € {1,..., [e13- M*]} and 1 € Nj with 11 < ¢, and
. 1
G VR R
keZa:Cye NMA0,5 < Ny

for j € {1,...,[c13- M?]}. Here we have ¢§j{ = gf) = L(H =0 for j > N;.

Let i€ Z%and j € {1,...,N;} such that Cp,(x) = Cj;. In a second step of the recursion

14



we compute the value of (Cp, (x))iefe = (Cji)iefc and the values of (O'f) ((Cp, (x))1eft) for

)

1 € N¢ with [[1]j; < q. It is easy to see (cf. proof of Lemma 2 below) that each cube Cj;
with j < Nj can be defined by

AG) — {X eR: —2®) 4 gGH <
and 2®) — ¢7F — ¢\ < 0 for all k € {1,.. d}}. (12)

Thus, in our recursion we compute for each j € {1,..., Nj} the indicator function 1 4

multiplied by (]52 j or qﬁ(l’] for 1 € N¢ with |[1]; < q. Again we shift the value of x by
applying the 1dent1ty function. We set

1,2 = (¢§%a---, 12) 1,1,

[c13-M4"]

P22 = (92, 053) = Z O] 10 (¢1.1)

and

fc13 Md

1 1
o = Z 657 L (1)
for 1 € N¢ with |[1]|; < ¢. In a last step, we compute the Taylor polynomial by

o5 -
$ra= Y. = (P12 - $22)" .

jeNo:|ljlli<q

Our next lemma shows that this recursion computes our piecewise Taylor polynomial on

M.

Lemma 2. Let p = q + s for some g € Ny and s € (0,1], and let C > 0. Let f : RY — R
be a (p, C)-smooth function and let Tﬁq’(c732 (e, V€ the Taylor polynomial of total degree
q around (Cp,(X))iets- Define ¢y 3 recursively as above. Then we have for any x € M:

D13 = T,4,(Cpy (3))ien (X)-

Proof. Let x € M and let i € Z% and j € {1,..., N;} be such that we have Cp,(x) = Cj;.

75

Then we have x € C}, and our definitions above unply

b1,1 = X, é’? = (Cri)efs - Tip<n;y (%), ;(gllk) 0'f) <(ék,i)left) Mpany (%)

and

15



for all k € {1,...,[c13- M? 1} and 1 € NZ with ||1||; < g. This implies
AF) = CN'k,i for k£ < IV,

and using again our definitions above we see

N;
br12=%, ¢P22=> (Cridiest Le, (%) = (Cji)tets
k=1
and
Nl
B = (Coridier) - 1g, (%) = (0) (Ciaes) -
k:l
Consequently, it holds
b (") ((Ciets 5 j
b3 = Z 3 2 (1o — Po2) = Z <j' ) . (X - (Cj,i)left>
jeNo:[ljll <q ' jeNo:lljll1<q ’
= Tf.4,Cpy (x)ree (X)-

O

3.4 Key step 2 of the proof of Theorem [2: Approximating ¢, ;5 by neural
networks

In key step 2 we approximate the functions ¢ 1, (]52 . qﬁg’f , 4 1, b1,2, P22, ¢3 9 91,3
(je{l,...,[ciz- MT 7}, 1€ N¢ with ||1]; < ¢) by neural networks. By using the follow-
ing two computing operations for neural networks, we can combine smaller networks in
one large neural network:

Combined neural network: Let f € F(Ly,r¢) and g € F(Lg,rg) with Ly, Ly, 74,74 €
N, then we call f o g the combined network, which is contained in the network class
F(Lf+ Lg,max{r¢,ry)). Here, the output of the network g is the input of the network
f and the total number of hidden layers equals the sum of the hidden layers of both
networks f and g (cf. Figure 3 in Kohler and Langer (2020)).

Parallelized neural network: Let f € F(L,r¢) and g € F(L,ry) be two networks with the
same number of hidden layers L € N. Then we call (f,g) € F(L,rs+r4) the parallelized

network, which computes f and ¢ in parallel in a joint network.

The final network of this step approximates f(x) in case that x € M does not lie
close to the boundary of any cube of Ps, i.e., for

X € U (Dk)(l]/szJrz nM.
kezd
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Lemma 3. Let 0 : R — R be the ReLU activation function o(x) = max{z,0}. Let P
be defined as in (8). Let p = q+ s for some q € Ng and s € (0,1], and let C > 0. Let
f:RY =R be a (p,C)-smooth function. Let M be a d*-dimensional Lipschitz-manifold,
and let 1 < a < oo such that M C [—a,a]?. Then there exists for M € N with

4(q+1)
MP > ey (max {30, | fllooga) })
a neural network fp, € F(L,r) with
(i) L =4+ [log,(M*)] - [logy(max{g + 1,2})]
(i) r = max { ((d;q) v d) ey MT) -2 (24 2d) +2d,18 - (g + 1) - (d;q)}

such that
4(q+1) 1

) = 1001 < 15 (max 30 I leun }) 5

holds for all x € 2 (D)% 1 apsn ) N M. The network value is bounded by
keZ 1/M

Fru0] < 2+ 4 max | o 1)

for all x € R%.

