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ESTIM ATION, PREDICTIO N AND INTERPOLATION FOR NO NSTATIONARY  

SERIES W ITH THE KALMAN FILTER

The p ro blem  o f estim ating  any  sequence o f m issing  o bserv atio ns in  series w ith a no nstatio nary  
A RIM A  m o d el rep resentatio n w as so lved  by  Ko hn and  A nsley  (1986). In their ap p ro ach, the likeliho od  
is d efined  first by  m eans o f a transfo rm atio n o f the d ata; then, in o rd er to  o b tain an effic ient estim atio n 
p ro ced ure, a m o d ified  Kalm an filter and  a m o d ified  fixed  p o int sm o o thing  alg o rithm  are used . In this 
p ap er w e sho w  ho w  an alternativ e d efinitio n o f the likeliho o d , based  o n the usual assum p tio ns m ad e 
in estim atio n o f and  fo recasting  w ith A RIM A  m o d els, p erm its a d irect and  stand ard  state sp ace 
rep resentatio n o f the no nstatio nary  (o rig inal) d ata, so  that the o rd inary  Kalm an filter and  fixed  p o int 
sm o o ther can b e efficiently  used  fo r estim atio n, fo recasting  and  interp o latio n. O u r ap p ro ach , like that 
o f Ko hn and  A nsley  (1986), can hand le any  arbitrary  p attern o f  m issing  d ata and  w e sho w  that the 
sam e results are o btained  w ith bo th  ap p ro aches. In this w ay, the p ro blem  o f  estim ating  m issing  v alues 
in no nstatio nary  series is co nsid erably  sim p lified .

W hen the av ailab le o bserv atio ns d o  no t p erm it estim atio n o f  so m e o f the m issing  v alues, the 
m etho d  ind icates w hich are these v alues, and  the fo recasts that m ig ht be affected . M o reo v er, if  linear 

co m b inatio ns o f  the unestim able m issing  o bserv atio ns are estim able, the estim ates are read ily  o btained . 
The m etho d  is illustrated  using  the sam e exam p les o f Ko hn and  A nsley  (1986), and  an ad d itio nal o ne 
fo r the case o f  unestim able m issing  v alues w ith estim able linear co m b inatio ns thereo f.

It is sho w n that o u r likeliho o d  is equal to  that o f  Ko hn and  A nsley  (1986); it also  co incid es 
w ith that o f  H arv ey  and  Pierse (1984) w hen ap p licable, and  to  that o f  Bo x and  Jenkins (1976) w hen 
no  o bserv atio n is m issing . The results are extend ed  to  regressio n m o d els w ith A RIM A  erro rs, and  a 
co m p uter p ro g ram , w ritten in Fo rtran fo r M SD O S co m p uters, is av ailable fro m  the autho rs.

KEY W O RD S: Tim e Series, M issing  O bservatio ns, N o nstatio narity , A rim a M o d els, Likeliho od  Functio n.

V ic tor G ôm ez

In stitu to  N at ion al de Estadfstica

28 0 4 6  M adrid

Spain

T el:(34- l->  58 392 29  
Fax :(3 4 -1 - )  583 948 4

A g u stm  M arav all'

European  U niv ersity  In st itu te 
Badia Eiesolana 
I  -  50 0 1 6  S. D om en ico  di 
Fiesole (FU  
Italy

Tel:(3 9- 55- )  5 0 9 2 3 4 7  
Fax :(3 9 -5 5 - )  5 0 9 22 02

A BSTRA C T

(Please, address correspondence to the second author)

©
 T

h
e

 A
u

th
o

r(
s
).

 E
u

ro
p

e
a

n
 U

n
iv

e
rs

it
y
 I

n
s
ti
tu

te
. 

D
ig

it
is

e
d

 v
e

rs
io

n
 p

ro
d

u
c
e

d
 b

y
 t

h
e

 E
U

I 
L

ib
ra

ry
 i
n

 2
0

2
0

. 
A

v
a

ila
b

le
 O

p
e

n
 A

c
c
e

s
s
 o

n
 C

a
d

m
u

s
, 

E
u

ro
p

e
a

n
 U

n
iv

e
rs

it
y
 I

n
s
ti
tu

te
 R

e
s
e

a
rc

h
 R

e
p

o
s
it
o

ry
.



©
 T

h
e
 A

u
th

o
r(

s
).

 E
u
ro

p
e
a
n
 U

n
iv

e
rs

it
y
 I

n
s
ti
tu

te
. 

D
ig

it
is

e
d
 v

e
rs

io
n
 p

ro
d
u
c
e
d
 b

y
 t
h
e
 E

U
I 
L
ib

ra
ry

 i
n
 2

0
2
0
. 

A
v
a
ila

b
le

 O
p
e
n
 A

c
c
e
s
s
 o

n
 C

a
d
m

u
s
, 

E
u
ro

p
e
a
n
 U

n
iv

e
rs

it
y
 I

n
s
ti
tu

te
 R

e
s
e
a
rc

h
 R

e
p
o
s
it
o
ry

.



In tro d u c tio n  an d  Su m m ary

T h e  K alm an  f ilte r p ro v id es a w e ll-e stab lish ed  p ro c e d u re  to  c o m p u te  th e  lik e lih o o d  o f  

a tim e  se rie s  w h ic h  is  th e  o u tc o m e  o f  a statio n ary  A u to re g re ssiv e  M o v in g  A v e rag e  (A R M A ) 

p ro c ess ; se e , fo r ex am p le , H arv ey  an d  P h illip s (1979), o r  Pearlm an  (1980). Fu rth er, Jo n es 

(1980) ex ten d ed  th e  p ro c ed u re  fo r th e  c ase  o f  m issin g  o b se rv atio n s in  th e  serie s. H o w ev er, 

w h en  e x te n d in g  th e  m eth o d  to  a n o n statio n ary  A R1M A  p ro c ess, th e  lik e lih o o d  c an n o t b e  

d e fin ed  in  th e  u su al sen se . T h e  m ain  d if f ic u lty  lie s in  th e  sp e c if ic atio n  o f  th e  startin g  

c o n d itio n s to  in itia liz e  th e  f ilter. O n e  c an n o t u se , as  in  th e  statio n ary  c ase , th e  d istrib u tio n  

o f  th e  in itial state  v ec to r, sin c e  in  th e  n o n statio n ary  c ase  th is d istrib u tio n  is n o t p ro p erly  

d e fin ed . Besid es, w h en  th ere  are  o b serv atio n s m issin g  it is c le arly  n o t p o ssib le  to  u se  the 

lik e lih o o d  o f  th e  d if fe ren c ed  se rie s ( i.e ., o f  its  statio n ary  tran sfo rm atio n ) .

T h e re  h av e  b e e n  sev e ral atte m p ts to  o v erc o m e  th e  d if f ic u lty  (see , fo r ex am p le , H arv ey  

an d  P ie rse , 1984; D e  Jo n g , 1988; H arv ey  an d  Peters, 1990; K o h n  an d  A n sle y , 1986;an d , m o re  

re c e n tly , Be ll an d  H illm er, 1991). T h e  p ath -b reak in g  c o n trib u tio n  o f  H arv ey  an d  Pierse , 

ex te n d in g  th e  state  sp ac e  m eth o d o lo g y  to  A R IM A  m o d e ls w ith  m issin g  o b serv atio n s, 

p re sen ted  tw o  lim itatio n s. First, it c o u ld  n o t b e  ap p lied  to  se rie s w ith  m issin g  v alu es n e ar the 

start o r th e  en d  o f  th e  se rie s; se c o n d , th e  c h o sen  state  sp ac e  re p re se n tatio n  w as n o t m in im al. 

P o ssib ly , th e  p re sen t state  o f  th e  art is th e  p o w erfu l m eth o d o lo g y  d ev e lo p ed  b y  A n sley  and  

K o h n  in  a se q u e n c e  o f  p ap ers: In  o rd er to  d e f in e  the lik e lih o o d , th e  d ata is tran sfo rm ed  to  

e lim in ate  d e p e n d e n c e  o n  th e  startin g  v alu es. T h en , in  o rd e r to  o b tain  an e f f ic ien t p ro ced u re , 

a m o d if ie d  K alm an  f ilte r is u se d  to  c o m p u te  the lik e lih o o d , an d  a m o d ified  f ix ed -p o in t 

sm o o th in g  alg o rith m  in te rp o late s th e  m issin g  o b serv atio n s. Bo th  are  g e n e raliz atio n s o f  th e  

o rd in ary  K alm an  filte r an d  th e  o rd in ary  f ix ed -p o in t sm o o th in g  alg o rith m s fo r h an d lin g  a 

p artially  d if fu se  in itial state  v ec to r; see  K o h n  an d  A n sley  (1986).

In  th is p ap e r w e  sh o w  h o w  an  alte rn ativ e  d e fin itio n  o f  th e  lik e lih o o d , b ased  o n  the 

u su al h y p o th e sis m ad e  in  estim atio n  ( Bo x  and  Jen k in s, 1976, c h ap te r 7  ) an d  p re d ic tio n  

( Bro c k w e ll and  D av is , 1987, p p . 304-307)  o f  A R IM A  m o d e ls , p erm its a stan d ard  state  sp ac e  

re p re se n tatio n  o f  th e  n o n statio n ary  se rie s, easy  to  p ro g ram , th at d o e s n o t re q u ire  any  

tran sfo rm atio n  o f  th e  d ata , an d  p ro v id es a c o n v en ien t stru c tu ral in te rp re tatio n  o f  th e  state  

v ariab le . A s a c o n se q u e n c e , th e  o rd in ary  K alm an  filte r and  th e  o rd in ary  f ix ed -p o in t 

sm o o th in g  a lg o rith m s c an  b e  e f f ic ie n tly  u sed , w ith o u t an y  m o d if ic atio n , fo r e stim atio n , 

fo re c astin g , an d  in terp o latio n . A  n o tab le  featu re  o f  o u r ap p ro ac h  is th at it c an  b e  ap p lied  to  

an y  p atte rn  o f  m issin g  d ata b e c au se  it d o e sn 't d estro y  th e  c o v arian c e  stru c tu re  o f  th e  d ata. 

In  th is w ay , th e  p ro b lem  o f  m issin g  o b serv atio n s in  n o n statio n ary  se rie s c an  b e  c o n sid erab ly  

sim p lif ied . T h e  resu lts are  ex ten d ed  to  re g re ssio n  m o d e ls w ith  A R IM A  erro rs.

It is se e n  h o w  o u r lik e lih o o d  c o in c id es w ith  that o f  H arv e y  an d  P ie rse  (1984), w h en  

th e  latte r is ap p lic ab le , an d , w h en  n o  o b serv atio n  is  m issin g , is  o f  c o u rse  th e  sam e  as th at o f  

Bo x  an d  Je n k in s (1976). It is sh o w n  also  h o w  th e  resu lts o b tain ed  w ith  o u r ap p ro ac h  fo r 

e stim atio n , p re d ic tio n  and  in terp o latio n  are  eq u al to  th o se  o f  K o h n  an d  A n sle y  (1986).

Sin c e  m o st o f  th e  re su lts fo r th e  statio n ary  c ase  w ill b e  v alid  f o r th e  n o n statio n ary  o n e , 

w e  b e g in  b y  b rie f ly  re v ie w in g  th e  u se  o f  th e  K alm an  f ilte r fo r statio n ary  se rie s. T h is is d o n e  

in  Se c tio n  1. W e  p ro c eed  th en  to  an aly z e  a n o n statio n ary  se rie s th at fo llo w s a g en eral A R IM A  

m o d el. First, th e  d e f in itio n  o f  th e  lik e lih o o d  fu n c tio n  is c o n sid ered  in  Se c tio n  2 .1 , an d  Se c tio n

2 .2  d e v e lo p s th e  state  sp ac e  rep resen tatio n  o f  th e  se rie s, th e  K alm an  filte r, and  the 

ap p ro p riate  startin g  c o n d itio n s. Estim atio n  o f  th e  m o d e l is ex p lain ed  in Se c tio n  2 .3 , an d  

Se c tio n  2 .4  d e als w ith  in te rp o latio n  an d  p re d ic tio n  o f  the se rie s. Sp e c ial atte n tio n  is  p aid  to
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th e  d if f ic u ltie s th at m ay  arise  w h en  estim atin g  m issin g  o b serv atio n s at th e  b e g u in in g  o f  th e  

se rie s, and  th e  e ffec t th ereo f  o n  in te rp o latio n  an d  p red ic tio n .

Se c tio n  2.5  an aly z e s in d etail th e  re latio n sh ip  b e tw een  o u r ap p ro ac h  and  th at o f  K o h n  

an d  A n sle y ; Se c tio n  2 .6  ex ten d s th e  m eth o d o lo g y  to  reg ressio n  m o d e ls w ith  A R IM A  erro s 

and  m issin g  o b erv atio n s; f in ally , Se c tio n  2.8 c o n tain s a n u m eric al ap p lic atio n  c o n sistin g  o f  

th e  fo u r d ata se ts c o n sid ered  b y  K o h n  an d  A n sley  (1986), w ith  an  ad d itio n al o n e  th at 

illu strates a ty p e  o f  d if f ic u lty  no t d isc u ssed  b y  th em . T h e  A p p en d ix  c o n tain s an  ex am p le  to  

illu strate  th e  sev e ral step s in  o u r ap p ro ac h ; th is ex am p le  is, ag ain , th e  sam e  as th at u sed  b y  

K o h n  an d  A n sley  (1986).
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l  Sta tio n a ry  Se rie s , A R M A  M o d e l

1.1 Pred ictio n  Erro r D ecom p o s itio n

L e t th e  o b serv ed  serie s z  =  ( z ( l ) ,z ( 2 ) , . . . ,z ( N ) ) '  b e  th e  o u tc o m e  o f  th e  A R M A  m o d e l:

<l>(B)z(f) = 0(B)fl(f) , O-1)

w h ere  <^(B)= l+ ^ jB + .- .+ ^ B ' ’ and  0 (B)= 1 + 0 ,8  + ...+ 0?B q are  f in ite  p o ly n o m ials in  th e  la g  

o p erato r B, o f  o rd ers p  and  q  re sp e c tiv e ly , and  { a ( t) } is  a  se q u e n c e  o f  in d e p e n d e n t 

N iO .d1) v ariab les. T h e  m o d e l is  assu m ed  statio n ary , th at is , all ro o ts o f  th e  p o ly n o m ial 

<|>(B) lie  o u tsid e  th e  u n it c irc le . U sin g  th e  p re d ic tio n  e rro r d e c o m p o sitio n , th e  lik e lih o o d  c an  

b e  w ritte n  as

L ( z ( l ) ,z ( 2 ) ,. . . ,z ( N ) )  = L(z (N ) | z (N - l) ...... z ( l ) ) . . .L ( z ( 2 )  | z ( l ) ) L ( z ( l ) )  , O '2 )

w h e re  th e  v e rtic al b a r d en o tes c o n d itio n al d istrib u tio n . D e f in in g , f o r t = 2 , . . . ,N ,

2 ( t| f - l )  = E ( z ( f ) | z ( f - 1 ) ..... z ( l ) )  , 0 - 3 a )

^ ( f  | f - l)  -  - 1  V (z ( t )  | z ( f - l ) ......z ( l ) )  = _ L  E (z ( t )  - Z ( t\ t - 1 ) ) 2 , (1 .3b )
c r  c r

an d  u sin g  th e  m arg in al d istrib u tio n  o f  z  to  se t th e  startin g  c o n d itio n s:

f ( l| 0 )=  E (z ( l) )  = 0 ,

^ (1 1 0 )=  _ L  V (z ( l) )  , 
c r

th e  lik e lih o o d  c an  b e  w ritte n  as

Lkd =  (2jto 2) - w V ( l | 0 )  o 2(2|1) ... c ^ N IN - l ) ) -  I/ 2exp l / ( 2 o 2) £ ( ( z ( t ) - ;2 ( f | f - l ) )  / o ( f | f - l ) f

L e t e ( t )  ,  t -  1 , . . . ,N ,  d en o te  th e  seq u en c e  o f  stan d ard iz ed  o n e -p erio d -ah ead  fo rec ast

e ( t )  =
z ( t) - 2 ( f | f - l )

o ( f | f - l)

and  d e fin e  th e  v e c to r e  = ( e ( l ) , . . . , e ( N ) ) ' .  T h en , th e  lo g - lik e lih o o d  c an  b e  e x p ressed  as 

l = c o n st -  —  lo g o 2 -  lo g (o ( l| 0)o (2| l)  ... o (N | N -l) )  -  ~ e ' e  .

