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Estimation of Subsample Time Delay
Differences in Narrowband Ultrasonic Echoes
Using the Hilbert Transform Correlation

Anders Grennberg, Member, IEEE and Magnus Sandell, Student Member, IEEE

Abstract— In many areas the time delay of arrival (TDOA)
is desired. In the case of narrowband signals we propose a fast
and simple method to estimate small time delays. This method is
shown to have the same or better accuracy as the cross correlation
methods for small delays in the order of fractions of the sample
interval. It is based on using the Hilbert transform in correlation
between two signals and consists of only one scalar product, which
makes it fast. It may also be used in applications with narrowband
signals where the measurements are repeatable, such as ultrasonic
imaging and nondestructive testing, In ultrasonic applications,
due to fluctuations in the insonified media, a small random time
shift may be present causing the signals to be misaligned in time.
Averaging signals under these conditions will result in a distortion
of the signal shape. We propose an averaging method to avoid
this and to accomplish a higher SNR without the distortion.
Simulations and experiments from ultrasonic applications are
presented.

[. INTRODUCTION

HE TIME delay of arrival (TDOA) is required in many

areas, e.g., ultrasonic imaging [18]. Estimators of the
TDOA are designed in different ways as can be seen in [3],
[5], [19] and various articles in [6], [7], but they have a
few things in common. Usually they have an SNR threshold
under which they perform substantially less well [20]. For
correlator based estimators this is due to peak ambiguity, i.e.,
the possibility of selecting the wrong peak of the correlation.
These estimators also need some kind of interpolation to obtain
subsample resolution, e.g., a parabolic fit [4], [11], [14]. In
[12], a comparison of several methods is made. A special case
of time delay estimation is when the signals are narrowband
[8]. Under this assumption we propose a novel method to
estimate the TDOA for small time delays. This method will
be shown to be fast and simple. Apart from the increased
resolution in TDOA, it can be used for other purposes. One
such application is the problem of averaging. In areas where
the measurements are repeatable, such as ultrasonic imaging
and nondestructive evaluation (NDE), the process of averaging
can be used to improve the SNR. If the useful part of the
signal is the same for all measurements, it will remain the
same after the averaging while the disturbances (e.g., noise
and artifacts) will be attenuated since they occur randomly
in each separate measurement. However, if the useful part
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of the signal has a small random time shift due to physical
reasons or inaccuracies in the measurement equipment, the
averaging will distort this signal. This phenomenon can appear,
e.g., in ultrasonic imaging. Airborne ultrasound suffers from
inhomogeneities in the medium such as temperature gradients
and air turbulence [10]. Using the above mentioned method
we can estimate these small random time shifts and design
an averaging algorithm that time aligns (i.e., causes the useful
part of the signals to have the same position in time) so that
very little signal shape distortion occurs when the averaging
is carried out.

II. DERIVATION OF THE ESTIMATOR

We model all received echoes as having the same signal
shape and only differing in the arrival time. Thus, using r(f)
as a reference echo we find that the received echo is

s(t) =r(t —6) (H

where the time delay # is considered to be an unknown
deterministic parameter. In many time delay estimators 3],
[6], [7] the cross correlation

Ry (1) = / s(t)r(t + 7)dt )]
—

between the reference echo r(¢) and the received echo s(t) is
considered. The time lag maximizing this cross correlation is
the estimated time delay. However, Cabot [5] suggested that
the cross correlation between s(t) and 7(¢), the Hilbert trans-
form of r(¢), should be used instead. This cross correlation
is shown to be

RST"(T) = Rsr(T) (3)

In this case the cross correlation will not have a maximum
at the time lag 6 but a zero crossing. It can be argued that
it is easier to find a zero crossing than a peak in a noisy
signal. It introduces however an ambuigity since there can be
several zero crossings, particularly if the cross correlation is
narrowband. The Hilbert transform is defined as [2]

"0 =Hirwy =+ [ 12

oo Tt

dr = h(t)*r(t) &)

where the integral is a Cauchy Principal Value (CPV) and
* denotes convolution. The Hilbert kernel is denoted by
h(t) = —L. We observe that if 7(t) € L?(—00,00) then
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it follows that #(t) € L?(—o00, 00), see [9]. Consider the cross
correlation between s(¢) and #(t) at time lag zero and use
Parseval’s theorem

