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1. Introduction
Estimation of Noisy Telegraph Processes: In a certain class of linear dynamic Gaussian systems,
Nonlinear Fiitering vs. Nonlinear Smoothing the optimal smoothing estimator of the states may be
regarded as a two-filter smoother. See Wall, et al (1981)
Abstract for a complete discussion. Seversl authors, e.g. Rauch,
" et al (1965} and Mehra and Bryson (1968) compared the
In the estimation problem of s two-state stationary performance of filters and smoothers in linear dynamic
Markov process with Gaussian white noise added, the optimal systems and found that in certain ca smoothers may be
smoother is a two-filter smoother. 1In a special case, we more preferable aven at the expense of time Selay.
compare analytically the optimal nonlinear filter and In this paper, we consider the system of a telegraph
smoother and find that the latter is significantly better process in the presence of sdditive Gsussian white noise,
than the former when either the noise intensity or the and study the relationship between the optimal filtering
Tate of jump of the states is lov.‘ and smoothing estimators of the states. To be specific,
define the signal process (u,; -w<t <o} to be a
stationary two-state Markov process such that
l’r(ut - 1) - p-l-Pr(ul e-1)
1.1} "‘“uh -1 Iut = 1} =1 -vh ¢+ oih)
Key words: MNonlinear filtering, nonlinear smoothing, Pr(u“h - -1 "‘t @~} } @1 - vh ¢ oth)
telegraph process
A4S 1980 subject classification: Primary $3El4; Secondary where pv = {l-p)v'. Let the observed process
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independent of (ut) and a is a positive constant to
represent the intensity of the noise.

In the next section, we show that the optimal smoothing
estimator of u, is a functionof the forvard and backward

filtering estimators of u In Section 3, we compare

e
analytically the performance of the optimal nonlinear filter

and smoother in a special case.

2. Optimal Nonlinear Smoother as a Two-Filter Smoother

In this section, we assume the process ”t) in
observed from t = 0 on. Denote by ﬁ:, \:: and Gt the
left-sided, right-sided and two-sided conditional expecta-

. t T T
tions of v, f.e. Ewu (200, Elu 13} and Eww l2g),
respectively, where T is a fixed time span (possibly +=),
OctcT, z:s(zu: s <ot}
wonham (1965) shovad that Gl

and 27 :(z,-z,: tessT),
satisfies a stochastic

differential equation. We can easily see that 'iu: must
satisfy a reversed-time stochastic differential equation
of the same type. WNow, the following proposition tells

us that the smoothing estimats :a‘ of can be easily

computed from knowing :«: and 'ic:.

Proposition 2.1

e

~L .| AL*R
. (1~ut)(l’ut)-zpllov'u‘)

t

AL L AL oW
(1eu,) ““‘:"”‘“:“‘z’

-1 - -1 L -1 ~R 1 1-p
i.e. tanh v ® tanh uy * tanh Ve 0 5 lo9 P

-
In particular. when p = 1/2,

- “L ‘R “L-R

B @ ) /(e uebe!
oo, tannl e cann b o cannlR

Proof of Proposition 2.1
Denote by f (-} (or ¢ .,('lut'ﬂ” the Radon-

5 %o
Nikodym derivative of the measure on C{0,T] induced by
z;' tor z: conditionral or u, = 11, respectively)
with respect to the Wiener measure on CI[0,T]. The
existence of the derivatives is s consequence of Girsanov's
Theorem (see (1], Theorem 7.2). let b =1 or -1. Using

the 1i1ndependence of z; and l:r qiven Ugr

t

T, T T T
Priu, = bl2g=24)of plzglu =bIPriu =b)/f 4l2)
% %o

-!’,(I:Int-b)rr(ut-b)
o

t T
- !'t ('o'"g'b"’t('.t“t'b)" (u‘-b)
(] <t

- Pr(u!-bll:-l:)Pr(ut-hl!:-&:)/Pr(ut-b)




T..T t T T
Pr(u, =1(2gzg) -Pr(ut-lll;-zo) Priv =1lzfez]) Priv =-1)

T, T T T
Priv =-1lZgmzg)  Priv e-ll2gezg) Priug=-1l2leey) Priu =1)

Since ;L

t_.t - t__t
¢ " Priu=1z;=2;) ~ Priu = lllo-zo), etc.

L -R
14u 1eu’ 1ey -
L t t lpg
1-u oL °R
LI O | L

Observing 2 tanh™! x « log{l+x) (1-x)"}, we complete the

proof. O

3. Comparison Between Filtering and Smoothing

In this section, we study the performance of the
optimsl nonlinear filter and smoother. In order to derive
some analytic results, we consider estimates based on an
infinite time span and p = 1/2. Denote by q:, q: and
G, the left-sided, right-sided and two-sided conditional
expectations of u, i.e. Elw,|20) Elu | 201 and

Etu,12_), respectively. Define
13.1) wsEiap) = etz 2ty -ug? seeglu,?
and

13.2) WSE(R,) = BIR(y 127 )-u, 1% = Etq,-u?

