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In this paper, event-triggered leader-following consensus of general linear multiagent systems under both fixed topology and
switching topologies is studied. First, centralised and decentralised event-triggered control strategies based on neighbors’ state
estimation are proposed under fixed topology, in which the controller is only updated at the time of triggering. Obviously,
compared with the continuous time control algorithms, the event-triggered control strategies can reduce the communication
frequency among agents effectively. Meanwhile, event-triggering conditions are derived for systems to achieve consensus by using
the Lyapunov stability theory and model transformation method. Then, the theoretical results obtained under the fixed topology
are extended to the switching topologies, and the sufficient conditions for the system to achieve leader-following consensus under
the switching topologies are given. However, different from fixed topology, the control input of each agent is updated both at
event-triggering and topology switching time. Finally, Zeno behaviors can be excluded by proving that the minimum triggering
interval of each agent is strictly positive, and the effectiveness of the event-triggered protocol is verified by simulation experiments.

1. Introduction

In recent years, multi-agent systems have great potential of
application in the fields of biology, engineering, physics,
society and so on. Also its distributed cooperative control [1,
2] has attracted more and more researchers' attention. For
example, the controllability [3-11] and the consensus prob-
lem [12-19] are widely studied in multi-agent systems.
Among them, as the basic problem of multi-agent cooperative
control, consensus is widely used in formation control [20],
cluster control, sensor network and other aspects, which is a
research hot issue in the control discipline at present.

In practical applications, the information needed for
cooperative control among agents is transmitted through the
network. It is necessary to design a reasonable controller to
ensure the control performance of the system due to the
finite energy of the agent and the limited network band-
width. It is well known that periodic sampling control
[21-23] can save resources, but when the system runs in an
ideal environment or the system state tends to be consensus

gradually, it will cause unnecessary resource waste if the
control task is executed periodically. In order to reduce this
unnecessary waste of resources, a new simple event-triggered
control strategy based on feedback mechanism was proposed
in [24]. In short, the event-triggered control strategy means
that the control task is executed as required. On the premise of
ensuring the closed-loop system has certain performance,
only can the task be executed once when a specific event
occurs (such as the state error exceeds the preset threshold
value). The advantage of event-triggered control strategies is
that it can not only guarantee the performance of the system
but also save the network and computing resources. At
present, event-triggered mechanism has been applied to the
research of consensus for multiagent systems effectively. For
example, Dimarogonas and Frazoli and Dimarogonas et al.
[25, 26] studied the consensus of a first-order multiagent
system in undirected topology, and Yan et al. [27] investigated
the consensus of a second-order multiagent system based on
event-triggered mechanism in directed topology. Event-
triggering conditions based on composite measurements were
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designed in [28] to address the consensus of a multiagent
system. Hu et al. and Li et al. [29, 30] discussed the leader-
following consensus of the second-order multiagent system.
The centralized and decentralized event-triggered strategies
were proposed in [31], which made the state of all agents
converge to the same value gradually. In [32], a consensus
control algorithm based on event-triggered mechanism was
proposed for the nonlinear multiagent system. In [33], a new
average consensus problem under event-triggered control
strategy was set up, which limits the measurement error of
each agent to a threshold that changes with time. Meng and
Chen [34] studied the average consensus of the event-trig-
gered multi-integrator systems under fixed and switching
topologies and designed an event-triggered scheme based on
quadratic Lyapunov function, which made each agent’s state
converge to it’s initial average eventually. Xiao et al. [35]
discussed the average consensus of the network of the inte-
grator system with unidirectional information link. In order
to reduce the communication cost, a distributed state con-
sensus sampling data control scheme based on edge-event was
proposed. In recent years, more and more attention has been
paid to general linear systems. In [36], the consensus of
general linear multiagent systems under integral event-trig-
gered strategy has been considered. In [37], the consensus of
general linear systems under fixed topology and switching
topologies has been investigated. Hu et al. [38] studied the
leader-following consensus of general linear multiagent sys-
tem under fixed topology, and Zhu et al. [39] studied the
consensus of general linear multiagent system under mixed
event-triggering conditions.

With this background, we consider the event-triggered
leader-following consensus of the general linear multiagent
system under fixed topology and switching topologies.
Event-triggered control mechanism is designed for each
agent, respectively. Under the mechanism, multiagent sys-
tems can achieve leader-following consensus gradually.
Moreover, a continuous event-triggering condition is pro-
posed, which uses the state error between the follower and
leader to design the triggering conditions of each agent
under the fixed topology and switching topologies, re-
spectively. The consensus problem is transformed into the
stability problem by the method of model transformation,
and the sufficient conditions for the system to achieve
leader-following consensus are obtained by using Lyapunov
stability theory. In addition, all the proposed event-triggered
mechanism can exclude Zeno behavior. Finally, the accuracy
of the conclusion is verified by simulation experiment.