Ro(0) = /_ Tt - 0y (D)t

- /_ ot — B)[A(E) * r(t))dt 5)
- / TR H()RU)df

-/ T ST ()RS ©)

Here we let H(f) = j sgn(f) denote the Fourier transform
of h(t) [2]. Assuming that r(¢) is narrowband, i.e., its energy
is concentrated in frequency intervals of size B around + f,
and that B8 < 1, R,;(0) can be approximated as

—fo+B/2
Rgf‘(o) ~ /

—fo—B/2

e’*" I H(f)|R(f)I*df

fo+B/2
+ / T o () R P

o—B/2
. —fo+B/2
~—jermi [ Ry
—fo—B/2
) fo+B/2
wie i [T R Pap
0~B/2
A %j(—e’jz"ﬁ’e + ¥f0f) = _E,_sin 27 fof
= —F, sinwg¥ )
where E, = [%_r%(t)dt is the energy of r(t) and wp = 2 fo.

We have assumed the exponentional function to be constant

over the integration interval. This gives us

~Ros(0) _ — JZ2 s(t)F(t)dt
E, I f"w r2(t)dt

sin wof ==

(®)

This estimator can be expected to work well only for
narrowband signals and small time delays 8. The assumption
that e727f% is constant over the integration interval will not be
valid otherwise. As we work with sampled signals, we give the
discrete version of (8). The observation interval T, assumed
to be larger than the duration of the echoes, is sampled at
N points with interval 7, = T/N. Denoting these samples
sn = $(nT,), we may approximate the integrals in (8) with
sums and yield

T
N — [ s(t)F(t)dt
6= arcsin ———IOT (Hr®)
wo Jo T(t)dt
N-1 .
1 -T.
~ — arcsin| —<&=k=0_— % Elj\,:_?l s;;rk )]
“o s 2k=0 Tk
Using vectors and denoting them s = [sq sl~--sN_1]T,
F=[fo7 - 7"N_1]T andr=[rory--- rN_l]T, we have
.1 Ty
f=— arcsin(—ST—r) (10)
Wy r‘r
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Since 7(t) is a reference echo, we may calculate —#/r’r = b
one time for all and arrive at the fast and simple time delay
estimator

(11

6= L arcsin(s”b)
wo
If the angular centre frequency wq is not known, it may be
estimated by “inducing our own time delay”. Introducing a
constructed signal z(t) = r(t — T,) we have § = T%. In vector
notation this is equal to x” = [0 rT}. For this known 6 we
can rewrite (10) to estimate wy

Do = %; arcsin([0 r'] [ED

III. PERFORMANCE OF THE ESTIMATOR

(12)

A. The Influence of Bandwidth

In the derivation of the estimator we assumed an infinites-
imally small bandwidth. This is of course not the case for
an arbitrary narrowband signal. To analyze the influence of
bandwidth we assume that the signal r(t) has the following
Fourier transform:

|f £ fo]| < B/2
0 otherwise

(13)

This signal has energy E, and single sided bandwidth B. In
Appendix A we show that the bandwidth introduces a bias in
the form of an multiplicative term:
-
Joer
We see that in order to keep this bias low, the product of
bandwidth and time-delay must be small. We assume that the
delay is small, |f] < 4—};, resulting in |wof| < /2. Hence we
have |B6| < & = L where 5 = fo/B. For narrowband
signals f is in the order of 10-50, causing the bias factor
sinc(B#) to be close to 1.

s(t)7(t)

(t)dt = sinc(B8) sin wob

sinwef = (14)

B. Noise Error

Assume that r(t) and s(¢) are corrupted by independent
additive white Gaussian noise. Since both r(¢) and s(t) are
bandlimited we can also assume that the noise has a limited
bandwidth. If this is not the case, the received signals can
always be lowpass filtered without any loss of information.
Note that the Hilbert transform of a white Gaussian process
n(t) is also white and Gaussian:

Sa(f) = Sa(DIH(NP = Sulf)

Here we let S,,(f) denote the power spectral density of the
stochastic process n(t), i.e., the Fourier transform of the
autocorrelation function R, (7). If we include the noise in (8)
we get

(15)

