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Abstract. We study the evolution of a two dimensional, incompressible, ideal
fluid in a case in which the vorticity is concentrated in small, disjoint regions of
the physical space. We prove, for short times, a connection between this
evolution and the vortex model.

1. Introduction

In this paper we want to study some properties of the behaviour of a non-viscous,
incompressible fluid in two dimensions. The Euler equations for the vorticity of
such a fluid in all 1R2 are:

d ,

(1.1)/ \ 1 / \ / U U 2 UU\ / \ω(x, t) = curl M(X, t) = h-^ - -̂  (x, t),

Here u = (u1,M2)eIR2 denotes the velocity field.
If ι/ decays at infinity, the incompressibility condition allows us to reconstruct

the velocity field by means of ω. In fact, by V - u = 0, there exists a function Ψ, such

that u=V^Ψ, where Vλ= I-—, - -— . Hence AΨ= -ω and
\dx2 dxj

u(x,t)=$k(x-y)ω(y)dy9 k=VLg, (1.2)

q(r)= lnlr | reIR2. (1.3)
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We consider now a situation in which the vorticity ω is initially concentrated in
N small regions of the physical space IR2. To study this problem an idealized
model, called the vortex model, has been introduced in the last century [1].

Consider the dynamics of N points (called vortices) in IR2, satisfying :

(1.4)

0) = X f . J

Then, denoting by

ω0(dx) = <*tδxι(dx) (1.5)
ί= 1

the initial distribution of vorticity (here δx. denotes the Dirac measure
concentrated on x ), the distribution

ωt(dx) = Σ fl&l(ί)(ώc) (1.6)
i = l

would describe the vorticity at later times ί.
If one believes the Euler equations to be the basic equations of the dynamics of

an ideal fluid, a precise connection with the above particle model has to be
established. The first natural step would be to investigate the Euler evolution given
by (1.1) in some weak form, allowing signed measures, as (1.5), as the initial
condition. As a consequence of (1.1) and a formal integration by parts, we get:

.
ωt(f) = $ωt(dx)f(x)9 J

where u is given by (1.2) and / is any smooth test function.
Unfortunately, due to the singularity of k at the origin, u = k*ω makes sense

only for absolutely continuous signed measures ω(dx) = ω(x)dx, with density ω in
suitable Lp(IR2) spaces (i.e. ωeZ^nL^ is a sufficient condition). Thus a direct
connection between Euler Eqs. (1.7), (1.2), (1.3), and the vortex model (1.4) is
impossible, unless one neglects the (infinite!) selfinteraction of a single vortex. In
fact, defining the velocity field as

u(x) = j/c(x - y)X(x Φ y)ω(dy) , (1.8)

where

X(χΦy)=ί! ***? (1.9)
[0 otherwise,

a direct computation shows (at least at a formal level) that the measure (1.6),
obtained by the vortex motion (1.4), satisfies the modified Euler Eqs. (1.7) and (1.8).

Nevertheless, the question whether a more precise connection between the
"true" Euler dynamics and the vortex motion can be established remains open.
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A reasonable approach, giving a justification of the vortex model, is the
following. Suppose we have at time zero a vorticity distribution, with density
L1nLao, arranged in N small regions and approaching the initial distribution (1.5).
Evolve it via the regular Euler equations. Then, at time t, such an evolved
distribution is expected to approach the measure (1.6). If this is the case, such
convergence would show that selfenergy is actually negligible.

In this paper we try to perform the above program, giving a proof of this
feature for a single vortex in an external field in Sect. 2, and for N vortices, for
short times, in Sect. 3. Finally we briefly discuss the case when boundaries are
present.

To conclude this section we notice that other connections between the Euler
equations and the vortex motion are possible. It has been proved, under some
technical hypothesis, that the vortex motion converges to the Euler dynamics, in
the limit in which the number of vortices diverges and the intensity of each vortex
vanishes in such a way that the vorticity profile approximates a smooth
function [2]. For a review including also the case of nonvanishing viscosity,
see [3].

