AN ABSTRACT OF THE THESIS OF

IORETTA J. ROBB for the degree of DOCTOR OF PHILOSOPHY

in STATISTICS presented on June 4, 1979

Title: ESTIMATION OF THE ORDER OF AN AUTOREGRESSIVE

TIME SERIES--A BAYESIAN APEROACH
Redacted for Privacy

Fred L. Réﬁlsey =

Abstract approved:

Finite order autoregressive models for time series are often
used for prediction and other inferences. Given the order of the
model, the parameters of the models can be estimated by least
squares, maximum likelihood, or the Yule-Walker method. The
basic problem is estimating the order of the model. A number of
statisticians have examined this problem. The most recent and
widely accepted method was proposed by Akaike (1969, 1970, 1974),
which has been shown to give quite accurate estimates for simulated
data.

In this dissertation, the problem of autoregressive order esti-
mation is placed in a Bayesian framework. This is done with the
intent of illustrating how the Bayesian approach brings the numerous
aspects of the problem together into a coherent structure which is
both complementary to presently used methods and intuitively satisfy-

ing. A joint prior probability density is proposed for the order, the



partial autocorrelation coefficients and the variance, and the marginal
posterior probability distribution for the order, given the data, is
obtained. It is noted that the value with maximum posterior probabil-
ity is the Bayes estimate of the order with respect to a particular loss
function. The asymptotic posterior distribution of the order is also
given.

In conclusion, Wolfer's sunspot data as well as simulated data
corresponding to several autoregressive models are analyzed accord-
ing to Akaike's method and the Bayesian method proposed in this
dissertation. Both methods are observed to perform quite well,

although the Bayesian method was clearly superior in most cases.
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ESTIMATION OF THE ORDER OF AN AUTOREGRESSIVE
TIME SERIES--A BAYESIAN APPROACH

I. INTRODUCTION

1. The Autoregressive Model--Preliminaries

An autoregressive process {Xt} is a linear stochastic
process generated by a weighted sum of a finite number of the previ-
ous X's plus a random shock Et. The model for such a process

may be written:

=u + -n) o+ ST I R -p) +e 1.1
X =u al(Xt_lu) aZ(thu) ap(Xt_p ) € (1 )

for t=0,%1,%2,...,

where @y Qs e ap are the weight parameters, | 1is either
E(Xt) if the process is stationary or merely a reference point for the
level of the process if non-stationary, and {Et} is a white noise
sequence. That is, the Et are uncorrelated random variables, each
with mean zero and finite variance 02. The process defined by
(1.1.1) is called an autoregressive process of order p. Sucha
process will henceforth be called an AR(p) process. It will be
assumed that @ = 0 in the following discussions.

A stochastic process is said to be stationary if its probability

structure is unaffected by a shift in the time origin. Stationary

L]



AR(p) processes satisfy the difference equations

= + , > . 1.
Y T ¥ Yy aZYk-2+ +aka-p k>0 (1.1.2)

where Yy = E[tht+k] is the k-lag autocovariance. By dividing

2
(1.1.2) by yo=E[xt], one has

= + + ... ) > . 1.
P ™ %Pk T %2Pko2 *Pr.p K0 (1-1.3)
where P = yk/yo is the k-lag autocorrelation. By substituting
k=1,2,...,p into (1l.1.3), one obtains a set of linear equations for
Ay Aysee ey ap in terms of AR PARERY pp. These p equations

are usually referred to as the Yule-Walker equations:

= + + +
Py = azpl « P

= + ...
Py = 4Py +a2 +a p 2

= + +...0 1 . . 1.
P ap g tap o a (1.1.4)

An AR(p) process will be stationary if certain conditions on the

a's are satisfied. Let the model (1.1.1) be written as

(l-alB-a BZ—. . ._apo)(Xt) = a(B)(Xt) =€ (1. 1.5)

2 t

where B is the backward shift operator, defined by BlS(t = Xt-k

for integer k. Egquation (1.1.1) has a stationary solution {Xt}



where X, involves only past and present shocks, {es, s < t}, if
and only if the roots of the polynomial equation a(x) = 0 all lie
outside the unit circle in the complex plane (Box and Jenkins [7D.

This translates into the conditions, for example,

when p =1, -1<al<l,

when p =2, a2+a1<l,
az - al < 1,

and |a2| <1,

and when p = 3, a1+a2+a3< 1,
-al+az-a3< 1,
a3(a3-a1) - a, < 1,

and |a3| < 1.

As p increases, the stationarity conditions rapidly become even
more complicated.

One way to get a1.'0und the difficulty of insuring stationarity by
the conditions given above is to parameterize the model in terms of

the partial autocorrelations. Let @i be defined as the partial

autocorrelation between Xs and Xs eliminating linear regres-

+k

,o-c,X

+1 where s 1is any integer and

sions on Xs atk-1"
k=1,2,... . Thenan AR(p) is characterized by having ¢ " 0
for all k > p (Ramsey [18]). It was shown by Barndorff-Nielsen and

Schou [5] that there is a one-to-one mapping from (al, ey Otp)' to



((pl, ceay (pp)' which is both ways continuously differentiable so that
all AR(p) models may be smoothly parameterized by
"alp = ((pl, cee ,cpp)'. The stationarity conditions in terms of the ¢'s
are simply that -1 < Pic <1l k=1,2,...,p.

Durbin [10] proposed a procedure for sequentially solving the
Yule-Walker equations (1.1.4) for the a's and ¢'s interms of

th
the p's. Let apk denote the k @ in an AR(p} model.

The relevant equations are (see [18]):

(1) ? =011,1=P1

2 .2
(2) 0'1 =1- ¢
k
(3) ¢ =« ={ p -z @ .p /0'2
k+1  Cktl, k+l k+1 k, i k+1-j k
j=1
(4) N+, %5 Pkt1% ktlep 3T bk
2 2, 2
(5) o,y =0 (19 ) (1.1.6)

Then from (1. 1.6), one may solve for the a's strictly in terms of

the ¢'s. For example,

@17 by
%, 2" %2 PV B
a = o

2,1 %1,1 7 %2%,11

= ¢ - cplcpz by (4) and substitution,



R
]

¢y by (3),

3,1 %2,1 " %3%,2

Q- 09, " 9,040 and

%32 %2,2 7 ?3%,1

1]

¢, - (p3(¢l-(pl¢2) by (4) and substitution.

Therefore, the AR(l1) model can be expressed as

X =:p1X

+e
t t-1 t’

the AR(2) model as
X, =0 (19X, | o, X, 5 te
and the AR(3) model as
Xy = (0)-910,-90,03)X, 1 * (9,-9,03%9,0,93)X, 5 Fe3X 3T E

By parameterizing the model in terms of the ¢'s, one gains
simplicity for the stationarity conditions but loses it in the expression
of the model.