—Jo (s(0) + ¢ )(f(t>+fm<mdt) 6
2
Jo (r(0) + mo(£))dt
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where the reference echo is 7(t) + no(t) and the received echo
s(t) + n(t). The superscript * denotes Hilbert transformation
and can numerically be calculated in the Fourier domain using
FFT [15]. From the discrete version of the estimator (10), we

have
1 .
—arcsin
wo

iarcsin E
wo A

The sampled processes ny and mg, are white and Gaussian
[16] with variance ¢2. Since our estimator is nonlinear, it is
difficult to analyze. However, the mean is much larger than the
standard deviation for the denominator and we may linearize
the estimator in (17), see Appendix B, to obtain:

E{(f} ~ arcsm ( a2 )
ta

{ } /LAUB + upol
A Ns)wg

2
+ (Larcsm(u ) - 9) (18)
wo pa

HA = Er + T02
un = E, sinwyf
0% = 4E,T.0% 4+ 2TT,c*

D>
i

=T Zsz_ol(Sk + ng) (Fr + for)
Ty Yo (Tk + nok)?

a7

where

0% =2E,T,0° + TT,0* (19)
The mean of the estimate is
~ 1 . E,. sin wg
E{f} = — —_—
{6} " arcsm(Er n Taz)
1 SNR
= w—oarcsin<m sin wOH) (20)
where we define
SNR = — 21
To? 21

This definition of the SNR is the ratio between the energies
of the signal and the noise in the observed time interval.
It is equivalent to the definition in [11], which is SNR =
R,.(0)/0?, where R,.(t) = E{r(t)r(t + 7)}. For an er-
godlc stochastic process, R,.(7) can be approximated with
T fo r(t)r(t+7)dt, if the observation interval is long enough.
Hence, for large T the definitions of SNR’s are equivalent.
As we see from (20), the estimator can be expected to be
asymptotically unbiased for large SNR but contain a bias for
small SNR. As for the error variance, it can be shown from
(18) that

lim  E{(§-6)% = t:+62

SNR— -0 dB {(A ) } m.g (22)
lim E{#-6?} = 0

SNR—oo dB

From this we see that the standard deviation of the error for
very low SNR will be approximately equal to the delay 6.
Generally, for an arbitrary SNR, we will have an increase in
error variance for larger 6.
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Fig. 1. Synthetic echo used in simulations.

C. Numerical Simulations

In order to verify the performance given by the previous
section we simulated (10) numerically by using a synthetic
echo in the form of

r(t) = e~ a(t=0)” cos ot O<t<T (23)

with the parameters a = 10152, wy = 2710%rad/s, ¢y =

20 - 1075 and the sample frequency F, = 20 MHz which
corresponds to our equipment. The number of samples were
N = 1024 corresponding to a measuring time of T' = 51.2 ps.
The synthetic echo is shown in Fig. 1. Since we used f, = 20
MHz and the centre frequency fo = 1 MHz, we have 20
samples per period in the echo. For each value of the SNR,
we simulated 1000 echoes and calculated the mean of the
estimator (10). We added noise to both r(¢) and s(t). The
simplified expression of the mean (18) was compared to the
mean of the simulation. In Fig. 2 , we show these curves as
a function of SNR with # = 0.1 T;. For comparison, we give
the error variance for Cabot’s estimator [11], i.e., the estimate
§ is the interpolated zero crossing of R.x(7).

) 0) !
E{( Cabot — ) } = m (24)
where
27 £ 1S (f)|?d
, & Il P4 05
T2 1SH()2df

1 Ao 2941

- = 26

Yo 2v2 (26)
and v = T—L;% is the SNR for r(¢t) and B, = F;/2 is the

single sided bandwidth of n(t). Note that for a narrowband
system we have b; = wq. The error variance in (24) can be

rewritten as
E{(écabm - 0)2} -

Due to approximations in [11], this error variance is however
only valid for SNR > —17 dB in our simulation. In Fig. 3
the simulated and theoretical error variance of our estimator
are plotted together with Cabot’s. The curves are hard to tell

2S5NR +1

- 27
N SNR? p2 @D
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E (6} (T,
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Simulated (solid) and theoretical (dashed) mean of the estimator for

from each other for SNR > 10 dB. The reason why the error
variance for the estimator (10) below this SNR is less than
Cabot’s is that it becomes biased for small SNR and hence
not quite comparable.