In the proof of Lemma B we will need several auxiliary neural networks, which we
introduce next:

Identity network: As we are using the ReLU activation function, we can exploit its
projection property to shift input values in the next hidden layer or to synchronize the
number of hidden layers for two networks, which are computed in parallel. Here we use
the network fid R =R,

fu(z) =0o(z) —0o(=2) =2, z€R,
and

fiaG9) = (fia (20) o fua (20)) = (50,2 @), xer

Furthermore, we will use the abbreviations
fi%(x) =x, xeR?

F ) = fa <fitd(x)) =x, teNyxeR%

Network for polynomials: Let Py be the linear span of all monomials of the form

d
(k))"™*
IT (=)
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for some rq,...,7q € Ng, r1+---+rq < N. Then, Py is a linear vector space of functions
of dimension

d+ N
dim PN:‘{(r07---7rd)GNg+1:7“0+"'+7°d=NH:< + )

d
The next lemma describes a neural network that approximates functions of the class Py

multiplied by an additional factor. This modified form of polynomials is later needed in
the construction of our network of Lemma [3]

Lemma 4. Leta > 1. Let myq,... » (44N denote all monomials in Py for some N € N.
d
Let rq,... (d+N) € R, define
(3%)
p (X,yl,--- y(asw ) Z ri-yi-mi(x), x € [~a,a]’,y; € [~a,a],

and set 7(p) = max NG |ri]. Let 0 : R — R be the ReLU activation function
d

26{1
o(z) = max{z,0}. Then for any

R > 10g4(2 . 42-(N+1) . a?-(NJrl)) (13)
a neural network
fpr € F(L,7)

with L = R - [logo(N +1)] and r =18 - (N +1) - (dth) exists, such that

‘fp (X, Yty ,y(d+N)) -p (X,yl, e J/(«HN))‘ < eyg - 7(p) - @V a7
d d
for all x € [—a,a]?, y1,. .. Y (Y € [—a,al, where c1¢ depends on d and N.
d
Proof. See Lemma 5 in Supplement A of Kohler and Langer (2020). O

Network for multidimensional indicator functions: The next lemma presents a network
that approximates the multidimensional indicator function and the multidimensional in-
dicator function multiplied by an additional factor.

Lemma 5. Let 0 : R — R be the ReLU activation function o(x) = max{x,0}. Let
R eN. Let a,b € R? with

; 2
ARIAC) E forallie{l,...,d}
and let

Kyp={xeR: 2" ¢ [a" o +1/R)U (B - 1/R,bD)

18



forallie{1,...,d}}.

a) Then the network
d 1
. —o(1-R- @) L = _ .0
flnd,[a,b) (X) U( ZZ:; (O’ <a + I T

) . 1
() _p@) o =
+o (x b\ + R>> >

Find,fap)(¥) = Ljap) (%)

of the class F(2,2d) satisfies

for x € Ky/p and

find (%) = Tap)(x)| <1

for x € R%,
b) Let |s| < R. Then the network

d
Fatx.abs) = o fuls) - 823 (o (a4 = o)

of the class F(2,2 - (2d 4 2)) satisfies
fAteSt(X) a, ba 5) =$- ]]-[a,b)(x)
forx € Ky/g and
ftest(x7 a, b, 3) — S8 ]l[a,b)(x) < ‘S‘

for x € R,

Proof. See Lemma 6 in Supplement A of Kohler and Langer (2020). O

Proof of Lemma Bl In a first step of the proof we describe how the recursively defined
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function ¢13 can be approximated by neural networks. To approximate an indicator
function L[, p)(x) for some a,b € R? and By € N with

b — o > 2 oy all i e {1,...,d}
By

we will use the network
find,[a,b) € F(2,2d)
of Lemma [B] (with R = Bjy). With the networks
frest € F(2,2-(2d + 2))
of Lemma [{ (again with R = Bjs) we approximate functions of the form
5+ Lap) (x).