Now suppose the white ﬁoiSe sequence {E;‘.} of the AR(p)
process {Xt} is Gaussian as well as uncorrelated, and thus it is a

sequence of normal, independent and identically distributed random



. . . 2 ‘ ‘1
variables with mean zero and variance ¢ . The exact probability

density of n consecutive observations from an AR(p) processis

then (Box and Jenkins [7]):

2.-n/2 1/2 2
f(x | ,o )= (2 M exp{-H (a )/2c¢ (1.1.7
ol | ) = (2me") 0 M| p{-H (2 } )
where
. '
l{_n (XIJXZ!-'O:X),
a (e ,a _,...,a_ ),
-P » 17 p,2 Ps P
-1 2
M = {Y } (U 1, 1, 2, y P
=p '|i-j] ) P
H(2)=a D )
P =L, p=p~lL,p
a) =(l,a ,a_ _, ra_ )
=Lp p:l p,2 P P
i D D D ]
D 12 Y13 T T, ptl
D = D12 D22 Das - D, pt1
P : X : '
'Dl,p+1 D,, p+l D3,p+l Dp+1,p+1
and
= = + ... t ..
Do = Dys = %% T X0 %54 *n+l-j*n+1-i
. 1/2 .
In terms of the ¢'s, | —p| has the uncomplicated form:
p .
1/2 2.1/2
|1\_f1p| /2. n (l-qoi)ll (1.1.8)



When parameterized with the ¢'s, Hp(gp) is an expression of

nested quadratics in the ¢'s involving the D..'s. Let

1]

fp‘inizp’o-z) = (211'0'2

) I\_/Ip exp{—Kp(g_)_p)/ZO'Z} (1.1.9)

denote the joint probability density of n observations given Ep

and 0'2. For example, letting p = 2,

r T r .
D11 'Dlz 'D13 1
Hy(ey) = [1, %2, 1" %2, 21 |-D1z Dyz Dy %1
-Dj3 D,y Dyy %, 2
= Kz(gz)
r~— = - -
D11 D12 “Dis 1

= [L(pl(l—tpz),(pz] —Dlz D22 D23 (pl(l—q)z)

-D_ D D ¢,

- e \— -

2. 2 2
= - - - +
(D33-2D,30,*D, 0, )¢, - 2(D)3-(D; 4D, 3)e, 4D, 0, e,

2
2D, 5¢,1D,,0 )

+
(D ]

11

which is a quadratic in ¢, with coefficients which are quadratic
in ¢,-

Let £ (o, 01 x ) denote the log likelihood function so that
PP -n _

Ip(gp,0'|§n) = -(n/2) In el + (1/2) 1n |1\_/1p| - Hp(gp)/(ZGZ). (1.1.10)



Maximum likelihood estimates (m.1l.e. 's) are obtained for

0'2 o o o by solving the equations
1 %p2 % p Y g g
8¢ /8 = -nlo + Hp(g)/cr3 =0 (1.1.11)
92 /o =M +a'2{D . .-a .D -...-a D } =0,
for §j=1,2,...,p (1.1.12)
where Mj = 8{(1/2)1n|1\_/[p|}/8arp i Equation (1.1.11) yields the
maximum likelihood estimator for crz of
2
¢° = H(@) /n. (1.1.13)

Unfortunately, the equations of (1.1.12) are not easily solved since
the MJ are very complex functions of the a's.

One approximation to the exact m.l.e. 's of the a's results
from ignoring the term of {(a, “Iin) involving II\_’IPI because

Hp(gp) dominates 1n |I\_/[p| for sufficiently large samples (Box and

Jenkins [7]). Then the equations of (1.1.12) become

d =D .a (1. 1. 14)
P ~p17P
- 1 -
where gp (Dlz, Dy ’Dl, p+1) , Qp, , s the same as _Dp
without the first row and first column. Then
A -
2 =( ) 'a (1.1.15)
P ~—pl 7p



yields what are generally called the least squares estimates of g_p.
Another approximation can be obtained by first taking expecta-

tions in expression (1. 1.12) and multiplying by crz. One obtains

2
Mo + (n-j)y. - (n-j-1)a ) -e..- (n-j-pla . =0
] Y 771%, 1Y5-1 7P, pYj-p
(1. 1.16)
If one then multiplies (1.1.2) by n (replacing k by j) and

subtracts this from (1. 1.16), one obtains
M.o% = jy, - (+D)a_ |y (+pla_ y (1.1.17)
37 Y T TR 1Y ] j-

A
Then substituting YIj-iIZDi+1 J._H/(n-j—i) for Y|j—i| in

(1. 1. 16) to estimate Mj, one obtains a set of p equations which

can be written in the same matrix form as (1. 1. 14):

% K
d =D .a (1. 1. 18)
P ~p17P

>
1
—
¥*

= (D ) 'd (1.1.19)

*
where Di j = nDi j/{n-(i-l)-(j—l)}. These estimates are commonly

called "approximate maximum likelihood" estimates.
A third solution, which approximates the exact m.l.e. 's of the

a's when the sample size n 1is moderate or large, is as follows.

Let
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n-k
. =1/n Z XX e (1. 1. 20)
t=1
Then for k = |i-j|, ne, is a close approximation to Dij' Sub-

stituting S|i-j! = nc|i‘j| for Dij in the equations of (1.1.14) and

dividing both sides by nc,, one obtains the Yule -Walker equations

with P replaced by TS ck/co. (Note, according to Box and

Jenkins [7] T is "the most satisfactory estimate of pk" for

moderate to large samples.) The Yule-Walker estimates of the a's

are then obtained from

2 =R r (1.1.21)
P PP
where r' =(r,,r,y...,r ), and
12 P
1 r1 rp_l
_ T 1 rp_2
‘-rp_l rp_z . 1 )

or one may use Durbin's procedure (1.1.6) to solve for the a's

sequentially with T replacing P

To illustrate the differences in the three estimates, let p = 1.

The least squares estimate is
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@ = D12/D22 )

The "approximate maximum likelihood" estimate is

al,l = (n—Z)DlZ/[(n-l)DZZ] )

The Yule-Walker estimate is

.
A
(2

1’1=cl/c =y =D._/D

0 1 12°711°

When n is moderate or large, the differences in the estimates will
be small. This is generally true for AR processes (Box and |
Jenkins [7]).

To estimate ¢.,, j=1,2,...,p one would use one of the above
three approximation methods to obtain estimates of aj’ i
j=1,2,...,p (see equations (1. 1.6)).

These three approximations to the exact maximum likelihood
estimates, given the order p, are widely accepted. It is the esti-

mation of the order p which is of primary interest here. The fol-

lowing section gives a historical review of the problem.

2. Review of Order Estimation of the Autoregressive Model

Some of the earliest procedures for estimating the order of an

autoregressive process were proposed by Quenouille [17] and Bartlett
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and Diananda [21]. Both procedures involve large sample goodness-of-
fit tests of the null hypothesis that a time series can be represented
by an AR(p) model with independent residuals against alternatives
of AR(p+q) models. The tests are based on a sequence of forms
which are linear functions of the sample autocorrelations, rJ..

Under the null hypothesis, the forms are asymptotically independent,
Normal (0,1) random variables. For the Quenouille test, the

sequence of forms may be expressed as

_ 1/2 2 _
Qt = (n-t) (vaLr(Xt)/var(et))Htrt_l_p , t=1,2,3,..., (1.2.1)
and for the Bartlett-Diananda test as
BD, = (n—t)llz(var(X )/var(¢e))H Hr , t=1,2,3,..., (1.2.2)
t t /et t ’

where Ht is the linear operator «(B) defined in (1.1.5),

H-t = a(B-l).

Bartlett and Diananda pointed out that the Quenouille test might
be more useful because whereas the asymptotic distribution of Q is
unaltered by replacing the @,'s with efficient estimates

|
A -1/2 . )
aj = aj + Op(n ), j=1.,2,...,p, thatof BD is not. Walker
[21] derives the asymptotic power functions for the two test statistics

above. He shows that although neither procedure dominates the other,

a modification of the Q test results in a test which is always at
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least as powerful as the BD test. The asymptotic distributions for
the two tests is also given when the aj, j=1,2,...,p are unspeci-
fied in the null hypothesis. He then generalizes these results to the
case where the sequence of et has a finite dependence. Walker
concludes by comparing the likelihood ratio for obtaining large sample
tests with the Quenouille tests.

Whittle [22] proposed using an AR(p) model for 0 < p < K
to approximate the model of any purely non-deterministic process
{Zt}’ where K is prespecified. His test statistic for discriminat-
ing between an AR(p) model and an AR(ptq); where K = p+tq,

is

) (1-8% )] (1.2.3)

2
W = n[l-(l-A
¢ ptq

ptl

: A . . ..
where ¢, 1is the least squares estimate of 2 The statistic W
. 2 . . . .

has an approximate X distribution with q degrees of freedom.
He notes that the value of K must be chosen with care since too
small a value may not allow an adequate fit of the data and too large
a value with respect to n results in greater deviation in the

. . 2 .
behavior of the test statistic froma X random variable.