2. A Single Vortex in an External Field

We consider a blob of vorticity moving according to the Euler equations in an
external velocity field. Suppose

ωε(x, 0) = aε~ 2XΛs(x) , a > 0 (2. 1)

is the initial distribution of vorticity, where XΛε is the indicator of the open
connected set ΛB, such that meas/lε = ε2.

Consider a given divergence-free, smooth, time-dependent velocity field F( - , t).
A trajectory x(t, x0) of the particle of the fluid initially in x0 satisfies :

(2.2)

The vorticity is constant along the particle paths that are the characteristics of the
Euler system. Therefore :

ωβ(y,t) = ωE(x\-t,y\ϋ), (2.3)

and hence

ωe(y,t) = as-2XAtg(x), (2.4)

where Λ\ is the evolution of Aε along the particle paths.
Because of divergence-free condition, the evolution (2.2) is Lebesgue measure

preserving. In particular, measΛg = measylε. We notice that the evolution problem
(2.2), (2.3) is uniquely solvable and this gives a unique weak solution of the Euler
equations (1.1) with initial datum ωε.
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We introduce the center of vorticity of the system, i.e.

Mε(ί) = a~ 1 $xωε(x, t)dx = a~l JV(£, x)ωε(x)dx , (2.5)

and we prove that in the limit ε->0, if Λε approachs the point 3c, Mε(t) converges to
M(ί), that is the particle path starting from x and generated by the external field F
only. This means that in this limit the blob does not influence the motion of the
center of vorticity of the system.

More precisely :

Theorem 2.1. Let ωε, εe(0, 1) be the sequence given by (2.1) and f any continuous
and bounded function f :IR2-»R We suppose:

lim -$f(y)ωe(y,Q)dy=f(x), 5ceIR2, α>0. (2.6)
ε-»o a

Let F(x9 ί) : IR2 x IR— >IR2 be a divergence-free vector field uniformly Lipschitz
continuous in x, and continuous in t. Let Mε(t) be the center of vorticity of the blob
ωε( , ί), evolving according to (2.2) and (2.4). Then

limM8(ί) = M(ί), ί>0, (2.7)
ε^O

where t
M(t) = x + f dsF(M(s), s) . (2.8)

o

Moreover

lim - lf(y}ωε(y, t) =/(M (f)) , ί > 0 . (2.9)
e-*o a

Proof. First we observe that if F = Q, Mε(ί) = Mε(0) is a constant of motion, as
follows by direct computation. Hence the theorem holds. In general we have :

— Mε(t) = a~ l Jωε(x)xε(ί, x)dx

by symmetry J dx J dyk(x — y) =
ΛE

t Λf

a~l Jωε(x, t)F(x, t)dx

(by the conservation of the measure)

ε~2 $ F(x,t)dx. (2.10)

Thus we have to prove that A\ is in a small neighborhood of the point Mfi(ί). To
evaluate this fact we introduce the second moment

J (x\t, x) - Me(t))2dx . (2.1 1)
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Also Iε(t) would be a conserved quantity if F = 0. In general

- J tf(t9x)-Ma(t)) F(x?(t9x)9t)dx9 (2.12)~
at ΛE

as follows by direct computation, since

Hence, we denote by L the Lipschitz constant of F,

— /ε(ί) ^2ZJe(ί), (2.13)

implying

/ε(ί)^/ε(0)έ?2Lί. (2.14)

Finally, for ίe[0, T], using (2.10) and Cauchy-Schwarz inequality:

IM (ί) - M β(ί)| ̂  |5c - Mε(0)| + } ds\F(M(s)) - F(Mε(s))\
o

ί
+ jds|F(Mε(s))-ε~2 J F(x,s)dx|

0 Λf

^ |3c - Mβ(0)| + L } ds \M(s) - Mε(s)\

sup

-Me(s)|. (2.15)

By virtue of (2.6), lim|5c-Mfi(0)| - lim/e(0) = 0, implying by (2.14) that the first two
ε-»0 ε->0

terms in the right-hand side of (2.15) go to zero as ε->0. Hence (2.7) follows by
GronwalΓs inequality. Convergence (2.9) follows easily from (2.7) and (2.14) and
standard arguments. Π

We remark that Mε(t) does not follows for ε > 0 a particle path. Particle paths
become, in the limit ε-»0, more and more singular, and there is no hope to control
them.

