Evaluation of Input-shaping Control Robustness for
the Reduction of Torsional Vibrations

Constanza Ahumada, Member, IEEE, Patrick Wheeler, Fellow, IEEE

Abstract— Aircraft drivetrains connect the engine to the
electrical power system. In most cases, the drivetrains are
relatively flexible and have vibration modes with values below 100
Hz to reduce weight and size. Therefore, electrical loads'
connection and disconnection may excite torsional vibrations in
the machine's shaft, reducing the drivetrains' lifespan. This
interaction is known as electromechanical interaction. This issue
can be mitigated using an input-shaping strategy, which reduces
the excitation of torsional vibrations by connecting the electrical
loads following a pattern, dependent on the drivetrain's natural
frequencies. However, since this method is based on the knowledge
of the vibration modes attributes, it can be susceptible to
parameter's uncertainty. In this paper, a pulsating input shaping
method's robustness is assessed, analysing simulation and
experimental results. The effect of the inductances is analysed, and
a strategy to reduce its effect is proposed. Furthermore, the effect
of uncertainty in the mechanical parameters is evaluated, and
theoretical analysis is carried out to establish safe operating limits.
The theoretical analysis is experimentally validated.

Keywords— Aircraft Power System, Electromechanical effects,
Load Management, Robustness, Vibration Control.

I. INTRODUCTION

The More-Electric Aircraft (MEA), in which traditional
pneumatical and hydraulic loads are electrically fed, has
become a significant trend for future aircraft [1]. MEA
electrical loads are often high-power transient or pulsating
loads such as the wing ice protection system, environmental
control system and engine starting system [2]. The aircraft
engine is connected through a drivetrain to an electrical
generator which supplies the electrical power system (EPS).
One of the main issues with this configuration is that, since the
generator shaft is designed to be flexible to reduce its weight,
the high-power transient or pulsating loads connection can
cause mechanical vibrations in the system.

The increased level of coupling between the EPS and the
aircraft drivetrain excites torsional vibrations on the drivetrain
shaft [3], [4], which can ultimately damage the drivetrain [5].
Electromechanical interaction in aircraft applications has been
analysed in [3], [4], [6]. These studies identified the mechanical
vibrations modes, presented models for the study of
electromechanical interaction, and demonstrated the excitation
of torsional vibrations after electrical loads have been
connected. To reduce the electromechanical interaction due to
the connection of electrical loads, three approaches usually are
taken: In the first, the system can be designed to have higher
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damping or stiffness and hence move the mechanical
frequencies to safe operating areas and damped the vibrations
[7], [8]. However, these methods make the system heavier and
larger, which is not desired in aircraft applications [3], [9]. In
the second, for systems with periodic excitation, such as a
generic drive system, the drivetrain's natural frequencies and
vibration modes are first identified [3], [10]. Then the excitation
of torsional vibrations is avoided by operating the system at
different frequency values.

The third approach aims to reduce the vibrations excited by
the non-periodic loads by controlling the machine's torque and
speed. In [6], [7], [11], the speed control of the machine, using
ramp speed control, is proposed. While this solution is
straightforward, it slows down the system dynamics since the
optimal slope is not studied. Other strategies propose the use of
closed-loop torque controllers using PI [12]-[14], non-linear
controllers [15], and adaptive and predictive control [16]. An
alternative is the use of anti-resonant filters [12], [17]-[20] that
cancel the excitation of torsional vibrations. In this group,
input-shaping or Posicast compensator can be found [21]. This
compensator shapes the connection of torque to avoid the
excitation of the frequencies responsible for the vibrations.
Furthermore, it operates in a time lower than half the torsional
frequency period, making it much faster than the other methods
commonly used.

An input-shaping strategy was tested to reduce
electromechanical interactions for aircraft applications in [22],
[23]. Contrary to traditional strategies which apply the control
on the machine drives, the input-shaping strategy presented in
[22], [23] is applied in the electrical load connection. The
strategy, called Single Level Multi-edge Switching Loading
(SLME), connects electrical loads following a pulsating pattern
to reduce torsional vibrations' excitation. However, input-
shaping strategies depend on mechanical vibration modes.
Additionally, the SLME pulsating load connection is designed
to apply squared waveforms torque changes in the aircraft
drivetrain, which is not realistic in a system with inductances
and capacitances. Thus, the robustness of the method must be
assessed.

This paper aims to identify sources of uncertainty for the
SLME input-shaping strategy presented in [22], [23], analyse
its robustness to parameters uncertainty, and propose strategies
that allow increasing the robustness of the method. The
contributions of this paper are:

e SLME based input-shaping strategies which reduce the
excitation of torsional vibrations with consideration of the
inductance of the system.
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e A robust analysis of the input-shaping strategies, which
study the effect of inductance and uncertainty of
frequency and damping in reducing torsional vibrations.

e Experimental validation of the robustness of the SLME
input-shaping strategy for the reduction of torsional
vibrations.