Lemma [§ implies that for |s| < By and x € R? with

. A . 1 , 1 ;
(@) @) o® L~ @) _ = p® ;
x §é[a ,a +BM)U<b BM,b >forallz€{1,...,d}
we have

Find,fap) (%) = Ljap) (%)

and
Frest(x,2,0,8)(x) = 5+ L[5 1) (%)
For some vector v € R? it follows
V- find jab)(X) = (U(l) Findap) (%), .-, v@ 'ﬁnd,[a,b)(x)) -
To compute the final Taylor polynomial in ¢1 3 we use the network

freF <BM7p- [logy(max{q+1,2})],18 - (¢ + 1) - <d jl— q))

from Lemma [ (with R = B)y,) satisfying

fo (oo ) =2 (2o )|

4(g+1)
< i 7(p) - (max {30, [ flloupny }) 475 (14)

for all 2z, ... 2D 4 ,y(d;q) contained in

[— max {3@, ||f||Cq(]Rd)} , max {3&, HfHCQ(Rd)H ,

20



where By, € N satisfying

2:(q+1)
B > logy (max{clﬁ, 2. 42ty <max {3(1, ”f”Cq(Rd)}) >

is properly chosen (cf. (I3])). In case that ¢ = 0 we use a polynomial of degree 1 where
the r;’s of all coefficients greater than zero are chosen as zero. That is why we changed
logy(q + 1) to logy(max{q + 1,2}) in the definition of L in Lemma [l

Each network of the recursion of ¢1 3 is now computed by a neural network. To compute
the values of ¢ 1, gj%, gbg’l]) and qﬁgﬁ we use for j € {1,...,[c13- M% ]} and 1 € NZ with
IIl]1 < ¢ the networks

~ ~ ~ d A,
¢1,1 = <¢Si’ Mbgg) = f12d(x)’
(4 A '71 A ”d ~ A
=68 05 = Y (G faaai(®),
i€z : CsNMAD, j<N;
~ l7 s ~ ~
¢;(>,71]) = > @) <(Cj,i)left> + find,c; (%)

i€z : CiNM#AD, j<N;
and 1
~ j) ~
o) = > a2 fimd.c ().
i€zd . Ciﬁ/\/{;éw,jSNi

To compute @12, P22 and ¢g1)2 we use the networks

~ A 1 A d A ~
P12 = < 57%7---7(?5 %) = fia(¢1,1),

)

[e13-M] , , ,
W= 3 few (G108 B9+ 60)-1,05) (15)
j=1
for k € {1,...,d} and
2 e (d
¢2,2 = (ng,%’ s ﬂbg,g)
and

lers- M4

~1 ~ ~ ~l s ~( Nl Al,'
b= 3 few (D108 B9+ 601 1,687)). (16)
j=1

) )

Choose 1y, ... ,l(d+q) such that
d

{11,...,1((1?)}:{(81,...,sd)ENg:sl—i—---—i—stq}
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holds. The value of ¢1 3 can then be computed by

b3 = fp <z,y1, e ,y(dzq)) , (17)
where
z = @1,2 - @2,2
and
Yo = qz@;(;l,’é)
for v € {1, e (dzq) } The coefficients rq, . .. T (d40) in Lemma Ml are chosen as

1 . d+q
r,—m, 26{1,...,( d )}

It is easy to see that the network q@l,g forms a composed network, where the networks

; 2 (1 2 ([ers-MT]) 2(1u,1 (Lo, Jers- M) 5(1 2 ([ers- M
B, G, o G G " e 500 M) L e e
works @172,(2)2,2,&&13) (v € {1,...,(%‘1)}) are computed in parallel (i.e., in the same

layers), respectively. Thus, we can conclude that

2 ~(1 ~(Ters- M4 ) 21,1 ~(y,[e1s- M4 1) 2 (1 ~([ers-Ma”
(d)l,la g7ia"'7¢g[113 ])7¢§,71 )7"'7¢g,1|—13 .I)a 1(1,%7"'7¢4(1|7—113 ]))

needs L; = 2 hidden layers and | = 2d + (d + (dj;q) + 1) - [e13 - M%) - 2d neurons per

layer in total.
Furthermore, the parallelized network

(P12, P22, ééfa))
needs Lo = L1 + 2 = 4 hidden layers and

* d *
TzzmaX{T1,2d+d- [Clg-Md-|-2-(2d+2)+< jj_q> . (Clg-Md -| -2-(2d+2)}

=2d + <d+ <d;q>> Jes- MP] -2 (2d +2)

neurons per layer. Finally we have that qgl,g lies in the class

F (4+ Burp - [logy(max{g +1,2})],7)

r:max{rzaw‘(qJ“l)' (djl_q>}'

22
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Here we have used that
F(L,7") C F(L,r)
for ' < r. We set
Fpa(x) = d13.
In a second step of the proof we analyze the error of the network fp2 in case that
By > MN2p+2
and
xe | U D) jpee | N M,
kezd
, qggcw-Md*D 20u.1)

