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ABSTRACT -- 

Simultaneous e s t i m a t i o n  o f  p  gamma scale-parameters i s  con- 

s i d e r e d  under squared-er ror  l o s s .  The problem o f  m in im iz ing ,  sub- 

j e c t  t o  u n i f o r m  r i s k  dominat ion,  t h e  Bayes r i s k  ( o r  more a e n e r a l l y  

t h e  p o s t e r i o r  expected l o s s )  aga ins t  c e r t a i n  con jugate  o r  m i  x -  

t u r e s  o f  con jugate  p r i o r s  i s  considered. Rather s u r p r i s i n g l y ,  i t  

i s  shown t h a t  t h e  m i n i m i z a t i o n  can be done c o n d i t i o n a l l y .  t hus  

a v o i d i n g  v a r i a t i o n a l  arguments. R e l a t i v e  savings l o s s  (and a  

p o s t e r i o r  v e r s i o n  t h e r e o f )  are found, and i t  i s  found t h a t  i n  t h e  

most f avo rab le  s i t u a t i o n s ,  Bayesian robustness can be ach ieved 

w i t h o u t  s a c r i f i c i n g  s u b s t a n t i a l  s u b j e c t i v e  Bayesian gains.  

1. I n t r o d u c t i o n  -- - -- - 

I n  mu l t i pa ramete r  e s t i m a t i o n ,  one o f t e n  encounters t h e  dec i -  

s i o n - t h e o r e t i c  problem o f  e s t i m a t i n g  a  v e c t o r  & = (e,,e 2 , . . . , ~ p )  
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2066 DASGUPTA AND BERGER 

o f  p  parameters under a  c e r t a i n  l o s s ,  say, squared-error,  i .e., 

The development i n  mu l t i pa ramete r  e s t i m a t i o n  has been o f  two 

broad types:  f r e q u e n t i s t ,  and Bayesian. The emphasis i n  t h e  

f r e q u e n t i s t  research has been on i d e n t i f y i n g  t h e  admiss ib le  pro-  

cedures; perhaps t h e  problem which has r e c e i v e d  t h e  most a t t e n -  

t i o n  i s  t h a t  o f  ma themat i ca l l y  demonst ra t ing  t h e  i n a d m i s s i b i l i t y  

o f  c e r t a i n  s tandard c l a s s i c a l  e s t i m a t o r s  i n  1  arge dimensions 

( p o p u l a r l y  known as t h e  S t e i n - e f f e c t )  and f i n d i n g  e x p l i c i t  b e t t e r  

es t ima to rs .  To a  pure  Bayesian, t h e  impor tan t  problem i s  t o  f i n d  

t h e  r u l e  t h a t  minimizes t h e  p o s t e r i o r  expected l o s s  w i t h  respect  

t o  a  c e r t a i n  p r i o r  IT. Both approaches l e a d  t o  problems, natu-  

r a l l y  o f  d i f f e r e n t  k inds .  Since t h e  c e l e b r a t e d  work o f  S t e i n  

(1956), numerous r e s u l t s  have been proved which show t h a t  t h e  

presence o f  S t e i n  e f f e c t  i s  j u s t  p a r t  o f  a  ve ry  general phenom- 

enon, hav ing l i t t l e  t o  do w i t h  t h e  exac t  fo rm o f  t h e  l o s s  func- 

t i o n  o r  t h e  u n d e r l y i n g  d i s t r i b u t i o n .  The c lass  o f  improved e s t i -  

mators, i n  many problems, i s  s t a r t l i n g l y  l a r g e ;  o f t e n  t imes a  

d i s a p p o i n t i n g  f e a t u r e  o f  these improved es t ima to rs  i s  t h e  ve ry  

nominal r isk- improvement which makes t h e  researcher  f e e l  t h a t  t h e  

ga ins  were n o t  wor th  t h e  e f f o r t .  A lso  t h e r e  e x i s t s  t h e  very  

se r ious  problem o f  a c t u a l l y  s e l e c t i n g  an a1 t e r n a t i v e  e s t i m a t o r  

f o r  p r a c t i c a l  use. 

The s u b j e c t i v e  Bayesian problem i s  e a s i l y  s ta ted ,  b u t  has 

i t s  own problems. A l l  s a i d  and done, t h e  p r i o r  n determined i n  a  

s u b j e c t i v e  fash ion  can be no more than an approx imat ion t o  t h e  

" t r u e  p r i o r "  and s e n s i t i v i t y  o f  t h e  s u b j e c t i v e  Bayes r u l e  t o  mis-  

s p e c i f i c a t i o n  o f  n can be o f  concern. The problem o f  f i n d i n g  

reasonably i n s e n s i t i v e  Bayes r u l e s  i s  thus o f  major  importance. 

Very b r i e f l y  s ta ted ,  t h i s  i s  t h e  robus t  Bayesian problem. See 

Berger (1980, 1981, 1985) f o r  f u r t h e r  d i scuss ion .  It i s  i n  t h i s  

con tex t  t h a t  t h e  f o l l o w i n g  r e s t r i c t e d  r i s k  Bayes problem assumes 
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ESTIMATION OF MULTIPLE GAMMA SCALE-PARAMETERS 2067 

importance. Many times in  mu1 t i  parameter est imation,  t he r e  

e x i s t s  a natural  es t imate %(:) of the  parameter vector  $. Let- 
t i ng  R($,6) denote t he  f requent i s t  r i s k  of any est imate 6 ,  of ten 
one can f ind  a c lass  of est imators  r9€ such t h a t  

