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Abstraet. The following theorem is established. Among all static, asymptotically
flat electrovac fields with closed, simply-connected equipotential surfaces g,,
== const., the only ones which have regular event horizons ¢,, = 0 are the Reiss-
ner-Nordstréom family of spherisymmetric solutions with m = G¥2lej/c. In the
special case where the gravitational coupling of the electromagnetic energy density
is neglected (G'= 0} all solutions are computed explicitly, thus extending an earlier
result of GINzZBURG for a magnetic dipole in SCHWARZSCHILD'S space-time. Possible
implications for gravitational collapse are briefly discussed.

1. Introduction

Of central importance to the theory of gravitational collapse is the
question whether event horizons are a fairly normal characteristic of
very intense gravitational fields, or whether they are merely quirks of
the special highly symmetric solutions which have so far been studied.

If we restrict ourselves to the class of asymptotically flat, static
vacuum fields, it is already known [1] that the only regular event ho-
rizons are spherical. More precisely: among all fields in this class with
closed, simply-connected equipotential surfaces g,, = const., Schwarz-
schild’s solution is the only one with a regular event horizon gy, = 0.
This means that no static asymmetric perturbation of the Schwarzschild
field which originates from sources within the critical surface g, =0
(r = 2m) can preserve a regular event horizon. (On the other hand, per-
turbations due to exterior sources, such as distant masses, leave the
qualitative character of the event horizon unaffected [2].)

Quite generally, in the case of an arbitrary asymptotically flat field,
it therefore seems natural to ask whether the regularity of an event
horizon is destroyed by any asymmetric perturbation due to interior
sources (e.g. mass quadrupole [3], magnetic dipole field [4], outgoing
gravitational waves; an exception has to be made here for rotation — the
Kerr manifold has a regular event horizon [5]).1 If this were true, it
would force a drastic reappraisal of our current ideas on the nature of
gravitational collapse [6].

* On leave of absence from the Mathematics Department, University of Alberta,
Edmonton, Canada.

1 For instance, it might be conjectured that every vacuum field which has a
regular event horizon and which is asymptotically flat (with an outgoing radiation
condition) is algebraically special,
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The present paper represents a small step towards a definitive answer
to this question. We shall study the class of electrovac spaces — ie.
regions which are the seat of electromagnetic fields but free of charge
and mass (all sources are assumed to be immured within the surface
doo = 0). The main object of the paper is to prove the following result:
of all static, asymptotically flat electrovac fields with closed, simply-
connected equipotential surfaces gy, = const., the only ones which pos-
sess regular event horizons g,, = 0 are the spheri-symmetric Reissner-
Nordstrom solutions for a charged particle. (A precise formulation is
given in Sec. 4.)

In the special case where one neglects the gravitational effect of the
electromagnetic energy density [4], it is a straightforward matter to
compute the solutions explicitly (Sec. 7).

In the general case, we proceed by reformulating the given conditions
in terms of the geometry of the surfaces g4, = const. (Sec. 2—4), showing
that the equipotential surfaces of the electric (or magnetic) field neces-
sarily coincide with these surfaces (Sec. 5), and finally proving that they
are spheres (Sec. 6). In the interests of mathematical simplicity we shall
confine ourselves to the situation where the field is purely electric or
purely magnetic. However, there should be no essential difficulty in
extending the proof given here to the slightly more general situation of
crossed electrostatic and magnetostatic fields.

2. Statie Fields

In this section we shall deal with a general static field. Our aim is to
reformulate Einstein’s static field equations as conditions on the geo-
metry of the equipotential surfaces.

The notation follows reference 1. (Signature of metric —-++-. Cap-
italized Latin indices (range 0—3) refer to space-time tensors. Three-
dimensional and two-dimensional subtensors are distinguished by Greek
indices (range 1—3) and by lower-case Latin indices (values 2, 3).
Covariant differentiation with respect to the 4-dimensional, 3-dimen-
sional, and 2-dimensional metrics is denoted by I/, a stroke and a semi-
colon respectively.)

