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1. I n t r o d u c t i o n  

~ ]e  concep t  o f  fuzzy  s e t s  d e f i n e d  by Zadeh 1 ) g i v e s  an i m p o r t a n t  m a t h e m a t i c a l  c l u e  

f o r  an approach  to  s t u d i e s  o f  sys tems w i th  no sha rp  b o u n d a r i e s .  L a t e l y ,  t h e  fuzzy  i n t e g -  

r a l 2 ) b a s e d  on t h e  fuzzy  s e t  t h e o r y  has  been  proposed  and a p p l i e d  t o  t he  measurement  o f  

fuzzy  o b j e c t s ,  e s p e c i a l l y ,  p a t t e r n  r e c o g n i t i o n s .  

We c o n s i d e r  t h e  fuzzy  i n t e g r a l  i s  a l s o  a v a i l a b l e  to  be a p p l i e d  to  t h e  e v a l u a t i o n  

o f  fuzzy  sys t ems ,  because  t h e  fuzzy  measure in  t h e  fuzzy  i n t e g r a l  w i l l  be r e g a r d e d  as 

a p r e f e r e n c e  measure  o f  e v a l u a t i o n  and t h e  fuzzy  i n t e g r a l  w i l l  r e p r e s e n t  a c o n f l i c t i n g  

p r o c e s s  be tween  t h e  p r e f e r e n c e  measure  and t h e  e v a l u a t e d  o b j e c t .  When we c o n s i d e r  t h e  

e v a l u a t i o n  problem o f  complex sys tems composed o f  s e v e r a l  subsys t ems ,  e s p e c i a l l y  human- 

i s t i c  ty]~e ones ,  i t  i s  v e r y  d i f f i c u l t  t o  s e t  up t h e  u t i l i t y  model o f  o v e r a l l  sys tem.  

Because ,  i n  g e n e r a l ,  t h e  human p r e f e r e n c e  has  a h i e r a r c h i c a l ,  s t r o n g l y  n o n l i n e a r  and 

q u a l i t a t i v e  p r o p e r t y .  For  such  a c a s e ,  we p ropose  an u t i l i t y  model o f  e v a l u a t i o n  by 

a p p l y i n g  a fuzzy  m u l t i p l e  i n t e g r a l .  In t h i s  model t h e  p r e f e r e n c e  measure  f o r  t h e  o v e r a l l  

sys tem i s  g i v e n  by a c o m p o s i t i o n  o f  t h e  s u b s y s t e m s '  measure~ ) 

Apply ing  t h e  p roposed  method t o  a p r a c t i c a l  c a s e s ,  t h e  p r e f e r e n c e  measure  has  t o  

be  d e t e ~ n i n e d  by e x p e r i m e n t .  To r e a l i z e  such a p r o c e s s ,  we i n t r o d u c e  a fuzzy  d i s t r i b u t i o n  

f u n c t i o n  and g ive  an a l g o r i t h m  to  c a l c u l a t e  t h e  measure .  F u r t h e r ,  we i n t r o d u c e  a fuzzy  

c o r r e l a t i o n  among subsys tems  i n  o r d e r  t h a t  t h e  fuzzy  measure w i l l  be i d e n t i f i e d  e f f e c t -  

i v e l y  by e x p e r i m e n t a l  d a t a .  

The proposed  method i s  s u c c e s s f u l l y  a p p l i e d  t o  t h e  s u b j e c t i v e  e v a l u a t i o n  o f  a 

c l a s s  o f  f i g u r e s '  l a r g e n e s s .  

2. E v a l u a t i o n  o f  complex Sys%ems by fuzzy  m u l t i p l e  i n t e g r a l  

A% f i r s t ,  we s h a l l  c o n s i d e r  an e v a l u a t i o n  o f  s imple  sys tem composed o f  one sub-  

sys tem as a p r e l i m i n a r y  f o r  t h e  e v a l u a t i o n  o f  complex sys tem.  