2 2d2

(1.4)

A ssu m in g  k n o w n  m o d e l p aram eters, th is fu n c tio n  w ill b e  m ax im iz ed  w ith  re sp e c t to  

o 2 w h en

6^= —  e' e . 
N

(1.5)

T h ere fo re , o 2 c an  b e  c o n c en trated  o u t o f  th e  fu n c tio n  1 , y ie ld in g  th e  c o n c e n trate d  lo g -  

lik e lih o o d

1" = c o n st -  lo g (e 'e )
N ,

lo g (o ( l| 0)o (2| l)  ... o (N | N -l) )  = c o n st -  _ l o g S ,
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w h ere

S = (a ( l| 0 )a (2| l)  ... a ( N | N - l) ) 1/ w e ' e  ( o ( l  | 0)o (2| l) ... a ( N jN - l ) ) 1" ''. (1 6 )

Ex ac t M ax im u m  Lik e lih o o d  (M L) e stim atio n  o f  th e  m o d e l p aram e te rs m in im iz es, th u s, 

th e  n o n lin e ar su m  o f  sq u are s S, fo r w h ic h  M arq u ard L s m eth o d  ( see , f o r ex am p le , Fle tc h er, 

1987, ch . 5)  p ro v id es a  ro b u st and  d ep en d ab le  p ro c ed u re . (W h en  S is rep lac ed  b y  S =  e' e, 

th e  m eth o d  is o ften  called  u n c o n d itio n al le ast sq u ares.)

It c an  b e  sh o w n  (W ec k er and  A n sle y , 1983), th at th e  v e c to r e  c o n tain s th e  seq u en c e  

o f  o rth o n o rm al v ariab le s o b tain ed  fro m  th e  G ram -Sc h m id t o rth o n o rm aliz atio n  p ro c ess 

ap p lied  to  th e  se rie s z . H e n c e , th e  ran d o m  v ariab les e ( f)  , t = 1 are  in d ep en d en t

N (0 (a 2) v ariab les. Fu rth erm o re , if  th e  c o v arian c e  m atrix  o f  z  is c^Q  , an d  Q  = LL ' is th e  

C h o lesk y  d e c o m p o sitio n  o f  Q  w ith  L lo w e r trian g u lar, th en  it is straig h tfo rw ard  to  v erify  

that

e  =  L _1z,

i q i= in *,

|L|= o ( l| 0 )o (2| l) ...o (N | N - l) , 

so  th at S c an  b e  w ritte n  m o re  c o m p ac tly  as

S=|L|I/ Ne , e|L|1/ N.

1.2 S tate  S p ace  R ep resen tatio n  and  the K alm an  Fil ter

A m o n g  th e  sev e ral state  sp ac e  rep resen tatio n s o f  A R M A  m o d e ls , w e  se le c t th at o f  

Jo n e s (1980), o rig in ally  p ro p o sed  b y  A k aik e (1973, 1974, 1975) . It p ro v id es a  m in im al 

re p resen tatio n , easy  to  p ro g ram  w ith  th e  K alm an  filter, w h e re  th e  state  v e c to r h as a 

c o n v en ien t stru c tu ral in te rp re tatio n . (It is also  fo u n d  in  so m e  statistic al/ e c o n o m e tric s 

p ac k ag es, su c h  as SA S.)

If  ( z ( f )  1 fo llo w s th e  A R M A  p ro c ess g iv e n  b y  (1.1) , le ttin g  r  = m ax {  p, q + 1 }, and  

d e fin in g  <(>.= 0  w h e n  i >  p, th e  state  sp ac e  re p re se n tatio n  is  g iv en  b y

z (f) 0 1 0  ... 0 z ( t- l ) 1

z ( f+1 |f) 0 0 1 ... 0 z ( t| f - l) ’ f ,

*( f )=

z ( f+ r-2| f) 0 0 0 ... 1 z ( t+ r - 3 | f - l )

+

z (f-> -r-l |f) - i - 2 - -4>, z ( f + r - 2 | f - l ) V r4

z ( t)  = ( l , 0 , . . . , 0 ) z ( f )  , ^■7 b )

w h e re  th e  ij> - w e ig h ts are  th e  c o e ff ic ie n ts o f  th e  p o w e r se rie s e x p an sio n  in  B

i| *B) = £>,. B' = 0(B) /<t>(B) .
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T h e  e x p re ssio n  z ( t+ j\ t)  is  th e  o rth o g o n al p ro je c tio n  o f  z ( t+ j)  o n  th e  su b sp ac e  

g e n e ra te d  b y  { z ( s ) : s s f } ,  an d  c o in c id e s  w ith  th e  c o n d itio n a l  e x p e c ta tio n

E ( z ( t+ j)  | z ( s ) :s s f ) .  T h e  state  v e c to r x ( t )  c o n tain s, th u s, th e  se rie s  z ( f )  and  its  (r-1)-  

p erio d s-ah ead  fo rec ast fu n c tio n  w ith  re sp e c t to  the sem i- in f in ite  sam p le  { z ( s ) : s s f }  . N o te  

th at w h e n  th e  p ro je c tio n  is o n  th e  f in ite  sam p le  {z (s) : l s s s  t } ,  w e  re p re se n t it w ith  a h at, 

as in  (1.3a).

In  o b v io u s m atrix  n o tatio n , th e  sy stem  (1.7) c an  b e  w ritte n  c o m p ac tly  as

x { t )  = F x ( f - l )  + G a ( f )  , (L 8 a )

z ( t)  = H ' x ( t )  . (L 8 b )

Sin c e  o 2 c an  b e  c o n c en trated  o u t o f  th e  lik e lih o o d , w ith o u t lo ss o f  g e n e rality , w e  c an  

se t o 2= l . (O n c e  th e  p aram e te rs h av e  b e e n  estim ated , d 2 w ill b e  o b tain ed  w ith  (1.5)) . T h e  

K alm an  f ilte r c o n sists o f  th e  fo llo w in g  eq u atio n s. First, th e  startin g  c o n d itio n s:

x(0| 0) = E { x ( 0 ) )  =  0  ,

2 (0| 0)  = E  [ ( *(0 )  -  x (0| 0) ) (x (0 )  -  x (0| 0) ) ' ]  = V ( z (0 ) )  , 

an d , th en , th e  re c u rsio n s:

x ( t \ t - l)  =  F x ( t - l  | f - l)  ,

2 ( f | f - l )  = F 2 ( f - l | f - l )  F'  *  Q  ,

K ( t )  =  2 ( f  |f—1) H  ( H '  2 ( t| f - l )  H  ,

2( t| f )  = ( I -  K { t )  H ‘  ) 2 ( f | f - l )  ,

x (f| f) = z ( f | f - l )  + K it )  ( z ( f )  -  H '  x ( f | f - l ) )  , t = 1 , 2 , . . . ,N , 

w h e re  Q  = G G ', and

x (f| T) = E ( x ( f ) | z ( l ) ...... z (T ) ) ,

2( f| T )  = V ( z ( f ) | z ( l ) , . . . ,z ( T ) ) ,  l s i s N , l s T s N .

T h e  f ilte r c an  also  b e  in itializ ed  w ith

(1.9)

(1.10a)

(1.10b )

*(1| 0)  = E ( x ( l ) )  = 0 ,

2 ( 1 10) = 2 ( 0 | 0 )

sin c e  statio n arity  im p lies 2(0| 0)  = F  2(0| 0)  F '  + Q  . A n  e f f ic ien t p ro c e d u re  to  c o m p u te  th e  

in itial c o v arian c e  m atrix  2 ( 1 10) c an  b e  fo u n d  in  Jo n e s (1980).

v alu es

In  o rd e r to  m ax im iz e  th e  lik e lih o o d , at eac h  ite ratio n  it is  n e c e ssary  to  o b ta in  th e

2 ( f | f - l )  = H 'x ( f | f - 1 )  , 

c A t l f - l )  = H '2 ( f | f - 1 )  H ,

and  th e  re sid u al e ( f)  g iv en  b y  (1.4). O n c e  th e  last ite ratio n  ( f= N ) h as b e e n  c o m p le te d , th e  

o b je c tiv e  fu n c tio n  S is  o b tain ed  w ith  (1.6).

T h e  v e c to r *(N | N ) d ire c tly  p ro v id es th e  (r- l) -p e rio d s-ah e ad  fo re c ast fu n c tio n  o f  the
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v ariab le . If  m o re  fo rec asts are  n eed ed , th ey  c an  sim p ly  b e  o b tain ed  w ith  ad d itio n al ru n s o f  

the filter.

W h e n  q  2  p , an  alte rn ativ e  rep resen tatio n , w h ic h  y ie ld s  a state  sp ac e  v e c to r o f  

m in im al d im en sio n , c an  b e  o b tain ed  b y  e lim in atin g  th e  f irst e le m e n t in  b o th  th e  state  v e c to r 

and  the G  v e c to r and  b y  ex p an d in g  the o b serv atio n  e q u atio n  (1.8b ) w ith

z ( f )  = H ' x ( f - l )  + a( f ) .

T h e  n e w  m atrix  F in  x (t )  =  Fx ( f - l)  + G0 (f) w o u ld  b e  th e  o n e  o f  (1.8a)  w ith o u t th e  f irst ro w  

an d  th e  f irst c o lu m n , th e  n e w  m atrix  G  w o u ld  b e  th e  o ld  o n e  w ith o u t th e  f irst e lem e n t, and  

th e  n e w  m atrix  H  w o u ld  b e  th e  o ld  o n e  w ith o u t th e  last z e ro . In  th e  re st o f  th e  p ap e r w e 

sh all alw ay s re fe r to  th e  rep resen tatio n  (1.7).

1 .3  A RM A  M od e l  w ith  M iss in g  O b servation s

A ssu m e, in  all g e n erality , th at o n ly  th e  v alu es { z ( f 1) ,z ( t2) , . . . , z ( f M) } ,  l s f 1< .. .< f M, are 

o b serv ed . T o  o b tain  th e  p re d ic tio n  e rro r d ec o m p o sitio n , th e  o b se rv atio n  e q u atio n  (1.8b ) c an  

b e  rep lac ed  b y

z ( t)  = H ' ( t ) x ( t )  + a ( f ) W ( f )  , f = 1 (l  n )

w h ere  H \ t)  =  (1 ,0,...,0) , a ( f )  =  0  if  z (f)  is o b serv ed , and  H '( f )  =  (0,0,...,0) , a ( t)  = 1 i f  z (f)  is 

m issin g  (see  Bro c k w e ll and  D av is 1987, p . 494). T h e  v ariab le  W (f)  re p re se n ts a N (0,1)  sam p le , 

in d ep en d en t o f  th e  o b serv atio n s ( z ( f 1) / . . . ,z ( f M)}. T h u s, w h e n  z (f)  is m issin g , 

*( f| f )=  x ( t \ t - l)  , £ ( f| f )=  £ ( t| f - l ) ,  and  b o th  th e  resid u al an d  th e  stan d ard  e rro r 

c o rre sp o n d in g  to  a  m issin g  v alu e  are  ig n o red  w h en  c o m p u tin g  th e  fu n c tio n  S o f  (1.6); see  

Jo n es(1980).

H av in g  o b tain ed  p aram e te r e stim ates b y  m in im iz in g  th e  ap p ro p riate  fu n c tio n  S, 

e stim ato rs o f  th e  m issin g  v alu es c an  b e  o b tain ed  th ro u g h  th e  Fix e d -P o in t-Sm o o th e r (FPS); see  

A n d e rso n  and  M o o re  (1979). A ssu m e th e  j- th  o b serv atio n  is m issin g , an d  d e fin e  th e  startin g  

c o n d itio n

S “ 0 I 7 - 1 )=  2(/ l 7 - 1 )  •

T h en , le ttin g  k  =  j + 1 ,  . . . ,  N , th e  e q u atio n s o f  th e  FPS are  g iv en  b y  

2 “ (k + l \k)= S “ (Jt|A :-l) ( F -  F K ( k) H ' ( k)  ) ' ,

K ‘ (k) = 2'(fc| fc-l) H {k) ( H'(fc)2(k| k-l)H(k) ♦ a\ k)c? w ) ' , (1.12)

x(j\k) = *0'| fc-l) + K ‘ (k) ( 2® - H \ k)x (k\ k-1) )  ,

2 0 | *)=  S0 '| *- 1 )  -  2 “ (fc| *-l)  H (k)  ( K ‘ (k))1 ,

w h ere  H (k)  an d  a ( k )  are  as in  (1.11), and  x ( j\ k)  , 2 0 17c) and  K ( k)  are  as in  (1.9)  and  

(1.10). Fo r A R M A  m o d e ls , the se t o f  eq u atio n s (1.12) c an  b e  sim p lif ied  b y  n o tic in g  th at o n ly  

th e  f irst e le m e n t o f  x ( j\ k)  and  th e  (1,1) e lem e n t o f  2 0 | *)  , n am ely  2 0 1 *)  an ^ ct2(/ j*)  , 

re sp ec tiv e ly , are  o f  in terest. D e f in in g

P/ 0'|*)=  H '2 " (Jt| it- l )  , 

b(fc)= H ‘ K “ (k)  , k > j ,

the FP S sim p lif ie s in to
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v ' ( j | ;>  H ' T ( j \ j - l )  = 

v ' ( j\ k+ l) =  v ' ( j\ k) ( F  -  FK (k)H ' (k) ) ' ,

b( k) =  v' (j\  k)  H ( k)  ( H (k) '  Z(fc| k - 1) H ( k)  + a 2(k)tfw ) “’  , 

t ( j I k)=  i( j\  * : - ! )  + &(*) ( z (*0 -  H ( *) '  x(fc| fc -1) ) ,

c^O'l *) =  o ^ ' l  k- \ )  -  v ' ( j | fc) H(fc) b( k)  , k * j ,

w h ic h  o n ly  re q u ire s sto rag e  o f  th e  v e c to r v ( j\ k)  and  o f  th e  sc alars 2(j\ k)  and  o 2(j\k) .

1 .4  R eg res s io n  M od el  w ith  M iss in g  O b servation s  and  A RM A  Erro rs

C o n sid e r th e  re g re ssio n  m o d el

z ( f ) =  y '( f ) P  + v ( f )  ,  H -133)

w h e re  |3 = is a  v e c to r o f  p aram eters, y ' ( t )  is  a v e c to r o f  h in d e p e n d e n t v ariab les ,

z (f)  is th e  d e p en d en t v ariab le , and  v (f)  is assu m ed  to  fo llo w  th e  A R M A  m o d e l g iv en  b y  

(1.1). If , as b e fo re , { 2 (f1) , . . . , z ( f M)}  d en o te  th e  o b serv ed  v a lu e s , d e f in in g  th e  v ec to rs 

2  = (2 ( f1) , . . . ,2 (fM) j  ,  v  = ( v ( f 1) , . . . ,v ( f M) ) / , and  th e  (M x h)  m atrix  Y  w ith  th e  v ec to rs 

y ' ( t ) ,  t  -  f , , . . . , !  ,  as ro w s, w e  c an  w rite

z  = Yfi + v  , (1.13b )

w h e re  th e  m atrix  Y  is  assu m ed  o f  ran k  h. D e n o tin g  b y  c rQ  th e  c o v arian c e  m atrix  o f  v , th e  

lik e lih o o d  c o rre sp o n d in g  to  (1.13b )  is  g iv en  b y

Lkd  = (2jio 2)-m/2|Q|-1/ 2 exp
1

2 c ?
z  -  Yfi ) 'Q - '

T h e  (5 p aram e te rs an d  th o se  o f  th e  A R M A  m o d el f o r v  (f) c an  b e  jo in tly  e stim ated  u s in g  th e  

K alm an  f ilte r as d esc rib ed  ab o v e  b y  s im p ly  d e f in in g  th e  s tate  v e c to r 

x ( t )  -  ( v ( f ) ,v ( t+ l| f ) , . . . ,v ( f + r - l| f ) ) / and  u s in g  eq u atio n s (1.8a)  and

z(f)= y ' m  * H ' ( t) x ( t)  *  a(t)W(f) , (1.14)

in stead  o f  (1.11). A s b e fo re , th e  o n ly  resid u als in c lu d ed  in  th e  c o m p u tatio n  o f  th e  lik e lih o o d  

are  th o se  f o r t =  g iv en  b y

e ( f )=  (z (f )  -  y ' m  -  v ( f | f - l ) ) / o ( f | f - l )  ,

an d  th e  e stim ato rs o f  th e  m issin g  v alu es are  o b tain ed  w ith  th e  FPS. W h e n  th is p ro c e d u re  is 

fo llo w ed , M e an  Sq u ared  Erro r (M SE) e stim ato rs o b tain ed  in  su b se q u e n t sm o o th in g  o r 

fo re c astin g  o p e ratio n s w ill all b e  c o n d itio n al o n  p (see H arv e y  an d  P ie rse , 1984) .