3. N Vortices

We consider N blobs of vorticity initially supported in N disjoint open regions
{ylf}f=1, such that measyl. = 82:

ωβ(x,0)= £ af-2XA.(x)9 α^R. (3.1)
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We want to study the limiting behaviour of ωε(x, t\ when ε->0, where ωε(x, t) is
the solution of the Euler equations with initial datum (3.1).

As before, we introduce the centers of vorticity and the second moments of
each blob

Mi(t) = &~2 J xdx, (3.2)

(3.3)

where Λ ? f is the evolution of the region A\ under the Euler flow, whose
characteristics satisfy

xε(t, XQ) = u£(xε(t, x0), t) , x0 6 Λε , xε(0, x0) = x0 ,

fli ί
(3.4)

We notice that the above evolution is so regular that the region Λε

itt never overlaps
due to the uniqueness of characteristics.

It is convenient to introduce a regularized Euler dynamics and the
corresponding vortex model in the following way. The characteristics of the
regularized Euler motion satisfy:

xε(t, x0) = uε(xε(t, x0\ t), x0eΛε,

ae(x,ί) = α iε"2 J k(x - y)dy + s~ 2

5cε(0, χ0) = χ0 ,

^ j kη(x-y)dy,
(3.5)

where Kη is a smooth version of k and {/ί?>(}f=1 are the images at time ί of the
initial regions Λ\ under the motion whose characteristics are given by (3.5).

We define

(3.6)

•Kn(x) = (x1,x2), i = l,

(from now on C stands for a positive constant). We denote by M's(t) and Γε(t) the
same quantities as (3.2) and (3.5) with Λe. t replaced by Λ\ ,.

The limiting vortex model related to (3.5) is :

x;(ί)=

As a straightforward consequence of the previous section we have :

Theorem 3.1. Suppose

lim J f(x)ω*(x, 0)dx = £ a( f ( χ j

(3.7)

(3.8)
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for any continuous, bounded function /:IR2->R Then for all £>0

and

where

lim I /(x)α>ε(x, t)dx = £ α, /(x, (ί)),

ωε(x,ί) = Σ ap 2X^tt(x).

Proof. Proceeding as in Theorem (2.1), for all ie{ί...N},

i/ίwi^uiί
Rephrasing (2.15):

N

Σ *
7=1

N

"2αy j
Λε.

: β-2α; ί [A
4=1 #,..

' (N-:

0 *?
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(3.9)

(3.10)

(3.11)

(3.12)

(3.13)

ί*4 Σ I^
0 ^ j = l

where α= max |αj. Applying the Cauchy-Schwarz inequality in the 2nd term of

the right-hand side of (3.13), and using (3.12), summing on /, the proof is easily
completed by Gronwalls lemma. Π

Now we prove the main result of this paper

Theorem 3.2. Suppose (3.8) holds and in addition:

xj\>Q, (3.14a)
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for some Ct> 0. Then, there exists a time T, such that, for all te [0, T)

) = xί(ί), (3.15)

where (x^.^x^t)} solve the initial value problem (1.4). Moreover

lim j /Mωε(x, t)dx = Σat f(Xi(t)) . (3.16)
~* ί=ι

Remark. Condition (3.1) can be easily realized supposing Λ\ contained in a circle
centered in x. of radius of the same order of β.

Proof of Theorem 3.2. We first notice that the regularized vortex motion (3.7)
coincides with the real vortex motion up to the time 7^infff|min|5c.(ί) — Xj(t)\^η\.