From Lemma Bl we can conclude that the networks (;31,1, Ag%, e 1 L O3

N C1a- d* ~ NI d* - -~ 2(1y
qﬁgvl’( 13-M D, Eﬁ, .. ,qﬁgllg’ M and the networks 1,2, P22, gbgz) (vedl,..., (d;q)})

’ Agd* d
compute the corresponding functions ¢ 1, 51%7 o q’)g[??’ M D, (ﬁgﬁ’l),. . gl’iM ),

Eﬁ, . ,qSi[flS'Md D and D12, P22, gbgg) (ve{l,..., (d—gq)}) without an error. Thus, it
follows that

‘(ﬁm - (ﬁzp‘ =[x — 22| < 2a
and

G

= |of

< HfHC’q([—a,a]d) :

Therefore, the input of f, in (I7) is contained in the interval where (I4) holds. By
choosing

Burp = [log, (M?P)]

we get

‘sz (x) — Tf,q,(CPQ ()1t (X)‘ - ‘(&1’3 B ¢1’3‘

<ci6- (max {20, HfHCQ(Rd)}>4(q+1) ’ ﬁ’

where we have used 7(p) < 1. This together with Lemma 2l and (I0) implies the first
assertion of the lemma.
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In the last step of the proof we bound |f7>2 (x)| in case that x € R If C;N M # ()
we know B
(Ciiete € [=2a,2a]" (j € {1,..., M%),

from which we can conclude
~ l7 4 . *
687 ] < Ifleneey G € {1, fens - M)
and

<2-a (je{l,...,[c3-M¥},se{1,....d}).

65
Here we have used, that the value of find,ck lies (due to its construction in Lemma 5a)) in
the interval [0,1] and that for fixed x € R? at most one of the values fing.c;(x) (i € Z%)
is not equal to zero. To bound the values of (igl)Q and ég’;) we consider the sums in (I3
and (I6). Due to the fact that all cubes [(ﬁgi, Ag% + (54(1]3 - 1) are distinct for different

je{l,...,[ei3- M1}, those sums produce for at most one summand a value not equal
to zero. By construction of fiest in Lemma 5 this value, in turn, is bounded in absolute
value by ]qﬁgj ’18)\ or \(bg{’f)], respectively. This leads to
~ l)
O] < 1 llouae)
and
O <2 a, (sefl,....d}).

We conclude

fPQ(X)‘ < fp(Z,yl,---,y(d;q»—P<Z,y1,---,y(d;q)>‘
+\P<Z’y1’---’y<d5q>)(
<14 Y 5 Il - (0
o<1 <q
<

o) da)! d
1+ I lloageey (Z ) )

1=0
= 14" || fllgo(ray-

O

3.5 Key step 3 of the proof of Theorem [2: Approximation of wp,(x) - f(x)
by neural networks

In our key step 3 we construct a network that approximates

wpy(x) - f (%),
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where
d

) 1 )
) = [T (1 =232 €m0V + 557 — ¥
j=1

>+ (18)

is a linear tensorproduct B-spline which takes its maximum value at the center of Cp, (x),
which is nonzero in the inner part of Cp,(x) and which vanishes outside of Cp, (x).

Lemma 6. Let 0 : R — R be the ReLU activation function o(x) = max{x,0}. Let M
be a d*-dimensional Lipschitz-manifold and let 1 < a < oo such that M C [—a,a]?. Let
p=q-+s for some q € Ny, s € (0,1] and let C > 0. Let f : R — R be a (p, C)-smooth
function and let wp, be defined as in ([I8]). Let M € Ny be such that

M2 > ¢pn - (max{3a7 “f“Cq(Rd)})4(q+1)

and
M2p2c18-(2-a-d)2p-0

hold. Then there exists a network

feF(L,r)
with
L =5+ [logy (M™)] - ([logy(max{q, d} + 11)] +1)
and
r—64.- <d2q> (g4 1) [er - MT
such that

. 4(q+1) 1

Fx) = wp,x) - f0)| < 0 (max {30, 1wz })

holds for x € M.

In the proof of Lemma [6l we adapt the arguments in the proof of Lemma 7 in Sup-
plement A of Langer and Kohler (2020) to the case that our input is contained in a
d*-dimensional Lipschitz-manifold. To do this, we need the following two auxiliary re-
sults.

Lemma 7. Let 0 : R — R be the ReLU activation function o(x) = max{x,0}. Let M
be a d*-dimensional Lipschitz-manifold and let 1 < a < oo such that M C [—a,a]?. Let
M > 444+1 4. Let Py be the partition defined in [8) and let wp,(x) be the corresponding
weight defined by (I8). Then there exists a neural network

fup, € F (5+ [logy(M?)] - Tlogy(d)], )
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with
r= max{18d, 2d +d-[er3- M7 -2 (2 +2d)}

such that

1

fwPQ (x) — wp, (x)| < 41 g e

forx e <Ukezd(Dk)?/M2p+2) NM and

Fuy ()] <2
for x € M.