The rest of the paper is organised as follows: First, the
electromechanical system is modelled. In Section III, the
proposed input-shaping strategies are introduced. In Section IV,
simulation results are presented. In Section V, the robustness of
the strategies to frequency, damping and inductance uncertainty
is analysed. In Section VI, the system is experimentally
validated, and finally, in Section VII, the conclusions are given.

II. MODELLING OF THE ELECTROMECHANICAL SYSTEM

An electromechanical interaction model with torsional
vibration features similar to those of an aero-engine was
presented in [4]. As shown in Fig. 1, the model includes a
drivetrain (shafts and gearbox), generator and electrical loads.
The mechanical and electrical systems are described in the
following two subsections.
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Fig. 1. Electromechanical interaction system under study.

A. Mechanical system modelling

In aircraft applications, temperature and pressure do not
affect the lower frequency torsional vibration modes, which are
the important ones in terms of electromechanical interaction.
Hence, the drivetrain is modelled as a linear lumped mass
system, describing loads, shafts, and the gearbox in terms of
inertias, stiffness and damping. The drivetrain consists of three
shafts rotating at different speeds, one connected to the prime
mover, a middle shaft rotating faster, used for experiments out
of the scope of this paper, and one to the generator as shown in
Fig. 1. The speed ratio between the three shafts is 1:3:1.5, with
the motor shaft the slowest. Two flywheels are added to obtain
a flexible shaft with natural frequencies below 100 Hz.

The lumped mass model of this system can be described
using the following equations

Ji0i = Ti—1y; — Tigivn) (1

0iv1) + di(i41)(0; — Oi41) ()
where the machines, gears, and flywheels are represented

by inertia J;, while the couplings and shaft are characterised by

stiffness k; ;4 and damping d;;4, between inertias i and i +

T iv1) = kigie1)(0; —

1.6;, éi,éi model the angle, speed, and acceleration of the
inertia i, and T;_,; and T;;;; the torque applied to and
transmitted by inertia i respectively. Index i varies to model
each part of the system, as referred to in Fig. 1. The complete
lumped mass system is obtained by evaluatting (1) and (2) for
the eight inertias representing the machines, flywheels, and
gears, as shown next

Ji + Dx + Kx = f(b)

[91] T r]l 0O 0 O O'I
0, 0 | 0J, 0 00 |
x=|96|,f(t)= 0 .]=|O 0 J5456 0 0|
l97 J _OT 00 0 Jj O
B e l 00 0 0 18]
r d —d 0 0 0 7
_‘;jz dy, +1fiz3 —dy 0 0 )
D= 0 —dy3 dyz + dg; —dg; 0
0 0 _d67 d67 + d78 _d78
L 0 0 0 —dg dyg |
r ki, —ky, 0 0 0 1
—kyy kip + ko3 —ky3 0 0
K= 0 —ky3 ks + ke; —ke; 0
0 0 _k67 k67 + k78 _k78
L 0 0 0 —kg kg |

where J is the inertia matrix referred to the generator, D is
the damping matrix referred to the generator, K is the stiffness
matrix referred to the generator; x is the state of each element
in the system, and f () is the torque applied.

The drivetrain interacts with the engine and the EPS through
the torque applied by the engine T; = T, and the torque applied
to the generator Tg = Tj,.

B. Electrical system modelling

As shown in Fig. 1, the EPS is modelled as a DC system
since, for the mechanical drivetrain, the torque applied by an
AC or DC system are equivalent. The generator is a DC
machine with an independent winding connection, operating
with constant field current (if), which operation is described by

Te(8) = kifig(t) 4)
. dig(t)
E(t) = Rala(t) + 1L, dt + Ua(t) (5)
V() = Req(t)ia(t) (6)
E(t) = kifég(t) (7)

with k the rotational inductance, ir the field current, i, (t)
the armature current, E (t) the back-EMF, v, (t) the armature
voltage, R, and L, the armature resistance and inductance,
respectively, @g(t) is the generator speed, and Req(t) is the
total load connected to the system. The total load connected to
the system R,,(t) is controlled by an insulated-gate bipolar
transistor (IGBT), which can connect/disconnect the load. The
torque applied to the mechanical system Ty, is given by

Tg =T, - T, (8)



where T, is the torque producing the electromotive force
and T,, the torque consumed by the windage. When the torque
consumed by the windage is much smaller than the one applied
to the mechanical system, T, can be approximated as Ty ~
T, = kizi,(t). Therefore, the torque applied to the drivetrain is
proportional to the load connected, and by controlling the
IGBT, the excitation of torsional vibrations can be reduced.

III. PROPOSED INPUT-SHAPING STRATEGIES

In this section, the two input-shaping strategies that can be
applied to systems with inductance are presented. Firstly, a
pulsating input shaping strategy, which does not consider the
system's inductance, is presented. Then, two strategies that
allow the application of the pulsating input shaping strategy to
inductive systems are proposed. Finally, the solutions obtained
with the three algorithms are compared.