O n e  w ay  to  o v erc o m e  th is lim itatio n , w h ic h  at th e  sam e tim e  y ie ld s  a  m o re  e f f ic ie n t 

c o m p u tatio n al p ro c ed u re , is to  u se  th e  ap p ro ac h  o f  K o h n  and  A n sle y  (1985), c o n c e n tratin g  

P and  o 2 o u t o f  th e  lik e lih o o d  fu n c tio n . T h e  BLU E e stim ato r o f  p c an  b e  o b tain ed  b y  G L S, and  

th en  th e  K alm an  f ilte r and  th e  FPS c an  b e  u sed  to  c o m p u te  m in im u m  M SE m issin g  

o b serv atio n s e stim ato rs and  fo rec asts, as w e ll as th e ir M SE. M o re  sp e c if ic ally , le t Q = LL'  b e
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the C h o le sk y  d e c o m p o sitio n  o f  Q , w ith  L lo w e r trian g u lar. Ex p re ssio n  (1.13b ) c an  b e  

rew ritte n  as

L ' z  = L 'Y p  + LW . (1.15)

R e p lac in g  z  w ith  v , th e  K alm an  filte r asso c iated  w ith  e q u atio n  (1.7a)  and  th e  o b serv atio n  

eq u atio n  (1.11) c an  b e  se e n  as an  alg o rith m  to  o b tain  th e  re sid u als e  =  L'1z  an d  th e  

d e term in an t | L  |. T h e  sam e alg o rith m  ap p lied  to  th e  c o lu m n s o f  Y  p ro v id e s sim u ltan eo u sly  

e  =  L-1z, L'1 Y  and  | L \ (see  W e c k e r and  A n sle y , 1983, and  K o h n  an d  A n sle y , 1985). T h ere fo re , 

ap p ly in g  th e  K alm an  filte r in  th is w ay , w e  c an  m o v e  fro m  (1.13b ) to  (1.15).

U sin g  th e  Q R  alg o rith m  o n  th e  m atrix  L'1 Y , an  o rth o g o n al (M xfi)  m atrix  Q  is  o b tain ed , 

su c h  th at

Q 'L " 1 = ( R ' ,0 ' ) '  ,

w h ere  R  is  an  u p p e r trian g u lar (fix/ :) m atrix  w ith  n o n z ero  e lem e n ts in  th e  m ain  d iag o n al. L e t 

Q \  an d  Q '2 b e  th e  su b m atric e s fo rm ed  w ith  th e  ro w s o f  Q  su c h  th at

Q 'jL ^ Y  =  R  and  Q ^ L 'Y  = 0.

P re m u ltip ly in g  (1.15) b y  Q v  it is fo u n d  th at

Q 'rL 'z  =  R p  + Q ’ 1L \ ,

and  h e n c e  th e  G L S estim ato r o f  p is g iv en  b y  

P = R - lQ [ L - h  ,

fro m  w h ic h  th e  e stim ato r o f  o 2 is also  o b tain ed :

A2 = - I  ( z  -  y P)'q  ] ( z  -  Yfl) = JL  ( Q ' L - ' z  -  Q 'L _1Yp ) ( Q ' L  lz  -  Q ' L  _1YlP) =
M  M

2' ( L ' l y  Q A ' L "‘ z •

T h e  fu n c tio n  to  b e  m in im iz ed  b e c o m es

S = |L|1/ M z '  ( L - y  Q 2Q '  L - 1 z  |L|1/m .

Fo r m o re  d etails o n  h o w  to  o b tain  th e  m issin g  o b serv atio n  e stim ato rs and  fo rec asts, as w ell 

as th e ir M SE, see  K o h n  an d  A n sley  (1985).

2 N o n s ta tio n a ry  Se rie s , A R IM A  M o d e l

2.1 T he  L ik e l ih o o d  Fun ctio n

L e t {  z (f)  }  b e  a n o n statio n ary  p ro c e ss su c h  th at th e  tran sfo rm atio n  u(t)  =  6(B)z (f)  

ren d ers it statio n ary  an d  le t {  u(t)  }  fo llo w  th e  A R M A  m o d e l (1.1). T h en , {  z (f)  }  fo llo w s th e  

n o n statio n ary  m o d e l
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<t>(B)8 (B)z ( f )  = e  (B)a ( f ) , (2 1 )

w h ere  8(B)  = l+ 6 IB+ ...+ 6iB‘i d en o tes a  p o ly n o m ial in  B w ith  all ro o ts o n  th e  u n it c irc le . 

T y p ic a lly , 8 ( B )  w il l  c o n ta in  r e g u la r  a n d / o r  s e a s o n a l  d i f f e r e n c e s . L e t 

z  = ( z ( l ) ,z ( 2 ) , . . . , z ( N ) ) '  b e  th e  o b serv ed  series. T h e  n o n statio n arity  o f  {  z ( f )  }  p re v e n ts  u s 

fro m  u s in g  th e  p re d ic tio n  e rro r d e c o m p o sitio n  (1.2), sin c e  th e  d istrib u tio n  o f  z ( l )  is n o t w e ll 

d e fin ed . N e w  assu m p tio n s are  req u ired  in  o rd er to  d e f in e  th e  lik e lih o o d  p ro p e rly ; w e  sh all 

u se  th e  fo llo w in g  o n es:

A ssum p tio n  A : T h e  v ariab le s {  z ( l) ,.. .,z (d)  }  are  in d e p e n d e n t o f  th e  v ariab le s  {  « ( f )  } . 

A ssum p tio n  B : T h e  v ariab les {  z ( l) ,...,z (d)  }  are  jo in tly  n o rm ally  d istrib u ted .

T h e  f irst assu m p tio n  is a stan d ard  o n e  w h en  fo re c astin g  w ith  A R IM A  m o d e ls (see  

Bro c k w e ll and  D av is , 1987, p p . 304 - 307).

T h e  lik e lih o o d  o f  A R IM A  m o d e ls is  u su ally  d e fin ed  as th e  lik e lih o o d  o f  th e  

d if feren c ed  se rie s L(u (d+ 1) ,...,u (N )) ; see  Bo x  an d  Je n k in s, c h ap te r 7. H o w ev er, an  e x p re ssio n  

in  te rm s o f  th e  o rig in al se rie s itse lf  co u ld  b e  v e ry  u se fu l, sin c e  th e  K alm an  f ilte r c o u ld  th e n  

b e  u sed  d ire c tly  to  e stim ate  m issin g  o b serv atio n s in  n o n statio n ary  se rie s. A c c o rd in g ly , w e  

d e fin e  as o u r lik e lih o o d  th e  d en sity

Lkd =  L ( z ( d + l ) , . . . ,z ( N )  | z ( l ) ,...,z (d )  ). (2 -2 )

T h is  is a w e ll d e fin ed  lik e lih o o d  sin c e , f o llo w in g  Be ll (1984, p . 650) th e  v ariab le  z (f)  c an  b e  

ex p ressed  as

2 ( 0  = A ' ( f ) z .  + £  i ,  u ( t - i ) , f > d ,  (2-3)
i-0

w h e re  z ,  = ( z ( l z ( d ) ) ‘ , % (B) = 1/ 6(B) = B '  , A ( t )  = ( A ,( f ) ......A /t ) ) ' ,  and  the
i-O

c o e ff ic ie n ts A ,(f) are  o b tain ed  re c u rsiv e ly  fro m

AW = 

AW -

A  A ( f - ! )  A t f - c l )  ,

1 i f  i  = j  =  1 , . . . ,  d  ;

0  i f  i , ;  =  1 , . . . ,  d ; i* j  .

t > d ,  i  =  1 , . . . , d ,

(2.4)

L e t S  b e  th e  lo w e r trian g u lar (N -d)x (N -d)  m atrix  w ith  ro w s th e  v e c to rs  

( t  j,^ . 2, . . . , l , 0 , . . . , o ) ,  j  -  1 , . . . ,N - d ,  an d  le t A  b e  th e  (N -d)x d  m atrix  w ith  ro w s th e  v e c to rs  

A '( f ) , f =  d+ l,... ,N .  D e f in e  / =(/ ,', / 2' ) ' ,  w h e re  J1 and  J2 are, re sp e c tiv e ly , th e  dx N  an d  (N  -  d)x N  

su b m atric es su c h  th at =  ( Id , 0) and  J2 = (A , S ) . Th en , th e  tran sfo rm atio n

[ z ( l ) , . . .z ( d ) ,z ( d + l ) ,. . .z ( N ) ] / = ]  [ z ( l ) , . . . ,z ( d ) ,« ( d + l ) ......u (N ) J , (2.5)

has d e te rm in an t eq u al to  o n e . T h ere fo re , th e  d en sitie s w ill satisfy , u n d e r A ssu m p tio n s A  and

B,

L ( z ( l ) , . . . ,z ( N ) )  = L ( z ( l ) , . . . ,z ( d ) ,« ( d +1 ) , . . . ,« ( N ) )  = L ( z ( l ) , . . . ,z ( d ) ) L ( u ( d + l ) , . . . ,« ( N ) ) ,
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fro m  w h ic h  th e  fo llo w in g  re su lt is o b tain ed :

L EM M A  1. L ( z ( d+ 1 ) , . . . ,  .\N) | z ( l ) , . . . ,z ( d ) )  = E ( u ( d + l) ,. . . ,u ( N ) ) .

L e m m a 1 e stab lish es th e  e q u ality  b e tw e e n  th e  c lassic al d e f in itio n  o f  th e  lik e lih o o d  in  

A R IM A  m o d e ls and  o u r d e f in itio n  (2.2). T h e  p re d ic tio n  e rro r d e c o m p o sitio n  asso c iated  w ith  

th e  latte r is g iv en  b y

L ( z ( d+ l) , . . . , z ( N )  |2 ( l ) , . . . / Z(rf»  = L(z (N )  |z (N -1),...,2(1))... (2.6)
L(z (d+ 1 )  |2 ( d ) , . . . ,2 ( l) ) .

Fo r t = d+ 2,...,N , d e fin e  t ( t  | f - l)  and  t \ f -1)  as in  (1.3) and  le t fo r t =  d+ 1,

2(d + l| d ) = E ( 2 ( d + l ) | 2 ( d ) ,. . . ,2 ( l ) )  = A ' ( d *  1 ) 2 , ,

t f i d + m  -  ± E  [(Z (d +1) -  2(d+ l| d ))2] =  -L e  [ u \ d+ 1)) =  ± -V ( u ( d + 1 ) ) .  
c r c r cr

T h en , th e  resid u als c o rre sp o n d in g  to  th e  p re d ic tio n  e rro r d e c o m p o sitio n  (2.6) are

e ( f)  = (2 (f)  -  2 ( f | f - l ) ) / o ( f | f - l ) ,  f =  d + l , . . . ,N .

D e f in in g  fo r f =  d+ 2 ,...,N ,

i2 ( f| f - l)  = E (u ( t)  | u ( f - 1 ) , . . . ,u ( d + l ) ,  2 ( d ) ,... ,2 ( 1 ) )  = E(u ( f )  | u ( f - l ) , . . . ,n ( d + l ) ) ,

th e  f o llo w in g  lem m a sh o w s th e  e q u ality  b e tw e e n  th e  resid u als c o rre sp o n d in g  to  (2.6)  and  

th o se  o b tain ed  in  th e  Bo x  an d  Je n k in s lik e lih o o d .

L EM M A  2. U nder A ssu m ption s A  an d B,

2 (f) -  2 ( f  | f - l)  =  u ( t )  -  f l ( t| f - l ) ,

o *( *l *- l )  =  4 E [(“ (f) -  ^ M ) ) 2] -  T v  ( u ( t )  | u ( f - l ) , . . . ,u ( d + l ) ) ,  t z d + 1 ,  
c r  c r

w here

fl(d + l| d ) = E  ( u ( d + l) )  -  0  a n d  ( / ( d + l\d) =  — V  ( « ( d + l) ) .
o 2

P roof. Fro m  (2.5) it is im m e d iate ly  se e n  th at th e  su b sp ac e  g en erated  b y  {  z ( l) ,.. .,z ( d) , 

2(d + l) ,...,2(t) } and  b y  {  z ( l) ,.. .,z ( d) ,u ( d+ l) ,... ,u ( t ) }  are  the sam e  fo r f ad + 1 . T h u s,

2 ( f | f - l )  =  E (2 (f) |2 ( f —l ) , . . . , 2 ( d + l) ,2 ( d ) ,. . . ,2 (1 ) )  = E (2 (f)  | « ( t - l ) , . . . « ( d + l ) ,2 ( d ) ,. . . ,2 ( 1 ) ) ,

an d  , c o n sid e rin g  (2.3),

2 ( f | f - l )  =  A ' ( t ) 2 .  -  E (u ( f  —i)  | u ( f  1 ) ......u (d +l ) ,2 ( d ) .......2 (1 ) )  =
f-o

= A ' ( f ) 2 ,  + E ( u ( f ) | u ( f - l ) , . . . ,u ( d + l ) )  + £  “ (f " 0  =
f-1

= A ' ( f )  2 ,  + 12(f  I f - 1 )  + Y , %
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Hence, z ( t ) -  u ( t ) ~  U(t | f —1)- □

2 .2  S tate  S p ace  R ep resen tatio n  o f  a N on stationary  S eries  an d  th e  K alm an  Fil te r

It is  p ro v ed  in  Be ll (1984, p p . 649-651) th at th ere  is a o n e -to -o n e  c o rre sp o n d e n c e  

b e tw e e n  {  z ( f )  }  an d  { z %, { u (t) } } . U sin g  Be ll 's  b ac kw ard  re p re se n tatio n  as w e ll as  (2.3), it is 

n o t d if f ic u lt to  c h e c k  th at, fo r an y  t z d + 1 ,  th e  su b sp ac es g e n e rate d  b y  l z ( s ) : s s f (  and  

l z t , { a ( s ) : s s f l }  c o in c id e . T h e fo re , u n d e r assu m p tio n s A  an d  B, i f  w e  d e f in e  z (s| f)  = 

E(z ( s)  |z (u): vh t) and  n (s| f )  = E ( « ( s )  |z(t>): vs, t) f o r s z t z d + 1 ,  w e  h av e

z (s| f)  = E ( z ( s ) \ z ( v ) : v s t )  =  E ( z ( s ) \ z ^ , { u ( v ) :v s t } \ ,  (2-7a)

M(s | f)  = £  ( u ( s ) \ z ( v ) : v n t )  =  E (w (s) | u ( v ) : v s t ) .  (2-7b )

T h e  fo llo w in g  lem m a w ill a llo w  u s to  p reserv e  th e  sam e  state  sp ac e  re p re se n tatio n  

as in  th e  statio n ary  case . C o n sid er th e  A R IM A  m o d el (2.1) . L e t =  <p(B)6(B),

i|T(B) = 0(B)  / <))"(B) = i|)' B ' a n d  <|>* = 0  w h en  i > p+ d.  T h e n  ,
i-0

L EM M A  3.

z ( f + r - l  |f) = -  « |>;Z (f-l) -  <t>r*_ ,z (f  | f - l )  - . . .  -  ♦1*z ( f + r - 2 | t - l )  + ^ « ( f ) ,  

w here r  = m ax  { j ) + d ,q+ \ }.