Proof. The proof follows by a slight modification from the proof of Lemma 9 in the
Supplement A of Kohler and Langer (2020). A complete proof is given in the appendix.
O

Lemma 8. Let 0 : R — R be the ReLU activation function o(x) = max{x,0}. Let M
be a d*-dimensional Lipschitz-manifold and let 1 < a < oo such that M C [—a,a]?. Let
Py and Ps be the partitions defined in ([8) and let M € N. Then there exists a neural
network

fcheck,PQ eF (5, 2d + (4d2 + 4d) . [613 . Md*‘|>
satisfying

fcheck,Pz (x) = ]lUieZd Dk\(Dk)?/sz-m (x)

for x € M\ (Usceza (D)3 a2 \(Di)S s ) and

fcheck,Pz (X) € [0, 1]
for x € M.

Proof. Throughout the proof we assume that i € Z? satisfies C'p, (x) = C;. In oder to
compute feheck,p, We use a two-scale approximation defined as follows: In the first part
of the network we check whether x € M is contained in

U Ck \ (Ck)(l]/M2p+2-
kezd

Therefore, our network approximates in the first two hidden layers for x € M the function

h (X) - ]lUkeZd:CkﬁM#) Ck\(ck)(l)/M?P-FQ (X) =1- Z ]l(ck)?/MQPH (X)
KEZA:Cle NMAD
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filx) =1— > find,(ck)g/MQp+2 (x),
KEZ4:C.NMAD
where f; 4 (C)0 gy DL€ the networks of Lemma [Bh), which need 2d neurons per layer,
? 1/M2p
respectively. To approximate the indicator functions on the partition P, only for the

cubes Dy C Cp,(x) = Cj, we further need to compute the positions of (Cj;)ers (J €
{1,...,[c13 - M¥]}). This can be done as described by the networks (;Aﬁg,% in the proof
of Lemma [ with d - [c13 - M%] - 2d neurons. The length of each cube (Cji)ere (j €
{1,...,[c13- M%)} is computed by quj% as in the proof of Lemma Bl with [cy3- M9"] - 2d
neurons per layer. To shift the value of x in the next hidden layers we further apply the
network ff, which needs 2d neurons per layer. Analogous to (I2]) we can describe the

cubes (Cj)} ppzpre (7 € {1,..., Ni}) by

M2p+2 = 0

(A(j))(l)/M2p+2 = {X S Rd : —x(k) + qb;]jm +

and m(k)—¢§{’1’“)—¢§{{+ <0 forall k € {1,...,d}}.

M2p+2

Then, for x € M, the function

—1 e —1- 1,
Ja(x) Usee 20 om0 520, G0\ Gt o (%) Z (G103 g (x)
ke Zd:CryNM#D,j <Ny

can be approximated by

. A P ~(j 1
fQ(X) =1- Z ftest <fi%j(x)7 (:bgj% + M2p+2 -1,

j€{17"'7’—cl3'Md*1}

~ (i NG 1
g],%"‘@(;],%l_ N 2r+2 '171>7

where ftest is the network of Lemma [Bb), which needs 2 hidden layers and 2 - (2d + 2)
neurons per layer. Here, for any x € R? at most one of the terms in the sum in the
definition of fs(x) is not equal to zero, and (ﬁfﬁ i is equal to zero for j > IVj.

Combining the networks fl and fz and using the characteristics of ReLLU activation
function that is zero in case of negative input, finally let us approximate

]lUkezd Dk\(Dk)?/]M2p+2 (X)

for x € M by

ferectps () = 1= o (1= o) = 3 (1))
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. A (i 1
=1—-o Z ftest (fiQd(X)v (:bgj,% + M2p+2 ' 1’
jE{l,...,[Clg-Md*]}

. . 1
gj&—i_(ﬁg%l_ M2p+2 171>

—fal1- Z find,(ck)o (x)

1/M2p+2
kEZd:CkﬂM5£@
Now it is easy to see that our whole network is contained in the network class
F(5,7)
with
r=max{2d+d - [c13- M¥ ] -2d+ [c13- M¥ ] -2d, [e13- MY] -2 (24 2d) + 2}
< 2d+ (4d® + 4d) - [e13 - M.

As in the proof of Lemma 10 in Kohler and Langer (2020) it can be shown that

Jeneawp, (%) =1y, DDy 22 (%) (19)

holds for x € M\ (UkeZd (Dk)?/M2p+2\(Dk)g/M2p+2>. This part of the proof is given in
the appendix. O

Proof of Lemmal[6l Using the networks fp2 of Lemma[3] fcheck,% of Lemma [8 and fwPQ
of Lemma[7] this proof follows directly from the proof of Lemma 7 in the Supplement A
of Kohler and Langer (2020). A complete proof is given in the appendix.