IV. APPLICATION EXAMPLE: AVERAGING ALGORITHM

Using the estimator for small time delays (10), we can
proceed to formulate an averaging algorithm. This method
becomes useful when the echoes have small random time
shifts. These could originate from fluctuations in the insonified
medium. In our line of research, which contains surface
profiling by using airbourne ultrasound [18], these fluctuations
take the form of temperature variations and air turbulence.
A change in the air temperature of 0.1°C results in a 0.06
m/s change of sound speed [13]. Using our transducer with
a radius of curvature of 45 mm, i.e., a total path length of
90 mm for a surface in the focal plane, this means a time
delay of 45 ns = 0.957% in our case, where T is the sample
interval. These small random time shifts have to be taken into
account when an averaging process is applied. Otherwise we
will introduce a distortion of the signal due to the misalignment
of the echoes. Assume that we want to average over M echoes,

si(t) =r(t —6;) + n;(t) i1=0---M-1 (28)

where we define so(t)ér(t) + no(t). In (28), 6, are small
independent random time shifts and n;(¢) white Gaussian
additive noise which are independent of 8,. The first thing is to
estimate the individual time delays between the echoes. This
can be done as described in Section II. We use the first echo
s0(t) as the reference echo. To be able to average over the M
echoes, we need to align the echoes in time. This has been done
by using an interpolation formula, which is approximately an
all-pass filter with linear phase (corresponding to the time
delay). Since we have samples of the echoes the problem
is expressed as having s;(n7,) and wanting s;(n7T; + 6;).
We use the same notation as before, i.e., the samples are
sin = 8:(nTs). A simple interpolation method is Lagrange’s
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Fig. 3. Simulated (solid) and theoretical (dashed) error variance of the
estimator for 6 = 0.1 7T, . These are hard to distinguish. The dotted curve is
the error variance of Cabot’s estimator.

formula [1] of the order 2NV + 1

N
fla+td)= > k() f(z - kA) (29)
k=—N

which uses the fact that f(z) is known in the equally spaced
poitits 2, = z — kA. The weights 4 depend on ¢ which is the
fraction of the distance A for which we want to find f. The
interpolation (29) can be seen as a filter with taps h;. We can
now align si, with so, by forming s/, = ;4 * h,(6;) where *
denotes convolution. By doing this for all echoes s, we can
average over the M echoes:

1 M-1
s =1 /
Y ; Sin

The averaged echo 5, will have the same position in time as
Sor, Since this is used as a reference echo. In order to find an
absolute position in time we average over all estimated time
delays

(30)

D

This gives us an estimation of the correct relative position in
time of 5,,. To obtain the final averaged signal we interpolate
with the Lagrange interpolation filter with taps &, which are
determined by 6.

V. EXPERIMENTS

Apart from the difficulties of defining signal shape distor-
tion, there are also practical problems. A noise-less reference
echo is usually not available and thus it is difficult to measure
the effect of the signal shape distortion. Instead we chose
to get another quantitative measure of the performance of
the algorithm. One area where it can be used is airborne
ultrasound. We used a focused transducer with a radius of
curvature of 45 mm, a diameter of 20 mm and a centre
frequency of approximately 1.07 MHz . It was designed by H.
W. Persson, Lund Institute of Technology, for the investigation
presented in [18], and is acoustically adapted for air. We
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Fig. 4. Measured ultrasonic echo from the phantom.

applied it to a phantom in the form of a massive brass block
with smooth surfaces. The block was placed perpendicular to
the transducer, the position of which was fixed throughout the
whole experiment. We registered 500 echoes which took about
30 seconds with our equipment. These echoes, which should
be identical since they were measured at the same spot, were
then investigated. A measured echo is shown in Fig. 4 and the
SNR was estimated to be approximately 30 dB.