R(e,s): R ( O , ~ ~ )  + E f o r  a l l  6 in  6: . In p a r t i c u l a r ,  every ru l e  
in % uniformly dominates the standard est imate 60. Let n (8 )  
denote a subjec t ive ly  determined p r io r ,  and 671 the es t imator  

which minimizes the  integrated Bayes r i sk  r ( ~ , 6 )  = l ~ ( ~ , ~ ) d n ( $ )  
(or  more generally the  pos te r ior  expected 1 oss ) .  The r e s t r i c t e d  
r i sk  Bayes problem i s  t o  f ind  an est imator  6T from iQe such , E 

t h a t  r ( n , 6  ) - r(.rr,b) 5 0 f o r  every 6 in . The resu l t ing  
5-l Y E  

est imator  6 wil l  be espec ia l ly  a t t r a c t i v e  i f  i t  i s  only mar- 
T , E  

g ina l ly  worse than the  unres t r ic ted  Bayes ru le  6 =  in  terms of the  
average Bayes r i s k ;  then we wil l  have an est imator  which i s  never 
much worse than G o  in  a f r equen t i s t  sense (and thus has a degree 
of bu i l t - i n  robustness) ,  and y e t  i s  only marginally worse in 

terms of the  Bayes r i sk .  
The r e s t r i c t e d  r i sk  Bayes problem, as  s t a t ed  above, i s  ex- 

tremely d i f f i c u l t  in most cases. In Berger (1982), a modified 

version of t h i s  problem was considered f o r  the symmetric normal 
case. In many mu1 t i  parameter problems, one can f ind  an unbiased 

est imator  D6(2) o f  the  r isk-difference R ( $ , G )  - R ( 2 , 6 0 ) .  I f  an 

est imator  6 i s  such t h a t  D6(2) 2 E f o r  every 8 ,  then c l ea r ly  6 

belongs t o  q.  The modified problem addressed in Berger (1982) 

was t o  f ind  an est imator  (we wil l  c a l l  i t  671,E again)  with the  
smallest  Bayes r i sk  with respect t o  n among a l l  es t imators  6 with 
D6 (z) 5 E. This s l i g h t l y  d i f f e r en t  problem was t r ea t ed  in  Berger 

2 2 (1982) when 5 2. Np(,6, u I )  and ,q 2. N ( k ,  T I )  and i t  was found 
P 

t h a t  the solut ion 6 n , E  i s  a combination of the  James-Stein e s t i -  
mator and the  unres t r ic ted  l i n e a r  Bayes est imator;  s p e c i f i c a l l y ,  

m 
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2068 DASGUPTA AND BERGER 

An i n t u i t i v e  way t o  understand t h i s  es t ima te  i s  t h a t  i t  co inc ides  

w i t h  t h e  op t ima l  Bayes es t ima te  when data suppor t  p r i o r  in forma-  

t i o n  and o therwise i t  i s  a  boundary p o i n t  o f  t h e  c l a s s  o f  im- 

proved es t ima to rs  (no te  t h e  m u l t i p l i e r  2(p-2)  i n s t e a d  o f  t h e  

customary p-2).  The p r o o f  i n v o l v e s  compl ica ted v a r i a t i o n a l  argu- 

ments; more evidence o f  t h i s  was l a t e r  found i n  Chen (1983). The 

o b j e c t i v e  o f  t h i s  paper i s  t o  show t h a t  t h e  h a r d  v a r i a t i o n a l  a r -  

gument can o f t e n  be avoided by m in im iz ing  t h e  p o s t e r i o r  l o s s ,  

po in tw ise ,  and then showing t h a t  when these r e s t r i c t e d  Bayes -- 
actions  f o r  d i f f e r e n t  f i x e d  3 are  combined t o  g i v e  a  procedure, 

one -- does n o t  go o u t s i d e  o f  t h e  c lass  of e s t i m a t o r s  one s t a r t e d  

w i t h .  The c o n d i t i o n a l  m i n i m i z a t i o n  a l s o  has t h e  added appeal o f  

good p o s t e r i o r  i n t e r p r e t a t i o n .  We w i l l  mos t l y  deal  w i t h  est ima- 

t i o n  o f  m u l t i p l e  gamma parameters b u t  w i l l  f i r s t  cons ide r  t h e  

normal example t o  i l l u s t r a t e  t h e  b a s i c  idea.  
2 2 2 Example. Le t  8 Q Np(&.u I ) .  4 I. N p ( y . ~  I ) ,  p  - > 3, o , T~ > 0  

known. The problem i s  t o  f i n d  an e s t i m a t o r  6'(3) w i t h  t h e  sma l l -  

e s t  Bayes r i s k  i n  t h e  c lass  o f  s p h e r i c a l l y  symmetric es t ima to rs  

6 (3) o f  4 o f  t h e  form 

s a t i s f y i n g  F + ( r )  5 0, where b i s  as i n  (4.9) i n  Berger  (1982). 

I Iz-el I 2 

r = , a n c i p ( r ) = -  f-#- . [Dm(r) i s  j u s t  t h e  usual  un- 
u 

unbiased e s t i m a t o r  o f  R(8.6) - R ( ~ , x ) ] .  It i s  assumed t h e  l o s s  

i s  o r d i n a r y  squared-error.  The u n r e s t r i c t e d  Bayes e s t i m a t o r  i s  

2  
sT (4 )  = 4 - .% ( X - Y ) ;  by f a m i l i a r  c a l c u l a t i o n s ,  A'($) m i n i -  

a + =  % %  

mizes t h e  Bayes r i s k  among a l l  such 6 i f  
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ESTIMATION OF MULTIPLE GAMMA SCALE-PARAMETERS 2069 

where Em denotes e x p e c t a t i o n  w i t h  respec t  t o  t h e  marg ina l  d i s t r i -  

b u t i o n  o f  6. 
2  By L e m a  3 i n  Berger  (1982),  f o r  I I$-$ / t 2(p-2 

and f o r  any 6 s a t i s f y i n g  (1.3) ,  

where 6' i s  as i n  Berger  (1982). 
2  2 

For / /$-#I l 2  2 ( ~ - 2 ) ( u  +T 1 16T(E) 
quen t l y ,  b C  i s  t h e  r e q u i r e d  e s t i m a t o r  

- sC($ ) l  l 2  = 0. 

, and moreover, i t  

Conse- 

does m i n i -  

i t  can be mize t h e  p o s t e r i o r  expected l o s s  po in tw ise .  Note t h a t  

checked d i r e c t l y  t h a t  6' s a t i s f i e s  b b c ( r )  5 0. For a g e n e r a l i -  

z a t i o n  t o  t h e  case when o2 i s  unknown, see DasGupta and Rubin 

(1986). 