The structure of this paper is as follows. Section 2 in-
troduces some concepts of the graph theory and system
model. The leader-following consensus of the systems under
the fixed/switching topologies is considered in Sections 3
and 4 In addition, the effectiveness of the results is shown
through simulation experiment in Section 5. Section 6
summarizes this paper.

The following notations are used in this paper. ® denotes
the Kronecker product. I, denotes the N-dimensional
identity matrix. R" and R indicate the set of n dimen-
sional real vectors and m xn dimensional real matrices,
respectively.
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2. Preliminaries

2.1. Theory of Graph. For a multiagent system composed of a
leader and follower agents, its communication topology can
be represented by an undirected graph & = (7, E), where
7 =1{0,1,...,N}. 0 denotes the leader, and 1, . .., N denote
the followers. EC? x 7" denotes the edges set. The con-
nection matrix between the follower agent i(i =1,...,N)
and leader 0 is D = diag{a,,,...,ayo}, where a; is the
connection weight between the leader 0 and follower i. If
a;, >0, the follower agent i can receive state information of
leader 0; otherwise, a,, = 0.

The communication network among the followers is
denoted by € = (7,E, A), where 7 ={1,2,...,N} and
EC? x 7 are obtained from E by removing all edges
among the leader 0 and followers in %, and
A = (a;)) € R™ is the weighted adjacency matrix of graph
@, where a;; >0 for (i, j) € E if agent i obtains information
from agent j. We assume that (i,7) ¢ E, and hence a;; = 0.
For a given graph & with the adjacency matrix A, the
Laplacian matrix used in this paper is L = D — A, where D is
a diagonal matrix, its diagonal elements are d; = } jcy la;;1,
and define N; as the neighbor set of agent i in 7. Therefore,
the elements of L are

T Jagh k=i
Ly =14 7N (1)
_aik’ k?':l

A path from the vertex i to vertex k is a sequence of
adjacent edges in the form (i,i+1),(i+1,i+2),...,
(k —1,k). The undirected graph is said to be connected if
there exists a path between any two distinct vertices.

2.2. System Model. Consider a multiagent system composed
of the leader 0 and N followers. The dynamics of leader 0 is

%o () = Ax, (1), (2)

where x,(t) € R" is the state and A € R™" is constant
matrix.

Accordingly, each follower has the following linear
dynamic equation:

%(t) = Ax, () + Bu,(t), i=1,...,N, (3)

where x;(t) € R" and u; () € R? are the state and input of
the ith follower agent, respectively. A € R™" and B € R™?
are constant matrices. Denote the initial state of the ith
follower as x; (0).

Definition 1. If there is a control input u; (t), the leader 0 and
follower i for any initial state satisfy the following conditions:

Jim [ () -x, (0] =0, i=12...,N. (4

Then, the leader (2) is said to be successfully tracked by
follower (3).

Assumption 1. The communication network topology &
among followers is connected.
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Assumption 2. The pair (A, B) is stabilizable.

Based on Assumption 2, there is a symmetric positive
definite matrix P that satisfies the following algebraic Riccati
and Lyapunov inequality with > 0:

ATP + PA-2BPBB'P +BI<0, (5)

ATP+ PA<O. (6)

Lemma 1 (see [37]). For an undirected and connected graph
g, the eigenvalues of L are real and can be labelled as

0=2 (L) <Ay (L)< -+ <Ay (L) 7)

Lemma 2 (see [40]). For any x, y € R and 8> 0, one has the
following property:
Ba, 1 2

xy< Ex? +2ﬁ (8)

Lemma 3 (see [41]). (Comparison Principle). Consider a
differential equation (du/dt) = f (t,u),u(t,) = u, where
t>0, f(t,u) is continuous and satisfies the local Lipschitz
condition in t. Let [t,,T) be the maximum existence interval
of the solution u, where T can be infinite. If, for any t € [t,,T)
satisfies

dv
— < f (t’ V))

v(ty) <tgs

then v(t) <u(t),t € [ty T).

3. Leader-Following Control of Multiagent
Systems under Fixed Topology

In this part, we consider the leader-following control of
multiagent systems (2) and (3) under the event-triggered
strategy. Based on the general event-triggered control law,
we put forward two kinds of piecewise continuous control
mechanisms, which are centralized event-triggered mech-
anism and decentralized event-triggered mechanism with
state estimation in order to minimize the frequency of
controller updating. The analysis shows that under the two
control mechanisms, multiagent system (3) can track the
system (2) successfully with appropriate event-triggering
function. The minimum interval between any two consec-
utive event-triggering instants under the two control
mechanisms is greater than 0, and Zeno behavior can be
excluded.