P roof. U sin g  (2.7) in  (2.3), it is o b tain ed  th at 

z ( f + r - l )  -  z ( f + r - l  |f) = I ,  ( « ( f + r - l )  -  u ( t + r - l  | f)) + ... + ( a ( f + l )  -  u ( f + l  | f))-

Sin c e  {  u(t)  }  fo llo w s th e  m o d e l (1.1), w e  hav e

H

u ( t *j)  -  u ( t+ j  |f) = a ( t + j - i ) , j = l , . . . , r - l ,
i-0

so  th at

z ( f + r - l )  -  z ( f + r - l  |f) = ^ ^ « ( f + r - l )  + ... + (| 0i|>f_J + -  + | r_2i()0) f l ( f+ l)  =

= H’o’ a (f + -  + i| > ,V (f+ 1) , 

g iv en  th at r|)'(B) =  l(B)i) i(B). Th ere fo re , 

z ( f + r - l  11) -  z ( t + r - 1 | f - l )  + q>'r la ( t ) , 

and  c o n sid e rin g  th at

r-1

z ( f + r - l  | f - 1 )  = -  5 > ; z ( t + i - l | f - l )  -  <| > ;z (f-l) ,
i-1

th e  le m m a fo llo w s d ire c tly . O
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A s a c o n seq u en c e , f o r th e  n o ’ statio n ary  c ase , th e  state  sp ac e  re p re se n tatio n  is also  

g iv en  b y  (1.7), w ith  r = m ax  {  p+ d, 1}, and  th e  $ and  i f  c o e f f ic ie n ts rep lac ed  b y  th e  and  

o n es; th at is

z ( t ) 0 1 0  . . 0 z ( f - l ) 1

z ( f + l  |f) 0 0 1 . . 0 z ( f | f - l )
C

x ( t )= = +

z ( f+ r-2| f) 0 0 0 . . 1 z ( f + r - 3 | f - l ) C i

z ( f + r - l  |f) c - f ’ -2 ••
z ( f + r - 2 | f - l ) C l

(2.9a)

z ( t )  -  ( l , 0 f . . . ,0 ) x ( t )  . (2.9b )

T h e  K alm an  f ilte r c an  th e n  b e  ap p lied  in  an  id e n tic al m an n e r to  c o m p u te  the 

like lih o o d  th ro u g h  th e  p re d ic tio n  e rro r d e c o m p o sitio n  (2.6). T h e  startin g  c o n d itio n s h o w e v e r 

w ill b e  d if feren t. C o n sid e rin g  th at

x ( d+ l) =

A ' ( d *  l ) z .  

A \ d+ 2 ) z >

+

1 0  . ..  0  

%  1 . . .  0

u ( d *  1) 

u (d+ 2  | d + l )

A ' ( d+ r) z 4 1 ,- 1  -  1 u(d+ r\ d+ l)

w h e re  A 4, E an d  U  are  th e  o b v io u s m atric es and  v e c to rs , re sp ec tiv e ly , th e  startin g  

c o n d itio n s fo r th e  n o n statio n ary  case  are  g iv en  b y

x ( d + l \d) = A 'Z ' , (2.10a)

2 ( d + l  \d) = H E ( U U ' ) S '  =  S 2 ( 1 | 0 ) E ' ,  (2 1 0 b )

w h ere  2 ( 1 10) = E (U U ' )  c an  b e  c o m p u ted  fro m  th e  statio n ary  p ro c ess {  u(t)  } , w h ic h  

fo llo w s m o d e l (1.1), as in  Se c tio n  1.2. T h e  d im e n sio n  o f  th e  state  sp ac e  re p re se n tatio n  (2.9) 

is m in im al, and  h en c e  sm alle r th an  th at o f  H arv ey  and  P ie rse  (1984), an d  eq u al to  th e  o n e  

in  K o h n  an d  A n sle y  (1986). O u r rep resen tatio n  h as th e  ap p eal o f  its sim p lic ity , o f  th e  d ire c t 

in te rp re tatio n  o f  th e  state  v e c to r ( i.e ., th e  n o n statio n ary  se rie s and  its ( r- l) -p e rio d s-ah e ad  

fo rec ast fu n c tio n ) , and  o f  th e  easin ess in  c o m p u tin g  th e  startin g  c o n d itio n s. A  sim p le  ex am p le  

to  illu strate  th is and  th e  fo llo w in g  se c tio n s is d isc u ssed  in  A p p en d ix  A .

2 .3  M iss in g  O b serv atio n s

A s in  th e  tw o  p re v io u s se c tio n s, le t {  z (f)  }  fo llo w  th e  A R IM A  p ro c e ss (2.1) w ith  

A ssu m p tio n s A  an d  B h o ld in g . L e t th e  av ailab le  o b serv atio n s b e  | z ( f j) ,z ( f 2) , . . . , z ( f M) J,  

w ith  l s f 1< f2< . . .< f M . If  th ere  are  n o  m issin g  o b serv atio n s am o n g  th e  f irst d  v alu e s o f  the 

serie s, o n e  co u ld  p ro c eed  as in  th e  statio n ary  c ase , w ith  th e  f ix ed  p o in t sm o o th e r and  the 

o b se rv atio n  e q u atio n  (1.11), u s in g  (2.10) as startin g  c o n d itio n s. T h is is  th e  c ase  c o n sid ered  b y  

H arv ey  and  P ie rse  (1984). G iv en  th at th e ir startin g  c o n d itio n s and  e q u atio n s are  th e  sam e  as
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o u rs, th e  tw o  lik e lih o o d s c o in c id e .

Fo r th e  g en eral c ase , assu m e  th at z ; = |z (f]) , . . . , z ( f t) j / is th e  v e c to r o f  o b se rv atio n s 

in  z n = ( z ( l ) , . . . , z ( d ) ) / . L e ttin g  z;  d en o te  th e  v e c to r o f  m issin g  o b serv atio n s in  z <( th e n th e  

o b serv ed  v alu es in  z  c an  b e  ex p ressed  as

z ( f .)  = A ' ( f . ) z ,  = C ' ( f . ) z ,  = z ( f ) ,  f =  1 ,

z ( f .)  = A ' Q ,) z .  *  f i( f ,)  = B '( f ,.) z , + C ' ( f , ) z ;  + fi( f ,.), i  =  k + l , . . . ,M ,

l-d-l

w h e re  < ? ( ()=  t > d ,  th e  v ec to rs A '  (s) h av e  b e e n  d e fin ed  in  (2 .3) , (2.4)  and

B '( s )  and  C ' ( s )  are  th e  ap p o p riate  su b v ec to rs o f  A '  (s). L e t z fl a n d  u  d e n o te  th e  

v ec to rs ( z { tk t J) , . . . , z { tM)^' and  {u ( tk t l ) , . . . ,u ( t M) ^ , re sp e c tiv e ly , an d  A , B an d  C  d e n o te  th e  

m atric e s w ith  ro w s A ' ( s ) ,  s = , B ' ( s )  a n d  C ' ( s )  , s = fM , . . . , f M, re sp e c tiv e ly .

D e f in e  D  = (D / , D 2') ' ,  w h e re  D j and  D 2 are  th e  kx d an d  (M  - k)x d su b m atric e s, re sp e c tiv e ly , 

su c h  th at D j = (It , 0)  and  D 2 = (B, C ). T h en , th e  ab o v e  e q u atio n s c an  b e  rew ritte n  as

[ z / , z ; J = A z . + [ o \ a ' ] '  = d [z ; , z ; [ (2 .11)

D e f in in g  y  = z a -  Bz„  (2.11) im p lie s

y  = C z ; + &. (2-12)

A  n atu ral w ay  o f  ex te n d in g  o u r lik e lih o o d  (2.2) to  th e  c ase  o f  m issin g  o b se rv atio n s 

is  to  c o n sid e r th e  lik e lih o o d  o f  th e  o b serv atio n s zu c o n d itio n al o n  Zk, and  to  tre at z;  as 

ad d itio n al p aram eters. T h is d e fin itio n  o f  th e  lik e lih o o d  is e q u iv ale n t to  c o n sid e rin g  (2.12)  as 

a re g re ssio n  m o d e l w h o se  e rro rs u h av e  a  k n o w n  c o v arian c e  m atrix  t^A . W e  d e f in e  as o u r 

lik e lih o o d  th at asso c iated  w ith  (2.12), th at is

Lkd = (2O T2) - (M-‘ >/ 2|A|-I/ 2exp ± . ( y  -  C z ,) '  \ ~ ' (y  -  C z ,)
(2.13)

w h ere  th e  u n k n o w n  p aram eters are  o 2, z , and  th e  c o e ff ic ie n ts (<j>,9) = (<J>1,...,<))p,0 1, . . . ,0 (j) o f  

m o d e l (1.1). U sin g  th e  p re d ic tio n  e rro r d ec o m p o sitio n , and  c o n c e n tratin g  a 2 o u t o f  th e  

lik e lih o o d , it is seen  th at m ax im iz in g  (2.13) o v e r (<)>, 0)  and  z , is eq u iv ale n t to  m in im iz in g

S = |L|1/ (M"*) e'e |L|1/(M-*) = | L _ l ^Cz,)'(lu 'y  -  L^ C z ^ L f'^ ,

o v e r (((i, 0)  and  z; , w h e re  L  is th e  lo w e r trian g u lar m atrix  su c h  th at A = LL'  is  th e  C h o lesk y  

d e c o m p o sitio n  o f  A , and  e  -  L "‘ |y -  C z ; J = { e( tk . I) , . . . , c ( f M)|/ is th e  v e c to r o f  stan d ard iz ed  

resid u als. Fo r g iv e n  v alu e s o f  (<|>, 0)  and  z; , th e  fu n c tio n  S c an  b e  c o m p u te d  w ith  th e  K alm an  

filter. T h e  e q u atio n s to  u se  are  (2.9a) an d  (1.11), w ith  startin g  c o n d itio n s (2.10). In  th is w ay , 

w e  c an  jo in tly  e stim ate  th e  u n k n o w n  p aram eters (<j>, 0)  and  z ( . A s startin g  v alu e s f o r z ; , 

lin e ar c o m b in atio n s o f  ad jac e n t o b serv atio n s c an  b e  u sed .

H o w ev er, as stated  in  Se c tio n  1.4, a m o re  e f f ic ie n t c o m p u tatio n al p ro c e d u re  is  

o b tain ed  b y  u sin g  th e  ap p ro ac h  o f  K o h n  and  A n sle y  (1985), w h e re b y  o 2 an d  z t c an  b e
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c o n c en trated  o u t o f  th e  lik e lih o o d . T h i . ap p ro ac h , n o t o n ly  w ill allo w  u s to  c o m p u te  M SE n o t 

c o n d itio n al o n  z; , b u t w ill also  p ' ic e  o n  a  so u n d  th eo re tic al b asis th e  d isc u ss io n  o f  th e  

d if f ic u ltie s th at m ay  arise  w h en  jstim a tin g  z ; , an d  th e ir im p lic atio n s fo r p re d ic tio n  and  

in terp o latio n . T o  see  h o w  th is ap p ro ac h  c an  b e  u sed  in  th e  p re sen t c o n tex t, le t th e  K alm an  

f ilte r b e  ap p lied  to  th e  m o d e l

y  = zu ~ Bz, = “ •

T h is allo w s u s to  c o m p u te  L~ ' y  a n d  |L |. T h e  eq u atio n s w o u ld  ag ain  b e  (2.9a)  an d  (1.11); 

th e  startin g  c o n d itio n s, 

x (d+ l\ d)  = [ B ' ( d + l) z l , . . . ,B ' ( d *r ) z %

an d  (2.10b ). N o te  th at it is n o t n e c essary  to  c o m p u te  th e  en tire  m atrix  B an d  th at th e  K alm an  

f ilte r is ap p lied  to  th e  v e c to r o f  o b serv atio n s z„ . T h e  sam e  alg o rith m  ap p lied  to  th e  c o lu m n s 

o f  th e  m atrix  C , w ith  startin g  c o n d itio n s x (d + l| d )  = 0  and  (2.10b ) a lso  p e rm its u s to  

c o m p u te  L " 'C . W e  c o n sid e r th u s th e  m o d el

L~ ' y  =  L " ’ C z J *  L~ ' u . (2 1 4 )

L e t th e  ran k  o f  C  b e  rc * d - k .  Th en , th e  m atrix  L ' C  h as also  ran k  rc  an d  tw o  c ase s n eed  

to  b e  d istin g u ish ed :

a) ra n k (Q  = rc  -  d - k .  T h en , th e  Q R  alg o rith m  ap p lied  to  L~ 'C  y ie ld s  an  o rth o g o n al 

(M -k) x (M -k)  m atrix  Q  su c h  th at

Q ' L - ' C  =  (R , , 0 / ) '  ,

w h ere  R  is  an  u p p e r trian g u lar (d-k)x (d-k)  m atrix  w ith  n o n z e ro  e le m e n ts in  th e  m ain  

d iag o n al.

b )  ran k(C ) =  r c < d - k .  A  slig h t m o d if ic atio n  o f  th e  Q R  a lg o rith m  y ie ld s  an  o rth o g o n al 

(M -k) x (M -k)  m atrix  Q  su c h  th at

Q ' L - ' C  =  ( £ ' ,  O')1 ,

w h ere  £  is an  rc x ( d - k )  m atrix  in  e c h e lo n  fo rm . P e rm u tin g  th e  v ariab le s in  z;  i f  

n ec essary , w h ic h  im p lie s p e rm u tin g  th e  c o lu m n s o f  E, w e  c an  alw ay s assu m e  w ith o u t 

lo ss o f  g en e rality  th at th e  m atrix  E h as th e  fo rm

E = ( R ,S ) ,

w h e re  R  is  an  rc x r c  u p p e r trian g u lar m atrix  w ith  n o n z ero  e lem e n ts in  th e  m ain  

d iag o n al.

T h u s, in  g en eral, le t th e  Q R  alg o rith m  w h e n  rc  =  d - k  ,  o r its  slig h t m o d if ic atio n  

w h e n  rc < d - k  , b e  ap p lied  to  th e  m atrix  L _1C . T h en , an  o rth o g o n al (M -k)x (M -k)  m atrix  

Q  is o b tain ed  su c h  th at

Q ' L - ' C  = ( E ' , O ')' ,

w h e re  E =  R  i f  rc  = d - k  o r  £  = (R , S)  if  rc  <  d - k .  L e t Q ', an d  Q '2 b e  th e  su b m atric es o f  

Q ' fo rm ed  w ith  th e  ro w s o f  Q ', so  th at Q 'L ' C  c o n sists o f  th e  f irst rc  n o n z ero  ro w s 

o f  Q ' L - ' C ,  , and  Q ' L ' ‘ C  = 0. If  (2.14) is p re m u ltip lied  b y  Q ', it is o b tain ed  th at
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(2.15a)

(2.15b )
Q JL - ’ y  -  Ez , + Q ' L - ' u ,

Q'2L~ ' y  -  Q ' L - ' u .

T h e  n o rm al eq u atio n s c o rresp o n d in g  to  (2.15) are  

E 'E z , -  E ' Q ' L - ' y .

T h is sy ste m  o f  lin e ar eq u atio n s is  alw ay s c o n sisten t an d  its g en eral so lu tio n  is (se e  R ao , p p . 

222-223)

z( -  (E ' E ) -E ' Q ' L ' y  + ( lJ k -  (E'E)  E ' E ) x ,  (2 1 6 a >

w h ere  x  is  an  arb itrary  v e c to r o f  d im en sio n  d - k  an d  ( E 'E ) “ is  a g en eraliz ed  in v e rse  o f  E'E. 

If  rc -  d - k ,  th e n  E =  R, an  u p p e r trian g u lar m atrix , an d  (2.16a)  b e c o m e s

Zj -  R - ' Q ' L- ' y  . (2.16b )

T h ere fo re , in stead  o f  m ax im iz in g  th e  lik e lih o o d  (2.13)  (o r, e q u iv ale n tly , m in im iz in g  th e  

fu n c tio n  S)  o v e r (<j>, 0) , z ; an d  a 2, w e  c an  c o n c en trate  a 2 an d  z; o u t o f  th e  lik e lih o o d  b y  u sin g  

th e  re g re ssio n  (2.16) to  o b tain  z ] , an d

* 2 ’  JT k ^ y ~ ~ L" c 4

In  th is c ase , w e se e k  to  m in im iz e  th e  fu n ctio n

S '  -  lEf/ ™ -» (L- ’ y  -  L - ' C z ^ L - ' y  -  L - , C z ; ) lEf / IM-*>

o v e r (()>, 0 )  to  o b tain  ( $ ,  0 ) ;  it is easy  to  v erify  that

S '  -  lLP/ (M-B (E- ’ y  -  L- ' C z ^ Q Q ' [L~ ' y  -  L -1C z J)lLP/ (M- ‘> -

-  l E F ^ Q i L - ’ y  -  Ez^ [Q \ L~ ' y  -  Ez () + y l (L- " (Q 2Q'1L - ' y ]\Lt' (M-B .