3.6 Key step 4 of the proof of Theorem [2: Applying f to slightly shifted
partitions

Finally, we will use a finite sum of the networks of Lemma [6] where P5 is substituted by
a slightly shifted version of P, respectively, to approximates f(x) in supremum norm
and to show Theorem [2

Proof of Theorem [2. The proof follows as a slight modification from the proof of
Theorem 2 in Kohler and Langer (2020), where we use the networks f of Lemma [6l A
complete proof is given in the appendix. O
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Appendix

An auxiliary result for the proof of Lemma [7l In the proof of Lemma [7 we will
need the following auxiliary result.

Lemma 9. Let 0 : R — R be the ReLU activation function o(x) = max{x,0}. Then for
any R € N and any b > 1 a neural network

fruted € F(R - [logy(d)], 18d)

exists such that

< 44d+1 X b4d .d- 47R

d
fmult,d(x) - H x(z)
i=1

holds for all x € [—b,b]?.

Proof. See Lemma 8 in Supplement A of Kohler and Langer (2020). O

Proof of Lemma [ The first four hidden layers of prg compute for x € M the value
of

(Cpy (%) et

and shift the value of x in the next hidden layer, respectively. This can be done as
described in ¢ 2 and ¢ 2 in the proof of Lemma Bl with 2d 4+ d - [¢13 - ME7-2.(2+2d)
neurons per layer. The fifth hidden layer then computes the functions

, 1 .
(1-232 om0l + 53z — ¥

= (202 (a0 — Cn D)),

(0 (0 O 5))

, A 1 ‘
+ <2 M2 <x(ﬂ) _ (Cp2(X))1(gf)t — —M2>> , jeA{l,...,d},
+

using the networks
furs 00 = (200 (30 341 )
y (i 1

+J<2.M2, (%7'%_@3;{;__2)), jed{1,....d},
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with 3d neurons. The product [I8) of wp, ;j(x) (j € {1,...,d}) can then be computed
by the network fmult,d of Lemma [0 where we choose zU) = prw (x). Finally we set

fwPQ (X) = fmult,d (waPQ,l(X% ey fw'p2,d (X)> .
By choosing R = [log,(M?P)] in Lemma [, this network lies in the class
F (4 + 1+ [log,(M?)] - [log,(d)], max {18d, 9 +d - [er3- MT]-2- (2 +2d), 3d}) ,

and according to Lemma [ (where we set b = 1) it approximates wp,(x) with an error
of size

1

4d4+1 5
4 d e

in case that x € M is contained in UkGZd(Dk)(l]/M2p+2‘ Since ]pr27j(x)] < 1 for

j € {1,...,d} we can bound the value of the network using the triangle inequality
by

d d
|, @) < | fup, %) = [ fur,, )| + ] for,, ®)| <2
j=1 j=1

for x € M, where we have used that

M2p 2 44d+1 -d.

Network accuracy of fcheck,'pQ in Lemma [8l
Proof of (I9). We distinguish between three cases. In our first case we assume that

x € Mand x ¢ U (C’k)(l)/Mgp+2,
kezd

which implies that

x ¢ U (Dk)?/M2p+2-

kezd
In this case we get from Lemma [B that fy(x) = 1 from which we can conclude
1— fa(x) = fi <f1(x))
= Y e (0909 ¢ 1B )1 - 1) 1

j€{l,...,[c13- M4}
<0.
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Here we have used that each ftest is contained in [0, 1] (according to its construction in
Lemma 5b)) and that at most one fiest in the sum is larger than 0. Finally we get

fcheck,Pz (X) =1-0=1= ]lukezd Di\(Dy)? (X)

1/M2p+2

In our second case we assume that

xeMn | U (@Y uere | - (20)
kczd

and
X € U (Dk)g/M2P+2-
kezd
Then we have Ag’% = (Cji)ets and q@fﬁ = (1/M?) - 1ij<n;y- Furthermore, we can
conclude that

and 61 — o5} — i{%+m<0

for allke{l,...,d}}

= (Cj,i)(l)/M%Jr2
for j € {1,..., N;}. Since we only have to show our assumption for
x ¢ | (D) ypomes\ (D) oo,
kezd
we can conclude by Lemma [Bl that

A -~ (s 1 (i s 1
ftest ((bl,l, ¢§‘g + W . ]_’ ¢§]z + gbz(ﬁ . ]_ —_ W . ]_, 1) = ]]‘(C' 0 (X) . ]]'{]SNn}

’ ]71)1/M2p+2

for all j € {1,...,[c13- M?}. This implies

f2(x) = fa(x).