Hannan [12] considers the same situation as Whittle except there

is no prespecified maximum order K. He recommends the test

statistic
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Foq® R%(p+qlp) - (n-p-q) /(al1-R%(ptq | p))). (1.2.4)

A2 A ,
where 1 - R (p+q|p) = szﬁ'q/G[Z) and cri is obtained from (1.1.13)

using least squares estimates Ié. The statistic F has an
asymptotic distribution of a XZ random variable with q degrees
of freedom.

Box and Jenkins [7] suggest an informal procedure for identify-
ing the appropriate model for an AR process. It begins with
examining the first 20 or so sample autocorrelations and partial auto-
correlations. The theoretical autocorrelations of AR Pprocesses
tail off to zero, whereas the theoretical partial autocorrelations, 20
are zero for k greater than the order p. The approximate
standard error for estimates /q\)k, where k is greater than the

2
l/- Also z=$k/9(?ok) has,

hypothesized order p, is Q(Qk) =1/n
approximately, a standard normal distribution under the hypothesis
that the order is some value p < k. One might then take, as a pre-
liminary estimate for the order, the value j where ak for k >j
lies within say two standard errors of zero, i.e., within the interval

1/2

(-Z/n1 /2, 2/n ). One then estimates the autoregression coefficients

@ o Q. oy @, j by one of the three asymptotically equivalent
) AN AN
methods given in Section I. 1, and a "portmanteau” lack of fit test is

applied to the residuals. Suppose one has the first K estimated

A . . .
autocorrelations for the residuals r.(¢), from fitting a model with
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order j. Then if the model is appropriate,

K
Q=nz rf@_) (1.2.5)
i=1

is approximately distributed as xZ(K-j). If the model is inappropri-
ate, the average values of Q will be inflated. If the initial model is
found inadequate according to the test, an examination of the residuals
is recommended for an indication of how to modify the model to obtain
a better fit.

Anderson [4] advocates the following multiple decision approach.
The minimum order m and maximum order p are prespecified.
The null hypothesis Hi’ (i = m,m+l,...,p), specifies that i is
the correct order. A significance level is assigned to each null
hypothesis in such a way that the probabilities of rejection are mono-
tonically non-decreasing so that the probability of rejecting a more
restricted null hypothesis when it is true is not less than that of
rejecting a less restricted one when it is true. The sample space is
then partitioned into (p-m+l) similar regions such that if the sample
points fall in region i, Hi is accepted.

Akaike [1, 2] advocates an entirely decision theoretic ai)proach.
Models of orders p=1,2,...,L are to be fitted by least squares
methods. Let Rp denote the mean square residuals for order p,

p=12,..., L. Then the future prediction error for the model of
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order p is
+ptk
FPE = (E=S)R =1,2,...,L, 1.2.6
p n_p_k) p P ( )

where k parameters are estimated in detrending the data. The
value p corresponding to the minimum FPEp is then selected as
the order for the process. Jones [13] demonstrated that Akaike's
FPE criterion performs very well in the simulations of a number of
models. Akaike [3] later developed a more general information
criterion for detecting deviations of the estimated parameters from
the true values based on maximum likelihood estimates.

This more general information criterion is referred to as the
AIC, Akaike's information criterion. For fitting stationary
Gaussian autoregressive time series, the order estimate based on the
AIC is asymptotically identical to the estimate obtained by the mini-
mum FPE procedure. Shibata [20] obtained the asymptotic distri-
bution of the order of regression selected by the AIC for stationary
autoregressive time series. He also evaluated the asymptotic quad-
ratic risks of estimates of the regression parameters when one uses
Akaike's method. Schwarz [19] examines the problem of selecting one
of a number of models of different dimensions by finding its Bayes
solution and evaluating the leading terms of its asymptotic expansion.

He compares his results with Akaike's criterion and concludes that
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Akaike's cannot be asymptotically optimal, if one can agree with his
(Schwarz's) underlying assumption.

Parzen [16] takes the point of view that for a general time
series, the autoregressive representation is infinite, (afoo(B )X (t) = A
in (1. 1.5)), and that the problem is to find an order p such that
@p(B) estimates the true linear operator afoo(B) closely enough.
The criterion for choosing the optimal order is to find the value '1\)
which minimizes the criterion autoregressive function (CATp)
which involves the estimation of the theoretical infinite order variance

2 . .
T When the procedure was applied to low order, finite autoregres-
sive time series, the results agreed very closely with Akaike's FPE
criterion.

The most recent method of autoregressive time series order
estimation is one proposed by McClave [15]). He redefines the order
of an autoregressive model as the number of non-zero 2's in the

model (1.1.1). For example, the model

Xt=af1Xt_1+cleXt_10+et, t=0,x1,%£2,...

would be identified as having order two, maximum lag ten. Using
his subset regression technique (McClave [14]), one is to find the best
fitting model of "order" p=1,2,...,K, with maximum lag up to

and including K, and calculate the statistics
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N _ A2 A2
Mp, 17 (n-p-l)(O'p-o"p+1

A2

)/(Gp‘l‘l), p:0,1,---7K'1

AL ) . . .
where Gp is the usual estimated residual variance from the fitted

model of "order" p. Then for a given @, one determines d
such that Pr[Mp 1 > dp] = o where Mp 1 is the maximum order

2
statistic in a sequence of (K-p) independent X (1) random vari-

A
ables. Finally, p 1is chosenas

<d, 0< p< K}

A . N,
= minyp: M
P {p o1 4,

3. Organization of the Thesis

In Chapter II, a Bayesian approach to the estimation of the
order of autoregressive time series is presented in a format similar
to Halpern's Bayesian approach to order estimation in polynomial
regression (Halpern [11]). In Section 2, a joint prior density for the
order, the partial autocorrelations, and the white noise series vari-
ance is given. In Section 3, the marginal posterior probability density
for the order p is derived. Section 3 also has a discussion of the
asymptotic behavior of the marginal posterior probability density of p.
And finally, a loss function is defined and the corresponding Bayes

estimate for p is given.



Chapter III presents a comparison of the Bayesian method of
Chapter II with Akaike's FPE criterion for estimating the orders
of several autoregressive processes using computer simulations.

Wolfer's sunspot data are also analyzed by these methods.

19
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II. A BAYESIAN APPROACH TO ORDER ESTIMATION
OF AUTOREGRESSIVE TIME SERIES

1. Introduction

In the Bayesian approach to estimation, the parameters of a
model, 8, are regarded as random variables with marginal
probability density function f®(§), called the prior probability
density, with respect to some dominating measure V. Cox and
Hinkley [9] point out that this prior density can represent some prior
information about the frequency of occurrence of the parameter
values, or it can be a representation of "what is rational to believe"
about the parameter values, given a situation of ignorance, or it may
simply reflect one's subjective opinion of the relative likelihood of the
various parameter values. The joint density of the parameters 8
is combined with the joint density of the data x to yield a joint con-
ditional density for 8 given x, called the joint posterior density
for 8 given x. If a loss function is defined, the Bayes estimate of
8 is then derived to be the value @ which minimizes the Bayes
risk (expected loss) with respect to the posterior density.

The methods of order estimation of the autoregressive time
series incorporating the partial autocorrelation function and partial

variance are widely recognized and accepted. In this thesis, the prob-

lem of order estimation of the AR time series is approached from
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the Bayesian point of view. This is done with the intent of illustrating
how the Bayesian approach brings the numerous aspects of the prob-
lem together into a coherent structure which is both complementary
to presently used methods and intuitively satisfying.