The 9 roposed  model o f  e v a l u a t i o n  i s  ba sed  on t h e  fuzzy  i n t e g r a l ,  where t h e  fuzzy  

measure  g i s  c o n s i d e r e d  as  a measu r ing  s c a l e  o f  p r e f e r e n c e ,  The fuzzy  measure  g i s  g i v e n  

on a f a m i l y  o f  :subsets  2 x w i th  r e s p e c t  to  X as f o l l o w s :  

0 ~ g ( X ' )  ~ 1 , x ' e 2  x (1)  

x , c x . ~ x  ÷ g ( X , )  ~ g(X")  (2)  

where t h e  sys tem X i s  a f i n i t e  s e t .  
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Now, let h(x) be a membership function with respect to the object of evaluation. Then 

the fuzzy integral is defined by 

h(x)og(-) = V~=I[ h(xi)Ag(Xi) ] (5) 

where X={Xl,X2,----,XN} , Xi={Xl,X2,----,xi}. 

The fuzzy integral will represent a conflicting process between the preference measure 

and the evaluated object. The fuzzy measure g is called, hereafter, the preference mea- 

sure of evaluation. Therefore) if the fuzzy measure g[~i) is given for any subset of 

2 X, the fuzzy integral {3) can be calculated. In order to simplify the successive dis- 

cussion, we assume that the rule for the generation of subsets with respect to the mea- 

sure is defined as follows: 

gl (X'UX")=gx(X') +gx (X") +tg~ (X') "gl (X") -I<X<~ (4) 
On the basis of the above mentioned results, we consider the evaluation of complex sys- 

tem Z composed of two subsystems X and Y. When the fuzzy measure for the subsystems X 

and Y are expressed by gx and gy, respectively, we will consider a product measure gl 

in the product space XxY. Let H be a family of subsets in Z, then H is expressed the 

following form, 

H=U~=l[XiXYi] (5) 

where {Xi},{Y i} are monotone increasing sequences formed by X i = {Xl,X2,----,x i } , 
= { Yi yl)Y2, .... ,yi } , respectively. 

The product measure gl with respect to H is described as follows: 

gx (H) = V~=I [gx (Xi) Agy (Yi) ] (6) 

Hence, the double integral with respect to the two variables function h(z)=h(x,y) is 

defined as follows: 

~j = l[~ii = l{h(xi,Yi)Agx(Xi)}Agy(Yj)]. (7) 

(=V[V{h(xi,Y~)Agy(Yj)}Agx(Xi)])j , where 0 ! h ~ 1. 

The equality in (7) is held when h(z)is fuzzy measurable with respect to the monotone 

family HcZ. Thus, if the evaluation of overall system is given by the fuzzy double 

integral and if we apply such a method to the practical problems, the preference measure 

has to be identified. In order to realize the process, it is necessary to obtain the 

fuzzy distribution function and the fuzzy frequency function of each subsystem, respect- 

ively, given by the experiment. 

Here we call the function F defined by the following equation the fuzzy distribution 

function. 
N 

F (Zi) = Vi= 1 [F X (Xi) AFy (Yi) ] (8) 

The function F X and Fy are, respectively, defined on the monotone sequence sets {X.} 
1 

and {Yi }, and these functions have the following several properties. 

0 ~ Fx(Xi) ~ 1 , i=l,2,----,N (9) 

F(Xi) K Fx(X<) , i _~ < (lO) 
Fx(XN) = 1 (i13 

where X i = {Xl,X2,---- xi} , and Yi = {Yl'Y2'----'YN+l-i } 

Fy has also the same Dronerties as FX, but the inequality sign is converse of (lO), 
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and then Fy(Y1)=I. Hence, i f  the fuzzy d i s t r i b u t i o n  function is  determined in each sub- 

system, the d i s t r i b u t i o n  funct ion of overa l l  system can be determined. 