A. Single Level Multi-edge Switching Loading (SLME)
method
For a linear time-invariant system, the response to an external
excitation can be modelled following the modal approach [5].
Each step will excite the n vibration modes of the system,
which are modeled as a function of its natural frequency.
Modelling the excitation as a series of steps p; at times T, (in
[s]) with k € [1...m], the response of the system is given by
m
2hjy ) pre 81w T cos (wdj(t - Tk))
=1

n
x(t) = hopo + Z
=

©))

m
Zhj Z pie”8ren =T sin (wdj(t - Tk))
=1
In this equation, wy; is the j natural frequency in rad/s and

&; the associated damping, while wg; is the damped frequency,

modelled as wgyj = wy; ’1 - Ef . hj and h;; are the real and

imaginary components of the step response. Finally, hyp, is the
constant term obtained from the rigid mode of the system with
Wno = 0.

The vibrations produced by the torsional modes j € [1...m]
associated with the natural frequency w,,; are zero when the set
of steps is orthogonal to the vibration mode. This condition is
met when the following equation is satisfied.

m
Z pre 41k cos(wg, Ty ) = 0
k=1

m
E pre " i“nTe sin(wy, Ty, ) = 0
k=1

Therefore, finding the step p, and the connection time T},
that solve (10), the excitation of vibrations after the steps have
been applied can be eliminated. The concept of modelling a
load applied as a desired output function is known as input-
shaping [21].

In [22] was proposed that neglecting the inductance of the
system, the mechanical torque is proportional to the resistive
load connected, since, as shown in (4), T; = T, is proportional
to the armature current i,. Therefore, controlling the electrical
load switching, the total torque applied can be controlled, as

Youé  (10)

pulsating steps of values p, = (—1)**! at times T, . The
number of steps for a system with n frequencies is given by
m = 2n+ 1. Replacing the values of p, into (10), and
expanding for n natural frequencies, the following system can
be derived
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The load connection times T} are found solving the non-
linear system of (11), considering Ty < T, < -+ <Tp < < Ty
and T; = 0. Since the system obtained is non-linear, it is solved
using numerical optimisation. This strategy was called in [22]
Single Level Multi-edge Switching Loading (SLME). It can be
applied to aircraft applications, where electromechanical or
solid-state switches are used to connect electrical loads. Fig. 2
shows the expected response of a system when the input-
shaping strategy is applied. In Fig. 2 (a), the load is connected
as one step, while in Fig. 2 (b), the open-loop input-shaping
strategy is applied, and, consequently, torsional vibrations are
not excited.

~ (a) Load Step Connection
Load Connection 5 Shaft Torque Ty(t)
Tuft) = Tf) | System 4

- :ipi’s) J

(b) Input-shaping Load Connection

Load Comnection Shaft Torque
Ti(1) [ Control | T«¥) [ System | To(t)

P L Gfs)

Fig. 2. System diagram with and without the input-shaping strategy.

Since this solution considers no inductance in the system,
this paper introduces two new strategies that include inductance,
which are presented next.

B. Proposed Single Level Multi-edge Switching Loading with
Inductance (SLME-I)

As mentioned, the SLME strategy does not consider the
inductances in the system. Since the torque applied to the
mechanical system is given by (4) when the system presents an
inductive behaviour, the armature current is not square, and
thus, neither is the torque. Therefore, in an inductive system,
the SLME strategy does not eliminate the excitation of torsional
vibrations after the pulsating load has been applied. Two
modified SLME strategies are proposed to connect the
electrical loads following a switching pattern considering the
inductance.



The first one, called SLME-I1, consists of modelling the
load connection p;, of the equation system of (10) by their
actual shape instead of squared waveforms. For this reason, the
load connection py, is modelled as the sum of infinite steps py;
in time T}, as given by

Tre1
Pr = Z Pre(tp) (12)
tp=0
The value of each step py; is given by
Pre = (F1D* + (—1Dk+? exp(— tp/Tk) — Pr(e-1) (13)

in which t,, is the time of the step py¢, Tx = Lo/ (Rq + Req)
is the time constant of the EPS, and py;_4) is the value of the
step in the previous instant. Then, replacing it into the equation

system of (10), the following system model can be obtained.
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Solving (14), the electrical load connection times T}, can be
obtained.

When working with a high number of natural frequencies,
the non-linear equation system of (14) can take a high time to
converge. An alternative to the exact model of the inductance
effect is presented in the strategy SLME-I2. This strategy
consists of assuming that the load connections are square as in
the SLME strategy but adding a delay 7, to the connection time
T, of the k™ step. The delay is given by the inductance time
constant Ty = Ly/(Rq + Req ) . Then, the load connection
times T}, are found solving the following system

m

Z(_l)k+1e—51wn1(Tk+Tk) COS(wdl (Tk + Tk))
k=1

Z(—l)k+1e_$1“’”1(T"+Tk) sin(wdl (T, + Tk))
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=0 (15

m
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Next, the solutions of equation systems (11), (14), and (15)
are analysed for a two natural frequency system to study the
results given by the three SLME strategies.

C. Input-shaping solutions

To compare the three pulsating loads input-shaping
strategies SLME, SLME-I1, and SLME-I2, the connection
times T}, obtained in each case are going to be analysed. For
this, the contour curves at zero of the sine and cosine equations
are found for a one frequency system and the EPS presented in
section II.