3.1. Centralized Event-Triggered Control Strategy. Under the
centralized event-triggered strategy, all agents i in system (3)
are triggered synchronously at the time t; (k = 0,1,...,). At
the triggering instants, all agents send their states infor-
mation to neighbours and update the control law with the
received state information. Compared with the control

protocol in continuous time, each agent i only updates the
control input at the event instants under the event-triggered
mechanism. So, u; is a piecewise continuous function, and
the updating frequency can be reduced.

We consider the following control input for the ith
follower:

u; (t) = -K Z aij(t)(xi (te) = x; (tk))
JEN, (6) (10)

= Kayy (1) (x; (t) = xo (),

wheret € [ty, ty,1), K € RP*" is the control gain matrix to be
designed, and x; (; ) is the sampling state of agent i at the kth
triggering instant. Since there does not exist control input
for leader 0, we take x, (t;) = x,(¢),t € [ty t;,,). For con-
venience, we make f, = 0.

The event-triggering time sequence {t,} is determined by
the following triggering functions:

W) —ad .
(D)A

/\min

(W) +2A

aiO

min

F)=-

10, max max max

(11)

That is, t;,, = inf{t >, | f (t) >0}, where 0<x <1,0<
a< (a Apin W)/A . (P),W = PBBTP.

The state error between the follower and leader is defined
as X;(t) = x;(t) — x, (), X (1) = [xl,...,xN] For agent i,
the measurement error is defined as e;(t) = x;(t;) -
x; (), t € [t ty,p)- Then, formula (10) is converted to

N
w(t) ==K Y a;;(%;(t) - %; () + &, (t) - ¢; (1))
j=0

N (12)
_K<Zaij(7ci(t) - % () +e(t) - ej(t))>

i1
— Kaj (x; (1) +¢;(1)).

Combining (2), (3), and (12), we get
x(t) = (Iy® A)x(t) - (Iy®BK) (L + D) ®1,) (% (t) +e(t))
= (Iy®A)X(t) - (L + D)® BK) (% (t) + e(t)).
(13)

Remark 1. Through the model transformation, the leader-
following control problem between systems (2) and (3) can
be interpreted by the stability problem of system (13).
Next, we will give the following consensus conditions
under the centralized event-triggering protocol (10).

Theorem 1. Under Assumptions 1 and 2, centralized event-
triggered control strategy (10) can make multiagent system (3)
track system (2) successfully under event-triggering condition
(4), where feedback gain matrix K satisfies K = B'P and
W = PBK.



Proof. We consider a candidate Lyapunov function, as
follows:

V, =e" Y X! PX,. (14)

™M=z

I
—

1

Along with the trajectories of the state as described in (8),
the time derivative of Lyapunov function is

N N
5 t ~T =~ t ~T =
V, = ae” Z X; Px; + 2¢" Z X; Px;
i1

—

x| P(AX; + Bu;)

M=

Il
—_

N

N T e ‘

=e" ) % aP%, +2¢"
i1

N N
=™ Y X/ aPx; +2¢" ) X PA%, +2¢" ) %/ PBu;,
i=1 i=1 i=1

(15)

(16)

where W = PBK.
According to the property of L = LT in undirected graph
&, we can deduce
N N

e Y FHW Y ay(% - %))

N N
=e" ) Y axW(%; - %) (17)

Similarly,
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Hence,

xQ

N
N oT

“ % PBu,
i=1

at 3 T 1 at NN T
= e ) X Way (% +e) -3¢ D Y ay(% - %)) W(%-%)

i=1 i=1 j=1

(19)
Combining equality (15) yields
' N N
V,=e" ) & aP%, + 2" ) X PAX,
i=1 i=1
N N
—2e" Y N a, % W(% - %))
i=1 j=1
(20)
N N .
t ~ ~
—e" Y Y ay(xi-%;) W(e—¢;)
i=1 j=1
N

at ~T =
- 2e Z xX; Wa (% +¢;).
i=1

In the light of Lemma 2, we have

By substituting the abovementioned formula into
equation (20), we obtain
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vV, <e* Z X; aPx; +2e* Z %! PA%,

i=1

N
at =T =
- 2e Z X; Way (x; +e;)
i=1

<e™ Z X aPX; + 2" Z ?cTPAx,»
i=1 i=1

(22)

N

tN <7 o po I\ =T p gn

<e™ ) X; aPx; + 2¢" Z X; PA%;
i=1 i=1

N N
ot ~T ~ ~
e ) D s W(x - %))

i=1 j=1

N

Y. aijle - ej) W(e—e¢))

1j=1

S

™M=

e(X

+_
2

1

N
- 2% Z X Way (X, +e;).
i1

From Lemma 2, we have

_ at < T
) (ei ej)SZe ZZ a;e; We,.