On the other  hand, when the ru le  (4) i s  appl ied to the funct ions gl and g2" r e s p e c t i v e l y  

, the fuzzy frequency funct ions can be expressed by 
1 2 

gl = Fx(X1)' gl = (Fx(X2)-Fx(X1))/(I+~xFx(X1))' 

. . . . . . . . . . . . .  1 ,gl½ = (Px(Xi) -F x (X i_ 1))/(I+XxFx(X i_ i) ) (12) 

g2 = Fy(Yt) '  g2 = (Fy(Y1)-Fy(Y2))/(I+XyFy(Y2))' 
1 

. . . . . . . . . . . . .  'g2 = (FY (Yi-1) -FY (Yi)) / (I+XyFy (Yi)) (13) 
where -i < XX,X Y < ~. 

In consequence, we def ine  g=glxg2 on the se t  S(Z)=U~=I(XixYi) composed of the monotone 

sequences of  subsets in the system Z, and we define (14) as the fuzzy product frequency 

funct ion.  
• N i, i (14) 

g(S(Z)) = vi:iglng 2 

Therefore, if the fuzzy distribution function of each subsystem can be given by using 

the experimental data, the fuzzy distribution function and the fuzzy frequency function 

of overall system can be, respectively, determined by equations (8),(12),(13) and (14). 

3. Fuzzy correlation 

We introduce a fuzzy correlation among subsystems in order that the fuzzy mea- 

sure will be identified effectively by experimental data. We define the fuzzy correla- 

tion qXY between the subsystems X and Y as well as it in the sense of statistics. 

n~y = ~X~/~X~y (1S) 
where ~XY' ~X and ~y are the fuzzy covariance and the fuzzy var iances ,  r e spec t i ve ly ,  

and are represented as fol lows: 
~2 = 2 i 
~Y~ VI--I (Xi-l~X) 2glAgx O(i)x y (16) 

V:. =1 (Y~-~Y) g2Agy ( i ) (17) 

~Xy= V I =l{Vi.l((Xi-~X) (Yj-~y)g(Xi,Yj)hgx(Xi))hgy(Yj)} (18) 
(19) ~X = V' =iXiglAgx(Xi ) 

1 (20) By = V =iYig2hgy(Yi ) 

The fuzzy correlation nXy shows the degree of connection among subsystems X and Y in 

fuzzifical sense. The range of its value is l~Xyl <_ i. In particular, if qXY equals 

to zero, the subsystem X is sufficiently independent from Y. Therefore, both of the 

fuzzy distribution function and the fuzzy frequency function of overall system can be, 

respectively, formulated by the product of isolated ones with respect to the subsystems 

X and Y. Then, the evaluation of overall system is given by the product of the respec- 

tive fuzzy inte~ral for the subsystems X and Y. 

4. Numerical example 

We will consider the length and extent of figures as the object of evaluation. 

We synthesize a mathematical model of the subjective evaluation as is shown in Fig.l. 

The proposed method will be inspected by experiments in the following section. 
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4.1 Construction of subjective evaluation 

The model of subjective eva~ 

luation is shown in Fig.l. 

The p and~ are stimulus variables 

from the object of evaluation and 

are input variables to the external 

and internal mechanisms, respecti- 

vely. The H and ~ convert p and 

to the inner evaluation x i and x, 

respectively. That is 

JOliet, of E,al.oflo. I ~E='ernal Mechani'm for ~ en 
' I I ~ Z J  s = b i ' ¢ ' i ' ° E ' ' ' = ° ' i ' '  I I Y~ V ' 

Ili~ I1~ II I ,~- , ,  " - " " " - '  I I 
I - ] . L  I ~ . } - - ~  - - - - h -  EXAMINER 

FIG. ! Construction of Subjective Evaluation 

: p ÷ x i ~" : ~+~ (21) 
i . 