2. ESTIMATION OF MULTI PLL-GAMMA PARAMETERS - 
L e t  XI yX2, . . .X be indepertdent ly d i s t r i b u t e d  and suppose Xi has 

P  
d e n s i t y  

f (x i  

Suppose i 
-1 -1 

t i s  d e s i r e d  t o  es t ima te  (el ,e2 ,. . . ,epl) under 
P  -1 2  squared-er ror  l o s s  L(,Q,,$,) = 1 (si-ei ) . The usual  e s t i m a t e  i s  

i = l  
X 
'L 

so($ = . The f o l l o w i n g  r e s u l t  was proved i n  DasGupta (1986). 
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DASGUPTA AND BERGER 

- 
2 (P-1 ) i )  0  < r ( t )  < c o t ,  w i t h  co = --7 , 

~ ( a  + 

trl ( t )  ' 

i i )  r ( t )  i s  d i f f e r e n t i a b l e  ( l a c k  o f  d e r i v a t i v e  a t  a  f i n i t e  num- 

b e r  o f  p o i n t s  causes no problem),  

i i i )  r ( t )  i s  non-decreasing,  

xi a r ( t )  + - 
Theorem 1. L e t  aO = s: bi($ = F +  - P 

a+ l  

i v )  i s  non - i nc reas ing .  

I , 

Then f o r  eve ry  e s t i m a t o r  6(:) E aO , R(g.6) < R($,bO) f o r  a l l  2, 
i f  p  2 2. 

Thus eve ry  r u l e  i n  a0 u n i f o r m l y  dominates s o  and hence can- 

I/P where t = ( n xi) , I 
i = l  

n o t  have worse Bayes r i s k  than 60  no  m a t t e r  how bad l y  t h e  p r i o r  

n i s  s p e c i f i e d .  The problem we w i l l  cons ide r  i s  t o  f i n d  a  b C  i n  

S o  which has t h e  s m a l l e s t  Bayes r i s k  i n  a0 w i t h  r e s p e c t  t o  a  

p r i o r  T. The c a l c u l a t i o n s  a re  most e a s i l y  c a r r i e d  o u t  w i t h  a  

con jugate  p r i o r .  I n  t h e  nex t  two theorems, we w i l l  assume t h a t  

t h e  ei a re  i i d  w i t h  d e n s i t y  

The use o f  a  con jugate  p r i o r  i s  n o t  o f  concern f rom a Bayesian 

robustness s tandpo in t ,  because t h e  r e s u l t i n g  e s t i m a t o r  has a  

b u i l t - i n  robustness v i a  dominance ove r  6  0 '  
As s t a t e d  e a r l i e r ,  t h e  general  f i n d i n g  o f  t h i s  paper  i s  t h a t  one 

can a c t u a l l y  min imize  t h e  p o s t e r i o r  expected l o s s  p o i n t w i s e  i n  

aO ; t h e  a b i l i t y  t o  min imize  t h e  p o s t e r i o r  expected l o s s ,  accor -  

d i n g  t o  us, i s  ve ry  appea l ing  ( f o r  f u r t h e r  re fe rence ,  see 

L. Brown's d i scuss ion  on Berger (1983)). 
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ESTIMATION OF MULTIPLE GAMMA SCALE-PARAMETERS 2071 

THEOREM 2. L e t  a and 8 i n  (2.1 ) ,  (2.2) r e s p e c t i v e l y  be such --. 

t h a t  

i )  a < 2, 

i i )  p(28 + 0.8-2) < 2a + 8. 

Xi ( a p + l ) c 0 t  c 
Then 6;(~) = a + P ( a + l )  

, and corresponds t o  r ( t )  5 co t .  

x .+r  
1 

Proof: The u n r e s t r i c t e d  Bayes es t ima te  i s  6,,i(t) = 
-- 

I t  i s  enough t o  show t h a t  

Towards t h i s ,  no te  

tr ' ( t )  xi a r ( t )  + ---- 
t h a t  i f 6 .  ( x )  = -. + P!__ , then 

1 %  a t 1  a+l  

trl ( t )  
a r ( t )  + - 

P  + ---- - -- 
a+ 1  i = l  

~ ( 2 - ! 3 1 2 t 2  (2.3)  

( a t 1  )2(a+a-1 l2 
r ( t )  

Condi t ions  i i i )  and i v )  i n  Theorem 1  imp lv  t h a t  0 5 r l ( t )  5 -t-. 
P  

Since 1 xi 1 p t  and o < 2, t h e  second term i n  (2.3)  i s  
i=7 
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2072 DASGUPTA AND BERGER 

min imized by  r ( t )  = c o ( t ) ;  so i s  t h e  t h i r d  t e rm s i n c e  r 7 0; and 

f i n a l l y ,  t h e  f i r s t  t e rm i s  a l s o  min imized by r ( t )  = c o t ,  s i nce ,  

under c o n d i t i o n  i i )  o f  t h e  p resen t  theorem. Hence proved, 

1 
1. The u n r e s t r i c t e d  Bayes r u l e  i s  ,-- . For smal l  6, t h i s  i s  

x: 
s u b s t a n t i a l l y  l a r g e r  t h a n  + Theorem 2  thus  says t h a t  we 

X 

shou ld  g i v e  t h e  e s t i m a t e  -& t h e  maximum p o s s i b l e  increment  t o  

come c l o s e s t  t o  t h e  op t ima l  Bayes r u l e .  

2. The p o t e n t i a l  use o f  Theorem 2  f o r  l a r g e  p  i s  n o t  profound. 

For  p  = 2  and a = 1,  c o n d i t i o n  i i )  i s  s a t i s f i e d  i f  B < 1.2. 

Since a + B > 2 i s  r e q u i r e d  f o r  ~ ( ~ 1 ~ 1 ~  = 6 )  t o  be f i n i t e ,  t h e  

e f f e c t i v e  range i s  1  < B < 1.2 i n  t h i s  case. 