Together with (22), we can get that

i=1 i=1

(24)
+2e" Z Z a;e; TWe,

i=1 j=1

N
ot ~T =
- 2e Z X; Way (x; +€;),

N
—eatZ?clT a, (% +e)
=

N
at ~T ~ at ~T
=—e x; Wayx; —e Z x; Waye;
i=1 i=1

N
< —eatz xW

N
at T
e Z e; Waye;

apX; + eminTWaiO%i (25)

1
1 gt
t ~
S—Eea leW a,X; + e Ze Waye;.

i=1

Combining (24) and (25), we arrive at

vV, <e” Z x| aP%; + 2¢" Z %] PAX;

i=1 i=1

i=1 (26)

<"z’ (Iy®aP)x +e"x' (Iy e (PA + A'P))x

— T (LeW)x - ez (DeW)x
el (DeW)e +2¢™e’ (DeW)e.

Under Assumption 1, by using Lemma 1, 7 (L@ W)X >
A, (L)xT (1 N ® W)X holds. Consequently,

V<% (Iy® (PA+ AP -1, (L)W))x
+e(ad Apnin (W) 1%
(D)Amax

max (P) — 4o, ..

(W) + 21 (W) llel.

(27)

ot
te (aiO max  Max max

Using inequality (5) and event-triggering condition (11),
we claim that the following inequality holds:



Vl < (K - l)eat(aiomm/lmin (W) - aAmax (P))HBZ-”2

(28)
—eMAZ;‘L)fo < _eat/lzéL)?CTyC.

It can be seen from (28) that V| is not increasing;
therefore,
N
V02V, (1) =e*Y % ()TPx, (i) = e, (P)IX (1]
i=1

(29)

(Jry @ A] +I(L + D) ® BK|) y
3

1+

Proof. From the mechanism of event-triggering strategy,
the event interval between t, and t;,, is the time
from 0 to

that (e OI/N1x O grows

dle@l d (e e®)”
de RO dt (3075 (1))

(e@®e®) " RO -(e®e®) (O % (1))
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That is to say, [|X ()l </ (V,(0)/A, (P))e ¥, ie.,
lim, X (t) = 0is equivalent to lim,_,|IX; (£)| = 0, which
means lim, % () —x, (D) =0,i=1,2,...,N
holds. O

Theorem 2. Under the conditions of Theorem 1, system (13)
does not exhibit Zeno behavior. The interval between any two
consecutive event-triggering instants of the system is not less
than

3

K(aiomin/lmin (W) - OCAmax (P))

(30)

aiOmaXAmax (W) + 2Amax (D)Amax (W)

\ & (@ig_, i (W)= (P (i, Ay (W) + 2y (D) (W)
The time derivative of (|le ()|l/]|% (£)|]) has

(172)’

e®)e(t)

I% ®)1°

le ()% (1) % (1)

CIROMe@l IzOIPIROI

—e ()% (1)

le (£)11% (£)" % ()

CIE@Me@l 1z OIPIZ @)

- @1 Ix@®lle®l X @)l ( IIe(t)II)
+ == 1+
1% (I

“lx@l Izl

O] 31)

<1y o] +iL +5)®BK||)(1 . "e(””>

ICL + D) ® BK|llel|

1% (Ol

I (&l

. IIe(t)II)
1% (O

<(lrvea] +iL +D)®BKI|)(1 + "e(”“)

I% (Ol

, U1y A +1(L + D) © BK] el <1 ||e(t)||>

1% (Ol

TR

2
= (“IN®A"+||(L+E)®BK||)(1+ ||€(f)||> .

llx ()l
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Denote z = (|le()||/[1x (£)]]), then
z<(||Iy @ Al| +I(L + D)@ BK]|) (1 + 2)*. (32)
Consider that a nonnegative function y (£, y,) satisfies
v=(Iy®Al+|(L+D)®BK|)(1+w)% and y,=0

Then, from Lemma 3, z <y (t,0). It can be seen from (11)
that

~(llry 8 4]l +1 + D)8 BKII)
B 3

_ (sl +iz + D)@ BKI)
) 3

Obviously, 7> 0.