2. Joint Prior Density of the Order p, the Partial Auto-
correlation, ¢, and the White Noise Variance, ol

Let 1Tj denote the prior probability that the order of a

stationary AR time seriesis j (j=0,1,2,...,M), such that
M

z 'rrj =1, where M 1is a finite number less than n, the number

j=0
of observations. That is,

(-)=1T-’ -:o’li-t-:M (2.2.1)
ng j J

is the marginal prior density for the order, p, with respect to

counting measure. Let gp i(j'?-M) denote the following joint prior

density of the order p and the partial autocorrelations M with
respect to (counting measure X Lebesgue measure):
. M
w27 T blg ) g, € (-1, M, 5=0,1,...,M
I k=j+l
gp: §(J"'w'M) -
0, elsewhere (2.2.2)

where
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M
I 6((Pk) = 19
k=M+1

and 6&(') denotes the Dirac delta function (see Churchill [8]). This

generalized function satisfies the expression:

S f(x)d(x-a)dx = f(a) (2.2.3)
R

for any integrable function f continuous at a, where R is any
open set containing zero.

The joint marginal prior density of the order p withthe ¢'s,
as given in (2.2.2), allows for a formal way of combining conditional
densities for the ¢'s, given the order, with the marginal prior

probabilities for the order. For example, when j =0, one obtains

0

the product of the degenerate density with mass 1 at M = O

and the prior probability that p = 0. When j =1, one

0’
obtains the product of the uniform density over (-1,1) for ?

(where @, T T =0 almost surely), and =« the prior

_¢M X

probability that p = 1. Continuing in this manner, eventually one

obtains, for j =M, the product of the uniform density over

(—1,1)‘M for M and T the prior probability that p = M.

That behaves like a density with respect to (counting measure

g,, 3

X Lebesgue measure) is easily demonstrated:
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M 11
z g S S &p, gl 2y Mdep Aoy, - dey
i -1 S1vY-1

31: S‘l S‘lgl - n

- =)

= w2 N 6(k)|de, de ... de
. 1 qY.y I k=it M "M-1 1

=0

—

Note the very uncomplicated domain of the ¢'s in gp, 5
the form of the domain does not depend on the value of M. Recall
from Chapter I, Section 1, how the boundaries of stationarity for the
a's changed drastically with the order. For example when p =1,

the condition on @) is -1< a, < 1. However, when p =2, the

condition on « (

1 in present notation) is -2 < @, < 2. The

%21

joint region for ( ) 1is triangular. For higher order models

o4 04
2,1"72,2
the stationarity regions for the a's become extremely complicated
to describe which makes defining the limits of integrations over these
regions extremely difficult. Furthermore, a uniform density for the

a's of a higher order model does not reduce to a uniform density for

the a's of lower order models and so one cannot define consistent
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uniform prior densities on the a's. The Bayesian approach to order
estimation of autoregressive time series is intractable using the
model parameterized with the a's. It was not until the development
of the partial autocorrelations (the ¢'s) parameterization of the
AR(p) model by Barndorff-Nielsen and Schou [5] and the characteri-
zation of the partial autocorrelation function by Ramsey [18] that the

Bayesian approach to the order estimation problem became tractable.

To represent prior vagueness about the variance; we choose

- - 2 .
g 2(0’ 2) x (o 2)1/ y O 2 > 0, zero elsewhere (2.2.4)

g
~

-2
to be the marginal formal prior density for o . Note that we take

2
g, tobe a priori independent of the order and the o's.

The joint formal prior density with respect to (counting measure

X Lebesgue measure) for the order p, the vector of partial auto-
-2
correlations ¢ and the inverse of the white noise variance; e
is then
M
-j -2.1/2
n2 s (o 2)1/2 £y ¢ (-1, DM,
, 2 b k=541
g oo 50,1, ..., M, 072> 0
p,‘Lg

0, elsewhere (2.2.5)
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3. Marginal Posterior Probability Density of the Order p
Given the Data )_(n

.,xn)' be a vector of n consecutive observa-
tions from a stationary AR(p) time series with p unknown and
with Gaussian white noise sequence £ Recall from Chapter I,

Section 1, that the exact probability density with respect to Lebesgue

-2 -2
measure on )_(n given p, Ep and ¢ is fp(§n|ggp,cr ) as

given in (1.1.9). By multiplying fM(En"‘“lM’ 0'-2) and the joint
formal prior density of the parameters g 2(j,g,gM, o ) as
P &0

given in (2. 2.5) above, one obtains the joint probability density of the
data and the parameters with respect to (counting measure X

C . -2
Lebesgue measure), which is denoted by £ -Z(En' ey © ).

!’Q?
Xpdo

i i < ) ...
[Note that if the true order is p M then ¢p+1 (pM
and so f_(x |g ,cr-z):f (x| ,ch).]
M—™ M p™m ‘a-’-p
With respect to estimating the order p, the variance g

is a nuisance parameter. The marginal joint densify of the data )_fn,

the order p and the partial autocorrelations, §M is obtained by

the following integration with respect to g

Q0
-2, -2
3 = y 1s , 2.3.
%, b %y I ) SO fX o 3 O_—Z(En hreyp T N0 ( 1
~ M M . -Y
- 2i/2), -1
= Gnnjz JL I a(q;kEH: I (1-g, ) ][2 KM(Q_M)] n
=j+1 i=0
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n . _ M

for _75115 R, ) 0,1,--.’M, _‘(JZME (-1, 1) ) Where

-n/2 M
G_= (2m) I‘(yn), e (n+3)/2, 9y = 0 n 6(¢k) =1, and

k=M+1

i i i 1.1.9).

KM(QM) is defined as in ( 9)
The marginal joint density of the data g_cn and the order p

with respect to (Lebesgue measure X counting measure), fX p(_;gn, j)
0 - - . o’ - §
is found by integrating f?_(’ b, ‘ﬁ(in j gM) with respect to M °ver
the region (-1, l)M. The marginal density of }_Sn alone with

respect to Lebesgue measure, denoted fX(:_c_n), is found by inte-

i ' i I , l.e.,
grating f_}s’ p()_:_n j)  with respectto p over {0 M}, i.e

summing over j=0,1,..., M. Then the posterior

f?S’p(En'J)

density with respect to counting measure of the order p given the

data zn is (as shown in equation (2.3.2) on page 27): where

M
?q = 0, I 6(¢k) =1, and Y, © (n+3)/2. The first expression
k=M+1
for m_, (jlx ) follows from the definition, the second from (2.3.1)
p|X" ' n
and from dividing numerator and denominator by Gn = (Zn)-n/zl"(yn).
= Ol 1, e 0y M.

Let Ij denote the numerator of (2.3.2) for j
M

Notice that the denominator of (2.3.2) is Z Ij, so that
j=0
™ (jl|x ) 1is clearly a density function with respect to counting
pIX” 5

measure. Furthermore, to find an explicit expression for

™ ilx ), one need only evaluate I, for j=0,...,M.
p!Z(JI"n Y j
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"plz(jll{'n) ) )
zg S‘ fX, (x » 1 gM)dqoM
-1 -1 =
M
- g ng ¥ 6(%%“(1(?2)1/2
k=j+1 0
- Yo
x [2 KM(gM)] dey- - -de |
M
z S' S T, 2t n slo f| T (1- ¢2)1/2
=0+1 0
-y
x [2 M(_QM)] do, - TN , (2.3.2)
fOI‘ J=0; lv ’M

Recall that to obtain the Yule-Walker estimates of the a's
and ¢'s for the AR(p) model the Dij's in equations (1.1.14)
were replaced by
n-|i-j|

Sli-j] ~ Mt i3]
k=1

To simplify the evaluation of the Ij's, will replace Dij

S. .
li-j]

in the function Kj(gj). For moderate to large n, the difference
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between Dij and s|i-j| is slight. Then, according to (1.1.7)

and (1.1.9),

-1
K.(p¢.) =H. (a) =a!l S, (1+O , 4]),
J(seJ) J(gJ) a a J( p(n )), (Anderson [4])

=1, =1,
where
o =(l,a, ..., )
=L 1 AE
and
SO —S1 -S2 -SJ
-S S S ... 8.
S, = 1 0 1 j-1 2.3.3)
J . . . .
|55 S5 Sje2 %0