Whereas f o r  B < 2, t h e  r e s t r i c t e d  Bayes r u l e  o f t e n  i s  j u s t  a  

boundary p o i n t  o f  iQO, t h e  r e s t r i c t e d  Bayes r u l e  f o r  B = 2, as 

we s h a l l  see now, i s  a  combinat ion  o f  t h e  u n r e s t r i c t e d  Bayes r u l e  

6T and a  l i m i t  p o i n t  o f  D o .  T h i s  was a l s o  found i n  t he  s i t u a -  

t i o n s  cons idered i n  Berger  (1982) and Chen (1983). Note t h a t  

t h e  case B = 2 has some s p e c i a l  importance i n  t h a t  w i t h  such a  

p r i o r  f o r  t h e  eils, some o f  t h e  improved es t ima tes  o f  t h e  gamma 

means o b t a i n e d  i n  DasGupta (1986) had an e m p i r i c a l  Bayesian 

j u s t i f i c a t i o n .  

THEOREM 3, L e t  B = 2 i n  (2.2) .  Then 

3, r P r - .  
a t 1  a- ' 'f "0 = G j T q c o  (2 .4)  

t h e  es t ima te  corresponds t o  D
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ESTIMATION OF MULTIPLE 

C r ( t )  = c o t  

- r - - -  r 
a  a(aP+1J 

GAMMA SCALE-PARAMETERS 

i f  t 5 to 

1 Proof :  The u n r e s t r i c t e d  Bayes r u l e  now i s  6 .($ = --- . 
-n 9 1  a+l  

Hence, f o r  any A E  a0 , 

Note t h a t  f o r  t 5 to, 

a p r ( t )  + tr' ( t )  5 (ap+l  ) c o t  5 p r  

2  
s ( a p r ( t )  + t r t ( t )  - pr12 > -- ( a p r c ( t )  + t r l c ( t )  - p r )  . 

Also, f o r  t > to, a p r c ( t )  + t r t c ( t )  - p r  I 0. Hence, f o r  a l l  

P  
a E B O  , l iz ,  f 6 - 1 - 6n,i(E))2. I t  

i = l  i = l  
now remains t o  show t h a t  ~ C E B ~  and t h i s  f o l l o w s  by a  s t r a i g h t -  

fo rward v e r i f i c a t i o n  o f  t h e  ;ondi t i  ons o f  Theorem 1. 

Remark 

1. Again t h e  op t ima l  e s t i m a t o r  a'($) a c t u a l l y  minimizes t h e  pos- 

t e r i o r  expected l o s s  ove r  B O .  

2. The op t ima l  e s t i m a t o r  a C  was ob ta ined  by s e t t i n g  r c ( t )  equal  

t o  c o t  on a  c e r t a i n  p a r t  and equal t o  a  s u i t a b l e  s o l u t i o n  o f  

a p r ( t )  + t r t ( t )  - p r  = 0  on t h e  remain ing p a r t .  E s s e n t i a l l y  t h i s  

idea works i n  t h e  normal example s e t  o u t  i n  t h e  i n t r o d u c t i o n .  We 

w i l l  now see how t h i s  same idea  works i n  o u r  gamma case f o r  ce r -  

t a i n  non-conjugate p r i o r s .  For  B = 2, each ei has d e n s i t y  

-rei 
-n(ei) = r eie . We w i l l  now cons ide r  more general  p r i o r s  

Lemna 1. The Bayes es t ima te  o f  0;' has t h e  f o l l o w i n g  

r e p r e s e n t a t i o n :  
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-8 X 

- k i i,a+l 
i gl(ei)dei  

where Y (xi) = 
j;BiXiea+l i g(ei)dei 

DASGUPTA AND BERGER 

i f  l i m  e  
-'ixi a+l  

ei g(ei) = 0  f o r  a11 xi. 
e  .+O ,m 

1 

Proof:  I n t e g r a t i o n  by pa r t s .  

d c f  - . 
min im iz ing  ~ ( s )  = r ( ~  ,6) - r ( n Y s n )  f {R ( ,~ ,s )  - R ( e , s n ) l d ~ ( e )  

2 i n  Bn i s  e q u i v a l e n t  t o  m in im iz ing  E [ a p r ( t )  + t r l ( t )  - p u ( t ) ]  . 
Proo f :  Fami 1  i a r  c a l  c u l  a t  ions .  

v  ( t )  Lemma 3. I f  g(e)  i s  such t h a t  s = i n f  > 0  and - 
e  g e  t 

i s  decreasing i n  t, then t h e r e  e x i s t s  a  unique to such t h a t  f o r  

any r ( - )  as i n  Theorem 1, a p r ( t )  + t r ' ( t )  5 p u ( t )  f o r  t 5 to 

(note  to may be k). 

Proof: Since 6 > 0, p ( t )  s  f o r  every  t. Consequently, 

l i n i  - = . Again, f o r  any r ( . )  as i n  Theorem 1, 
t-to t 

to = sup { t :  - 1  u(t )  > ( a  + -)c 1. t -  P  0  

Lemma 4. I f  g  i s  log-convex and yj i s  decreasing,  t hen  

p ( t )  i s  i nc reas ing .  

P  
Proof :  L e t  Z  = C l o g  Xi = p  l o g  t. C l e a r l y ,  i t  i s  enough 

i = l  
t o  show t h a t  E[y(X1)/Z = z ]  i s  i n c r e a s i n g  i n  z. I t  f o l l ows  f rom 

t h e  d e f i n i t i o n  o f  Y ( X ~ )  t h a t  
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ESTIMATION OF MULTIPLE GAMMA SCALE-PARAMETERS 2075 

where e has d e n s i t y  p r o p o r t i o n a l  t o  e-exe'sl g (e ) .  By a  s tandard 

Montone L i k e l i h o o d  R a t i o  (MLR) argument i t  f o l l o w s  t h a t  Y(X1)  i s  

i n c r e a s i n g  i n  XI i f  g  i s  log-convex ( i . .  , i f  $- i s  i n c r e a s i n g ) .  
g  

Denot ing Yi = l o g  Xi, i t  would s u f f i c e  t o  show t h a t  under t h e  

hypotheses o f  t h e  Lemma,E[h(Y1 ) / Z  = z ]  i s  i n c r e a s i n g  i n  z ,  where 

1  
h(Y1) = y ( e  ) Note t h a t  h  i s  i n c r e a s i n g  s ince  y i t s e l f  i s  

i nc reas ing .  