It is assumed that the Zeno behavior occurs, which
means that there exists a positive constant ¢* such that
lim,_,t;, =t". Let ¢y = (1/2)7. There exists a positive in-
teger N, such that t* — ¢, <t; <t* for the abovementioned
& >0 according to the definition of sequence limit, where
k>N,. Therefore, t*+¢&,<t;+2¢<t;,, holds when
k> N,. This contradicts with t* > t,,; for k> N. Thus, Zeno
behavior is strictly excluded. O

3.2. Decentralized Event-Triggered Control Strategy. The
centralized event-triggered mechanism given in the previous
section sets a global state error threshold for all agents. Once
the system error reaches the threshold, all agents in the
system perform control tasks at the same time. In this
section, an error threshold based on the state of its neighbor
node is set for each agent. When the state error of the agent
reaches the set threshold, the agent triggers the event in-
dependently and executes the control task.

The triggering time of the kth event of the i agent is
defined as 1‘}'< (k=0,1,...). In the design of this section, it
should be noted that the agent triggers asynchronously, that
is, each agent has its own event-triggering sequence. The
measurement error of agent i is defined as e¢;(t) =
X; (t ) —x; ().t € [t;,tjm) It is clear that e; (t ) =0 when
I = tl

For a multiagent system composed of (2) and (3), we
consider the following decentralized event-triggered control

protocol:
w0=K 3 a,0(i) ()
JEN; (1) (35)
— Kayy (1)(x,(t;) = %0 (1)),
where t € [t},t],,), ti, = arg mianN)tZtlj{t - tl]} represents

the latest event-triggering time before ¢ for agent j.
According to (35), agent i will update control input ; at both

(L+y(0)-1)

7
0 K(aiOminAmin (W) - “/\max (P)) (33)
W(T, ) - aiOmax)Lmax (W) + 2/\max (D)Amax (W)
Therefore,
’ (34)

K(aio /\min( ) - “Amax (P))

Ao, ..

Anax (W) + 24505 (D) Ay (W)

its triggering instants (ti,#,...) and neighbor agent j event

instants (t{),t{, ...). The event-triggering instant sequence
{ti.} for agent i is determined by the following decentralized
event-triggering function:

£t = ~(1-x) Z a,(% - %) W(% - %))
(36)
+ Amax (W)||ei||2 Z(4aij + Zaio) >0,
i=1

where 0 <k <1, W = PBBTP. According to the definition of
measurement error and X;(t) = x; (¢) — x, (¢), (35) can be
rewritten as

N
(8 = =K Y a;;(x;(8) = x; (£) + ¢, (£) — ¢; (1))
j=0

N
= -K Y a;;(x;(t) = x0 (8) = (x; (1) = %, (1))
j=0

(37)

[\/]z

K a;j(e; (1) - ¢;(1))

0

=-K

‘MZ T

Il
—

a(%,(6) = %; (1) + ¢, () — ¢ (1))

j
- Kajy (%;(t) + ¢;(1)).

Combining (2), (3), with (37) yields
x(t) = (Iy®A)x(t) - (L + D)®BK) (% (t) +e(t)). (38)

Theorem 3. Under Assumption 1, the multiagent systems (3)
with protocol (35) can track system (2) successfully under the
event-triggering condition (36), where K =B'P and
W = PBB'P.



Proof. Define the Lyapunov function
LN
= Y % Px,. (39)
i=1

Following the same proof as that of Theorem 1, the time
derivation of V, along the trajectory of system (38) is
obtained:

N N
Vo< X Y APAZ, -3 Y Y A W(s - )

i=1 j=1

1Y T 1 ¢ T
— 5 Z X; Wa,x; + E €; Wajpe;
i=1 i=1
N N
+ ZZaijeiTWe,
i=1 j=1
. 1 N N T
<X (IN®PA)X —Z Zzaq(y‘:l _2]) W(?C, _32])

(40)

(||A|| +||BK ((L + aiO) ®lr ”)
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According to (6) and event-triggering condition (36), we
can find that

V,< %&T(IN ®(PA+A'P))x

(41)
< —ng(mW)x
< - max(L)Amax wW)lz|?
<0.