-5a

It whould be noted that llSE(qg) is constant for
te(=.=) but MSEiqy) < NSE(QL) - msE(gh) for te0 ¢ uey,

for when ¢t <0
L,
3.3 tgelu = Lmu!lzg,z.-!t.--_ulug)

- gl L )

-ty
where L{Y) 1s the distribution of random variable Y
and L(Y[X) is the conditional distribytion of ¥ given
X.

In the following, we only consider ¢t > 0.

We can readily modify the proof of Proposition 2.1 to

show

Proposition 3.1

L, R
.
Y

9 = ——%
¢ l‘qfat

Proposition 3.2 (Wonham (1965))
(L))

Priqgc19,q+49) v, mtlieciv) (15q) (1) “am (-2 11-97) “Yag

where
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cty) = 1 [ 1M 231V 212,70
1
ana
Y = uzv
®
wse(gh) = [271 eV 2TV ey § Y2 ey 2%,
0 o
-2ylogr + olylogy) ty = 0%
.
1- antaon™ v + =

rroposition 3.3

11 2 2,-2 2,-2
MSE(q,) = c(y)? I [ﬁ% - 1] o) -x2) "2 (1ay) 1=y

. exp(-2v[(1-x?1 Lo (1-y2) 1) Janay
Iy ¢ olv) (v = 0%y

1-4 o™ (ysm

Proof of Proposition 3.3

! Since (ut) is time reversible. L(q:lut) - L(q:!ut).

———— . -
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Also, q: is independent of q:' given Ve Therefore,
by applying Propositions 3.1 and 3.2 (A}, we can readily
derive the formula for Hs:(q‘). The computation of its
asymptotic behavior is given in the Appendix. o

¥We may slso compute the MSE for the Wiener filtersing
estimate of u, and the best linear astimate based on

z

e
MSE, : MSE for the Wiener filtering estimate of Yy
6.6 - winn"hl/2y
2yl/z . o('l‘/z) ty 0"y
1- ™t v o™ s el

MSEy, ¢ MSE for the best linear estimate of [

based on I__

1/2
(3.5 - ‘fiT'
Vl/z + o(vl/z) iy « 0‘)

(¥« =)

Now we are ready to compare the performance of the
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various estimates. See Table 3.1 for the summary of the
asymptotic results on their MSE.
Remark 1: As yoo’, the linear estimates are not

efficient. It seems that in non-Gaussian systems linear

estinates are rather inflexible and therefore can not

perform well,
Remark 2: As voo‘. the optimal smoother is more
efficient than the optimal filter by a factor -l09 Y
This factor is about 6.9 when v « 0.001 (e.g.a ». = 0.1).
Therefore, when either the noise intemsity or the rate of
jump of the states is low, the optimal smoother is signif-
1cantly better than the optimal filter.
Remark _3: In finite-state processes, error p-obability is
also an interesting criterion. 1In the following, we
present the error probabilities for several optimal
decision procedures. We consider decisions on whether ug
is 1 or -1.

(1) mased o 2°_:

An optimal decision d!. is:

a ey = 1 e Priugel

The error probability is

0 _ 23
o = clv) [ (leqr 1Py 273D g
5
- i-(l - 5,-!-(‘ L o723y
R
) o
. - . e o e o

(3.6}

(it}

1
K

Based
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1 .

!-vlquOO(v 106 1) (y 0y

- L eonl?y, tyemy
¥

on !:.x

An optimal decision 4 is

-
alz_,

Y=l

-
1
1 Priugelizl)y 2 3

The error probability is

e = c(y)2

1o
I

1 -

2 - x4t .
-0 (1-x3) " 22 020 Ty oy v 2

2-1
Le"2Y(1-YT) Tay

-
- om? {%c(v)-‘v—l-'h £ "y« %l”z-l)c'zvdv
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- - 1
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Appendix

Proof of the Asywptotic Expsnsions for MSE(g.) in
Proposition 3.3

In the following, cly) is abbreviated to c. e
use the notation A -B(y+* vol to mean im %- 1.
Yy
o

{1} The case of ¥ .0,

. {!1/2“‘”-1/2‘-1\1:“

-1 1/

-
=y ] 2 (yey) V2 28ay
v

(v2 =y

-
-yt ‘(wv)“zv'l/zc_“"”dv (umv4y)

-1 -
R PR V2 3 VE Rl L
°

v

. 1) L

1ol xe 2 (1ex) (19y) -2 -2
_{ -{(," p? e w(:**-h—y})dldy

L}
(1-x%) % (2~-y lz

11
1 -2 -2
- ——————— XD (_!1. + —l,)d;ay
!1 £1 (14xy) * t1ex) (1ey) 1-x 1-y
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~1gc ~lec ~1%¢
(.2 g f I +2 ‘f I }__7_1___
~1 - - -¢] (lexyl € (1ex) (1+y!?