It then follows that the IJ.'s can be expressed as follows:

—
1l

. S S [kn 6(<pk][n (1-9. 2)1/2]

x 271k ( )]-Ynd d
MSD_M ‘pM"' (P

M -Y
i/2 n
0[1130(1 -0) ][ K1)

1

by definition of the Dirac delta function

—‘Y i _Y

_ -1 n _ -1 n
—110[2 Dll] 11'0[2 SO]
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and

1 1 M M
i} - 2.i/2
Ij S ce. S TTjZ [:K Il 6(¢ka[l;[0(l-(pi) ]

-1 -1 =j+1 i

-y

)1 "de

1
KM(SEM i M

x [27 .do

1
1 1 . . -y
- 2i/2 -1 n
=\ ... 27 (1-¢° 2" K. de . ..d
S_l S‘—lﬂj E:o( ¢,) ][ (gl Tdey . dey

Let Ij be defined by

1 1 . . -y
~ - 2i/2], -1~
1, =S‘ S r.273 M (1-¢.)1/][2 K.(¢.)] "de....de, (2.3.4)
J J = 1 1) j 1
-1 -1 0
~ ~ . ~t -1
where K.l¢.) =H,(2,) =2 S.a .. Then I =I(1+0O (n 7)).
373 il 1, 57571, 5 i P
(-J
In order to evaluate I,, induction will be used, and so, it is
y .

S
necessary to express ) in terms of Kj(sa_j). The following

Kj+1(5‘ij+1

lemma does this.

Lemma 2.1.

~

~7
- 2 o
Kj+1(£j+l) = Kj(zj)(lﬁpjﬂ) - ZLj(sgj)fij, j=1,2,..., M-1,

where
~/ n '
KAle.) =H.(a.)=a S.a .
J(‘w?) i—it LT

and
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j
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j
L.(g)=G.(a)=8,  + @, . - :
i'g) 7 Gyl = 8 z zaj,laj,ﬁl-ksk-i Zzaj,isjﬂ-i

i=1l k=1

Proof: FOI‘ j=0: 1:2,---,M-l

~

—f\/
Kiley) = H

Recall from (1. 1.6) that ¢j+l = aj+1,j+l

TSR RIS SRS TS RS X

be expressed as follows:

1 = 1, Al
21, j+1 [1 “’j+1] j
where
a' . 0
ar=| THI :
j Yy
“%y,5 !
o = (l, a, ’ y A, )',
=1 j» 1 ]
and
-a ,=‘(0,-a_ . TR R
=0, ] jr ] j» 1

for 1=1,2,.

- 1
i1 @) T2 82 n

and

C e

Then

i=1

t
21, j+1

Let A, and _Sj+1 be partitioned in the following manner:

J
2y 510 s, | &
S R B P T M
1 1 s, |

can



- 1

- [1"”j+1]Aj§—j+1Aj
i

[ a! S.a | a' S.(-&. )

-“LiEmhg =157 0,

v/

Doyl = — - = ===

o) S.a +8' .o, . S.+28' a, +(-&
"20, %=1, Z+1=1,5 170" “S+1=1,5"

Now

>
T

1
1172, 5%, 7

= v, W v, v _u,
Aoz = (-2, 551-29, 3) * 8541 (% P * o2y,
J ioJ

=S, - +

So - 2 Zaj,ksk z Z %, 1%, k> [1-k|

k=1 i=1 k=1

~ ~

= H.(a.) = K.(g.),
e I R

and
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= = _a' + ]
Alp T A1 7 20,852 5 Y B2
j j j
= . +2 S +
SJ+1 Z *i K1 -k Z z jri jp j+1-K | k-i|
k=1 k=1 i=1
= -G,(a,) = -Lj(gg)
Therefore,
K(p) -L.(g)
K- . -L. . 1
~ i 5 i
~ !

e ) =[lLe ]
J+l J+l J+1 L "K’

K(g)(l+¢ )—ZL(g)qo 41 1

~

rJ
In the proof for the general form of Ij, K ) is

j+1(5‘ij+1

expressed as

~
Kj+l(2j+1

=E . L, /K +1-(L K.
) j‘%’[‘ (2) (ng)) ((2)/ (2))]

¢J+ 1

by completing the square in the expression in Lemma 2. 1. In the fol-
lowing lemma one finds that the Yule-Walker estimate of ¢j+l is
obtained by evaluating Lj(_rﬂj) /Kj (_Qj) at /éj’ the Yule-Walker esti-

mates of ¢.,...;0, .
1 j

~
Lemma 2.2. If K,(%) and Lj(_cgj) are as defined in Lemma
J

A
2.1, and 2)1, RN (pj+1 are the Yule-Walker estimates of

(pl,...,(pj+lp then
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L AL A nA

%) = Sg pJ+1'z % kPl
k=1

~ A _ J AZ

K.(9.) = Sp I (l-9.)

it i=1 9

and so

%y = L(@)/K(3), for =01

. - ' ' . Iy or = s 1y o

i+1 PG Y ]

Proof: Let j =0. Then

A _ A
Lo(svo) = Go(ao) =8,
and
~ A _ r~ A _
Kologh = Hylxg) =8,
8O

AS s _A
L,(0y) /Kyleg) =8, /5, = ¢,

/ A
where $0 =, = 0. Therefore, the lemma is true for
Let j= 1.
L(3)=G(5)=5 +%° s,-28 s
1'%1 111 T %2 T 1,170 T %%,
A A2 A A
= Solpytay -2y 1Pyl
ince A
since P,

= Sk/SO )

33



_ A A A
) A A
since @, , =p, -
Also
~ A ~ A A A2
= = - +
Ko =H (@) =85, - 28,9, +S¢,
A2
=S,l1-01,
. AN _
since ¢, = al,l Sl/SO
Then
Y S S AT N A2
L (s /K (¢)) = [pz-al, P1/M1-]]
N .
k2 according to (1. 1. 6).

Therefore, the lemma is true for j= 1.

Assume that the lemma is true for an arbitrary order j:

and so

Fa) A ~ A
) = L (9.)/K (¢.) .
¢J+1 323 J"EJ

Now consider the (j+1) case:

34
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Lj+1(5‘ij+1) B Gj+1(£j+l)

jtl j+1

A A
+
Siv2 25 25 %41, 1540 21 | k-
i=1 k=1

jtl

g
>

%l KojH2-k

k=1
j*l o+l
g A *‘25 25,« A A
[o4
0l]Pj+2 *41, 17541, jr2- kP | k-
i=1 k=1
j*+1
2 z A A
- i+1, kP j+2 -k
k=1
j+1
-5 |5 z A n
ofPy+2” i+, kPjr2-k |
k=1
p
, A A _
since p,_= Sk/S0 and ZE ap,islk-il Sk . Also
i=1
~ ~ 2 A
n _ A A A
Kjﬂ(g.ﬂ) Kj(%)(lﬁpj“) - ZLj(S‘%)‘PjH
~A A2 A ALY A
= K(g.)1-9., .], since ¢, =L {o.)/KAg.)
JSO'J) ?it1 jtl e
jtl A2 . .
= S0 I (1-<pi) by substitution.
i=1

Then

35
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jtl

J+2 z *i+1, k j+2-k /i: (1-9,)
k=1

A ~ A
L +1(£j+1)/K5+1(%+1)

_A
—(pj+2 by (1.1.86).
Therefore, the lemma is true for all j, by induction. [

~
The evaluation of each Ij involves a j-fold integral. At each
step, one has an integral of the form found in the following lemma.
Throughout, when we have sequences of variables {xn} and {yn}
-1

and we write x =y, wemeanthat x =y (1+O(n ")) as
n n n n

n— © and that the order is "in probability" when the sequences are

random sequences.