It can be seen from the abovementioned formula that V,
is not increasing; therefore,

Z

1
V202V, () =2 3 %0 PR (6) 2 Awn (PR (I

i=1

l\)l>—‘

(42)

That is to say, [%(OI1< 2V, @A (P) =
According to LaSalle’s invariance principle, we can
obtain that system (38) can achieve consensus, that is,
lim, | X; =0, which is equivalent to
lim, ., llx; (£) —x, () =0,i =1,2,...,N. The proof is
completed. O

Theorem 4. Under the conditions of Theorem 3, system (38)
does not exhibit Zeno behavior. The interval between any two
consecutive event-triggering instants of the system is not less
than

) (W) 12\ 3
3 ><<<l+<(l—l€) (zdﬁ+a ) max(W)> > —1). (43)

Proof. It is similar to the proof of Theorem 2. The event
interval between ¢} and £}, is (lle; (H)|I/l|X; (t)])) which grows

from 0 to ((1 =) (@ipAmin (W)/ (25 + @)A e (W)))"%. The
time derivative of (|le; (t)[|/%; (£)]) is
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d |ef
dt |

B 0! B0 101
] [EAE

_xolf,, le@l
0] (1 ||?c,-(t>||)

— + +an)® +I|ei(t)"
= (A1 +[BK (L + ) I“)“)<1 HW)N)

IBK (L + a) e L)l  Je(o)]
' %] (+ux <t>||>

)
| (t)”)

NUE LT TR
] [ ol

||ez-<t>l|)2
+ bl
EAG]

< (Al +|BK ((L; + aio)mn)ll)(l

= (Al +[BK ((L; + aio)®1n)l|)<1

(44)
where L; is the row i of the Laplace matrix L.
Let z; = (lle; (DI/11%; (1)]]), then
< (Al +||BK (L + ap) ® L)) (1 + 2,)°. (45)

Consider that a nonnegative function vy (t,y,) satisfies
¥ = (1Al + IBK (L + a) 8 L)) (1 +y)*  and  y, =0,
according to Lemma 3, z; <y (¢, 0). It can be seen from (36),

i _ aiOAmin (W) 2
W(Tk’ 0) - ((1 B K) (Zdii + aiO)Amax (W)> ' (46)
Hence,

(1AI+||BK ((L; + a) @ 1,)]|)
3

T =

(1 +y () -1),

_ (1A41+[BK (i +a) ®1,)])
3

) 12\ °
X<<1+((1_K) (Zdii‘l‘aio) max(W)) > _1>'

(47)

Similar to Theorem 2, that Zeno behavior that does not
occur can be proved by contradiction, which is omitted
here. O

4. Leader-Following Control of Multiagent
Systems under Switching Topologies

In this part, we consider the extended case that the inter-
connection network switches according to signal o (t) and is
not connected all the time. It is worth noting that, unlike the
fixed topology, the controller updates only when the event is
triggered. In the switching topologies, the controller updates
in the following two cases: (1) event-triggering instant. (2)
Communication topology switching instant.

The control input of the ith agent is defined as follows:

)= -K Z aU(t)( ( ) xj(t;;’))

jEN; (t (48)
- Kay, (t)(xi(tk) - X (t)),

where t € [t},t}, ). Different from control protocols (10) and
(35), N; (t) and g; i (t) in (48) are changed under the switching
topologies. Matrices L, and D, in &, represent Lap-
lacian matrix and connection matrix between leader and
agent, respectively. Switching signal o (¢): [0,00) — Pisa
piecewise continuous constant function, which is used to
describe the switching law of communication topology. Also,

Doy P € P} is aset of graphs that are switched within a
finite set & = {1, 2, ...} in any finite time interval. Consider a
nonempty and continuous infinite sequence [f,t,,), where
k=0,1,...and t, = 0. Suppose that &, ,, is switched only at
and remains unchanged in t € [t t ).

Remark 2. It should be noted that graph ga(t) may be
connected or unconnected in interval [t ¢, ,).

By replacing the similar variables in Section 3.2, we can
derive that

x(t) = (In®A)R () = ((Ly ) + Dy ) ® BK) (R (£) + € (1))
(49)

Theorem 5. Under Assumptions 1 and 2, if feedback gain
matrix K satisfies K = BTP and W = PBK, then the protocol
(48) still makes the multiagent system with (3) track the
system (2) successfully if the event-triggering condition
satisfies

Aip mm (W) “"max N
(t) = — Onmin
fl ( ) KaiO max (W) + Zdzz Amax g i

(50)
where 0<k<1,0<a< (aiOJmAmin (W)/A s (P)).

Proof. Construct the Lyapunov function for system (49) as
follows:

N
V,=e* Y %] PX;. (51)
i=1

Similar to Section 3.2, taking the derivative of V'; along
the trajectory of system (49) yields
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M=z
M=
o
)
R,
=
—
®)
|
“k)
N—

N
V;<2e™ Z X PAX, — e

i=1

Il
—_
.