Sin c e  th e  m atrix  E ( E 'E ) " E '  is  sy m m etric , id em p o ten t an d  h as ran k  rc  (see  R ao , 1973, p . 25) , 

th e re  e x ists th u s, an  o rth o g o n al rc  x  rc m atrix  Q F su c h  that

Q r E ( E 'E ) '  E'Q '  -  l  ,t b rc

an d , th ere fo re  E ( E 'E ) 'E '  -  Ir . T h is im p lies 

Q jE - 'y  -  E z ( -  Q [L - ' y  -  E ( E 'E ) 'E / Q 1, L ' , y  + (E -  E (E ' EY E ’E)x  -  0

an d  S' c an  b e  rew ritte n  as

S '  -  ILP/ (M-B y f L - ’ / O jO 'E - ’ y l i i 7™-*1. (2.17)

T h e  e stim ato r 6 2 b e c o m es

d 2 -  _ L  V' (L - ' iQ 2Q'2L - ' y .  (2.18)
M - k

In  su m m ary , to  e stim ate  m o d e l (2.1) c o n c en tratin g  z , an d  a 2 o u t o f  th e  lik e lih o o d , w e  

ap p ly  th e  K alm an  filte r w ith  e q u atio n s (2 .9a)  an d  (1.11)  an d  startin g  c o n d itio n s 

xW +lW ) -  [ B ' ( d + D ,B ' ( d + r ) Jz : an d  (2.10b )  to  th e  v e c to r o f  o b se rv atio n s z (J to  o b tain  

E"! y  a n d  ILL W e  ap p ly  th e  sam e  alg o rith m  w ith  startin g  c o n d itio n s x ( d+ lid ) -  0  an d  

(2.10b )  to  th e  c o lu m n s o f  th e  m atrix  C  to  o b tain  L _1C. T h e n , th e  Q R  a lg o rith m , o r a slig h t
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m o d if ic atio n  o f  it, is u sed  to  o b tain  Q ' L _IC  = ( £ ' , O ') ' . Fin ally , w e  c o m p u te  

Q ' L _1y  a n d  S * in  (2.17). M in im iz in g  S ’ y ie ld s th e  e stim ato rs (< j> ,6), th e n  w e  e stim ate  

z;  an d  o 2 b y  (2.16)  and  (2.18), re sp ec tiv e ly .

2 .4  In terp o latio n  and  Pred iction

Su p p o se  f irst w e  c o n c en trate  o 2 and  z , o u t o f  th e  lik e lih o o d . Fo r in te rp o latio n  and  

p re d ic tio n , w e  n e ed  th e  e stim ato r (2.16) in  (2.10a) to  start th e  K alm an  f ilte r an d  th e  FPS. 

W h en  rc  = d - k ,  w e  saw  th at t ] co u ld  b e  o b tain ed  w ith  (2.16b ).

If  rc  <  d - k ,  th en , as stated  in  th e  p re v io u s se c tio n , b y  p e rm u tin g  th e  v ariab le s in  

z , if  n e c essary , w e  c an  assu m e  w ith o u t lo ss o f  g en erality  th at £  = (R , S) , w h e re  R  is an  u p p e r 

trian g u lar m atrix . It is  easy  to  c h e c k  th at a g en eraliz ed  in v e rse  o f  E'E is  th e  (d-k)x (d-k)  m atrix  

(E ' E)~  =  ( T ' ,  T ' ) ' ,  w h ere  T , and  T2 are  th e  rc x ( d - k )  and  ( d - k - r c ) x ( d - k )  su b m atric es, 

resp ectiv ely , su c h  that T t = ( ( R 'R ) -1, 0 )  and  T2 = ( 0 , 0) . If  z ;  =  , z " '1) ,  w here z ;'  and

z ”  are  th e  su b v ec to rs o f  z , o f  d im e n sio n  rc  and  d - k - r c , re sp e c tiv e ly , th en  (2.16a) 

im p lies

2/  = R - ' Q ' L - ' y  -  R  ' S i  a n d  2 "  = X,

w h e re  X is an  arb itrary  v e c to r o f  d im en sio n  d - k - r c . It is in te re stin g  to  n o te  th at th e  

se t R z '  + S z ”  is a m ax im al se t o f  in d ep en d en t lin e ar c o m b in atio n s th at c an  b e  estim ated  

fro m  th e  d ata y  w ith o u t d e p e n d e n c e  o n  x.

T h e  c o v arian c e  m atrix  V ( 2 () o f  is o b tain ed  b y  G LS. L e t l s f < f )t, and  z (f)  b e  an  

u n o b serv ed  v a lu e  th at w e  w an t to  estim ate . Sin c e  z ( f )  = A , ( t) z > = C '( f ) z ; , w e  h av e

2( f )  = C '( f ) 2 ; . (2-19a)

T h e  M SE o f  2 ( f )  is C '( f )  V'(2; )C ( f ) . Let n o w

z ( f )  -  A ' ( f ) z ,  + u ( t )  = B ' ( f ) z ,  + C '( t) z , + u ( t )

b e  an  u n o b serv ed  v alu e  th at w e  w an t to  e stim ate  w ith  t > t k. If  f < f M w e  are  in te rp o latin g  

and  i f  f  >  fM w e  are  p re d ic tin g . Fo llo w in g  K o h n  an d  A n sle y  (1985), w e  h av e

2( f )  = B ' ( f ) z ,  *  C '( f ) 2 , + P ( t) ( y  -  C 2; ) , (2-19b )

w h e re  E (u ( t ) \ ii)  -  P ( t )U  = C o v ( u ( t ) ,t l)V ~ 1( a ) a .  T h e  M SE o f  2 ( f )  is g iv en  b y

E (z ( f )  -  2 ( f ) ) 2 = ( P ( f ) C  -  C '( f ) ) V ( 2 ,) ( P ( f ) C  -  C ' ( t ) ) '  + S ( f ) ,  (2-20)

w h e re  S( f )  = E(w (f)  -  P ( t ) t t f  . Th e  K alm an  f ilte r w ith  eq u atio n s (2 .9a)  and  (1.11) and  

startin g  c o n d itio n s (2.10) i f  f >  fM, o r th e  FP S if  f < fM, c an  b e  u sed  to  c o m p u te  

b o th  P ( f ) ( y  -  C 2; ) and  S(f). T h e  sam e alg o rith m  ap p lied  to  th e  c o lu m n s o f  C y ie ld s  P ( f )C .

If  rc < d - k ,  it m ay  h ap p en  th at C l ( t )2J = C ' ( f ) ( 2 ;,/ , 2 " ' ) '  = C , ( f ) (2 ;*' ,  2 ' ) '  in  

(2.19a) o r (2.19b )  w ill d ep en d  o n  th e  arb itrary  v e c to r X. T h e  v e c to r C '( f )  lies in  th e  sp ac e  

g en erated  b y  th e  ro w s o f  th e  m atrix  (R , S) , w h ic h  is  th e  sam e  as th at g en erated  b y  th e  ro w s
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o f  th e  m atrix  C , if , and  o n ly  if , th ere  ex ists a v e c to r c '( f )  su c h  th at C '( f )  = c '( f ) (R , S). T h ere fo re , 

th ev ec to r C ' ( t) 2 ,  = C ' w jv ' ,  * ' [  =  C ' ^ R ^ Q ' ^ y )1, 0 ' ] '  + C ' ( f ) [ ( - IT 'S ) ' ,  f j ^ J i  w ill 

n o t d ep en d  o n  3c if, and  o n ly  if , C '( f )  lie s in  th e  sp ac e  g en erated  b y  th e  ro w s o f  th e  m atrix  

(R, S) . N o te  th at i f  rc < d - k ,  th en  th e  m atrix  V (2; )  sh o u ld  b e  re p lac e d  b y  c 9 ( E '  E)~  and  

th at th is m ak e s sen se  o n ly  if  C '( f ) 2 ;  d o es n o t d ep en d  o n  3c.

Su p p o se  n o w  th at w e  c o n c en trate  o n ly  o 2 o u t o f  th e  lik e lih o o d  and  th at w e  jo in tly  

e stim ate  z;  and  (<|>, 0). W e  w o u ld  u se  th e  e stim ato r i ( t )  th u s o b tain ed  in  (2.19). H o w ev er, in  

(2.20) w e  w o u ld  o n ly  o b tain  S(t)  and  th u s th e  M SE o f  2 ( f )  w o u ld  b e  c o n d itio n al o n  z,.

2 .5  T h e  R elatio n sh ip  Betw een  O u r A p p ro ach  an d  th at o f  K o h n  and  A n s ley

T h e  fo llo w in g  th eo rem  sp e c if ie s the p rec ise  re latio n sh ip  b e tw e e n  o u r lik e lih o o d  and  

th at o f  K o h n  an d  A n sle y  (1986).

T H EO R EM  1. C oncen tratin g  o 2 and z ;  out  o f ou r  likelihood (2.13), the sam e fu n c t ion  to 

max im iz e is obtain ed as  w hen  o 2 is concentrated ou t  o f  the likelihood defin ed by  Kohn  and A nsley .

P roof. A s w e sh o w ed  in  Se c tio n  2 .3 , m ax im iz in g  (2.13)  c o n c e n trate d  w ith  re sp e c t to  

z ; and  o 2 is th e  sam e  as m in im iz in g  (2.17). K o h n  and  A n sle y  (1986) d e f in e  a lik e lih o o d  w h ic h  

c o in c id es w ith  th at o f  Bo x  an d  Je n k in s w h en  th ere  are  n o  m issin g  o b se rv atio n s and  w ith  th at 

o f  H arv e y  and  P ierse  (1984)  w h e n  th ere  are  n o  m issin g  o b serv atio n s am o n g  th e  f irst d  v alu e s 

o f  th e  serie s. In  th ese  c ases, th u s, th e ir d e fin itio n  c o in c id es w ith  o u rs. Fo r th e  g en eral c ase , 

K o h n  an d  A n sle y  d e fin e  r) = ( z ( l - d ) , ..., z ( 0 ) ) '  and  c o n sid e r

2 ( f )  = F ' ( f ; ) n  + j  =  1 , . . . ,M ,

( -1

w h e re  u>(s) = £ .u ( f - ; )  and  th e  F\ s) , s j>1 , are g en erated  sim ilarly  to  th e  A ' (s)  o f  (2.3)
; - 0  ^  /  /

an d  (2.4). If  z  = ( z ( f ]) , . . . , z ( tM) ) ' ,  w  = lyw ( t1) , . . . ,w ( t u )'j and  F is th e  m atrix  h av in g  as ro w s 

th e  v e c to rs  F'(s) , s = f  , . . . , f M, th e  p re v io u s eq u atio n s c an  b e  w ritte n  as

z  = [ z , ' , z ^ J = Ft i + w .  (2 -21 )

In  o rd e r to  se e  th e  re latio n sh ip  b e tw e e n  ex p ressio n s (2.21)  and  (2 .11), le t F , b e  th e  dx d 

m atrix  h av in g  as ro w s th e  v ec to rs F'(s) , s = 1 and  le t u i< = ( w ( l ) , . . . ,w ( d ) ) ' . By

d e fin itio n , e q u ality  z % -  F <r| + h o ld s. Su b stitu tin g  in  (2.11), it is  o b tain ed  th at

z  = [ z ' ,  z ' J  = A F ^  + A iy > + [0/ ,H , ]/ . (2.22a)

T h ere fo re , c o n sid e rin g  (2.21), th e  f o llo w in g  eq u alitie s are  fo u n d

F = A F A m , + [O ', « ' ] '  =  w . (2.22b )

Fu rth er, in  (2.11), m atrix  D  c an  b e  o b tain ed  fro m  m atrix  A  b y  p e rm u tin g  so m e  o f  its  c o lu m n s.
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T h u s, th e  fo llo w in g  eq u ality  also  h o ld s 

D  = A T , (2.23a)

w h e re  TA is  th e  n o n sin g u lar m atrix  o b tain ed  fro m  th e  u n it m atrix  b y  p e rm u tin g  th e  

c o lu m n s in  th e  sam e w ay , an d  w e  c an  rew rite  eq u atio n  (2.22a) as

(2.23b )
2  = [2/ ' 2« ] ' -  D T , I f .n  + D T> .  *  [ « ' . a ' ? -

T h e  tran sfo rm atio n  th at p erm its u s to  m o v e  fro m  (2.12) to  (2.15)  w ill n o t h av e  u n it 

d e te rm in an t b e c au se  |L_1|, in  g en eral, is d if fe ren t fro m  1. M u ltip ly in g  L ' 1 b y  a p o sitiv e  

n u m b e r a ,  su c h  th at | a L _1| = 1 ,  it is  im m e d iate ly  se e n  th at w h e n  a -  | £  th e n th e

m atrix  a Q ' L ' 1 has u n it d e te rm in an t. Prem u ltip ly in g  b o th  sid es o f  (2.23b )  b y

7 =

L 0

- a Q ' L ' B  a Q ' L ' 1 

w h ic h  also  h as u n it d e te rm in an t, it is o b tain ed  th at

2,
_

K  0
0 a E

h  0
0 a E

T >  +
A  *

0

a Q [ L ' H i

z a 0 0 0 0 aQ'L-'fl

(2.24)

and  p re m u ltip ly in g  (2.21)  b y  / , y ie ld s

T r'F.ri * Jw .

z , h 0

= 0 a E

z n 0 0

( 2 2 5 )

D efin e  / , =  ( - a Q ' L  ’ B , a Q 'L " 1) and  72 = ( - “ Q j i c ' B ,  a Q ' I . ' 1). Eq u a tin g (2 .24 )and  (2.25), 

it fo llo w s th at

h  [2/  - z n ]  =  aQ ' L - ' y  =  a Q ' L - ' a  =  J2w . P -2 6 )

Sin c e  /  is a tran sfo rm atio n  m atrix  o f  th e  ty p e  d e fin ed  b y  K o h n  an d  A n sle y  (1986), th e ir 

lik e lih o o d  is th e  d e n sity  o f  ] 2w , w h ic h , fro m  (2.26), is eq u al to  th at o f  a Q ' L _1fi. T h is  latte r 

lik e lih o o d  is  g iv en  b y

Lkd = (W ^ -^ 'V l ^ -^ e x p - - L y ' { L - ' ! Q 2Q !L- ' y \  -

= (2 » o J) ^ - * - r' ,/ 2| L r M-‘ - r' ,/ (M-‘ ) exp

C o n c e n tratin g  o 2 o u t o f  th is lik e lih o o d  u sin g

a2 =
M - k - r ,

y ' ( L - ' ) ' Q 2Q'2 L - ' y ,

(22 7 )

(228 )

it is  e asy  to  c h e c k  th at m ax im iz in g  (2.27)  is  eq u iv ale n t to  m in im iz in g
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|L|1' ^ y ' ( L i ' Q 2Q ' I . - 1y | L| I/ <M-‘ > 

w h ic h  is  id e n tic al to  (2.17). □

N o te  th at th e  o n ly  d if fe ren c e  b e tw e e n  o u r e stim ato r (2 .18)  an d  th a t o f  K o h n  and  

A n sle y  (2 .28)  lie s in  th e  d en o m in ato r. If  w e  d iv id e  b y  M - k - r c ,  th en , b y  L e m m a 4 b e lo w , 

b o th  estim ato rs c o in c id e .

L EM M A  4. U sin g  the sam e notation  as in the p ro o f o f  Theorem  1, the m atrix  F< is 

non sin gu lar and

rk ( D )  = r k ( F )  = rk (A )  = k  + rc .

P roof. It is e asy  to  c h e c k  th at ra n k (C )  = k  + rc . A s w e  saw  in  th e  p ro o f  o f  Th eo rem  

1, F = A F > and  D  -  A T A . H e n c e , w e  o n ly  h av e  to  sh o w  th at Fn is n o n sin g u lar. T h e  ro w s

F ' ( t ) ,  t  =  1 o f  F^ satisfy

F ' ( f )  =  - 8 j F 7( f - 1 ) -  . . . - b d F ' ( t - d ) ,

L e ttin g  t  =  d,

F' (d)  =  8 j F ' ( d - 1 ) + ... + 8^ jF ' ( l )  +6^ F ' ( 0 ) ,  

and

6 „ d e t( F .)  = 8iJd e t[ F , ( l ) ......F ' ( d - 1 ) ,F ' ( 0 ) ] ' .

L e ttin g  t  =  dr-1,

F \ d - 1 )  = 6 1F ' ( d - 2 ) + ... + 6 , .1F ' ( 0 ) + 6J F ' ( - l ) ,  

an d

6 ^ d e t(F.)  = 6 > d e t[ F ' ( l ) ......F ' ( d - 2 ) , F ' ( - 1 ) , F ' ( 0 ) ] ' .