Since t h e  e . ' s  a re  i i d ,  i t  i s c l e a r t h a t  t h e  Xi's as w e l l  as 
1 

t h e  Yils are  m a r g i n a l l y  i i d .  L e t  f ( x )  denote t h e  marg ina l  den- 

s i t y  o f  (each) Xi and g(y)  t h e  marg ina l  d e n s i t y  o f  (each)Yi. 

D i f f e r e n t i a t i n g  (2.8) and then  i n t e g r a t i n g  by p a r t s ,  i t  f o l l o w s  

t h a t  

e q ' ( e )  i s  decreas ing,  (2.9)  imp1 i e s  t h a t  s ince  - sTeT x f '  i s  decrea- T-X 
3#- i s  decreas ing i n  y .  s i n g  i n  x, which i n  t u r n  i m p l i e s  t h a t  s Y 

Using t h e  c o n v o l u t i o n  formula f o r  t h e  d e n s i t y  o f  t h e  sum o f  inde-  

pendent random v a r i a b l e s ,  i t  i s  easy t o  show t h a t  t h e  c o n d i t i o n a l  
P  

d e n s i t y  of  Y, g i ven  Z = I y i  = z  i s  MLR i n  Y1, i f  t h e  marg ina l  

i =l 
d e n s i t y  o f  each Yi i s  log-concave ( i  .e., $+ decreas ing) .  Now 

r e c a l l  t h a t  p ( t )  = E[h(Y1)/Z = z ]  where h  i s  i n c r e a s i n g  and t h e  

lemma f o l l c w s .  

Remark I n  s p e c i f i c  examples, i t  may n o t  be any more d i f f i -  

c u l t  t o  d i r e c t l y  show t h a t  x ~ ' ( x )  i s  decreas ing i n  x. Th is  t u r n s  fo- 
o u t  t o  be t h e  case i n  t h e  example g iven l a t e r  i n  t h i s  s e c t i o n .  
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2076 DASGUPTA AND BERGER 

L 

Lemma 5. L e t  + ( t )  = /y (~)suP- ld~.  I f  g  i s  decreas ing and 
" 

u ( t )  log-convex, i s  decreas ing i n  8, and T- i s  decreas ing i n  

t, then r c ( t )  d e f i n e d  as 

s a t i s f i e s  t h e  c o n d i t i o n s  o f  Theorem 1. 

Proof :  F i r s t  no te  t h a t  to (as i n  Lemma 3 )  i s  such t h a t  

(up+ l ) co tO  = p u ( t O )  and hence r c ( t )  i s  cont inuous. C l e a r l y  r c ( t )  

s a t i s f i e s  a l l  t h e  c o n d i t i o n s  o f  Theorem 1  f o r  t 5 to. We s h a l l  

now v e r i f y  t h e  c o n d i t i o n s  f o r  t > to. By s t r a i g h t f o r w a r d  ca l cu -  

l a t i o n s  

r '  ( t )  L 0  V t  > to 

(2.11 ) 

Since g  i s  decreasing,  p ( t O )  > 0, and hence i t  s u f f i c e s  t o  shoN 

t h a t  

f ( t )  = t u P u ( t )  - u p $ ( t )  

i s  i n c r e a s i n g  ( f o r  t , t o ) ;  S ince f l ( t )  = t u P u ' ( t )  - > 0  by Lemna 

4, i t  f o l l d w s  r c ( t )  i s  i nc reas ing .  I n  o r d e r  t o  show t h a t  

rc ( t )  i s  decreasing,  we w i l l  show t h a t  t r l c ( t )  5 r c ( t )  V t  > to. t 
By d i r e c t  c a l c u l a t i o n s  
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ESTIMATION OF MULTIPLE GAMMA SCALE-PARAMETERS 

t 
= -p t -aP j  (q ,  ( s )  - u i  (s )saP)ds 

(2.12) a l s o  shows r c ( t )  5 c O t W  > to. Th is  v e r i f i e s  a l l  t h e  

c o n d i t i o n s  o f  Theorem 1. 
Theorem 4. If g  s a t i s f i e s  t h e  r e g u l a r i t y  c o n d i t i o n s  o f  Lemma 

3 and Lemma 5, t h e n  6' d e f i n e d  as 

min imizes J ( R ( $ , ~ )  - R(t ,sT))d=($) i n  s o .  
Proo f :  Lemma 5 proves 6' . Lemmas 2, 3, and t h e  f a c t  

t h a t  a p r c ( t )  + t r b c ( t )  i p u ( t )  f o r  t . to now prove Theorem 4. 

Remark. 

1, Theorem 4 shows t h a t  i f  t h e  eiis have p r i o r  d e n s i t y  eig(ei) 

and g  s a t i s f i e s  a l l  t h e  r e g u l a r i t y  c o n d i t i o n s  o f  Theorem 4, t hen  

t h e  r e s t r i c t e d  r i s k  Bayes r u l e  con t i nues  t o  be e i t h e r  a  l i m i t  

p o i n t  o f  go o r  t h e  u n r e s t r i c t e d  Bayes r u l e .  Theorem 3 fo l l ows  

as a  s p e c i a l  case s ince  t h e r e  g ( e )  = r2gre which i s  decreasing 

u ( t )  i s  decreasing.  and log-convex and ~ ( t )  E r e T- 
2. One c l a s s  o f  p r i o r s  f o r  which Theorem 4 i s  l i k e l y  t o  work o u t  

k  2 - r i e  
i s  a  m i x t u r e  o f  con jugate  gamma p r i o r s  w i t h  g (e )  = 1 Eirie 

, 
k i = l  

where 1 E~ = 1. We w i l l  s h o r t l y  g i v e  an example. 
i = l  

An example of a  g (e )  which s a t i s f i e s  a l l  t h e  r e g u l a r i t y  c o n d i t i o n s  

o f  Lemmas 3  and 5 and y e t  i s  -- n o t  a  m i x t u r e  o f  exponen t ia l s  i s  
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2078 DASGUPTA AND BERGER 