Il
—_

N N N
at T at T
+e Z e; Wa,pe; +2e Z Z a;je; We;
i=1 i=1 j=1

N N
tN T pe Lt N T -
+e” Z X; aPx; —e™ ) X; WaX;
i=1 i=1 (52)

<% (Iy®(PA+A'P))x - "% (L, @ W)X

N
o Z e?(aiOJmW +2d; )W)ei

iy

“+
o

(i) If the graph ?P is not connected during t € [t,t,,),
according to the event-triggering condition (50) and
equation (6), one has

Vi<ex (Iyeo (PA+A'P))x

N
+e (“/\max (P) - aiog(,)Amin (W)>||7Cil|2

i=1
N 2
+ @at i1 (aioa(t)Amax (W) + 2diia(t)/\max (W)>”el“
<0.
(53)

It can be seen from the abovementioned formula that V5
is not increasing; hence,

N
V3 (t) = V3 (ts+l) = eatﬁl Z 521' (ts+1)Tp5\Ci (ts+1)
=1 (54)

> e i (P | (00|

ie., 1% (£ )1l < (V5 () A i (PY)e™ @20t <
(V3 Oy () &
(ii) If the graph ¥, is connected during t € [t,t,)),
then

Vi<ex (Iy® (PA+ AP - 4,(L,))W))%

N

# 6 Y@y (P) = i, i) )5
i=1

N

+e Z(aioa(t)Amax (W) + 2diia(:)/1max (W)>”el“2

=1

(55)

According to event-triggering condition (50) and
equation (5),

Complexity

FiGURE 1: Communication topology %.

-

FiGUrE 2: Communication topology €, and &,.

x;1(8)

0 5 10 15 20
t(s)

— x31(8) - x,(1)
— x4 (8) = x,(9)

FIGURE 3: The 1st state error trajectory of each agent under protocol
(10).

Vi<ex (Iy® (PA+ AP - 1,(L,))W))%
(56)
ea(t)AZ(Lo(t)) T

< - X X.
2

It can be seen from (56) that V' is not increasing; hence,

N
V() 2Vs(tg,,) = et Z X; (ts+1)TP’ACi (t1)

2 (57)
> ™ i (P | (£

ie, 1% (£, )N < OV (A g (P))e @Dt <
(V3 (0)/Amin (P))e_(alz)tHl .
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10 T T T

x(t)

0 5 10 15 20
t(s)

— X35(8) - x5(1)
— xp(t) = xp5(0)

— xpp(8) - x5(D)
— X() = x(1)

F1GURE 4: The 2st state error trajectory of each agent under protocol
(10).

4+ XXX X X X X X X X X X X X X4

Event-triggering time instants
w

XXX X X X X X X X X X X XX
2+ XXX X X X X X X X X X X X X
1+ XXX X X X X X X X X X X X X
O 1 1 1 1

0 0.2 0.4 0.6 0.8 1

£(s)
x x1 X X3
X X2 X x4

FIGURE 5: Event times instants for four agents in Theorem 1.

In  summary,

1% (£l < \/(V3 (tsr (n-1))Amin (P))
(V3 (O A (P @2, e, [2(8)] <
(V3 (DA i (P)e™ @D <o < A [(V5(0)/Ayy, (P))e™ 2N,
so lim, |, IIX ()| = 0 is equivalent to lim, , [IX; (t)ll = 0,

and accordingly lim, | llx;(t) — x, (1)l =0,i=1,2,...,N
is established. O

e (a/2)ty,, < e <L

Remark 3. Index (a/2) can be approximated as the con-
vergence rate of multiagent system (49), and the conver-
gence rate can be changed by adjusting .

Theorem 6. Under the conditions of Theorem 5, system (49)
does not have Zeno behavior. The interval between any two

11
4l |
2 i
S o
=
4L |
0 2 4 6 8 10

t(s)

— x31() - xp (¢
— x4 (8) = x,(0)

=
=

— xq () — xqy (¢
— X1 (1) - x,(0)

FIGURE 6: The 1st state error trajectory of each agent under protocol
(35).

10 + | | | | -
5+F i
51 i

,10 1 1 1 1
0 2 4 6 8 10

t(s)

— X35(1) - x()
— xy(t) = x05(1)

— xp5(8) = x5(0)
— xp(1) - x5(1)

Figure 7: The 2nd state error trajectory of each agent under
protocol (35).

consecutive event-triggering instants of the system is not less
than

([Ty®A]| +II(L + D)®BK]|)

3
1724 3
(10, i (W) = W (P))
1 -1
* ' ai()w)Amax (W) + 2‘diic,(t)/lmax (W)
(58)
Proof. The proof is similar to that of Theorem 2. O
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4Fx X X X X X X X X X X X X X A

3+ X XX XXX X X X X X X X 4

2 Bxx % X X X X X 4

Event-triggering time instants

1 XX X XXX X X X X XXX X X XXXXH

0 1 1 1 1 1

0 0.2 0.4 0.6 0.8 1
t(s)

x x1 X X3

X X2 x x4

Figure 8: Event times instants for four agents in Theorem 3.