The y ms an integrated inner evaluation which can be determined by means of the inter- 

nal mechanism. The 0 and G are the interfaces so as to replace the inmer evaluation 

with numerical value. And sense and ability of examinee with respect to number are also 
0 

involved in it. The w is an outer evaluation computed by the external mechanism. The y 

is the outer evaluation obtained through the interface O. 

The path [ + ~ +~[+ [ shows the process of internal evaluation and the path 

[÷~s+]~÷ ~ shows the process of external evaluation. The £ is a deviation of w and 
0 n 

y . In the external mechanism, we explain the fuzzy mechanism for the external evalua- 

tion in order to obtain the value of evaluation w. 

The fuzzy mechanism is depicted in Fig.~. 

4.2 Computational algorithm 

In this section, we attempt to show a computati- 

onal algorithm to calculate the fuzzy measure from exp- 

erimental data. The algorithm will be easily obtained 

with reference to Fig.~ as follows: 

h~P,,~-- ~p~-- ,,~p,1~Ag~p,1~ I 

FIG, ~ FUZZY MECHANISM 

STEP 1 Formulate  t he  membershi p f u n c t i o n  h (P i )  f o r  t he  o b j e c t s  o f  e v a l u a t i o n  and r e a r -  

range the elements h(Pi):i=l,2 , .... ,n according to the ordering of largeness as shown 

in Fig.E. 

STEP 2 Calculate the fuzzy distribution and frequency functions according to [8),(12) 

,(13) and (14), respectively, from experimental data. 

STEP 3 According to (4), determine the fuzzy preference measure using the fuzzy frequ- 

ency function. 

STEP 4 Compute the value of evaluation w by means of the fuzzy mechanism. 

STEP 5 Determine an optimal % so that the deviation e is minimized. 
n 

4.3 Formulation of the membership function with respect to shape and color 

We consider shapes and colors as attributes standing for length and extent of 

figures. The attribute of shape consists of the ratio of length and breadth, the ratio 

of the shortest and the longest length and the length of circuit etc., and the attribute 

of color consists of brightness, chroma and hue. We define the composed objective mem- 
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bership functions of length and extent, respectively, subject to these attributes. 

Shape : X=(XI,X2,X3,X4)=(the longest length, ratio of length and breadth, length of a 

circuit, ratio of the shortest length and the longest length) 

Color : Y=(Yi,Y2,Y3)=(brightness, chroma, hue) 

Z = (X,Y) = (ZI,Z2,Z3,Z4,Z5,Z6,Z7) 

A) Membership function of length or extent with respect to shape and color 

h I : ZIXZ2 x ..... xZ7+ [0,1] (22) 

The h I is the membership function for the length or extent of figure. 

B) Membership function ' of length with respect to shape 

h 2 : Xl×X2 ÷ [0,i] (23) 

C) Membership ~hnction of length with respect to color 

h 3 : YIXY2XY3 ÷ [9,1] (24) 

We know that the color does not almost give an effect to the membership of length in 

general. 

D) Membership i~ncti0nof extent with respect to shape 

h 4 : X3×X 4 ÷ [0,i] (25) 

E) Membership ~hnctign of extent with respect to color 

h S : YIXY2XY3 + [0,i] (26) 

F) Membership function of length and extent with respect to shape and color 

h 6 : h2xh 3 + [0,1] h 7 : h4xh 5 + [0,1] (27) 

In practice, the proposed formulations of membership functions are, respectively, given 

by the followings: 

A') hI=Z~=IMi/K The M i is a membership function corresponding to the fractionized 

part of shape. 

B') h2=I/(l+@ ). (hi+hi)-0.05 ,where 0.I<~<1.0 and h i and hj are the membership fun- 

ctions for the longest length of figure and the ratio of length and breadth, respecti- 

vely, and hi=log x, hi=log y. 