Furthermore the regularized Euler dynamics coincides with the real Euler dy-
namics up to the time

(3.17)

Hence Theorem 3.2 is proved by using Theorem 3.1 once one shows the existence
of a positive η for which min(7^, inf7^ε)>0.

Given X I . . .X Λ Γ , one can find a time T* for which min inf \χ.(t) — x .(t)\ ^ b
ί φ j O^ί^T*

>0, and hence, choosing η = b\3, χ.(t) = xi(t) for ίe[0, T*).
Let Σε

dti(t) be the circle of radius d around Mj(ί). Then defining

we have, by (3.12) and (3.14b), and for t< T*,
c_

\aί\d2s,'2^^Al(t)^\ΐί

E(t)\^Cίe
2ft. (3.19)

Hence the velocity field generated by the vorticity supported in A\(ί) is bounded by

| f l i |e-2sup ί J—dyZ\φ-2 j ±-dy, (3.20)
—

where £ε(ί) is the circle of radius ]/meas,4ε(ί)\π. Therefore, the right-hand side of
(3.20) is bounded by

KI — C T*, (3.21)

where K1 is a positive constant. The velocity field outside the region Σε

2d f(ί) is
certainly bounded by

M + f !aUiL>". ,122)
2nd j = i η d

j*i

where the first contribution is a bound for the velocity field generated by the
vorticity inside Γε

 d ( t ) , the second is due to the other blobs, and finally the last is
due to the vorticity outside Σε

 d(t).
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Finally, choosing ε so small that sup sup \xi(t) — Mε

i(t)\<-9 and putting
i te[0,T*] 2

d = fc\100, we conclude that for ε sufficiently small,

min inf distill; 0 A\ J
ί Φ j s^ί V 1>S J's/

ϊ » „ _ * ( « + ίti.+ ίjL.H (3.23,
2 \2πd η d I

where α= maxlα^. Hence one can choose t so small that the right-hand side of
i

(3.23) is larger than η = b/3. Π

We conclude the section with some comments.
We have shown a rigorous connection between Euler equations and vortex

theory by proving that the selfenergy is negligible at least for short times. In
general, it is the best one can prove without further assumptions on the initial

N

distribution of the vorticity £ 0.<5Xi(dx). In fact it has been proved that the vortex
ί=l

motion can produce collapses in finite time [4]. Nevertheless it has also been
proved that the initial conditions giving rise to singularities in finite times have
Lebesgue measure zero (see [5, 3] for bounded and more general domains,
respectively). Thus the full Lebesgue measure set of initial vortex con-
figurations for which the motion is regular, the above approximation in terms
of the Euler flow is, at least, conceivable for all times. On the other hand, numerical
simulations on the so-called contour dynamics (the Euler evolutions for step
functions we have investigated in this paper) seem to show that the boundaries of
the regions A\ t (contours) some regularity in finite time. Thus it may be difficult to
prove for all time our result.

We finally remark we need an extra condition for the initial blobs [Condition
(3.14b)] in Theorem 3.2, while weaker conditions were sufficient for Theorems 2.1
and 3.1. Nevertheless it has been shown that it is not necessary to assume a
complete symmetry of the vorticity profile around the center x 's, whereas it is used
in some textbooks to justify the negligibility of the self-interaction.

Now we discuss the case when the domain D in which the fluid is confined, is
simply connected and boundaries are present.

In this case the vortex model takes the form:

(3.24)

where gD is the Green function of the Laplace operator with Dirichlet boundary
conditions and

?(*, y) = gD(x, y)+—ln\x-y\. (3.25)

The term γ(χ.9 x.) in Eqs. (3.24) takes into account the interaction of the /-vortex
with the boundary.
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The Euler evolution takes the same form as (3.4) replacing k by VLgD>
All our previous analysis can be carried out in this case also, and an analogue

of Theorem 3.2 can be proved along the same lines, taking into explicit account the
interaction of the blobs with the boundaries in the approximate conservation law
for Mε and /ε. It gives rise to the extra term ^a^y in the right-hand side of (3.24).
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