5. Simulation

In this part, we consider the trajectories of the state errors
between the follower and leader under the fixed topology
and the switching topology, respectively, where the dynamic
equations of the leader and the follower are given by (2) and
(3), respectively, and the communication network topology
among agents is shown in Figures 1 and 2. Assume that
x; = [x7,x,]", and A and B are chosen as follows:
A= [—2.8 065 ],B = [_8.5 ], it is easy to prove that the
Assumption 2 is satisfied. By solving Riccati equation by
MATLAB, we know that feedback gain matrix K = BTP =
[—0.4995,-1.1343]". Let the leader’s initial state be x,(0) =
[2,3]" and the follower’s initial state be x, (0) = [-1,1]7,
x,(0) = [-2,-3]", %, (0) = [5,-6]", x,(0) = [4,2]".

Example 1. Under the centralized event-triggering pro-
tocol (10), the leader-following consensus of the multi-
agent system composed of (2) and (3) is considered. The
communication network among agents is shown in Fig-
ure 1, and the corresponding weights are all 1. It can be
seen from Figures 3 and 4 that followers can successfully
follow the leader. Figure 5 shows the event instants of each
follower with the centralized event-triggering protocol
(10). It can be seen that protocol (10) can effectively reduce
the number of communications among agents, thus re-
ducing the waste of resources. Also, there is no Zeno
behavior.

Example 2. In this example, we illustrate the leader-fol-
lowing consensus of the multiagent system under the dis-
tributed event-triggering protocol (35). The communication
network among agents is shown in Figure 1. It can be seen
from Figures 6 and 7 that followers can successfully follow
the leader. Figure 8 shows the event triggering time of each
follower under the decentralized event triggering protocol

Complexity

0 20 40 60 80

t(s)

— x31(8) = xq1 (£
— x41(8) = x,(1)

=

— x1(8) - x (¢
— X (8) = xq1 (£

o> =

F1GURE 9: The Ist state error trajectory of each agent under protocol
(48).

15 T T T

10 R

xpp(8)

~15 L L L

0 20 40 60 80
t(s)

— X(8) ~ xp(D) — x3,(t) = x05(8)
— x(1) - xpp(1) — xy() = x5(t)

FIGURE 10: The 2nd state error trajectory of each agent under
protocol (48).

(35), and Zeno behavior is excluded. The simulation results
verify Theorems 3 and 4.

Example 3. Finally, the leader-following consensus of the
multiagent system under the control protocol (48) is
considered. The communication network among agents
will randomly switch between @, and ¥,, as shown in
Figure 2, where &, is a connected graph and ¥, is an
unconnected graph. The state errors between the follower
agent i and leader 0 are shown in Figures 9 and 10, re-
spectively. It indicates that all followers can successfully
follow the leader. Figure 11 shows the event-triggering
instants of each follower under (48), and there is no Zeno
behavior.
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X X X XXX XXXXXXXXXXXH

2 XXX XX X X X X X X X X X X b

Event-triggering time instants
w
X
X

1FXx x X x X X X X X X X X X X 1

0 1 1
0 0.5 1 1.5
t(s)
x x1 x X3
X X2 X x4

FIGURE 11: Event times instants for four agents in Theorem 5.

6. Conclusions and Future Work

In this paper, the leader-following control of general linear
multiagent systems based on event-triggering mechanism
under both fixed topology and switching topologies have
been studied. Under the fixed topology, two different control
protocols are designed in order to reduce waste of resources.
Based on these two control protocols, we propose two
different triggering functions, i.e., centralized event-trig-
gering function and decentralized event-triggering function
with state error between the follower and leader. When the
triggering function exceeds 0, the agent will update the
control input at the triggering instants. Through theoretical
analysis, the sufficient conditions are derived for the system
to achieve leader-following consensus under two control
protocols and event-triggering conditions. The conditions
obtained under fixed topology are extended to switching
topologies (different from the fixed topology, the controller
update at the triggering time, and also the switching time).
The results show that the conditions to achieve leader-fol-
lowing are also valid under switching topologies. Finally, it is
proved that the system can realize leader-following control
without Zeno behavior. The simulation results verify the
effectiveness of the theoretical analysis. In the future, we will
further study the leader-following control of the linear
multiagent system with interference, delay, and other
factors.
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