P ro c e e d in g  in  a  s im ilar m an n er, it is  o b tain ed  th at

6 ^ d e t(F.)  = 6 *d e t [ F ' ( l - r f ) , . . . ,F ' ( - l ) ,F ' ( 0 ) ] / =  6* *  0 , 

sin c e  1 |  = 1 . □

T h e  n e x t tw o  T h e o re m s sh o w  th at th e  estim ato rs o f  u n o b serv ed  v a lu e s , as w e ll as 

th e ir M SE, o b tain ed  b y  th e  ap p ro ac h  o f  K o h n  an d  A n sle y  (1986) and  th o se  o b ta in e d  b y  o u r 

ap p ro ac h  c o in c id e .

T H EO R EM  2. I f  z (f)  is an  un observ ed value, then  z (f)  is es t im able in  the sen se o f  Kohn  and 

A n sley  (1986)  if, and on ly  if, ou r es t im ator  2(f)  does not  depend on  the arbitrary  v ec tor  i  .

P roof. U sin g  th e  sam e  n o tatio n  as in  th e  p ro o f  o f  th eo rem  1, let 

z ( f )  = F'( f)r|  + w ( t )  = A ' ( f ) z ,  + f i( f )  = B ' ( t ) z l *  C '( f ) z ;  + a ( t ) ,  t i l ,  (2-29)
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w h ere  u ( t )  = 0  if  t < t k , b e  an  u n o b serv ed  v alu e  th at w e  w an t to  e stim ate . K o h n  and  A n sley  

d e fin e  z (t)  as e stim ab le  i f  th e  v e c to r F'( f )  lie s in  th e  sp ac e  g en erated  b y  th e  ro w s o f  th e  m atrix  

F. T h is  in  tu rn  h ap p en s if , an d  o n ly  if , th ere  ex ists a  v e c to r d' ( t)  su c h  th at F ' ( f )  = d' ( t )  F . 

W e w ill n o w  sh o w  th at F' (t)  lie s in  th e  sp ac e  g en erated  b y  th e  ro w s o f  th e  m atrix  F if , and  

o n ly  if , C '( f )  lie s in  th e  sp ac e  g en erated  b y  th e  ro w s o f  th e  m atrix  C . By  

d e fin itio n , z # = F <r) + w m, an d , b y  Lem m a 4, th is im p lie s t j = F " 1z < -  F ‘ 1m >. Su b stitu tin g  

in  (2.29), w e  h av e

F ' ( f ) r i  + w ( t )  = F ' ( f ) F ; ‘ z ,  + w ( t )  -  F > .  = A ' ( t ) z .  + 12(f) ,

an d , th ere fo re  F / ( f ) F <_1 = A ' ( t ) .  G iv en  th at th e  v e c to r ( B ' ( f ) ,  C '( f ) )  is o b tain ed  fro m  A ' (t)  

b y  a p erm u tatio n , th e  fo llo w in g  eq u ality  h o ld s

F ' ( f ) F ; 1Tyl = ( B ' ( f ) ,C ' ( f ) ) .  (2-30)

Su p p o se  th ere  ex ists a v e c to r d\ t)  su c h  th at F ' ( f )  =  d ' ( t ) F  . By  (2.22b ) , (2.23a) an d  (2.30), 

th is im p lie s  ( B ' ( f ) , C '( f ) )  = d' ( t )  D  . If w e d e f in e  d' ( t )  = ( b 1 ( t ) ,c ' ( t ) ) , w h e re b\ t ) a n d c '( f )  

are  th e  su b v ec to rs o f  d' ( t)  o f  d im e n sio n  l x l  an d  lx (M -fc ), re sp e c tiv e ly , w e  f in ally  

o b tain  C '( f )  = c ' ( f ) C .

T o  p ro v e  th e  " i f  " p art, assu m e  th ere  ex ists a v e c to r c '( f )  su c h  th at C '( f )  =  c ' ( f ) C ,  and  

d e f in e  b' ( t )  -  B '( f )  -  c ' ( f ) B  and  d' ( t )  = [ b ' ( t ) , c ' ( t ) ) .  It is easy  to  c h e c k  th at d ' ( t ) D  = 

( B ' ( f ) ,  C '( f ) )  an d , th ere fo re , b y  (2.30), (2.22b ) an d  (2.23a), w e  h av e  F ' ( f )  = d ' ( t ) F  . Sin c e  

w e  sh o w ed  in  Se c tio n  2 .4  th at th e  v e c to r d o es n o t d ep en d  o n  th e  arb itrary  v e c to r

X if , an d  o n ly  if , C '( f )  lie s  in  th e  sp ac e  g en erated  b y  th e  ro w s o f  C , th e  th eo rem  is p ro v ed .

□

T H EO R EM  3. If  z (f)  is an  un observ ed v alu e est im able in the sen se o f  Kohn an d A n sley  

(1986) , then the es t im ator  z ( t)  obtain ed by  the m ethod o f Kohn  an d A n sley  (1986)  an d ou r est im ator  

coincide. I f  the sam e est im ator o f  o 2 is employ ed, then  the M SE are  also  equal.

P roof. T h e  e stim ato r o f  K o h n  and  A n sle y  (1986)  c an  b e  ex p ressed  as 

z ( t )  = d ' ( t ) z  + E[to ( f)  -  d ' ( t ) w  \ / 2u>],

w h e re  w  and  J2w  are  th o se  o f  (2.21) an d  (2.26) and  d' ( t)  is a  v e c to r su c h  th at F'( f )  =  d' ( t)F. T h is 

v e c to r ex ists b e c au se  z (f)  is estim ab le . A s w e  sh o w ed  in  th e  p ro o f  o f  T h eo rem  2 , d' ( t)  also  

satisf ie s (B '( t) , C '( f ) )  =  d' ( t)D . T h is, b y  (2.21)  and  (2.11), im p lie s

z ( f )  = d ' ( t ) z  + w ( t )  -  d ' ( t ) w  = d ' ( t ) z  + U(t) -  d ' ( f ) [ 0 / , u ' ] / , (2-31)

and  th ere fo re

tp (f )  -  d ' ( t ) w  = a ( t ) -  d ' ( f ) [ 0 / , f i ' ] / . (2 3 2 )

A s stated  p re v io u sly , b y  p e rm u tin g  th e  v ariab le s in  z , i f  n e c essary , w e  c an  assu m e  w ith o u t 

lo ss o f  g e n e rality  th at E -  (R ,S )  in  eq u atio n  (2.15a), w h e re  R  is  u n  u p p e r trian g u lar m atrix  

w ith  n o n z ero  e lem e n ts in  th e  m ain  d iag o n al. If  z ;  =  [ z f1, z f ’ 1) ,  as in  Se c tio n  2 .4 , th e n  fro m  

e q u atio n  (2.15a)  w e  h av e

z ’  =  R - ' Q ' L - ’ y  -  R - ' S z "  -  R ' Q ' E ' f l .

Su b stitu tin g  in  eq u atio n  (2.29), it is o b tain ed  th at
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z ( f )  = B ' ( f ) z ,  + C ' ( t ) [ ( R - ' Q ^ L - ' y  ) ' , 0 ' [  + C \ t ) [ - ( R - ' S ) ' , / Jz "  +

+ m  -  C '( f ) [ ( R " , Q 1'  L ^ u j ' , O 'J.

T h e  th ird  te rm  o n  th e  rig h t is z e ro  b e c au se  Q ' L~ ' C  -  ( (R ,S) ' , an d , as w e  sh o w e d  in  th e  

p ro o f  o f  T h eo rem  2, i f  d\ t)  =  (b' ( t) , c '( f ) ) , th en  C '( f)  = c' ( t )C . T h e re fo re , e q u atin g  th is last 

eq u atio n  an d  (2 .31), y ie ld s

d ' ( t ) z  =  B ' ( f ) z ,  + C '( f ) [ ( R ~ 'Q [L~ ' y  ) ' , 0 ' ]  , (2 -33a)

f l( f )  -  d ' ( f ) [ 0 / , f l / ]/ = u ( t )  -  C ' ( t ) [ ( R “1Q 1' L “I fi ) ' , ( ) ' ]  . (2.33b )

A s w e  sh o w ed  in  Se c tio n  2.4 , o u r e stim ato r o f  z (t)  is 2 ( f )  in  (2.19), w h e re  C '( f ) 2 / = C '( t)  

[ ( R 1 Q ]' L ' 1y ) ' ,0 , ]/  d o es n o t d ep en d  o n  th e  arb itrary  v e c to r X ( b e c au se  C '( f )  =  c '( f )C )  and  

E( f i( f )| f i)  = P (f )w  = C ov (u ( t )  ,U )V ~ \H )U . N o te  th at if  l s t < t k , th e n  u ( t)  = 0  an d  P(f)  

=  0. N o w , (2 .19), (2.32) and  (2.33) im p ly

2 ( f )  = d ' ( t ) z  *  P ( t )  ( y  -  C 2; )

and

z ( f )  = d ' ( f ) z  «■ E [ “ (f) -  C ' ( f ) [ ( R - 1Q 1/ L - 1f i ) ' , 0 ' ] ' | / 2u>].

It rem ain s to  sh o w  th e  eq u ality  o f  th e  se c o n d  te rm s in  th e  last tw o  e q u atio n s. G iv e n  

th at Q ' E  and  are  tw o  o rth o g o n al se ts o f  v ariab le s  an d  th at, b y

(2.26), ] 2w  = a Q ' i _1u , w e  h av e

E [ f l ( f )  -  C ' ( f ) [ ( R ‘ 1Q 'L " IS ) / , 0 , ] / | J2w ]  = E[ f i( f )| / 2m ).

By  d e f in itio n  o f  P (t) , th e  fo llo w in g  eq u alitie s ho ld

P ( f ) ( y  -  C 2; ) = c o v ( u ( t ) ,u )V ~ \ a) [ y  -  C 2 ,)  =

= E ( “ ( f ) « ' ) ( I - " I ) ' Q Q ' f ' " , (y  -  C 2; ) =

= E ( u ( t ) f i '  ) ( (E  ’ ’ ) '  G ,-  ( L - y  Q2)(o ' , (Q 'L  ' y ) ' ) '  =

= E ( f l ( f ) ( Q 'L - , f l) / ) Q 2' L - 1y  =

= E ( a m 2w ) ' ) v - \ i2w ) j2w  =

= E [fl ( f)  |/ 2m ] ,

w h ere  w e  hav e  used  the fact th at Q 'L '^ y  -  C 2(J = 0  and  Q 2 L _I| y  -  C 2(| = Q 2 L _Iy . Sin ce  

z ( f)  -  2(f)  = z (f)  -  z ( f ) , i f  th e  sam e estim ato r o f  a 2 is  u se d , it fo llo w s triv ia lly  th at th e  

M SE are  eq u al.

□

2 .6  R eg res s io n  M od el  w ith  A R IM A  erro rs  and  M iss in g  V alu es

C o n sid e r th e  re g re ssio n  m o d e l (1.13a), w h ere  th e  v e c to rs p  an d  y (t )  are  as in  Se c tio n

1.4  and  th e  resid u als {  v (f)  }  f o llo w  th e  A R IM A  m o d e l (2.1)  w ith  z (f)  re p lac e d  b y  v ( f) . 

D e f in in g  th e  v e c to rs  z , v  and  th e  m atrix  Y  as in  Se c tio n  1.4, e q u atio n  (1 .13b )  still h o ld s an d , 

sim ilarly  to  th e  statio n ary  case , w e  c an  p ro c eed  in  tw o  w ay s. First, th e  p p aram e te rs, the
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in itial m issin g  v alu e s z , and  th e  p aram eters o f  th e  A R IM A  m o d e l c an  b e  jo in tly  estim ated . 

T h e  state  sp ac e  re p re se n tatio n  w o u ld  b e  g iv en  b y  (1.14) ad ap ted  to  th e  n o n statio n ary  c ase  

( i.e ., e q u atio n  (2.9a)  w ith  z  rep lac ed  b y  v , an d  eq u atio n  (1 .14b )) . T h e  startin g  c o n d itio n s 

w o u ld  b e  (2.10b ) an d

*(<*+1W -  [a '(<M )(z „  -  Y . p ) ,A ' ( d +2 ) ( z „  -  Y .p ) ,. . . ,A '( < f +r ) ( z , .  -  Y  p ) [ ,

w h ere  z ># is th e  v e c to r fo rm ed  b y  th e  first k  o b serv ed  v alu e s ( z , ) an d  so m e  startin g  v alu es 

fo r th e  m issin g  o b serv atio n s in  th e  f irst d  v alu e s o f  th e  se rie s ( z ,) ; Y_ d en o tes th e  dx h m atrix  

fo rm ed  b y  th e  ro w s y '( f ) , t  =  1 T h e  sec o n d  p ro c ed u re  c o n c e n trate s a 2, (3 and  z , o u t o f  th e  

lik e lih o o d  fu n c tio n , and  is an alo g o u s to  th at d esc rib ed  in  Se c tio n  1.4. Sin c e  { v ( f ) ) fo llo w s 

th e  A R IM A  m o d e l (2.1), w ith  th e  n o tatio n  o f  Se c tio n  2 .3 , w e  c an  w rite

v „  = Bv , + C v , + ii,

w h e re  v „ , v ,, and  v , are  th e  v ec to rs o f  e rro rs c o rre sp o n d in g  to  th e  v e c to rs o f  o b serv atio n s 

z „ , z ,, an d  z , , d e fin ed  at th e  b e g u in in g  o f  Se c tio n  2.3. L e t Y , ,Y „  and  Y  b e  th e  m atric e s 

w ith  ro w s th e  v e c to rs y '( f )  c o rre sp o n d in g  to  th e  v ec to rs v , ,  v „  and  v , , re sp ec tiv e ly . 

R e p lac in g  v , b y  z , -  Y ,p  and  v ; b y  z;  -  Y ; p in  th e  ab o v e  ex p re ssio n , th e  fo llo w in g  

reg ressio n  m o d e l is o b tain ed

zD = Bz , *  C z ; + Y „ p  -  B Y ,p  -  C Y ,p  + a ,

w h e re  th e  re g re ssio n  p aram e te rs are  z , an d  p. L e ttin g  y  -  z n -  Bz ( , it c an  b e  re w ritte n  as

y  = [C , Yn -  B Y , -  C Y ; | z / ,p '] /  + a  =

-  [c , y „  -  a „ y ][z / ,p ' [  * a ,

w h e re  Y_ is th e  m atrix  w ith  th e  ro w s g iv en  b y  th e  v ec to rs y \ t)  c o rre sp o n d in g  to  z  , and  

A n is th e  m atrix  d e fin ed  b y  B Y , + C Y J = A „ Y _ . T h e  K alm an  f ilte r ap p lied  to  th e  m o d e l 

y  =  z „  -  Bz , = u y ie ld s L _1y  and  |L|, w h e re  L is  as in  Se c tio n  2 .3 . T h e  startin g  

c o n d itio n s w o u ld  b e  (2.10b ) and

x (d*\ \ d)  = [ B / (< f+ l)z I ,...,B '(< f+ r)z ,] / .

N o te  th at, as in  Se c tio n  2 .3 , it is  n o t n e c e ssary  to  c o m p u te  th e  v e c to r y  an d  th at th e  K alm an  

f ilte r is  ap p lied  to  th e  v e c to r o f  o b serv atio n s z „ . T h e  sam e alg o rith m  ap p lied  to  th e  c o lu m n s 

o f  th e  m atrix  | c, Y „ - A n Y <j allo w s u s to  c o m p u te  th e  p ro d u c t o f  L ' 1 b y  th is m atrix . T h e  

startin g  c o n d itio n s w o u ld  b e  (2.10b ) and  x ( d +1 1 d)  -  0 .  T h en , th e  Q R  alg o rith m  c an  b e  

ap p lied  to  the tran sfo rm ed  m o d el

L - 'y  = L - > [ C ,Y D - A „ Y . ] [ z / , p ' f  + L - ' t t ,

and  w e  c an  p ro c eed  as in  Se c tio n  1.4.