VI. RESULTS

If we plot a cross section of the registered echoes, i.e., for a
fixed value of the time ¢ we plot how the amplitude varies for
the different measurements, we can see how the misalignment
effect can cause problems when we average the echoes. This
cross-section plot is shown in Fig. 5. If the echoes did not have
a random time shift, these curves would be straight horizontal
lines apart from the measurement noise. The uppermost curve
corresponds to a point in time where the reference echo has
a peak, i.e., small derivative, and the lowermost to a point
in time when the reference echo has a zero crossing, ie.,
large derivative. Looking at the estimations of the time shifts
relative to the reference (i.e., first) echo, Fig. 6, we can see
that it has the same drift as the cross section. The magnitude
of the derivative of the echo in Fig. 4 at the zero crossings
is estimated to be almost 20 V/us. From Fig. 6 and Fig. 5
we see that the delay of one sample, i.e., 50 ns, at a zero
crossing results in an amplitude difference of approximately
1 V. If we linearize the echo at the zero crossing we get an
amplitude of 20 V/us x50 ns = 1 V. From Fig. 6 we can
see that it has a low-frequency shape which corresponds to
the fluctuations in the medium [10] that appear during the
total measurement time of 30 seconds. To see the effects of
using our averaging algorithm, we look at the cross-section
variance of s(t) for each point of time, i.e., v(¢) = Var{s(¢)}.
We compare the variance for the original echoes with the one
where we estimated the individual time shifts and interpolated
the echoes in order for them to be time aligned with the first
echo. As we can see in Fig. 7, the alignment is very good. The
peaks in variance for the original echoes correspond to points
in time where the echoes’ derivative is large, thus yielding
large variations in the cross section. The variance after the

Amplitude [V]
25

—WW—W%WWW‘V

t=t,

ey
P )
TN A

0 50 100 150 200 250 300 350 400 450 500
Measurement nr

Fig. 5. Cross section of the measured echoes for two values of t. The
uppermost curve corresponds to ¢t = ¢; which is a zero crossing. Total time
for the S00 measurements was 30 seconds.
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Fig. 6. Estimated time shifts relative to the first echo for the measurements
in Fig. 5.
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Fig. 7. Variance of the cross section before (solid) and after (dashed) time
alignment.

time alignment has a constant amplitude and does not vary
with time. The small variations that are still present are mainly
due to additive noise.

VII. DISCUSSION

We have proposed a new method for estimating small time
delays in narrowband signals. Cabot [5] proposed to use the
correlation with the Hilbert transform of the reference echo
instead of the original echo. Our proposed estimator uses
however only the Hilbert transform correlation for time lag
zero. For narrowband signals we have shown that this cross
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correlation has the shape of a sine wave in the neighbourhood
of the true time delay #. For the “standard” cross correlation
this will be a cosine, but knowing only one point on that
curve results in an ambuigity of the sign since cosine is an
even function. Thus, the Hilbert transforming is necessary.
For large SNR it can be shown from (18) that

. 27, 1

E{(6 - 6)*} ~ . 3
i ) Tw3 cos? wef SNR 32
while Cabot’s estimator has the asymptotic shape [11]
A 27T, 1
E{(fcabor — 0)°} ~ =« <o 3
{( Cabot ) } ng SNR ( 3)

Hence, for large SNR and small time delays 6, these two
methods have the same accuracy. For small time delays 6
a bias is introduced in our method. Notice the lack of the
usual “bumps” in the error variance curve. This is due to
the effect that no peak ambuigity occurs since 4 is assumed
to be smaller than a quarter of a wavelength, ie., 3+ f By
using only one cross correlation value, the estimator consists
of a scalar product with the normalized Hilbert transform
of the reference echo, making it suitable for applications
where multiple echoes are to be compared to a reference
echo. Such applications include, e.g., sensor arrays and the
proposed averaging algorithm. The latter can be used when
the individual signals have a small random time shift between
themselves. In this case we can have the advantage of using
the above estimation method to align all signals in time before
averaging them. The mean of the estimated time shifts can
also be used to find a better absolute position in time for the
averaged signal. A typical area of application for this method
is ultrasonic measurements.