2
ILemma 2.3:. If Ki(¢) = A(l+te¢ ) - 2By, where |B! < A,

A >0, andif g(¢) continuous on [-1,1], has a Taylor series

expansion which converges on (-1,1), then
1 -y -y +l/2 -y
§ aoimion Pap = [en/izy 40120002 P A aleg)
-1
x [1+0(n" 1]

where y_ = (n+3)/2 and 94 = B/A.

-Y

Proof: Let hi(ep) = [K(e)] n Then
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_(Yn+1)

h'(p) = _yn[K'(¢)] K'(g),

and

-(y_+1)

-(y t2) 2 n
[K'(e)]" - Yn[K(fP)] K"(e).

h"(e) = vn(vnﬂ)[K'(cp)] "

Note that h(¢) has a maximum where h'(¢) =0, which is where

¢ =B/A = o Then let h(¢) be written as

=Y -y
2
h(e) = A n{(cp-rpo) +1—<p(2)} o

Note also that h(¢) has inflection points where h"(¢) =0, which

is where
2 _ 2
(‘P'(Po) = (1-¢0)/(2yn+1).

Now let 2z be defined by:

(<P-¢0) = [(1-¢g)/(2yn+l)]llzz.

Then
Klo) = A(L-p0)[1+27 /(2y_+1)]
and so
hie) = A-Yn(1-¢(2))-Yn[l+zz/(ZYn+1)]—Yn
= A-\(n(1—(,0;3)-\{11([1+z2/n]n)—1/2 ,



since 2yn +1=n+4=n forlarge n. Then

-Y -Y 2
hig) = A n(1-<p0) ng-z /2

since
lim [l+x/n]n = ex .
n—"
So
. 1/2. 7Y 2.7Y
hg) = (2m) "“A (l-g) Tn(z),

-1 2
where mn(z) = (2m) “exp{-z /2} 1is the standard normal probability

density function. Then

b

1 n

gl gle)h(p)de = QnS‘ glogth z)n(z)dz,
where
_ 1/2 Yo, 2. ¥n

Qn = (2m) A (1—<p0) )\n,
n = [(1-92) /2y +1)]*72

n ¢0 Yn
a_ = -(ltg)) I\ _,
bn = (1-(p0)/)\n .

Now using a Taylor expansion with remainder term,

38
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" 2 2
g(¢o+)\nz) = g(qoo) + g'(cpo))\nz +g (C))\nz /21
where (po-)\nz < g < (p0+)\nz , and so
b b
n n o 2 2
S gleyth z)n(z)dz =§ [glo)te (@ N ztg (DN =2"In(2)dz
n %n
b
n
= g(¢o)[§(bn)-§(an)] +§ g'(:po))\nzn(z)dz
®n
bn
+S‘ g"(C))\izzﬂ(z)dz,
a
n

where &) is the standard normal cumulative distribution function.

As n increases, the first term becomes

lim gloy)[3b )-#a )] = lim glog)[&[1-¢)1-p21 Antal' /)
n—»oo ,n—>w
([t N1 PLnra] /2]

gle ) [2(0)- (9]

= g(<p0)-

If one multiplies the second term by n and allows n to increase,

one obtains
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b
n
. 1
lim S‘ ng (gno))\nz'r](z)dz
n~—"® a3
n
bn
. 2.1/2 -1/2
= lim g'(goo)(l-qao) S\ n(n+4) zn(z)dz
n—"x a
n
bn
. 2.1/2 -1
= g'(fpo)(l-tpo) c lim S Izlzn(z)dz,
n—"® "a
n
for some c¢, since
2.-1/2 1/2 . 1/2
= _ - + = .
a_ (1+¢0)(1 tPO) (nt4) d-n
and
i 2.-1/2, /2. _1/2
bn = (l-cpo)(l-(po) (nt4) = e-n
and so
N 1/2
2] = c-n
b
o 21/2 -1 . 0 n
=g (qoo)(l-cpo) c lim Izlz’r](z)dz+ Izlz'r](z)dz
n—"®"a 0
n
0 %0
2.1/2 -1
= g'(¢o)(1-¢0) c [S Izlzn(z)dz+S Izlzn(z)dz:l
- 0

g'(¢0)(1-¢§)1 /2.1 [-1/2+1/2],

o0

since S ZZ"](Z)dz =1,

-0



and so the second term is o(n ). If one also multiplies the third

term by n and allows =n to increase, one obtains

2 °n 2
lim [ n\ /ZJS g"(L)z n(z)dz

n
n
- - ~ b
2 )
=(1-cp0)/2-g"(§)- lim n/(nt4)<| lim S z N(z)dz
n—® n—®9 “a

- - w - n

~ 2 A o 2 .
- “"f’o’g"“’/%-[l [g 22 (2)dz

L J U .0 .
= (1-9)g"(8)/2,

1

a constant, and so the third term is Of(n ). Therefore

1 -Yn . -1
S g(@)(K(g)) de = Qng(cpo)[HO(n )]
-1
-y t1/2 -y

1/2 2
[zn /iy +01 2002 ™A gl

X [1+0(n'1)]. 0

~
Now with the use of these lemmas, one can evaluate the Ij's

of (2.3.4).

Theorem 2.4. Let

M 2i/2

41

1 R y ;
TS' g w2l m s )| M (100 ClI27 K, (0, 0] Pdgy .. de
AR S K i MM M 1

i=0



Then
A2 yn+(1+1)/

= (3, /2) 'rr 27 9[2n 12y +1)]J/Tn(1-¢ )

A
where 9g = 0, $ is the Yule-Walker estimate for

2
i=1,..., M, Yn:(n+3)/2 and SO:in'
i=1

Proof: Let j=0. Then

M
g S m2 1 s(p)|| T (2 o7
: i:o

Wy -y
-1 n
x [27°K (g, [)] dey .- - -de

M -Y
=my 1o W (1 o?‘)l/2 [2 1% (0)] ", by (2.
1=0
.-y
=TT0[SO/2] n

~
(0,,) = HM(QM) =S, by substitution into

since
fore, the theorem is true for j =0.

Let j=1. Then

M
2.1/2
S g n slp T (1-¢; i/
1
j=2 i=0
_lfJ -Yn _

42

2 1
}[:H'O(n— )]’

¢i’

2.3)

(2.3.4). There-
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1 —l+y 5
=S ™2 ?(1- -9 )I/Z[K (@, )] ndrp

-1

1 by (2.2.3)

-1ty -Y
2.1/2 2
=q. 2 ng (1- ¢, ) [So(l+<pl)-281¢1] "de

1 by substitution
-1

1 »

-1ty 1/2 Y

" 2 Rom) (S,) n

-, +1/2 1/2 2.1/2

X [(1‘(81/50)2] (zyn+1)' [(1 [s /s ] +0(n'1)]

by Lemma 2.3

-y +1

Y 1/2 A2 'n

=(5,/2) Pv27t [emlzy +0] 2035 P [roT]

since Sl/SO is the Yule-Walker estimate for ¢, . Therefore, the
theorem is true for j = 1.

Assume the theorem is true for any arbitrary j, and then

. ~
consider Ij+l'

T -G+ 2,i/2

I, =S S n (1-¢7)

t j+
i J 1 i=0 1
_Yn
x [27'K +1¢5 o)) d¢j+ld¢j...d¢l

-(J+1)+Y -y
" X S n(l ¢2)1/2 Ke)] ™ x
jt
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1

2 (+1)/2
X S‘ (1-9.,,) [1+ Zcp ( )] Bag. do....do. ,
it 5+ ity Pi+1| ¢ ?)

whe re
/\J _ ~s
(pj"‘l(ﬁj) = Lj(‘w‘j)/Kj(zj) .