-.xp(ﬁx‘T + ;—i—:!)dxdy

tv - 0%

Here ¢ is a small positive number.

'?Or -1%¢ 1
_—r -2y, -2
- -tf (Lexy) ¥ (1ex) {1ey)  *P —}1-- "—fl_y dxdy

£ SO .04
- by -2 -2
-1f -lj T (T5yY exp (;—_—17 + l—_:!)dxdy y » 0')

4 [ emZa]

1-x
-1
3 s
'%’[ { %up[ (;’ )]du] 1+ x=vyu
ui2-yu
P 2
_% [ 'f 1 explpil ‘“] (% 1ie a large number)
a ¢ =Ty
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-1
€y 2
% [ f 1 du} «/x /Y
™
L f f 1, i ] [ -2 -2
" exp . —
& o 0 [(x’ylzv (x‘y)zn xZ-v0) 7 yT2=vy?
. %— toav)?
dxdy
L ¥ L P |
& { ‘Z Tlxeyy ®P (- 5= Jaxdy
1 -2 -2
.xp(_§ + —l,-) dxdy
Lexy) (1) {14y) 1-x*  1-y .
= % ? { mexp[—r(mlso nno)] drds
1 =2 -2 dudv
———g—— exp ('TTLT- + —ﬂ-L—_ ) - -
0 (utveuv) “(2-u)v uté=v viZz-v) (x!actcoms, y! - sino:
1
(A &) -
(u=l-x, v = 1+y) W
T [3 L -2y _2y Therefore, from (A.1), (A.2), (A. D), (A. &),
—_—— ap (—(T—T- + viz=vT )dudv
o { (usv-uv) ‘v uli=u vizev
MSE(g,) - 2y (y+0")
Z. j. 1 ( -2 -7 {11} The case of Yy + =,
exp _('!LT- + —(TYT- )dudv
° (uw)!v u{Z-u viZ-v
B I T LCT Tt T L I
1
e/y €y
f 1 -2, 22 )anav
L 3 ¢ = B 6 2
0 0 (xey)fy 13c 172 -1/2_-2y2,
- f (le(z-11) (z-1) e “7¥dz ( ¢ is small positive)
1
{u= yx, v = yy)
——

)
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e
- { [1 + boe-n o ouz-n’)] (z-1)7 V2" vz 4y,

1/2
-1/2 -7 - -
(A.5) = o727 [‘;" YV N o 3]

[Tty
-

[Te—
-

2
x4 (1ex) (14y)

I'L -l) —TTLTT exp(
( *xy (17x*) 4 (1-y%)

-—2!—0 —%}) dxdy

1-x 1

. 1 -2 -2
—7———— exp (—} + —}) dxd
-i -I (1+xy) " (1+x) {ley) I-x 1-y t

- ? I -x-y-xy + x? » y? 4 o(x? + y?1)

op (;—3‘3 + ;—f;’ )dxdy

me . [J np(;—f:y) ax ]2 * 2[ ?1 d "p( ﬁ}) dx]

1

-2y

-2y

5 m(5H)

-2 ]

dax
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207 [ o7V gV (pugyTI 2, (- - IL,

0

- 2.-27 Z.-yi.*)/2(2-3/2_’,2-7fZ“o(.))d‘

c3027%/2, 172 -32

+ 0 (v"‘/??)

202 (2‘:/2_' 172,-1/2

1
2 -2y
-2 x° exp dx
It e (53)

-rs _1/. 5/2

R 2
212 200y a-(--l,)
1

-x

-vs 172 (1‘5/2 + 0(8)) An
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- - - -3
(A.8) w2e 21(2 7/2'1/2‘ 2 o (¥ /2))

from (A.61, (A.7), (A.9),

!f } (1_,3(¥ - )2 (14x) (1+y) "‘p(ﬁ} R _;l_);’)

-1 -1 (1-x“)“(1-y")

dxdy

-1 -3 -2 2

-2 "Wy + oly N

n.9) =& 727 lay

So, from (A.S) and (A.9),

27l -l 2_]11:2 + o(y-z)

[(-!) 1/2,-1/2,5=1/2,1/2 =324~ 32 ,] 2

usz(qt) -

1 -1 1

“1-3y 0 totyT)

This completes the proof. O