APPENDIX A
THE EFFECT OF BANDWIDTH

Assuming that the narrowbanded signal r(¢) has the Fourier

transform
R(J) = {@—f;

where E,. denotes the energy and B the bandwidth, we have,
using Parseval’s theorem and the model s(t) = (¢ — )

[f £ fol < B/2

. 34)
otherwise

| storm = [ R sen )R

oC

~fot+B/2 ]
- / —jer IO\ R( )2 df
—fo—B/2
fo+B/2 )
+ / Jer O\ R Pdf
B2
E, [ei2nf8 —fo+B/2
2B [ j2n8 :l—fo—B/2
E, [ef2nfofotB/2
J B[j27r6]

fo—B/2
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E
T o—i27 fod
35 °¢ Bsinc(B#)

4
I5B

=-J>n
27 f0% Bsinc( BY)

=7 %Bsmc(Bﬁ)QJ sin(27 fp6)

= —E,sinc(B0) sin(2x fob) (35)

Thus we have
- f s(t)F(t)dt _ Eysinc(B0) sinwof
[ A tdt E,

= sinc(BO) sinwgf

(36)

APPENDIX B
LINEARIZING THE ESTIMATOR

In order to linearize the estimator (17) we use the Taylor
series of the function

flz,y) = -1—arcsin (£>
Y

wo

a
f(zo,0) + & = 0) 2L

(x.y)={z0,y0)

of
+
W =305 ) = o)
(37)
The partial derivatives are
af 1 1 11 1
9 wo ) (I)Zy T wo 4 — a2
T\
af 1 1 -z _ 1w 1
9y wo N2 Y wo Y \/y? — x?
- (3)
(38)

Introducing g, which is a zero-mean stochastic variable
with variance 0% = Var{B}, and pug = E{B} we can
approximate the estimator (17) by putting B = pp +¢p and
correspondingly A = 4 + €4 and use the above linearization

at the point (pup,pa)

6= L arcsin E =
- wy A =

1 (u ) 1
—arcsin +ep—F——x
wo fa wo /14 — uh

[23:;

—e— 39)
wopa/ 1y — p}
The mean of § is now found to be
A 1
E{H} = ~arcsin(u—B—> (40)
wo [

The error variance is

{7 o{(n(2)
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€B
2 2
Wo By — Hp
MBEA

worAv 15 — 1

2

= (Gyerein(52) =)

= | —arcsin| — ) — ¢
wo LA

2 2 2
OB BBOA

A e )

+

W(Q)(#i - u1g)

2
= (gperoin(52) -0)
= [ —arcsin| — | - 8
wo (2

pioh + upod
wip (1% - u%)
(41)

if we assume that € 4 and g are uncorrelated. The mean of

B is found to be

E{B} = E{ T, 2 slkl#{k] + s[k]7o[k]
+ n[k]F[k] + nlk]nolk]

= —/ s(t)r(t)dt = E, sinwgf 42)

since nlk] and 7g[k] are independent and have zero mean.
The mean of A follows from

N-1
E{A} = EXT. > r*[k] + 2r{klno[k] + nd[k]

o~ / 7'2(t)dt+TsNa2 =FE, +To>

43)
For the variances of A and B we have
0% = Var{B} = E{(B — uis)*}
N -1 2
=T2ES | D s[kliolk] + nfk}#(k] + nlk]vio k)
k=0
N-1N-1
=T2ES S > slklnolk]s[noll] + nlk]#[kln[lF[]
k=0 1=0
+ nlk]nolk]n[l]noll] + 2s[k]7o[k]n[{]F[]
+ 2s[k]nok]n[l]no[l] + 2n[k]7[k]n[l]70[l]
=T? (%02 + %02 + Na202)
=2E,T,0%> + NT?¢* = 2E,.T,0* + T, Tc* (44)
and
0% = Var{A} = E{(A — ua)*}
N-1 2
=T2EQ | D (2r[k]n[k] + n*[k] — &%)
k=0
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N—-1N-1
=T2ES > S arlklnfk]r[nll] + n*[k]n[l] + o*
k=0 [=0

+ dr[k|n[k]n?(l] — 4r[k]n[k]o® — 2n®[k]o?

=177 (4%02 + (N? 4 2N)o* + N%5* — 2]\/20202>

=4E,T,0% + 2NT?0* = AE, T,0% + 2T, To*  (45)

Here we have used the fourth moment of a zero-mean Gaussian
stochastic variable E{z*} = 302, [17], giving us

N-1N-1

ESS " S n?kn?l) = ES S nl]n?]l] +§n4[k]

and

k=0 =0 k#l
= (N? -~ N)o* + N3o*?

= (N*+2N)o* (46)

with the third moment, E{z3} = 0, [17],
N-1N-1
ESS Y nfkin?(l] g = ESS nlkln®[] 4+ > nPlk]
k=0 I=0 k#l k=1
=0
(47)
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