The solution for a one frequency system consists of a 3-step
pulse. Since the delays introduced by the inductance depend on
the total load R, connected to the system, the delay time
constant has different values for the odd and even pulses. For
the system in study, the values obtained are 7, = 73 =
0.0003 s and 7, = 0.0022 s. Considering the connection time
of the first step as T; = 0, connection times T, and T; must be
found. Fig. 3 shows the results obtained for the three strategies
when the damping of the mechanical system is £ = 0 and ¢ =
0.1 respectively. Fig. 3 (a) and (b) show the results obtained for
the SLME strategy, Fig. 3 (c) and (d) for the SLME-II strategy,
and Fig. 3 (e) and (f) for the SLME-I2 strategy. The curves
show all the values that the sine and cosine equations take as a
function of the normalised periods I}, = Ty /T,,, with T,, =
271 /w,. The intersections of the curves are the solutions of the
input-shaping strategies.
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Fig. 3. Input-shaping strategy solutions for one w, with & =0 and & =
0.1: (a) and (b) SLME, (c) and (d) SLME-I1, (e) and (f) SLME-I2.

Comparing Fig. 3 (a) with (c) and (e), it is observed that the
system inductance modifies the sine and cosine curves
changing the connection times obtained for SLME, SLME-I1
and SLME-I2 strategies. However, when comparing the curves
obtained for the strategies SLME-I1 and SLME-I2, it is
observed that they present negligible differences. Therefore,
SLME-I1 allows optimal reduction of the vibrations, whereas
SLME-12 allows almost optimal reduction while reducing the
computational time compared to SLME-I1. Moreover, the plots
obtained for £ = 0.1 show that for a higher damping ratio, the
three methods' results converge to the same value, indicating
that for a damped system, the input-shaping strategy is more



robust to the effect of the system inductance. Finally, it is worth
highlighting that, regardless of the method, there is always a
solution inside half a system period.

IV. SIMULATION RESULTS

In this section, the input-shaping control strategies proposed
to reduce the excitation of torsional vibrations are applied to the
electromechanical system presented in Section II. First, the
SLME strategy presented in [22] is tested in a system with and
without inductance. After the results obtained with the
proposed strategies are shown, and the frequency response is
analysed.

The system is modelled in Simulink with the parameters
shown in Table I. These values are selected to represent an
aircraft system [3], [4] and are referred to the generator side.
The torsional vibration modes for which the input-shaping
strategies are going to be solved are f; = 36.15Hz¢&; =
0.0127 and f, = 86.54 Hz,§, = 0.0194.

TABLE I PARAMETERS OF THE ELECTRICAL SYSTEM.
Parameter Value

Armature resistance R, =4Q

Initial load Req(0) = 60 Q

Final load Req(0) = 4.6 Q
Rotational inductance k=127 mH
Armature Inductance L, =19mH
Referred Motor Inertia J1 =26kg-cm?

Referred Motor Flywheel Inertia J, = 170 kg - cm?
Js+a4546 = 150 kg - cm?
J, =390 kg - cm?

Js = 5 kg cm?
ky, = 50.4 kKN - m/rad
ky3 = 0.96 kN - m/rad
k¢7; = 2.2KkN-m/rad
k;g = 113 kN - m/rad

Gears Inertia

Generator Flywheel Inertia

Generator Inertia

Referred Motor Coupling Stiffness
Referred Motor Shaft Stiffness
Generator Shaft Stiffness

Generator Coupling Stiffness

A. Load connection with SLME strategy

The electromechanical system was tested for a load step
connection and applying the strategy without and with
inductance in the electrical system. The DC generator was fed
with a 6.2 A constant field, and the load was connected from
0.37 Nm to 2.97 Nm.

Fig. 4 shows the results obtained for the electromechanical
system operating with constant iy when an electrical load is
connected using the proposed method. Fig. 4 (a) and (b) show
the uncontrolled step connection, while Fig. 4 (c) and (d) show
the results using the SLME strategy in the ideal case of a system
without inductance, and Fig. 4 (e) and (f) show the results with
the SLME strategy in a system with inductance. Fig. 4 (a), (c),
(e) show the armature current and Fig. 4 (b), (d), (f) show the
applied torque (T in red) and the shaft torque (T, in blue).

With the SLME strategy, the electrical load is connected as
a series of pulses, which timing and amplitude are found by
solving (11). The results show that the step connection of
electrical loads excites torsional vibrations (Fig. 4 (b)), while
the connection using the SLME strategy eliminates the

vibrations when there is no inductance on the system (Fig. 4
(d)). When the system has inductance, the torque T, is no
longer square, and hence the vibrations are reduced but not
eliminated, as shown in Fig. 4 (f).
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Fig. 4. Torsional vibrations excited by the load connection: (a) and (b) step
connection, (¢) and (d) SLME connection in a system without inductance, and
(e) and (f) SLME connection in a system with inductance.