Since

Xe U (Dk)g/sz+z
kezd
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we can further conclude that
X € U (Ck)g/M2p+2
keZzd
and it follows by Lemma (] that

~

fi(x) = fi(x) = 0.

Thus, we have

1- folx) - fa(hx) =1- fo(x)=1-0=1

and

fcheck,Pz (X) =1-1=0= ]lukezd Di\(Dy)° (X)

1/M2p+2
In our third case we assume (20)), but
Xe€ U (Dk)\(Dk)(l)/M2p+2a
kezd
which means that
x ¢ U (Dk)(l]/MQPJr?'
kezd

In this case the approximation fl(x) is not exact. By the definition of the networks in

Lemma [Bh), we can conclude that all values of f; 4 (€, a0in in the definition of fl are
) 1/M?2P
contained in [0, 1] and that at most one of them is greater than zero. Thus, we have
Aix) €o,1].

Since (20) holds we further have
Fa(x) = fa(x)

as shown in the second case. Summarizing, we can conclude that

1— fo(x) = fa(fi(x) = > ]]-(éj’i)?/MQP"'Q (%) - falfi(x)
j6{17...,]—013-Md*]}
<0-0=0.
This implies
fcheck,Pg (X) =1—-0=1= ]lUkeZd Dk\(Dk)(l)/MQP-FQ (X)

By construction of the network we have fi(x) >0 and f(x) > 0 (x € R%), hence

fcheck,Pg (X) S [0, 1]

holds for x € M. O
An auxiliary result for the proof of Lemma [6l In the proof of Lemma [ we will
need the following auxiliary result.

34



Lemma 10. Let 0 : R — R be the ReLU activation function o(z) = max{x,0}. Then
for any R € N and any b > 1 a neural network

fmult S .F(R, 18)

exists such that
|fmult($,y) —x- y| <2. b2 .4 R

holds for all z,y € [—b, b].
Proof. See Lemma 4 in Supplement A of Kohler and Langer (2020). O

Proof of Lemmal6l Let fp2 be the network of Lemma [Bland let fcheck,'pQ be the network
of Lemma [8 By successively applying fiq to the output of one of these networks, we can
achieve that both networks have the same number of hidden layers, i.e.,

L =4+ max { [10g4(M2p)] - [logy(max{q + 1,2})], 1} .
We set
frotme(x) = o (f% (%) = Birue * feheck, P, (X))
-0 <—f792 (x) — Birue - fcheck,’Pz (X)) )
where
Bune =2+ ¢ max {| fllougeey. 1}
This network is contained in den network class F(L,r) with
L =5+ [logy(M?)] - [logy(max{g + 1,2})]

and

r:max{<<d;§q> +d> ez - MT7-2-(242d) +2d,18 - (g + 1) - <d§q>}
+2d + (4d® + 4d) - [c13- M.

Due to the fact that the value of pr is bounded by B according to Lemma [B] and
that feheck,p,(x) is 1 in case that x € M lies in

U D; \ (Di)?/M2p+2, (21)
i€zd

the properties of the ReLU activation function imply that the value of fp%true(x) is zero
in case that x is contained in (2I)). Let f,, be the network of Lemma [7l To multiply

the network f'p%true by fwPQ we use the network

fmult € f( Hogll(MQp)—I? 18)
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of Lemma [I0, which satisfies

A 1
2
foue(2,y) —2y| < 8- (max {[|flloo, 11" - 7735 (22)
for all x,y contained in

(=2 - max {[| flloc, 1}, 2 - max {[[ f[|oc, 1}] -

Here we have chosen R = [log,(M?)] in Lemma

By successively applying fid to the outputs of the networks fwPQ and fp27true, we can
synchronize their depths such that both networks have

L =5+ [log,(M?)] - ([logy(max{g,d} + 1})1)

hidden layers.

The final network is given by
f(X) = fuout <pr2 (%), fpg,true(x))
and the network is contained in the network class F(L,r) with
L =5+ [log,(M?)] - ([logy(max{g,d} + 1})] +1)

and

r=max{<<djl_q> +d> et MTT -2+ (24 2d) + 24,18 (g +1) - (djl_q)}

+2d + (4d* 4 4d) - [e13 - M) —|—max{18d,2d—|—d- [erg- MY]-2-(2 +2d)}

d *
§64-< 2q>-d2-(q+1)-(c13-Md1.