Then

~ -Gty 1/2 2il/2
Ij+l =1'rj+12 fl2n A2y +1)] S: S:l lﬂél 2 )

~ 5 -Yn+(j+2)/2 R
K.(p. 1"’ 1 ,
x [ J(QJ)] gl (gj)] [1+O(n )]drpj de,

by Lemma 2. 3,

-(jt)+y . j -y H(itl)/2
3 +
S Ban /2y +0)]TV Y mg?) P
jtl n =0 i
-y_t(jt2)/2
~2 /\ n -1
x [1- -¢:11(g (¢.)] [1+Oo(n )],
by Lemma 2.3 and the inductive assumption,
N - (j+1) (j+1)/2
"2 (S, /2) [217/(2yn+1)]
L g sy D)/ ]
x| 1 (1-<p,2) n [1+O(n 1)],
. i
i=0
sin ? (A ) = L (A )/f{/(/\ ) = $ by Lemma 2.2. Therefore
ince . Y AR AL NP TP, s L ’
Pi+1'% e B o MG £
the theorem is true for j =0,1, . and assuming it is true for

arbitrary j, it is also true for j+l, and so true for all j, by

induction. [l
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Now then, according to (2.3.2), the posterior probability of the

order given the data is:

I,
3 = —J— I =
"plz(JL)%l) M ’ J Oy 1:---:M

2 I

k=0
) . j -y Hitl)/2

njz'J[zn/(zynH)]J/z n(1-€aiz) n

= — iz0 . (2.3.5)
k -y +(i+1)/2

zn z'k[zn/(‘zy +1)]k/2 1 (1-{},2) n
k . n i=0 1

k=0 1

The Bayes estimator of a parameter 6 depends on the choice
of a loss function. Once the loss function is defined, the Bayes
estimator is that which minimizes the Bayes risk with respect to that

loss function. Consider then the following loss function:
L(a,p) =1, if a#p, zero otherwise (2.3.6)

It is well -known that, in general, the Bayes risk, r(m, 8) is defined
by

r(m, ) =5 F(6(x), x)dpx ,
X

where F(a, x) =S‘ IL(a, 6)f(x; 0)dm(6), f(x;0) is the density of X
e
given 86, b is a o-finite measure dominating the probability
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measure of the random variable X, m(0) is the prior probability
distribution for 6, and X and @ arethe domainsof X and
0, respectively. Then r(m §) is minimized by minimizing

F(8(x), x). Inthe present situation, one has:

M
Flk x )= Z Lk e, ),
j=0

M

= z Lk, j)[f(_)_:n, j)/nj]ﬂj
j=0

M

= Lk, j).
z ( J)J

j=0

=ZIj, for some ke {0,1,...,M}.
j?k

If k 1is chosen to be the integer between zero and M such that
Ik is a maximum, the F(k, }_{n) is minimized, and so sucha k is
the Bayes estimator of the order p. Since the posterior probability
that the order of the time series is j 1is the ratio of Ij to the
sum of the Ii's, this Bayes estimator is the order with the maxi-
mum posterior probability. The following theorem shows that as n

increases, the cumulative posterior probability of the order p

approaches a cumulative probability distribution which assigns all the
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probability to the correct order p.

Theorem 2.5. Let M be the upper bound for the order p

of a stationary autoregressive time series and (j|§_n) be the .

T
plX

marginal posterior probability that the order of the time series is j,

where
) i -y Hitl)/2
- j/2 3 2.7 Y
a2 )[2n /(2y_+1)] (1-g0) ™
j n .20 i
T 1 lilx ) = — :
pIXY 5 M _k /2 K 5 Y Hi+1) /2
z x 2 %[2n /2y +1)]'C 1 (1-6%)
k n 10 !
k=0
A A
for j=0,1,2,..., M, and where ?q = 0, ¢, is the Yule-Walker
estimate of 9 for i=12,..., M, Tl'k>0, k=0,1,..., M, is

the prior probability that the order is k, and y_= (n+3)/2. Then

if J'n is the random variable with cumulative distribution function

the sequence {J’n} converges in probability to the random variable

J with cumulative distribution function:



That is, the probability that J =p is 1.

Proof: Let i < p, and consider the following limits in

distribution:

/2
£

2 -(n-£+2)/2

i
(n+4) "¢ m (1-$1)

0

lim

n—"® (n+4)-p/2

A2 -(n-2+2)/2
-9,)

(1-¢,

0

H 3

1

. P
lim (n+4)(p-1)/2 p (1_$12)(n-£+2)/2

n—~x £=i+1

:0’

A
since the Yule-Walker estimates ?, converge in distribution to

X (see Anderson [4]), and 0 < |(p1| <1, for

Then letting Tk = Tl'k(TT /2)k /2 )

0< lim

0 Iﬂ2§ﬁ|§n)

i
_1 - -4+
Ty 2 T (1,82 (neL42) /2
i _ £
. £=0
= lim
n_“w k
- -{n-£+
ZEJTk(n+4) k/2 I (1-@%) (n-2+2)/2
o 2=0
-i i A2 -(n-2+2)/2
T.mta) % 155 R
t 1=0 !
< lim
= - P (n-1+2)/2
nwT (nt4) P2 [ (1.7 -t/
P tz0 *

:0,

£ =01,.

. P-

48
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since Ti /Tp is a finite constant and the limit involving n is

zero, as shown above. Therefore,

lim

p|X(i|§n) =0, for i< p.
n— oo =

Now let i > p and consider the following limit:

) i
(n+4)-1/2 - (l_gf)-(n-1+2)/2
lim £20
i
n °°(n+4)—p/2 H(l_gf)-(n-l*FZ)/Z
2=0
, i
= lim (n+4)-(1-p)/2 - (1‘35)-(n—1+2)/2
n—" 2=p+l
:0’

. N . . .
since the Yule-Walker estimate ¢, converges to ¢, in distribu-

tion and ¢, =0 for £ =ptl,p+2,..., (Ramsey [18]). Then
0< lim m_;(i]x)
new PIX '
i
-i 2 -(n-2+2)/2
T (ntd) ilz o (1-52) (n-2+2)/
i ¥
. £=0 -
lim =
n— o k
-k/2 A2 -(n-£+2)/2
) 1™ gl et



i
-1 (n-£+
T (n+4) i/2 I (1_$2) (n-£+2)/2
i 2=0 2
= lim D
—- 00 -p/2 2 -(n-2+t2)/2
B0 (aea) P2 @R
P £=0
:0’

since Ti /Tp is a finite constant and the limit involving n is

zero, as shown above. Therefore,

lim w

p|X(i1§_n)=0, for i > p.
n— =

Now, for any n,

M
I |2§(M|X) Z w |X(1|x\) 1,
i=0
and so
M
1 25 T (ilx ) =1
i %
i=0
Then
p-1 M
Hm |X(plin) Sl nlir.nw Z"plz(ilzn) ' z "p|2_<(1|§n)
n i=0 i=ptl
=1-z lim " (i|x )
i#p nT

1,
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since the limits of the probabilities, are all zero for

TTpl>_<(i|£n)’

i # p, as shown above.

Therefore, for j < p,

j
Him r[p|X(j|£’“) ) z nl-linw TTpllf(i'in)
i=0

i=

= =N ',
0 J(J)
and for j > p
j
lim 0 ('x):z lim (i|x )
= plxY%, n—w PIX I,
i=0
=1 =M_(j
53
Thatis;
im 1 ,_(Glx)=N_() for j=0,1,...,M.
i plx7ET Y .

Therefore, by definition, {Jn} converges in distributionto J. In

addition, since P(J=p) = 1, {J'n} converges to J in probability. |

Therefore, for large n, the maximum posterior probability
for the order of the autoregressive time series will correspond to the

correct order p.
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III. COMPARISON OF THE BAYESIAN APPROACH TO ORDER
ESTIMATION WITH AKAIKE'S FPE CRITERION

1. Introduction

In this chapter, Akaike's FPE criterion for choosing the order
of a stationary autoregressive time series is compared to the Bayes
estimate obtained in Chapter II. First Wolfer's sunspot data will be
analyzed by the two methods. Then the two approaches will be applied

to some computer simulated stationary autoregressive time series.