B. Load connection with proposed SLME strategies

As shown in Fig. 4, when there is inductance, the excited
torsional vibrations are reduced but not eliminated by the
SLME technique. This result can be improved when the same
system is tested using the proposed strategies SLME-I1 and
SLME-I2, which are solved considering the system's
inductance. Fig. 5 show the results obtained when the load is
connected following the connection times obtained, solving
(11), (14), (15) for the natural frequencies previously identified.
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Fig. 5. Torsional vibrations excited by the SLME strategies with
inductance: (a) and (b) SLME, (c) and (d) SLME-I1, and (e) and (f) SLME-I2.



Fig. 5 (a) and (b) show the results obtained with the SLME
strategy and inductance in the system, while Fig. 5 (c) and (d)
show the SLME-I1 connection, and Fig. 5 (e) and (f) show the
results with the SLME-I2 strategy. TABLE II presents the
overshoot, settling time (to 5% of the steady-state value), and
the time taken for the solver to converge in each strategy. It is
observed that the methods with inductance in their design
SLME-I1 and SLME-I2 lower the excitation of torsional
vibrations to values close to zero, reducing the overshoot and
the settling time. Moreover, since SLME-I1 models the exact
shape of the connection, it allows obtaining better results than
SLME-I2, which only adds the delay introduced by the
inductance to the step connections. However, the time taken to
find the solution with SLME-I1 is 20 times higher than for the
SLME-I2 strategy. This difference is heightened in systems
with a higher number of vibrations modes to cancel. Also, since
the solver requires high accuracy, SLME-I1 does not eliminate
the vibrations as was expected.

TABLE II LOAD CONNECTION PERFORMANCE

Strategy Solver Time [s] | Overshoot [%] | Settling Time [ms]
Step 0 71.74 876
SLME 0.86 29.75 612
SLME-I1 19.81 6.17 82
SLME-12 0.61 9.34 196

Despite the remaining vibrations obtained, the results
presented by both strategies show that the inductance in a
system is not an obstacle to eliminate the vibrations produced
by electromechanical interaction. This analysis can be extended
to systems with capacitance, showing that the pulsating
connection of electrical loads is a feasible solution for reducing
the electromechanical interaction.

C. Frequency analysis

The discrete Fourier transform was computed through the
FFT of the transient response is analysed to characterise the
vibrations modes excited by the connection of the electrical
loads with each strategy. Fig. 6 shows the results obtained for a
step connection and the connections using the SLME strategy
in a system with inductance and with the proposed strategies
SLME-I1 and SLME-I2.

(a) Step connection (b) SLME with L
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Fig. 6. FFT after the load connection: (a) step response, (b) SLME with
inductance, (c) SLME-I1, and (d) SLME-12

When the frequency spectrums are compared, it can be noted
that the step connection excites frequencies, which are reduced
when the SLME strategies are applied. Thus, verifying that the
use of the proposed input shaping strategies allows the
reduction of torsional vibrations after the sequence of pulsed
connections has been applied to the system independently of the
system's inductances. Next, the robustness of the SLME
strategies is studied.

V. ROBUSTNESS ANALYSIS

Theoretical robustness analysis is carried out to establish the
operating limits at which the pulsating load input-shaping
strategies are beneficial for the electromechanical system. The
study analyses the overshoot and settling time of the load
connection response under uncertainty of the drivetrain's
frequencies and damping and applying the strategies with and
without inductance. The overshoot and settling time obtained
for a step response in Section IV are taken as a reference to
establish an operating range for the strategies.

A. Original SLME robustness to frequency and inductance

The overshoot and settling time of a load connection are
analysed for studying the original SLME robustness to
frequency and damping ratio uncertainty in the system
presented in Section II for the cases with and without
inductance in the system. Fig. 7 shows the results obtained
when the damping of w,; and w,, , named & and &,
respectively, are varied from 0 to 0.65 and considered for the
connection of loads in the system presented in Section II. The
results from Fig. 7 show that, for uncertainty in the damping of
the second vibration mode ¢, and for values of damping &; <
0.1, the SLME strategy is not affected. These damping values
are consistent with the ones obtained in aircraft applications
since higher damping implies an increased weight. Therefore,
the SLME strategy is considered robust to damping uncertainty,
and from now on, the analysis will focus on frequency
uncertainty and the presence of inductance.

(a) Settling Time

(b) Overshoot

e o
B oo
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Fig. 7. SLME robustness to damping uncertainty and inductance: (a)
settling time, (b) overshoot

Fig. 8 shows when the original SLME strategy is solved for
frequencies w,; and w,, with +50 % of error. The red surface
shows the results obtained when the SLME strategy was
applied to the ideal case, while the surface in blue shows the
results obtained when the SLME connection was used
considering the system inductance.
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Fig. 8. SLME robustness to frequency uncertainty and inductance: (a)
settling time, (b) overshoot

The results from Fig. 8 show that, as with the damping, the
uncertainty in the frequency w,, does not affect considerably
the performance of the strategy. However, uncertainty in w;
can produce overshoot higher than the one obtained with a step
connection, and hence safe uncertainty margins for w,; must
be established. From Fig. 8 (b), it is observed that under-
measuring the frequency produces higher vibrations than
detecting a value higher than the real one. In terms of settling
time, the same behaviour of Fig. 8 (b) is obtained for Fig. 8 (a).
Moreover, any value of frequency higher than the nominal
allows the reduction of the vibrations compared to the step case,
making the strategies suitable, even if the frequency is not
precisely known. Even more, in a range of +10 %, the
overshoot increase can be considered negligible.