- 0  
g (e)  = e  0-";  n o t e  t h a t  g  cannot be a  m i x t u r e  o f  e x p o n e n t i a l s  

because i t  i s  n o t  comp le te l y  monotonic 

3. Of obvious va lue  wou ld  be e a s i l y  v e r i f i a b l e  s u f f i c i e n t  cond i -  

t i o n s  on g f o r  9 t o  be decreasing.  An anonymous r e f e r e e  has 

p o i n t e d  o u t  t h e  f o l l o w i n g  s u f f i c i e n t  c o n d i t i o n  f o r  t o  be 

decreasing:  

L e t  $(xl ,t) denote t h e  c o n d i t i o n a l  d e n s i t y  o f  X1 g i ven  t. By 
u ( t )  d e f i n i t i o n ,  u ( t )  = !y(xl)$(xl , t )dxl .  I n  o r d e r  t o  show t h a t  7 

i s  decreas ing i n  t , i t  su f f i ces  t o  show t h a t  u ( t )  i s  concave. 
3 

Now p l ' ( t )  = { ~ ( x ~ ) p ( x ~  .t)dx,. where P(X, , t )  = a' $(xl , t) .  2 
C l e a r l y ,  /p(xl , t )dxl  = 0  f o r  eve ry  t s i n c e  /$(xl , t )dx l  = 1  f o r  

t 
eve ry  t. W r i t i n g  p(xl , t )  = P (xl , t )  - p-(xl , t )  ( f o r  f i x e d  t ) ,  i t  

t 
would be enough t o  show t h a t  /y(x l  ) P  (xl , t ) d x l ~ / y ( x l , t ) p T x l , t ) d x l .  

I f  now, f o r  each t .p (x l  , t ) ,  as a  f u n c t i o n  o f  xl, s t a r t s  w i t h  p o s i -  

t i v e  values ( a t  x1 = 0 )  and changes s i g n  o n l y  once f rom p o s i t i v e  
t 

t o  nega t i ve ,  t hen  i t  i s  c l e a r  t h a t  p  (xl , t )  i s  s t o c h a s t i c a l l y  

s m a l l e r  than p-(xl , t )  and hence E +[y(X1 11 5 E - [Y (XI) 1 s i n c e  
D D 

y(X1)  i s  i n c r e a s i n g  i n  X1 f o r  l o g ~ c o n v e x  g. u n f o r t u n a t e l y ,  

except  f o r  some s p e c i a l  p r i o r s ,  l i m  p(x l  , t )  i s  a c t u a l l y  n e g a t i v e  

x14 
so  t h a t  t h i s  s u f f i c i e n t  c o n d i t i o n  o f t e n  does n o t  ho ld .  

k - r i e  
Example. L e t  ei be i i d  w i t h  common d e n s i t y  1 ciriee I 

i = l  
k 

where 0  < ci < 1, 1 E~ = 1  , ri > 0  known. Thus i n  t he  n o t a t i o n  
i = l  

= g  i s  log-convex.  (2.13) 
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ESTIMATION OF MULTIPLE GAMMA SCALE-PARAMETERS 

Also, c l ea r ly  g i s  decreasing; moreover, 
-r-e 

> m i n  r .  > 0,. Ve . -rie 1 
CE . r . e  

1 1  

Hence, f o r  Theorem 4 t o  work ou t ,  i t  only remains t o  ver i fy  t h a t  

and w- are  both decreasing where f  i s  the  marginal den- t 
s i t y  of (each) x i .  We wil l  ana ly t i ca l l y  attempt below the  case 

k = p = 2 and comment on the  more general s i t ua t i ons  l a t e r .  

Assume without loss  rl > r2. 

i i  
By d i r e c t  i n t eg ra t i on ,  f  ( x )  = c o n ~ t a n t - x ~ - ~ I = ) o r ~  A 

I - 

laborious rout ine computation shows tha t  X f ' ( x )  i s  decreasing i f  
2a+6 r  < -  1 - Za+5 r2' 

u ( t ) - ' - -  In order  t o  show t h a t  -t- i s  decreasing in t ,  
f i r s t  note t h a t  the  j o i n t  marginal densi ty  of x l  and t i s  given 

t2a-1 
f ( x l  , t )  = constant (e 

-'a1 X1 a+l 
el  d o l  

1  

Using (2 .7 ) ,  (2 .14) ,  and the  de f in i t i on  of u ( t ) ,  i t  follows t h a t  

Now using t he  actual  f o m  of g ( e ) ,  by d i r ec t  computation, 
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DASGUPTA AND RERGER 

where f .  . ( t )  = f- 1  -- 
1 J ( x l  + r i  l a t 2 ( t 2 + r  . x  )a+2 dxl 

J 1  

Now n o t e  t h a t  

T t ,  i = 1 , 2 .  As u s u a l ,  t o  show 

t h a t  9 i s  d e c r e a s i n g ,  we w i l l  show t h a t  t u l ( t )  < u ( t )  O t  . - 

( r1 - r2 ) (g ;g2-s ;g1)  
F i r s t  n o t e  t h a t  v l ( t )  = 

( s ~ + s ~ )  2  

r1 g 1 + y 2  
On t h e  o t h e r  hand u ( t )  = ---- ' r2 v t  . 

91 +92 

Combining ( 2 . 1 9 )  a n d  ( 2 . 2 0 )  i t  f o l l o w s  -- I J ( ~ )  i s  d e c r e a s i n g  i f  
t 
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ESTIMATION OF MULTIPLE GAMMA SCALE-PARAMETERS 2081 

a+3,  
r~ < a+2 r2, Since - >  2at6 a l l  c o n d i t i o n s  i n  Theorem 4 

a t 2  2 a + 5 '  
201 +6 w i l l  h o l d  i f  rl < - 
2a +5 r2' 

Remarks. 