2 .8  A p p lication

W e h av e  w ritte n  a  p ro g ram  in  Fo rtran , av ailab le  f o r m ain fram e s an d  PC s u n d er 

M SD O S, w h ic h  c an  b e  o b tain ed  d ire c tly  fro m  th e  au th o rs. T h e  p ro g ram  p e rfo rm s e stim atio n , 

fo re c astin g  an d  in te rp o latio n  o f  re g re ssio n  m o d e ls w ith  m issin g  o b serv atio n s and  A R IM A  

erro rs.
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T h e  re g re ssio n  v ariab le s c an  b e  in p u te d  b y  the u se r o r g e n e rate d  b y  th e  p ro g ram . T h e  

v ariab le s th at c an  b e  g en erated  are  T rad in g  D ay  and  Easte r Effe c t (see  H illm e r, Be ll an d  T iao , 

1983) an d  c e rtain  ty p es o f  in te rv e n tio n  v ariab le s (see Bo x  an d  T iao  1975).

Estim atio n  o f  th e  re g re ssio n  p aram eters ( in c lu d in g  th e  m issin g  o b se rv atio n s am o n g  

th e  f irst d  v alu e s o f  th e  serie s)  p lu s th e  A R IM A  m o d el p aram e te rs, c an  b e  m ad e  b y  

c o n c e n tratin g  th em  o u t o f  th e  lik e lih o o d , o r b y  jo in t e stim atio n , as p re v io u s ly  d e sc rib e d . 

Se v eral alg o rith m s c an  b e  u sed  fo r c o m p u tin g  th e  lik e lih o o d , o r m o re  p re c ise ly , th e  n o n lin e ar 

su m  o f  sq u are s to  b e  m in im iz ed . W h e n  th e  d if feren c ed  se rie s c an  b e  u se d , w e  e m p lo y  the 

alg o rith m  o f  M o rf , Sid h u  and  K ailath  (1974), as d isc u ssed  b y  P e arlm an  (1980) and  im p ro v ed  

b y  M 61ard  (1984).

Fo r the n o n d iffe ren c ed  se rie s, it is p o ssib le  to  u se  th e  o rd in ary  K alm an  filte r, as 

d esc rib ed  in  th is p ap e r (d e fau lt o p tio n ) , o r  its  sq u are  ro o t v e rs io n  (see  A n d e rso n  an d  M o o re , 

1979). T h e  latte r is ad e q u ate  w h e n  n u m eric al d if f ic u ltie s arise ; h o w e v e r it is m ark e d ly  slo w e r 

and  d o es n o t p erm it (at p resen t)  to  c o n c e n trate  th e  re g re ssio n  p aram e te rs o u t o f  the 

lik e lih o o d . By  d e fau lt, th e  e x ac t m ax im u m  lik e lih o o d  m eth o d  is em p lo y e d , an d  th e  

u n c o n d itio n al le ast sq u are s m eth o d  is av ailab le  as an  o p tio n . N o n lin e ar m ax im iz atio n  o f  th e  

lik e lih o o d  fu n c tio n  and  c o m p u tatio n  o f  th e  p aram e te r e stim ates stan d ard  e rro rs is m ad e  

u s in g  M arq u ard t's  m eth o d  and  first n u m eric al d eriv ativ es.

Fo r fo re c astin g  and  in terp o latio n , th e  o rd in ary  K alm an  f ilte r o r th e  sq u are  ro o t f ilte r 

o p tio n s are  av ailab le . In terp o latio n  o f  m issin g  v alu es is m ad e  w ith  th e  sim p lif ied  Fix ed  P o in t 

Sm o o th er, as d esc rib ed  in  th e  p ap er. W h e n  c o n c e n tratin g  z ; an d  p o u t o f  th e  lik e lih o o d , m ean  

sq u ared  erro rs o f  th e  fo re c asts and  in te rp o latio n s are  o b tain ed  fo llo w in g  th e  ap p ro ac h  o f  

K o h n  and  A n sle y  (1985), as d esc rib ed  in  th e  p ap er. If  th e  ran k  o f  th e  C  m atrix  is sm alle r th an  

d-k, th e  p ro g ram  in d ic ates w h ic h  in itial m issin g  v alu es are  free  p aram e te rs ( th e  p ro g ram  

f lag s th e  e lem e n ts o f  th e  v e c to r 2 "  = X in  Se c tio n  2.4)  and  a lso  w h ic h  fo re c asts o r 

in te rp o latio n s w ill d ep en d  o n  th e  arb itrary  v e c to r x  .

T h e  u se r c an  th e n  assig n  arb itrary  v alu e s ( ty p ic ally , v e ry  larg e  o r v e ry  sm all)  to  th e  

free  p aram eters and  re ru n  th e  p ro g ram . P ro c e e d in g  in  th is w ay , all p aram e te rs o f  th e  A R IM A  

m o d el c an  b e  estim ated  b e c au se , as seen  in  Se c tio n s 2 .3  an d  2.4, th e  fu n c tio n  to  m in im iz e  

d o es n o t d ep en d  o n  th e  free  p aram eters. M o reo v er, it w ill b e  ev id e n t w h ic h  fo re c asts and  

in te rp o latio n s are  af fe c ted  b y  th ese  arb itrary  v alu es b e c au se  th ey  w ill stro n g ly  d e v iate  fro m  

th e  rest o f  th e  e stim ates. H o w ev er, i f  all u n k n o w n  p aram e te rs are  jo in tly  e stim ate d , th e  

p ro g ram  m ay  n o t f lag  all free  p aram eters. It m ay  h ap p en , as in  D ata  Se t 5 b e lo w , th at th ere  

is c o n v erg en c e  to  a v alid  arb itrary  se t o f  so lu tio n s fo r z ; ( i.e ., th at so m e  l in e ar c o m b in atio n s 

o f  th e  in itial m issin g  o b serv atio n s, in c lu d in g  th e  free  p aram e te rs, are  e stim ab le .)

Fo llo w in g  th e  trad itio n  se t up  b y  H arv e y  and  P ie rse  (1984) an d  K o h n  an d  A n sle y  

(1986), w e  ap p ly  o u r p ro c e d u re  to  th e  se rie s o f  144 m o n th ly  o b se rv atio n s o n  in te rn atio n al 

airlin e  p asse n g e rs (Jan u ary  1949 - D e c e m b e r 1960) , g iv en  in  and  an aly z ed  b y  Bo x  an d  Je n k in s 

(1976, ch ap . 9). T h e  m o d e l in d en tif ied  in  all th ree  c ase s is  th e  m u ltip lic ativ e  A R IM A  

( 0 , l , l ) x ( 0 , l , l )  m o d e l:

V ^ V z , = (1  + 0 B ) ( 1  + 0 B ,2)fl( ,
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ap p lied  to  th e  lo g s o f  th e  d ata. W e  c o n sid e r th e  sam e  fo u r d ata se ts o f  K o h n  and  A n sley  

(1986) and  ad d  a f if th  d ata s e t

D ata Set  1. A ll 144 o b serv atio n s.

D ata Set  2. T h e  78 o b serv atio n s th at re su lt fro m  tre atin g  Jan u ary  th ro u g h  N o v e m b e r

in  th e  last 6 y ears as m issin g .

D ata Set  3. T h e  139 o b serv atio n s th at resu lt fro m  treatin g  Ju ly  1949, Ju n e , Ju ly  and

A u g u st 1957, and  Ju ly  1960, as m issin g .

D ata Set  4. T h e  130 o b serv atio n s th at re su lt fro m  tre atin g  all Ju ly  v alu es, and  Ju n e  and

A u g u st 1957, as m issin g .

D ata Set  5. T h e  130 o b serv atio n s th at resu lt fro m  tre atin g  all Jan u ary  v alu e s, and

Fe b ru ary  1951 an d  Feb ru ary  1954, as m issin g .

In  o rd e r to  fac ilitate  th e  c o m p ariso n  o f  o u r resu lts w ith  th o se  o f  K o h n  and  A n sley  

(1986), w e  u se  as e stim ato r o f  o 2 th at o f  A n sley  an d  N ew b o ld  (1981), w h ic h  c o in c id es w ith  

(2.28). N o te  th at D ata  Se t 2  is th e  ex am p le  c o n sid ered  b y  H arv e y  an d  P ierse  (1984), an d  that, 

sin c e  th ere  are  n o t 13 c o n se c u tiv e  o b serv atio n s av ailab le  at e ith e r th e  start o r th e  en d  o f  se rie s 

in  th e  last th re e  d ata sets, the m eth o d o lo g y  o f  H arv e y  and  P ierse  c an n o t b e  ap p lied  in  th ese  

th re e  cases. In  D ata  Se t 3, o n ly  o n e  in itial o b serv atio n  (n u m b e r 7) is  m issin g  (k = 1) and  the 

C  m atrix  h as ran k  o n e . T h u s, all m issin g  o b serv atio n s are  estim ab le . In  D ata  Se t 4, th ere  is 

also  o n e  in itial o b se rv atio n  (n u m b er 7)  m issin g  (k = 1) and  th e  C  m atrix  h as ran k  0. 

T h ere fo re , th e  in itia l m issin g  o b serv atio n  w ill b e  a free  p aram eter. Fin ally , in  D ata  Se t 5, th ere  

are  tw o  in itial m issin g  o b serv atio n s (n u m b ers 1 and  13, k  =  2)  and  th e  C  m atrix  h as ran k  1. 

T h is h ap p en s b e c au se  th e  C '( f )  v e c to rs c o rre sp o n d in g  to  th e  o b serv ed  v alu e s are  all 

m u ltip le s o f  (-1,1) fo r t >  13. Th u s, alth o u g h  z ( l )  and  z (13) are  n o t estim ab le , th e  lin ear 

c o m b in atio n  z (13) -  z ( l )  c an  b e  estim ated  fro m  th e  av ailab le  o b serv atio n s. T h ere fo re , i f  w e  

assig n  ( fo r ex am p le )  th e  v a lu e  0  to  z ( l )  , and  reru n  th e  p ro g ram , th e  in te rp o latio n  o f  z (13) 

w ill b e  th e  m in im u m  M SE estim ato r o f  th e  an n u al d if fe ren c e  (z (13)  -  z ( l ) )  . N o te  th at th e  

ap p ro ac h  o f  K o h n  and  A n sley  (1986) w o u ld  te ll u s th at o b serv atio n s 1 and  13 are  no t 

estim ab le .

T ab les 1 to  5 are  e q u iv ale n t to  T ab le s 1 to  5  in  K o h n  an d  A n sle y  (1986), and  p re sen t 

th e  resu lts o b tain ed  w ith  o u r p ro g ram ; T ab le  6  d isp lay s th e  resu lts fo r D ata  Se t 5. Th e 

d if fe ren c ed  se rie s w as u sed  fo r D ata  Se t 1, and  th e  o rd in ary  K alm an  f ilte r and  sim p lif ied  FPS 

w e re  ap p lied  to  th e  n o n statio n ary  lev e ls (as d esc rib ed  in  th e  p ap er)  fo r D ata  Se ts 2 , 3, 4  and  

5. T h e  estim atio n  m eth o d  w as alw ay s e x ac t m ax im u m  lik e lih o o d , and  in  d ata se ts 3  an d  5, 

th e  in itial m issin g  v alu e s th at are  n o t free  p aram eters (i.e ., o b se rv atio n  7  in  D ata  Se t 3 and  

o b se rv atio n  1 in  D ata Se t 5) w e re  c o n c en trated  o u t o f  th e  lik e lih o o d  fu n c tio n  . A s f o r th e  free 

p aram eters, w e  assig n ed  v alu e  I f f 9 to  o b se rv atio n  7  in  D ata  Se t 4  an d , as stated  ab o v e , v alu e  

1 to  o b se rv atio n  13 in  D ata  Se t 5. N o te  th at n o  ad ju stm en t in  th e  d e n o m in ato r o f  cr2 is n eed ed  

sin c e  w e  in c re ase  th e  n u m b e r o f  o b serv atio n s b y  o n e  an d , at th e  sam e  tim e , in c re ase  k  (th e  

n u m b e r o f  n o n m issin g  in itial v alu es)  also  b y  o n e.
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T h e  resu lts o b tain ed  w ith  jo in t e stim atio n  o f  all p aram e te rs w e re  p rac tic a lly  id en tic al 

( a lth o u g h  C P U  tim e  in c reased  b y  c lo se  to  15 % ) ex c e p t fo r D a ta  Se t 5. In  th is c ase  the 

p ro g ram  d id  n o t f lag  an y  free  p aram e te r and  th ere  w as c o n v e rg e n c e  to  a  v alid  se t o f  

so lu tio n s fo r th e  in itial m issin g  v alu es. N o te  th at tw o  v alid  se ts o f  so lu tio n s are  eq u al u p  to  

an  ad d itiv e  c o n stan t ( th e  free  p aram e te r in  th is case ).

T ab le  1 p re se n ts th e  e stim ates o f  th e  A R IM A  m o d el p aram e te rs and  th e ir stan d ard  

erro rs. T h e  e stim ate  o f  0 is th e  sam e  as th e  o n e  in  K o h n  and  A n sle y  (1986), e x c e p t fo r a sm all 

d if fe re n c e  in  D ata  Se t 3 ( - .405 v s - .408). T h e  

e stim ate  o f  0  is id en tic al in  all c ases. T ab le  

2  d isp lay s th e  o n e  to  tw e lv e  m o n th s ah ead  

fo rec asts ( an d  th e ir ro o t m ean  sq u ared  

erro rs) , fo r th e  f iv e  d ata sets. T h e  resu lts are 

p rac tic ally  id en tic al to  th o se  o b tain ed  b y  

K o h n  and  A n sle y  (1986). T h e  o n ly  

n o tic e ab le  d if fe ren c e  is th e  fo re c ast fo r 

Se p te m b e r in  D ata  Se t 4  (6 .326 v s 6.333) .

G iv e n  th at th e  fo re c asts f o r Se p te m b e r are  

6 .325 f o r d ata se ts 1, 3  an d  5, it is p o ssib le  

th at th e  se c o n d  fo rec ast c o n tain s a ty p o .

T h e re  is  a  d isc re p an c y  o f  .001 in  th e  ro o t 

m ean  sq u are d  e rro rs o f  th re e  fo rec asts 

(M arc h  fo r D ata  Se t 1, O c to b e r fo r D ata Se t 2  and  O c to b e r f o r D ata  Se t 3) th at c o u ld  b e  

attrib u ted  to  th e  u se  b y  K o h n  and  A n sle y  o f  N -14  in stead  o f  N -15  as d e n o m in ato r to  c o m p u te  

th e ir re sid u al v arian c e  in  d ata se ts 1, 2  an d  3  (alth o u g h  th e  ran k  o f  th e ir  A  m atrix  is  13). 

T ab le  3 c o n tain s th e  11 v a lu e s in te rp o lated  fo r th e  m o n th s Ja n u a ry  to  N o v e m b e r 1957 fo r 

D ata  Se t 2 . T ab le  4  p re sen ts th e  e stim ates fo r th e  5  m issin g  v a lu e s in  D ata  Se t 3. T ab le  5  

sh o w s th e  e stim ates o f  th e  m issin g  v alu e s in  D a ta  Se t 4 th at d o  n o t d e p e n d  o n  th e  free  

p aram eter.

Fin ally , T ab le  6  e x h ib its th e  e stim ates o f  th e  m issin g  v alu es in  D a ta  Se t 5  th at d o  no t 

d ep en d  o n  th e  free  p aram e te r and  also  th e  e stim ate  o f  z13 -  z r  T h e  resu lts in  T ab le s  3,

T able 1 . P aram eter E stim ates an d  S tan dard E rrors

D ata set 0 e a

l.(N  =  144) - .402

(.080)

- .557

(.084)

.037

2.(N  = 78) - .457

( .0% )

- .758 

(-227)

.042

3.(N  = 139) - .405

(.081)

- .566

(.083)

.037

4.(N  = 130) -.430

(.081)

- .573

(.085)

.037

5.(N  = 130) -.401

(.082)

- .563

(.089)

.037

T able  2. 1961 F orecasts an d R oot M ean  Squ ared E rrors fo r  L og g ed D ata

D ata Set Jan . Feb. M ar. A pril M ay Ju n e Ju ly A ug . Sep. O ct. N ov . D ec.

l .(N  = 144) 6.110 6.054 6.172 6.199 6.233 6.369 6.507 6.503 6.325 6.209 6.064 6.168

(.037) (.043) (.049) (.053) (.058) (.062) (.066) (.069) ( .073) (.076) (.079) (.082)

2.(N  = 78) 6.084 6.091 6.247 6.205 6.199 6.308 6.409 6.414 6.299 6.174 6.043 6.174

(.053) (.059) (.064) (.069) (.073) (.077) (.080) (.083) (.086) (.089) ( .091) (.087)

3.(N  = 139) 6.110 6.054 6.173 6.199 6.232 6.367 6.497 6.503 6.325 6.209 6.064 6.168

(.038) (.044) (.049) (.054) (.058) (.062) (.068) (.070) (.073) (.077) (.080) (.083)

4.(N  = 130) 6.111 6.055 6.174 6.200 6.233 6.368 * 6.503 6.326 6.209 6.064 6.169

(.037) (.043) (.048) (.053) (.057) (.061) (.080) (.068) (.071) (.074) (.077) (.080)

5.(N  = 130) * 6.055 6.172 6.199 6 2 3 2 6.369 6.507 6.503 6.325 6.209 6.064 6.168

(.058) (.043) (.048) (.053) (.057) (.061) (.065) (.069) (.072) (.075) (.078) (.081)

N O TE: Ro o t M ean  Sq u ared  erro rs are  g iv en  in  p aren th eses. 