Having established the effect of the damping and frequency
uncertainty, the effect of inductance is assessed. It is observed
that for damping and frequency values close to the real one, not
considering the presence of inductance (red surfaces in Fig. 7
and Fig. 8) in the input-shaping strategy increases the
overshoot and settling time. This increase is higher than the one
obtained for frequency uncertainty in the +10 % range.
However, as shown by the simulation results in Section IV, the
final settling time and overshoot are still lower than those
obtained in a step connection, validating the method's use.

B. Robustness comparison of the pulsating strategies

Having established the effect of inductance, damping and
frequencies uncertainty, using the original SLME, SLME-I1,
and SLME-I2 techniques, the importance of identifying every
frequency and the comparison between the methods are
assessed. With this aim, Fig. 9 shows the robustness to
frequency uncertainty in a range of +50 % of the nominal
frequency for the three strategies analysed: SLME without
inductance (in blue), SLME-I1 (in red), and SLME-I2 (in
yellow). It is observed that the surfaces obtained are similar,
showing that the three methods have similar robustness.
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Fig. 9. SLME strategies robustness to frequency uncertainty.

The similar performance of the strategies is verified in Fig.
10, where the robustness to w,, and w,, with and without
identifying the second frequency is depicted. The results
obtained with SLME without inductance are shown in blue,
while the SLME-I1 and SLME-I2 results are shown in red and
yellow. First, it is observed that for the uncertainty of w,; with
and without identifying w,, and for w,, failing to identify
wq1, the curves obtained by the three strategies are similar.
However, this is not true in Fig. 10 (b), which shows that
uncertainty in w,, while correctly identifying w,, affect
SLME-I1 and SLME-I2 techniques robustness negatively in
comparison with SLME applied to an ideal system. This
difference is associated with the smaller pulses obtained for
higher frequencies. Since smaller pulses have a higher chance
of changing their values when the strategies consider the
inductance, the proper identification of higher frequencies is
more critical for SLME-I1 and SLME-I2. However, regardless
of the strategy, the change in overshoot for uncertainty in w,;
is considerably lower than for uncertainty in w,,; .

When comparing the robustness of the methods when the
strategies have been solved for a lower amount of frequencies,
as in Fig. 10 (c) and (d), it is observed that failing to identify
the lower frequencies affects more the robustness of the
method. Still, for frequencies in a +10 % range, the nominal
frequency generates overshoots lower or equal to the step
connection, making SLME, SLME-I1 and SLME-I2 strategies
helpful in the reduction of torsional vibrations.
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Fig. 10. SLME strategies robustness to frequency number: (a) uncertainty
in wy,; with w,,, (b) uncertainty in w,, with w,;, (c) uncertainty in w,;
without w,,,, (d) uncertainty in w,, without w,;

Fig. 11 shows the simulation results obtained for four
frequency uncertainty cases. In Fig. 11 (a) the original SLME
strategy was solved for f;, and f,,, with a +10% error, in Fig.
11 (b) the strategy SLME-I2 was solved for f;,, and f,,, with a
+10% error, in Fig. 11 (c) the SLME strategy was solved for
fn1 with an error of —11% without considering the damping,
and in Fig. 11 (d) the SLME strategy was solved for f,,; with
an error of +12% without considering the damping. These last
two connections are equivalent to the solution shown in Fig. 3
(a), which is similar to using a soft starter with a period of 25%
of the first natural frequency and 40% of the period of both
frequencies. Table III shows the overshoot and settling time
obtained in each of the four cases.



The results show that, as observed in Fig. 8 and Fig. 9, the
torsional vibrations are reduced when the system has a 10% of
uncertainty, and the number of frequencies is correctly
identified. However, when the number of frequencies is not
correctly identified, and the strategy is solved for only one
frequency, the results vibrations excited can be higher than for
a single step connection. Since this solution is a uniformly
distributed pulse, which is easy to apply in a soft starter, when
working with these applications, it is crucial to correctly
identify the frequency to avoid exciting higher vibrations,

which are detrimental to the mechanical system.
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Fig. 11. Torsional vibrations obtained for different pulsating connections
in the system with inductance: (a) SLME solved for 110% of f,,; and f,,,, (b)
SLME-12 solved for 110% of f,,; and f;,,, (c) SLME solved for 89% of f,,,
(d) SLME solved for 112% of f,,;

TABLE III FREQUENCY UNCERTAINTY COMPARISON BY
SIMULATION
Frequencies Overshoot [ %] Settling Time [ms]
110% SLME 30.62 630
110% SLME-I2 18.04 489
89% SLME WITH f,,1 35.30 710
112% SLME WITH f,,; 76.53 905

In summary, the robust analysis of the strategies has shown
that failing to recognise one frequency reduces the robustness
of the input-shaping load connections substantially, while
failing to include the system's inductance is critical for the
technique effectiveness. Moreover, failing to identify the
presence of the lower frequency affects the robustness of the
SLME strategies considerably more than for frequency f, .
However, for frequencies with 10 % uncertainty, the proposed
techniques' results are always better than those obtained with
the pure step connection. Since the experimental data's
uncertainty is *2 Hz, the robustness of the method is
considered acceptable.