2. Wolfer's Sunspot Data

Wolfer's sunspot data consists of the average number of sun-
spots observed in 176 consecutive years, beginning in 1749. The
data can be found in Anderson's book [4] among other places. Itis a
well accepted fact that the square root of this sunspot data, corrected
for the mean, is best fitted by an autoregressive model of order two.
A graph of the transformed sunspot data is found in Figure 3.1.

Recall that both Akaike's method and the Bayesian method
require the choice of a maximum order M. Let M = 15. éince the
square roots of the observations are corrected for the mean, which

had to be estimated, Akaike's FPEj for the model of order j is:

A2
FpEj = (n+j+1)/(n.j.1)-crj y j=0,1,..., M (3.2.1)
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where n =176, the number of observations, the estimated predic-

tion variance for order j is

i
2 2
¢S = (Sy/n) T (1-57)
) i=0
$0 =0, $i is the Yule-Walker estimate for cpi, i=1L,2,.... M,
and

Akaike's estimate of the order of an autoregressive time series is
the value k, where FPEk is the minimum, 0 < k < M.

For the Bayes estimate of the order, let TTJ_ = 1/16,
j=0,1,...,15, indicating uniform prior uncertainty about the order

p- Then the posterior probability that the order is p is estimated

by

il b a2 (n-it2)/2

T.(nt+4 I (1-9,)
; P iz ° 3.2.2
“p!)_((”in) = M ) , (3.2.2)
z Tk(n+4)_k/2 I (lngiZ)-(n-ﬁZ)/Z
k=0 i=0
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k/‘2), L 1/(M+1) = 1/16 and Qi is as

where Tk = 'rrk('rr /2)
defined above, k =0,1,...,M=15. For the loss function defined in
Section 2.3, the Bayes estimate is the integer k such that
™ (k|x ) is a maximum, 0 < k < M=15.

pl x5, Sk

The results of the analysis of the transformed sunspot data by
the two methods is given in Table 3. 1. Note that FPEJ, is an abso-
lute minimum for j =9, however it dropped to 0.1961 for j =2
and hovers between 0.19 and 0.20 for order 2 through 15. The

posterior probability (j|3c_n) is a distinct maximum for j = 2.

p|X
Therefore, both methods support the widely accepted second order

for the transformed sunspot data, although a strict interpretation of

Akaike's method would lead to order nine.

3. Computer Simulations

The two methods are now applied to computer simulations of

time series corresponding to the following three models:

Model I X

= .3 + ,
t X1 5
: = -, + ,
Model II Xt th-l Et and
: = . - . + )
Model II1 Xt 5Xt-l 5Xt-2 st

with 100 time series of sizes n =50 and n = 100, for each

model. Note that both Models I and II have order p =1 but the



Table 3.1. Wolfer's sunspot data--Akaike's FPE criterion and the Bayesian posterior
probabilities for the order p.

20 ] 2 3 4 5 6 7
FPE, 1.0114 .3381 1961 .1959 . 1980 .1998 .1990 1958
T ooGlx ) .0000 . 0000 . 7677 .2070 .0204 .0024 . 0008 . 0008
plX™'n

8 9 10 11 12 13 14 15
FPE, . 1944 .1909 . 1925 . 1940 . 1962 . 1984 . 1984 . 2006
T oGl ) . 0000 . 0000 . 0000 .0000 . 0000 . 0000 . 0000 . 0000
p|X”'"n

9¢
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coefficient of X is more extreme in Model II. Model IIl has

t-1

order p = 2. The coefficients of Xt-l and Xt—Z are both
moderate. The results of the estimation of the orders of each time
series by the two methods are summarized in Table 3. 2.

As one might expect, the order of Model I is more often under-
estimated than that of Model II, since the absolute value of ¢ is
smaller in Model I than in Model II. For the smaller time series,

n = 50, the Bayesian approach was slightly worse than Akaike's in
estimating the order of Model I, in that it failed more often to identify
the order as 1. Note, however, the Bayesian approach tends to
underestimate in this model, whereas the Akaike method tends to
overestimate the order in all the models. For the larger time series,
n = 100, both estimation procedures are more accurate, but the
Bayesian method appears superior.

Table 3.3 shows the maximum and minimum posterior probabil -
ities that j is the order for these computer simulations. From that
table, one can see the increase in number of observations from 50
to 100 has a substantial effect on the posterior probability distribu-
tion of the order. With minor exceptions, the maximum and minimum
probabilities for the correct order both increase and the maximum
and minimum probabilities both decrease for the incorrect orders.

Therefore, it can be seen in the analysis of both the sunspot

data and the computer simulations that the Bayesian procedure



Table 3.2.

Comparison of Akaike's FPE criterion and the Bayesian method.

Model n 0 1 2 3 4 5 6 7 8 9 10
I 50 Akaike 25 55 9 5 2 1 3 0 0 0 0
Bayes 52 44 4 0 0 0 0 0 0 0 0

100 Akaike 5 66 15 6 3 2 0 3 0 0 0

Bayes 28 67 5 0 0 0 0 0 0 0 0

I 50 Akaike 0 77 16 3 3 1 0 0 0 0 0
Bayes 0 94 5 1 0 0 0 0 0 0 0

100 Akaike 0 79 12 2 2 1 1 1 1 1 0

Bayes 0 96 2 2 0 0 0 0 0 0 0

111 50 Akaike 0 2 81 7 6 1 1 1 0 0 1
Bayes 2 2 93 2 1 0 0 0 0 0 0

100 Akaike 0 0 67 12 9 7 3 0 1 0 1

Bayes 0 0 94 6 0 0 0 0 0 0 0

89



Table 3.3. Minimum and maximum posterior probabilities
for the order in computer simulations.

n
50 100
Model min max min max
I
0 .0008 . 8252 . 0000 .8356
1 .0107 .8203 . 1242 . 8720
2 . 0248 . 7480 .0175 . 7369
3 . 0042 .2135 . 0050 L1714
4 .0008 .0702 . 0007 .0479
5 .0002 .1031 . 0001 . 1423
6 .0000 . 0501 .0000 . 0264
7 .0000 .0126 .0000 .0106
8 .0000 . 0021 . 0000 .0014
9 . 0000 . 0006 . 0000 . 0003
10 . 0000 .0002 . 0000 . 0000
11
0 .0000 . 1004 .0000 . 0000
1 .0411 . 8275 . 1551 .8757
2 . 0830 . 7812 .0211 .5954
3 .0241 .33563 .0132 . 6816
4 . 0043 . 2959 . 0017 .1236
5 . 0007 .0594 . 0002 .0278
6 . 0001 .0160 .0000 .0082
7 . 0000 . 0065 ‘ .0000 .0018
8 . 0000 .0012 .0000 . 0005
9 .0000 .0003 . 0000 . 0002
10 .0000 . 0001 . 0000 . 0000
111
0 . 0000 .5818 .0000 .0344
1 .0000 . 5526 .0000 .2083
2 .0520 .8293 . 0998 .8756
3 .0361 .4940 .0826 . 7585
4 . 0084 . 5493 .0127 . 2253
5 .0014 . 1060 .0018 .3021
6 .0002 . 0427 . 0002 .0386
7 . 0000 .0119 .0000 . 0049
8 .0000 . 0022 . 0000 . 0022
9 . 0000 .0004 . 0000 . 0020
10 . 0000 .0001 .0000 . 0003
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outlined in Chapter 1I compares favorably with Akaike's FPE
procedure for large time series. For moderate to small time series
(n = 50) with the autoregressive parameter close to zero, as in
Model I, the Bayesian procedure tends to underestimate the order of
the model. A comparison of the maximum and minimum posterior
probabilities of the orders 0 through 10 for all three models
when n 1is increased from 50 to 100 indicate that the posterior
probabilities for incorrect orders are decreasing and the posterior
probabilities for the correct orders are increasing as the asymptotic

theory predicts.
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