* V alu e  d ep end s o n  a  free p aram eter.
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T able 3 . D ata S et 2  (N  =  7 8 ) In terp olation  fo r  Jan u ary -N ov em ber 1 957 : E stim ates an d  R oot M ean  

Squ ared E rrors fo r  L og arithm s o f  D ata

Jan . Feb. M ar. A pril M ay Ju n e M y A ug . Sep. O ct. N ov .

Estim ate 5.733 5.738 5.893 5.850 5.843 5.951 6.051 6.055 5.938 5.812 5.680

(.046) (.050) (.053) (.055) (.056) (.056) (.056) (.055) (.053) (.050) (.046)

A ctual 5.753 5.707 5.875 5.852 5.872 6.045 6.146 6.146 6.001 5.849 5.720

N O TE: Ro o t m ean  sq u ared  erro rs are  g iv en  in  p aren th eses.

T able 4 . D ata S et 3  (N  = 139 ): E stim ates an d  R oot 

M ean  Squ ared E rrors fo r  L og arithm s o f  D ata

Ju ly Ju n e Ju ly A ug . Ju ly

1949 1957 1957 1957 1960

Estim ate 5.013 6.024 6.147 6.148 6.409

(.031) (.030) (.031) (.030) (.032)

A ctual 4.997 6.045 6.146 6.146 6.433

N O TE: Ro o t m ean  sq u ared  erro rs are g iv en  in 

p aren th eses

4 and  5 are  id en tic al to  th o se  o b tain ed  b y

T able 5 . D ata S et 4  (N  =  130 ): E stim ates an d  

R oot M ean  Squ ared E rrors fo r  L og arithm s o f 

D ata

Ju n e 1957 A ug . 1957

Estim ate 6.023 6.147

(.030) (.030)

A ctu al 6.045 6.146

N O TE: Ro o t m ean  sq u ared  erro rs are 

g iv en  in  p aren th eses.

and  A n sley  (1986).

Fo r d ata se ts 4  and  5, as m en tio n e d  ab o v e , to  k n o w  w h e th e r th e  e stim ato r o f  an  

u n o b serv ed  v a lu e  d ep en d s o n  a free  p aram e te r o r n o t, it m ay  h e lp  to  n o tic e  th at the 

estim ated  v a lu e  is v e ry  d if fe ren t fro m  th e  o th e r estim ated  v alu es. H o w ev er, th e  p rec ise  

c o n d itio n  to  c h e c k  is w h e th e r its C' (t) v e c to r lies in  th e  sp ac e  g en erated  b y  th e  C  m atrix . Fo r 

ex am p le , w e  c an n o t p re d ic t Jan u ary  1961 in  D ata  Se t 5 b e c au se  its C ' (t)  v e c to r is ( -11, 12), 

w h ic h  d o e s n o t lie  in  th e  sp ac e  g en erated  b y  th e  (-1, 1) v e c to r.

T able 6 . D ata S et 5  (N  =  130 ): E stim ates an d R oot 

M ean  Squ ared E rrors fo r  L og arithm s o f D ata

Jan . 1950  - F eb. 1951 Feb. 1954

Jan . 1949

Estim ate  .068 5.020 5.327

(.040) (.029) (.028)

A c tu al .026 5.011 5 2 3 6

N O TE: Ro o t m ean  sq u ared  erro rs are  g iv en  in 

p arentheses.

A PPEN D IX  A

To  illustrate o u r ap p ro ach, w e w ill use the sam e exam p le o f  Ko hn and  A nsley  (1986), nam ely  

the m o d el

z ( t)  = z ( f - 4 )  + f l(f)  + 0 a ( f - l ) . (A 1 )

W ith the no tatio n o f Sectio n 2.1, w e hav e d -  4, p  = 0, q = 1, u ( t )  = 6 ( B ) z ( f ) ,  6 (B)  = 1 -  B 4, 

0 (B)  = 1 + 0 B  and  E;(B) = 1 / 6 (B) = 1 + B 4 + B 8 + .. . .  A ssum e w e o bserve z  = ( z ( l ) ,  

z ( 4 ) ,z ( 5 ) ,  z ( 6 ) ,  z ( 8 ) , z ( 9 ) , z ( 1 0 ) , z ( 1 2 ) / . The A ' ( t )  =  { A ^ t ) ,A 2{ t ) ,A 3( t ) ,A 4{ t ) )  vectors o f ( 2 $
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and (2.4) are generated from the recursions 

A ( f )  =  A . ( t - i )  , f  > 4 ,  /  -  1 , 2 , 3 , 4 ,  

1 i f  i = j  =  1 ,.. . ,4  ;
A,(j) = 0  i f  i ,j  =  1 , . . . ,  4  ; i*j

To  o btain the state space rep resentatio n, w e need  ap*(B) -  d(B ) /< p ’ (B)  = 0 ( B ) / 6 ( B )  =

= 1 + 0 B  + B 4 + .... Equatio ns (2.9a) and  (1.11) in  this case beco m e

z ( f ) Ò 1 o  o ' z ( f - l ) V

z ( f + l | f ) 0  0  1 0 z ( f | f - l ) 0

z ( f + 2 | f ) 0  0  0  1 z ( f + l | f - l ) 0

z ( f + 3 | f ) 1 0  0  0 z ( f + 2 | f - l ) 0

(A .2)

z ( f )  = ( l , 0 , 0 , 0 ) x ( t )  + a ( f ) W ( f ) .

Since there are m issing  v alues, w ith the no tatio n o f  Sectio n 2.3, w e hav e Zt =  ( z ( l ) , z ( 2 ) ,

1-5

z ( 3 ) ,z ( 4 ) ) '  , Z/  = ( z ( 2 ) ,z ( 3 ) ) ' ,  Z, = ( z ( l ) , z ( 4 ) ) ' ,M  = 8 , *= 2 ,  U(t) = £  ^ u(t - j), t> 4,
j - 0

zn = ( 2 ( 5 ) ,2 ( 6 ) , z ( 8 ) ,2 ( 9 ) ,2 ( 1 0 ) ,2 ( 1 2 ) ) '  and  u =  ( m ( 5 ) , w (6), m(8), m (9 ) , m ( 1 0 ) , m ( 1 2 ) ) ' . 

The m atrices A , B, C and  D  co rresp o nd ing  to  equatio n (2.11) are in this case

1 0 0 0

0 0 0 1

1 0 0 0

0 1 0 0

0 0 0 1

1 0 0 0

0 1 0 0

0 0 0 1

B  =

1 0 0  0

0 0 1 0

0 1 0 0 \  O'
, c  = , D  -

1 0 0 0 B C

0 0 1 0

0 1 0 0

It is easy  to  check that m atrix D  is the result o f first interchang ing  co lum ns 2  and  4  and  the 

interchang ing  co lum ns 3 and  4, in m atrix A. Fro m  the fo rm  o f  m atrix C, it is im m ed iate that rank(C) 

= 1 and  that z (3) is a free p aram eter. Let the co v ariance m atrix o f Ü b e V(ü) = a 2 A and  let A = LU 

b e the C ho lesky  d eco m p o sitio n o f A. In o rd er to  co m p ute the functio n S * in (2.17), w e co nsid er the 

reg ressio n m o d el

y = Cz; + a,

w here y  =  z u -  B z Jf  and  p ro ceed  as in Sectio n 2.3. First, w e ap p ly  the Kalm an filter to  the m o d el 

y  = z n -  BZ j=  u  to  o btain L~ l y  and  |L|. The equatio ns to  use are (A .2). The starting  

co nd itio ns fo r the Kalm an filter are \ 4) = [ z ( l ) ,  0 ,  0 , z ( 4 ) ] 7 and
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2 ( 5  14 )  =  E 2 S '

i  + e2 e 0 0

8 e2 0 0

0 0 0 0

0 0 0 0

(A .3 )

N o te that the Kalm an filter is ap p lied  to  the v ecto r o f  o bserv atio ns z u and  that it is no t necessary  to  

co m p ute the entire m atrix B. Then, the sam e alg o rithm , ap p lied  to  the co lum ns o f m atrix C, p erm its 

us to  co m p ute L _1C . The starting  co nd itio ns are x ( 5 | 4 ) = 0  and  (A .3). Therefo re, w e can co nsid er 

the m od el

L _1y  = L - ' C z I *  L - ' f l . (A .4 )

Since the seco nd  co lum n o f m atrix C is zero , so  w ill be the seco nd  co lum n o f L ^ C .  Therefo re, if  w e 

d eno te the first and  seco nd  co lum ns o f m atrix C b y  C (l)  and  C(2), resp ectiv ely , w e m ay  w rite

L - ' y  =  L ' 1C ( l ) z ( 2 )  +  L _1C ( 2 ) z ( 3 )  +  L _1fi =  

=  L _1C ( l ) z ( 2 )  +  L ~ ' a ,

(A .4 )

and  z (3) is a free p aram eter. W e can ap p ly  the Q R  alg o rithm  to  the v ec to r L  : C (1) to  o btain an 

o rtho g o nal m atrix Q  such that

Q ' L - ' q  l )  =  [ R , o '

w here R  is a no nzero  scalar. Let Q ,' d eno te the first ro w  o f  Q '  and  let Q 2'  d eno te the subm atrix o f  Q '  

fo rm ed  b y  the o ther three ro w s. Then, w e can rew rite equatio ns (A .4) in the fo rm

Q ^ L - ' y  = ( R ,0 ' ) z ,  *  Q ' L - ' t t ,

Q i L - ' y  Q iL - ' a -

Fro m  this, w e o btain 2 (2 )  = R _1 Q '  L~ 1y / 2 ( 3 )  - 2  (an arbitrary  v alue) and

S* = |L |1/6y ' ( L - y Q 2Q ' L~ l y\ L |1/6.

W e no w  co nsid er the num erical exam p le o f Ko hn and  A nsley . That is, w e sup p o se 0 = -.5, o 2 = 1 

and  z  = ( 1 .2 , - 1 .3 ,2 .1 ,3 .2 ,  .5 , .8 , - . 4 , 1 . 2 )7. In table A .l, w e g ive o utp ut from  the Kalm an filter 

ap p lied  as d escribed  abo v e. Fo r each tim e ind ex, w e p resent v alues fo r the co v ariance m atrix

1 ( t \ t - \ ) ,  the v ecto rs x ( t \ t - l ) ,  and  c ( t \ t - l )  (fo r co lum n C (l)) , the Kalm an g ain K(t)  and  the 

co rresp o nd ing  elem ents o f  the v ecto rs o f  stand ard ized  resid uals L _1y  and  L _1C (1). It is easy  to 

check that if Q '  is the m atrix o btained  from  the unit m atrix b y  interchang ing  its first and  seco nd  ro w s, 

then Q ' L - ' C i1) = (.976, o y =  (R, O')' and  Q ‘  L ' l y  = (3.474, .805, 1 .610 ,-366 ,-3 .853 , .626)'. Fro m  

this, w e o btain 22 =  3.56 w ith M SE 2.222, y '  ( L -1)7 Q 2Q ^ L~ ly  -  18.8 and  finally  S ’ =  21.406.

A s fo r interp o latio n and  p red ictio n, w e hav e ju st seen, 2 ( 2 )  = 3.56 and  z(3) is a free 

p aram eter. To  see w hether the interp o lato rs fo r z (7) and  z ( l l )  d ep end  o n the free p aram eter, w e have 

to  exam ine its C ; (f) v ecto rs. W e hav e C ' (7)  =  (0 ,1)  and  C '( l l )  = (0 ,1 ) . Therefo re, bo th interp o lato rs 

w ill d ep end  o n the free p aram eter. A s fo r the fo recasts o f  z(13), z (14) and  z (15), w e hav e C '(13) = ( 0, 

0), C '(14) = ( 1 ,  0) and  C '(  15) = ( 0, 1). Therefo re, o nly  the fo recast o f z (15) w ill d ep end  o n the free 

p aram eter. To  o btain the fo recasts, w e p ut z(2) = 3.56 and  z (3) = 9999 (an arb itrary  v alue) and  ap p ly  

the Kalm an filter to  the m o d el z u -  A z n = u .  The starting  co nd itio ns are (see Sectio ns 2.4 and  

2 2 )  x ( 6  15)  = (1.2, 3.56,9999, -1.3)' and  (A .3). In table (A .2) w e p resent o utp ut fro m  the Kalm an filter
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ap p lied  to  z n -  A z n = u . This tim e, w e o nly  g iv e fo r each tim e ind ex v alues 

fo r x ( t  | t - l ) ,  L  _1(zfl -  A z m)  and  the M SE O2^  11 - 1 )  (the elem ent in the first ro w  and  the first 

co lum n o f 2  ( t  11 - 1 )  ) , the o ther v alues being  the sam e as in table A .l fo r t  =  1 , . . . ,  12.

Table  A . l .  Fo rec as t in g  D etails

T able  A . l .  D etails  o f  Kalm an  F ilt er  fo r  ex am ple  A .1  f o r  ex am ple  A . l

t x ( t  | t - l )  C(t 1 t - l ) 1 t - l) m L ‘ y L ' C fl) t x ( t  11-1) L ' ( z r z .)  a 1» ]  t - l )

5 1.2 0 1 2 5  - .5  0  0 1 .805 0 5 1.2 .805 1.25

0 0 - .5  2 5  0  0 -.4 3.56

0 0 0 0  0  0 0 9999

-1.3 0 0  0  0 0 0 -1.3

6 -.36 0 1.05 - .5  0  0 1 3.474 .976 6 3 2 0 1.05

0 0 - .5  2 5  0 0 - .476 9999

-1.3 0 0  0  0  0 0 -1.3

2.1 0 0  0 0  0 0 2.1

7 -1.695 -.476 1.012 - .5 0 0 0 - - 7 9999 - 1.012

-1.3 0 - .5  2 5  0  0 0 -1.3

2.1 0 0  0  0  0 0 2.1

3 2 1 0  0  0  0 0 3 2

8 -1.3 0 1.25 - .5 0  - .5 1 1.610 0 8 -1.3 1.610 1 2 5

2.1 0 - .5  2 5  0  0 -.4 2.1

3.2 1 0 0  0  0 0 3 2

-1.695 -.476 - .5  0  0  1.012 -.4 9999

9 1.38 0 1.05 - .5  - .2  0 1 -.566 0 9 1.38 -.566 1.05

3 2 1 - .5  2 5  0 0 -.476 3 2

-2.415 -.476 - .2  0 .8 1 2  0 -.190 99 9 8 2 8

.5 0 0  0  0 0 0 .5

10 3.476 1 1.012 -.595 0  0 1 -3.853 0 10 3.476 -3.853 1.012

-2.305 -.476 -.595 1.024 0 0 -.588 9998.39

.5 0 0  0 0  0 0 .5

.8 0 0  0 0  0 0 .8

11 -.025 -.476 1 .674 - .5  0  0 0 - - 11 10000.67 - 1.674

.5 0 - .5  2 5  0  0 0 5

.8 0 0  0  0  0 0 .8

-.4 1 0 0 0  0 0 - .4

12 .5 0 1 2 5  - .5 0  - .5 1 .626 0 12 .5 .626 1 2 5

.8 0 - .5  2 5  0  0 -.4 .8

-.4 1 0  0 0  0 0 -.4

- .025 -.476 -.5  0 0  1.674 -.4 10000.67

13 .52 -  1.05

- .4

10000.39

1.2
14 ~~  "

10000.39 

12  

.52

15 " id 600.39 ..... -  '2.724
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