VI. EXPERIMENTAL RESULTS

Fig. 12 shows the experimental setup, which models the
system of Fig. 1. The setup is composed of a 2.2 kW, two pairs
of poles induction motor with a nominal speed of 1445 rpm
driven using Volt/frequency control while a 1 kW Nidec
Universal Motor is operated as an independent field DC
generator. A resistance bank of 60 Q and a variable load
resistance composes the EPS. An IGBT, controlled with an

Infineon® XE166FN  microcontroller, connects and

disconnects the load resistance. The mechanical drivetrain is

designed to obtain the same resonance frequencies of the

simulation test using two flywheels. The system is designed

considering the same parameters of the simulation of Table 1.
X

(@

Gear J3

Gear Jgand J5

Gear Jg

J7 Drivetrain
(b)

Fig. 12: Experimental setup: (a) electrical system and (b) mechanical system.

Tachometer Generator Jg

The field current, armature current, and armature voltage
are obtained using current and voltage transducer sensors model
LA100-P and LV25-P, respectively. These sensors are
connected to dSpace using an acquisition frequency of 10 kHz.
The speed and torque are determined using the sensorless
method presented in [4]. This method estimates the torque using
a model-based back-EMF strategy, in which the torque in the
shaft is calculated from the machine torque T, and the transient
response Ty,qnsient> @S Shown in the following equation:

Tsn = Ty + Teransient (16)

The machine torque T, is obtained from the field and
armature current measurements, which are replaced in (8).
Therefore, the transient component Tt,qnsiens Can be given by
the following equation:

Tiransient = ]g Og (17

Where J, is the inertia and és is the machine acceleration,
obtained replacing the measured signals (field current and
armature current and voltage) in (7) and (8).

As presented in Section III, the proposed input shaping
method depends on the drivetrain's frequency and damping.
Thus, to validate the mechanical system design, the drivetrain
resonance frequencies are verified through the discrete Fourier
transform analysis after a step connection is applied to the
system. The information recorded consists of 10 seconds of
data with a sampling frequency f; = 10 kHz. Fig. 13 shows the
normalised Fourier response of the armature current when the
field current is 6.2 A, and the system is operating at two speeds.
In Fig. 13 (a), the generator speed is 1500 rpm, while in Fig.
13 (b), the generator speed is 2000 rpm.

As shown in Fig. 13, two sets of frequency are identified. In
black, the frequencies related to the speed are marked, and in
red, the drivetrain's torsional frequencies are highlighted. Since
the measurements are taken from the DC generator's armature
current, when the speed is 1500 rpm, a peak at 25 Hz is



observed. Instead, when the generator speed is 2000 rpm, a
peak at 33 Hz is obtained. The second pair of peaks obtained at
50 Hz and 67 Hz is associated with the middle shaft speed,
which rotates at 3000 rpm and 4000 rpm in each case. The peak
at 0 Hz represents the rigid mode of the system. Then, the
torsional frequencies are the ones found in both tests, and their
values are f; = 35.5 Hz and f, = 77.1 Hz.
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Fig. 13. Fourier analysis after a step connection: (a) speed 1500 rpm, (b)
speed 2000rpm.

The Hilbert Transform combined with empirical mode
decomposition (EMD) presented in [24], [25], is used to
identify the damping ratio. The method consists of separating
each vibration mode using EMD. Then, to each mode, the
Hilbert Transform is applied. The results obtained are
expressed in terms of the amplitude and angle as given by the
following equations

A(t) = Age=59nt > log(A(t)) = log(Ay) — Ewyt (18)
0(t) = wat + 0y » w(t) = wy = wp/1 — &2 19)

Where ¢ is damping ratio, w(t) is the instantaneous
frequency, wy and w, are the natural damped and natural
frequencies, and A, and 6, are constants. To obtain the
damping ratio and its frequency, a logarithm is applied to (18).
The slope of this equation is - { w,. The damped frequency is
obtained by differentiating the angle, as shown in equation (19).

The frequencies and damping are f; = 35.5 Hz,§; = 0.018
and f, = 77.1 Hz, &, = 0.012. These values present minimal
variation with respect to the simulated ones, making the
simulation and experimental systems comparable. These
differences are mainly related to parasitic parameters and
tolerances of the manufactured mechanical system.