1. Crude bounds have been used i n  (2.18) th rough (2.20) i n  show- 

i n g  t h a t  '& i s  decreasing i n  t. T h a t ' s  p a r t  o f  t h e  reason a t 
w ide r  spectrum o f  values f o r  rl ,r2 cou ld  n o t  be handled. By ex- 

p l i c i t l y  e v a l u a t i n q  t h e  analogs o f  t h e  f u n c t i o n  f .  . ( t )  i n  t h e  
1 J  

spec ia l  case a = 1, we have been ab le  t o  show t h a t  f o r  smal l  as 

' ( t )  i s  decreas ing no m a t t e r  what m i x t u r e  i s  we1 1 as l a r g e  t ,  -- t 
used as a p r i o r .  For any g i v e n  m i x t u r e  p r i o r ,  t h e  monotone 

' ( t )  i n  t h e  midd le  zone can always be v e r i f i e d  on t h e  n a t u r e  o f  -- t 
computer w i t h  any degree o f  conf idence,  

2. The same phenomenon ho lds  when t h e  p r i o r  i s  of  t h e  form 
,B-1 ~ ( e ) ,  where T i s  a m i x t u r e  l i k e  i n  the  example above and 

B c 2. For B > 2, va r ious  assumptions made on g ( e )  i n  Lemnas 1 

through 5 (decreas ing,  log-convex e t c . )  f a i l  and we have no 

r e s u l t s  i n  t h a t  case. I n  f a c t ,  t h e  s imple  con jugate  gamma p r i o r  

w i t h  B > 2 causes q r e a t  problems and we are convinced t h e  form 

o f  the  r e s t r i c t e d  r i s k  Bayes r u l e s  i s  b a s i c a l l y  d i f f e r e n t  i n  t h a t  

case. 

3. BAYESIAN PERFORMANCE OF THE RESTRICTED R I S K  BAYES RULES -- -- 

F i n a l l y ,  i n  t h i s  sec t i on ,  we w i l l  ge t  back t o  t h e  r e s t r i c t e d  

r i s k  Bayes r u l e  ob ta ined  f o r  a con jugate  gamma p r i o r  w i t h  B = 2 

i n  Theorem 3. The fo rm o f  t h e  opt imal  e s t i m a t o r  i n  t h i s  case i s  

s imple  enough so t h a t  Bayes r i s k  c a l c u l a t i o n s  a r e  done f a i r l y  

e a s i l y .  A l l  es t ima to rs  i n  t h e  c l a s s  rSO u n i f o r m l y  dominate t h e  

bes t  e q u i v a r i a n t  e s t i m a t o r  t o  s t a r t  w i t h ;  consequent ly robustness 

o f  ou r  r e s t r i c t e d  r i s k  Bayes r u l e  i s  o f  no r e a l  concern. It i s  

t h e  s a c r i f i c e  i n  p o t e n t i a l  Bayesian improvement t h a t  i s  t h e  i ssue  

o f  importance. It i s  convent iona l  t o  judge t h e  necessary amount 

o f  s a c r i f i c e  by l o o k i n g  a t  t h e  r e l a t i v e  savings l o s s  (RSL) of 

E f ron  and M o r r i s  (1971) d e f i n e d  as 
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DASGUPTA AND BERGER 

where f o r  any 6 ,  r ( n  ,6) - r ( n  ,6 ) i s  de f ined as 
71 

/(R(R,6) - R(t,6 ) ) c h ( e )  and 671 i s  d e f i n e d  as t h e  r u l e  t h a t  min- 
TI 

im izes  t h e  p o s t e r i o r  expected l o s s .  It i s  a l s o  meaningful  t o  r e -  

p l a c e  i n  (3.1) t h e  i n t e g r a t e d  Bayes r i s k  b y  t h e  cor respond ing 

p o s t e r i o r  expected l oss .  The cor respond ing sav ings  l o s s  w i l l  be 

c a l l e d  t h e  p o s t e r i o r  r e l a t i v e  sav ings  l o s s  (PRSL). We w i l l  s tudy  

both.  Be fo re  d e r i v i n g  t h e  express ions  f o r  RSL/PRSL, we b r i e f l y  

remind t h e  reader  t h a t  low va lues  o f  these q u a n t i t i e s  w i l l  i m p l y  

t h a t  robustness can be a t t a i n e d  w i t h o u t  making any s e r i o u s  dent  

on t h e  s u b j e c t i v e  Bayesian ga ins  a v a i l a b l e .  The f o l l o w i n g  

theorem i s  s t r a i g h t f o r w a r d .  

Theorem 5. If ei's a re  i i d  w i t h  a  p r i o r  TT as i n  Theorem 3, 

t hen  

Remark. The RSL, be ing  a  cons tan t ,  remains n e c e s s a r i l y  bounded 

away f rom 1. The PRSL, on t h e  o t h e r  hand, i s  a  random v a r i a b l e  

and can g e t  a r b i t r a r i l y  c l o s e  t o  1  f o r  " u n l i k e l y "  data.  However, 

t h e  a t t r a c t i v e  f e a t u r e  o f  t he  PRSL i s  t h a t  i t  remains ze ro  f o r  a  

f a i r l y  l o n g  t i m e  and a t  t h e  same s t r o k e  t h e  degree o f  i t s  depar- 

t u r e  f rom zero  a l s o  g ives  an i d e a  about how s t r o n g l y  t h e  data  a t  

hand suppor t  t h e  s u b j e c t i v e  p r i o r  s p e c i f i c a t i o n .  I n  f a c t ,  t o  - 
many Bayesians, t h e  PRSL w i l l  be t h e  a p p r o p r i a t e  q u a n t i t y  t o  l o o k  

a t  t o  judge performance o f  t h e  e s t i m a t o r .  I n  o r d e r  t o  g e t  an 

i dea  o f  t h e  magnitude o f  t h e  PRSL, we have t a b u l a t e d  below va lues  

of  t h e  PRSL when t i s  s e t  equal t o  i t s  marg ina l  expec ta t i on ,  

i . e . ,  D
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ESTIMATION OF MULTIPLE GAMMA SCALE-PARAMETERS 