C') The membership function of length with respect to color is constant, that is h3=0.5 

D') h4=~hi+Bhj , (~+8=I), where h i is membership function of length of circuit and hj 

is the membership function of the ratio of the shortest length and the longest length. 

Further, ~ and 8 are constant scalars, respectively. 

E') hs=~i+Shj+Yhk+C, (~+S+y=l), where ~,8 and y are constant scalars, respectively 

and hi, hj and h k are the membership functions for brightness,chroma and hue, respecti- 

vely. 

Hence, the objective membership functions of length and extent can be composed by the 

above described membership functions. According to the above formulation, the objective 

memberships are obtained as shown in Tables 1,2,5 and 4. Further, on the basis of these 

results, the composed objective memberships with respect to shape and color are given 

by T a b l e s  S and 6. 
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Table t. Membership function 

Table ~, M e ~ p  function 
of leith with respect ~o color. 
Basic Color : NO 8 

of length with respect to shape. 
Basic Shape : NO.9 

J_ 
__2 

4 

5 

8 

,o [~3 !o.7o7 
,, [ ]  lo,~I 

Table3. Masher,hip funclio~ of 
extent with respect to shape. 
Basic Shape : NO. 11 

/able4. Ilal|l~lrship function of 
extent with respect to color 
Basic Color : NO, 7 

NO M.E 

1 0.58 

2 0.57 

3 0.65 
4 0.72 

5 0.75 
6 0.71 

0.56 
,0.72 

Table 5. Composed Table 6. Composed membership function of extent. 
membership function of 
lerdllh with respect to si~po m~l cO~. 

IC Shape [ Color 
1 0.50 0.50 
2 0.60 0.50 
5 030 0.50 
4 / o3o io5o 
_~ o~.~o 10.50 
6 0.6010.50 
7 0.40 [ 0.50 
8 0.70 i 050 

Tot~e Z Results of an 
experiment for M~lh 
with respect to shape 
and color. T~bte8. Results of on experiment 

for ext~nt wi~ respect ]o st~pee~lcolor, 

On the other hand, in order to identify the preference measure of evaluation, we had 

an experiment such that examinees evaluate the length and extent of figures. As the 

results of experiment, we have obtained the values of evaluation with respect to shape 

and color as shown in Tables 7 and 8. 

According to the computational algorithm described in section 4.2, an optimal I for 

t h e  p r e f e r e n c e  measure i s  g i v e n  by Table  9. 

In o r d e r  t o  i n s p e c t  an advan tage  o f  t he  p rop-  

used method,  t he  e v a l u a t i o n  o f  f i g u r e s  i s  execu ted  Len 

by using the calculated measure. The comparison of L~, 

computed results and experimental results is shown by ~f~ 

Table 10. It shows that a good consistency is held 

within the limit of this problem. 

5. Conclusion 

We have proposed a mathematical model of subjective 

evaluation on the basis of fuzzy integral. In particular, 

we have developed the evaluating method of complex systems 

LengthlShape)~__O.6| [ 0 . 6 0  

~ . _ ~ _ _  ~ s 7 o 6 o 
r 

Exfent{Shape.Cotodl 0 .45  ~ 0 4 0  

Table9. Example of optimal X 

k 

- 0 . 9 8  

- 0 . 2 0  

1 .00  

X= i 

i l yl o ~ M~0s65 J o~oo] oo6s 
[Fi~:~~ o so~ o60010.095 

Table 10. Comparison of a computed 

resuH and an experimental result, 

composed of several subsystems by virtue of fuzzy multiple integral. 



127 

Furthermore, for the sake of i den t i f y ing  the preference measure, tha t  i s  fuzzy measure 

, effectively, we have introduced the fuzzy correlation. 

In order to show how the proposed method works, an example of the subjective eva- 

luation for a class of figures has been illustrated and the consistency of experimental 

values and computed values has been successfully obtained as shown in Table i0. 

Applications to the marginal evaluation problem to meet specification will be a 

future extension of this approach. 
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