The load's connection as a single step and using the proposed
input shaping method is verified solving equation system (11)
for the identified frequencies and damping. The results obtained
with and without the input shaping strategy are shown in Fig.
14. In Fig. 14 (a) and (c), the machine armature current for the
step connection and the SLME connection are shown. In Fig.
14 (b) and (d), the torque applied on the drivetrain (in red) and
the shaft torque (in blue) for the two connections are presented.
The single-step connection of Fig. 14 (b) excites torsional
vibrations in the shaft. These vibrations produce a peak torque
of 5.2 Nm in the drivetrain shaft, an overshoot of 80.85 % and
settling time of 0.643 s. These values are close to the ones
obtained by simulation in Section IV Fig. 4: 71.74 % and t; =

0.876. The small discrepancy is clearly explained by the
difference between resonance frequencies and damping values
of the simulation and experimental model. Therefore, the
theoretical analysis is representative of the electromechanical
system.

The results obtained applying the SLME input shaping
method, shown in Fig. 14 (d), display that the compensator's
use reduces the peak torque vibrations from 5.2 Nm to 3.9 Nm.
When comparing the experimental and simulation results for
the load connection using the SLME strategy, it is observed that
the overshoot (33.90 %) is close to the one obtained by
simulation when the inductance is not considered (29.75 %).
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Fig. 14. Load connection experimental results: (a) and (b) current and
torque obtained for the step connection, (c) and (d) current and torque obtained
using the SLME connection.

Moreover, as described, the frequencies at which (11) was
solved present a tolerance. Hence, the calculated connection
times may present minor discrepancies from the one currently
necessary to suppress the torsional vibrations. Having carried
out a theoretical robustness analysis, the experimental system
is tested for SLME load connections solved for different
frequencies. Three cases are compared: The first case or base
case is the results previously presented (f;5 = 35.5 Hz, &5 =
0.018, and f,5 = 77.1 Hz, &,5 = 0.012). The second case is
solved for different frequencies f,, and damping ¢ ( fic =
36.4Hz, & =0.0219, and f, =77 Hz, & = 0.0096).
Lastly, to study the importance of the correct identification of
the number of torsional frequencies, the system is solved for
only one vibration mode f,, (f;5 = 35.5 Hz, é;5 = 0.018). Fig.
15 shows the results, whereas the overshoot and settling time is
presented in Table IV.
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Fig. 15. Experimental robustness of the SLME strategy: (a) step
connection, (b) SLME with fi, f,5, (c) SLME with f;¢, f5¢, (d) SLME with
flE'



TABLE IV FREQUENCY UNCERTAINTY COMPARISON
Frequencies Overshoot [%] | Settling Time [ms]
Step 80.85 643
fie fo8 33.90 440
fic foc 38.37 571
fip 115.41 636

The uncertainty results display that the SLME strategy
reduces the overshoot by at least 50 % and the settling time in
100 ms when the number of frequencies is correctly identified
(cases fig, fop and fic, foc ) independently of inductance,
which allows extending the mechanical components' lifespan
by reducing the peak torque and reducing the vibration time.
These results are consistent with the theoretical results obtained
in Section V. Instead, the results obtained when only one
frequency is identified, shown in Fig. 15 (d), display that the
torsional vibrations are higher than for the step connection case.
Since the theoretical analysis displayed that the correct
identification of the number of frequencies does not excite
overshoot higher than 100 % for +2 % uncertainty as the
results have shown for this case, the correct identification of the
inductance and its associated delays, which increases the
overshoot, becomes essential.

Since the simulation results with inductance and the
experimental ones are similar, the SLME strategy has been
validated. Furthermore, regardless of the presence of
inductance and the uncertainty in the calculated frequencies, the
experimental results show that the proposed methodology can
reduce the excited torsional vibrations.

Thus, regardless of the system's inductance and uncertainty,
the proposed input-shaping strategy can reduce the torsional
vibrations excited by the connection of electrical load.

VII. CONCLUSIONS

This paper studied the robustness of a pulsating input-
shaping strategy to reduce the excited torsional vibrations by
the EPS in an aircraft's drivetrain. Simulation and experimental
results have shown that the proposed method effectively allows
the reduction of the excited torsional vibrations by the
connection of electrical loads by up to 50 % with respect to a
single step load connection when the system inductances are
not considered and for up to 90 % when they are. The results
obtained allow drawing the following conclusions:

e SLME reduces its performance when the system
inductance is considered. However, in this situation, the
SLME-I1 and SLME-I2 techniques can be considered.

e SLME, SLME-I1, SLME-I2 are robust to damping
uncertainty, and for values below & = 0.1 the method is
not affected. Frequency uncertainty of +10 % allows the
reduction of the vibrations from 79 % to below 20 % of
overshoot. For this reason, the method is considered
robust for frequencies with uncertainty in this range.

e SLME-I1 and SLME-I2 are equally robust, and while
SLME-I2 has a lower torsional vibration reduction, its
solver is faster, making SLME-I2 a better solution for
systems with a high number of natural frequencies.

e Experimental sensitivity analysis has shown that it is
essential to determine the correct number of frequencies

on the system since otherwise, the compensator's effect
can be detrimental.
In conclusion, the proposed input shaping methodology
reduces vibrations, allowing extending the lifespan of the
mechanical components.
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