Note t h a t  i f  t i s  c lose  t o  i t s  marginal  mean, then p r i o r  o p i n i o n  

i s  supported and consequent ly,  f rom a  s u b j e c t i v e  Bayesian view- 

p o i n t ,  6 i s  an e m i n e n t l y  reasonable es t ima te  t o  use. Thus w h i l e  

calculat:ng t h e  PRSL a t  t = E ( t ) ,  6' i s  be ing  compared w i t h  6 T  on 

t h e  1  a t t e r ' s  homeground. 

a = l  -- u = 2  -- 

P: 5  10 2  0  p: 5  10 20 
PRSL: . I5226 ,10695 .08746 .02970 .00734 .00184 

The values i n d i c a t e  t h a t  10% o f  t h e  a v a i l a b l e  Bayesian ga ins  must 

be s a c r i f i c e d  i n  r e t u r n  f o r  dominance ove r  6 0  i n  10 dimensions 

when a = 1. The numbers, however, a re  e s p e c i a l l y  encouraging f o r  

a  = 2. I n  t h i s  case even f o r  p  = 5, f u l l  robustness i s  guaran- 

teed  by s a c r i f i c i n g  a  nominal 3% o f  t h e  s u b j e c t i v e  Bayesian 

gains.  We w i l l  s h o r t l y  see t h a t  t h e  r e s t r i c t e d  r i s k  Bayes r u l e s  

a l s o  g i v e  b e s t  values o f  RSL f o r  a = 2; why a = 2 t u r n s  o u t  t o  be 

t h e  most f avo rab le  s i t u a t i o n  i s  n o t  c l e a r  t o  us, except  t h a t  we 

a re  tempted t o  t h i n k  i t  may have something t o  do w i t h  e q u a l i t y  o f  

a and 6. We now proceed t o  t h e  RSL c a l c u l a t i o n s ;  t h e  f o l l o w i n g  

theorem i s  a l s o  s t r a i g h t f o r w a r d .  

1  I 2  Theorem 6. ~ s ~ ( n . 6 ~ )  = -- E [ (up+ l ) c0 t -p r ]  
P  2 2  r 1 

Theorem 7. L e t  f ( x )  denote t h e  common marg ina l  d e n s i t y  o f  

t h e  xi ' s .  L e t  l o g  a = E(1og x ) ,  where E (  . )  denotes e x p e c t e t i o n  

under f. Then 

c 2a 2  1 im RSL(v,6 ) 5 (- -1)  . 
a 

P- 
Proof.  Assume w i t h o u t  l o s s  r = 1.  F i r s t  no te  
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DASGUPTA AND BERGER 

1 xa - I 
f b 1 )  = -- --- Hence 

, (1+x)"+2 ' 

Since x i ' s  are  i i d ,  the  s trong law of la rge  numbers implies t h a t  

1 - log x i  = log t l o g  
P i = l  

s, ta$s. a ,  as p -+ -. 
From Theorem 6 ,  using the  def in i t ion  of co ,  

3 r (at-) 3 r ( 2 - 4  
- 2)''~ (+--)'Ip i s  uniformly Now note t ha t  E ( t  ) - ( ra 

2 bounded in p. Consequently, i t 2  = t ( p ) }  i s  uniformly integ-  

rable.  This tage ther  with the almast sure convergence t o  ' a "  

gives the r e su l t .  

We wil l  now derive actual expressions f o r  ' a '  f o r  integral  

a ' s .  These are essent ia l  t o  understand the nature of the RSL f o r  

larqe p. 

Theorem 8. -- 
i )  l o ~  a = -1 f o r  a = 1 

i i )  log a = 0 f o r  a = 2 
1 1 1 i i i )  log a = + -- +. . .+ ?, f o r  a > 3. (2-7 - 

Proof: 

i )  See Gradshteyn and Ryzhik (1965). 

i i )  Straightforward. 

a-1 
i i i )  I ( a )  = ( dx 

0 ( ~ + x ) ~ + ~  
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ESTIMATION OF MULTIPLE GAMMA SCALE-PARAMETERS 

(by i n t e g r a t i n g  by p a r t s )  
- a-1 - 1  

a t 1  I ( a - 1 )  + -- B(a-1.2). a t 1  

Using i n d u c t i o n  on a, 

I (a)  = i a-1 a B ( a - l Y 2 ) +  B(a-2,2)+. . .+ - m i - j m . S  (a-1 ) (a-2) .  . ,3 B (2 '2 )  

- 1  1  1 1  - .-LZ a a+ + - a-2 +...+ 21 (3 .5)  

Since l oga  = I ( a ) ,  t h e  r e s u l t  f o l l ows .  Using Theorems 7  

and 8, t h e  f o l l o w i n g  upper bounds on t h e  l i m i t i n g  RSL1s are  

e a s i l y  found. 

L i m i t i n g  RSL (as p  + m )  -----.-- 

A t  f i r s t  g lance i t  seems undes i rab le  t h a t  except f o r  a = 2, t h e  

l i m i t i n g  RSL's are  n o t  e x a c t l y  zero. But t h e  ac tua l  l i m i t s  are  

f a i r l y  smal l  and t h e  values g e t  s t a b i l i z e d  f o r  reasonably l a r g e  

p, so t h a t  a  non-zero l i m i t i n g  RSL i s  n o t  go ing t o  be s e r i o u s  i n  

a p p l i c a t i o n s .  The t a b l e  i n d i c a t e s  an i n c r e a s i n g  t r e n d  i n  t h e  

l i m i t s  as a  increases.  One may suspect t h a t  f o r  l a r g e  a  t h e  RSL 

may g e t  bad. The f o l l o w i n g  f i n a l  theorem shows i t  cannot. 

Theorem 9, 
l i m  l i m  RSL(T,G') 2 .0964. 
a- PM 

1  Proof:  Since l oga  = log(a-1)-l . tr+~(;), where Y (-- .57722) i s  

t h e  E u l e r ' s  constant ,  Theorem 7  g i ves  t h a t  

l i m  l i m  RSL(T,~ ' )  < - ( 2 e ~ - ' - 1 ) ~  = .096376. 
a- P 

Hence proved. 
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