In case that

X € Mand x € U (Dk)g/M2p+2 )

kezd
the value of x is neither contained in
U Dy \ (Dk)(l)/M2p+2 (23)
kezd
nor contained in
U D)) azre2 \ (Di) pg20v2- (24)
kezZd
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Thus, the network fw% (x) approximates wp,(x) according to Lemma [l with an error of

size
44+t g L (25)
M2
and pr (x) approximates f(x) according to Lemma [3 with an error of size
4(¢t1) 1
e (max {20, oo }) - (26)

Since fcheck,% (x) =0, we have

~

fP2,true(X) = U(fpz(x)) - U(_fpz(x)) - f?’2(x)'

Since M?P > 4%*1.d we can bound the value of fwPQ (x) using the triangle inequality by

| Forpy ()] < | fuo, (%) = wp, (%) + |wp, (x)] < 2.
Furthermore, we can bound
[fpa (%) < 1 fpa () = FOOI + £ ()] < 2~ max{[|f oo, 1}
4(g+1)

where we used M? > ¢33 - <max{2a, | fllca(may . Thus, the values of both

networks are contained in the interval, where (22)) holds. Using the triangle inequality,
this implies

Fote (for, (0), Frmne(3)) = wp, () - )
< | Fote (Fur, ), Fasrne(3)) = fu, () - ()
| Fumy 00 - Fu (%) = wpa(30) - fu ()

+ [wpa () - fu () = wpy () - £
4g+1) 1
< g - (maX{Qa, ||f||Cq(Rd)}) SV

In case that x is contained in (23)), the approximation error of pr is not of size 1/M?P.
But the value of fepeck p, (%) is 1, such that fp, true is zero. Furthermore, we have

‘prg (X)‘ <2

Thus, fwPQ (x) and fp, true(x) are contained in the interval, where ([22) holds. Together
with
1

O S UJ’PQ(X) S 2_M2p
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and the triangle inequality it follows
‘fmult (fwPQ (X)7 fpzmrue(x)) — Wp, (X) ! f(X)‘
< ‘fmult (pr2 (X), fpg,true(x)> - pr2 (X)f'Pz Jtrue (X) ‘

+ ‘prQ (X) ' fpz,true(x) — wp, (X) ' fpg,true(x)

+ ‘UJPQ (%) * [Py true(X) — wp, (x) - f(x)‘
1

< e - (max{]|f oo, 1})* - 7755+

In case that x is in (2, it is not in (23) and the network fp, approximates f(x) with
an error as in (26). Furthermore, fu, (x) € [~2,2] approximates wp,(x) with an error

as in (25). The value of fepea py(X) is contained in the interval [0, 1], such that
[ Fratme)] < |fpa ()] < 2 mas {1 e, 1}

Hence prg (x) and fp, true(x) are contained in the interval, where [22) holds. Together
with
wp, (X) < 335

and the triangle inequality it follows again
fmult <]Ew7;-2 (X), f’Pz ,true(x)) — Wp, (X) : f(X)‘
< ‘fmult <fw7:2 (X)7 f'Pz ,true (X)) - fwPQ (X) : f'PQ,true (X)‘

+ ‘fwPQ (X) : f'Pg,true (X) — Wp, (X) : fPQ ,true(x)

+ ‘w% (x) - fPQ,true(X)‘

< exy - (max{| oo 1) 1
O
Proof of Theorem [2l Let P; and P; be the partitions defined as in (§). We set
P11 ="Pi and Py =Po
and define for each v € {2,... ,Qd} partitions P, and P ,, which are modifications of

Py.1 and P2 where at least one of the components it shifted by 1/(2M?). To avoid that
the approximation error of the networks increases close to the boundaries of some cube
of the partitions, we multiply each value of fp,  with a weight

d .
) =TT (1= 20007 Cra 0D +

J=1

)

o) e
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It is easy to see that w,(x) is a linear tensorproduct B-spline which takes its maximum
value at the center of Cp,  (x), which is nonzero in the inner part of Cp, , (x) and which
vanishes outside of Cp, , (x). Consequently we have wy (x)+ - 4+ wya(x) = 1 for x € R%

Let fl, e de be the networks of Lemma [f] corresponding to the partitions Py, and Pa,
(v € {1,...,2%}), respectively. Each Py, and Py, form a partition of R? and the error
bounds of Lemma [6] hold for each network f,, on M. We set

2d
fnet(x) = Z fv(x)-
v=1

Using Lemma [f] it is easy to see that this network is contained in the network class

F(L,r) with

L =5+ [log,(M?)] - ([logy(max{g,d} +1)] +1)

and
r=2%.64. <djl-q> ~d® (g +1) - [erg - MTY.
Since
2d
1) =S we(x) - £(x)
v=1
it follows directly by Lemma
. 2d X 2d
Frer ) = £60)| = |3 fulx) = 3o wel) - £(x)
v=1 v=1
2
<3 [7u0) — walx) - F0)
v=1
(¢+1)
< co4 (max {3&, HfHCq(]Rd)}>4 att . ﬁ.
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