A space-time is called “static” if it admits a regular vector field £
which satisfies Killing’s equations:

0=Vaép+V5Es=Egap+ 9u0085 + 905044, 1
is hypersurface-orthogonal:

§raVobp =0, (2)
and time-like over some domain. With ¥ defined by
Vo= (— &4 843 (3)

the identity Da (V=284 =0 (4)
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follows from (1) and (2), and shows that a simply-connected domain
which has &, &4 < 0 throughout admits a scalar field £(z4) such that

V=2E =—04t. (5)

In this domain, we can therefore introduce “static co-ordinates’. Let the
4-scalars a* be any three independent solutions of

E49 0% = 0. (6)

In the co-ordinate system a9={, «* we derive £ = 0 from (), then
' =1,&, =gy =0 from (3) and (5), finally dg4 /0t = O from (1). Thus
the metric is reducible (in the domain where £, &1 < 0) to the standard
form
ds? = g,g(at, 2%, @®) da*dal — V32, _
7
V=V a?a®) >0. @
The form (7) can be decomposed further. We suppose that

0—1 — (17\05 1711)1/2 (8)
vanishes nowhere in the domain of interest (cf. end of Sec. 4). As in-
trinsic co-ordinates for the equipotential 2-spaces V = const., { = const.
introduce functions §, 0% which are constant along the orthogonal tra-

jectories: g*#(9,04) (85 V) = 0. Then the spatial metric reduces to

Japdatdal = g,,(V, 0) d6ed0® + [o(V,0)2d V2. 9
Let 1 be the unit spatial vector normal to the equipotential surfaces,
N, = 00,V = ptoa*(V,0)0V, (10)

and e, the tangential base-vectors associated with 0,
e =0 (V, 0)/00°, ¢@=gley . (11)

The triad {e(y, n} spans the 3-space at each point, and the following
decompositions are derivable from (8) (by making the special choice of
co-ordinates al = V, 2® = 0%, or otherwise [11):

gP = gele gy eqy® - nnf (12)
Via.ﬁ = 07 K e 6b(ﬁ) — 07 (0.0) (€ 5 4 e(C)ﬁna) (13)
— o~ *0p/0 V) n,mg .
Here,
; 1
Kup= b iogfa? (14)

is the extrinsic curvature of the 2-space V == const., considered as
imbedded in the 3-space f == const. Note the related formulas
090V = —29K®, 0920V =g oK
G ER)OV = —2¢' g (K® — Kg*®)];ap
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which can be deduced from (14); ¢ is the 2 x 2 determinant of ¢,,,
B =g R, is the two-dimensional curvature invariant (the Gaussian
curvature is — $ R), and K = g** K, is (bwice) the mean curvature. From
(13) and (12), we have

Ve, =01K— 073000V . (16)

The imbedding relations for the three-dimensional Ricel and Einstein
tensors R, g, G, are [1]

1
Gopgninl = 5 (Ko K0 — K* — R), (17a)
Raﬁe(a)“nﬁ = BQK~ Kg;b 5 (17b)
Raﬁe(a)“e(b)ﬁ = %Rgab + Qulg;ab + KKub -+ thgapaj(g/av . (18)

Let X, Y, and Z,, denote the right-hand sides of (17a), (17b) and (18)
respectively. Then the identities

g7HO[OV) (g X) = 0Zqy (K? — Kg**) — 07 (oY), (19a)
g2 ER V) (97 Y 1) = [0(042s — Z0)];p + 07 (02 X)), (19Db)

are consequences of (14). The left-hand sides of (17) and (18) of course
satisfly corresponding identities, whose content is merely that of the
contracted Bianchi identities G& ; = 0. Thus, if (14) and (18) are regarded
(in a given 3-space and for given p) as a system of first-order equations
determining the evolution of ¢,, and K, as functions of V, then (17a, b)
are “involutive constraints’’: if they are satisfied on one surface ¥V = const.
then, by virtue of (19), they are satisfied identically.
We are now ready to decompose the Einstein field equations

Gap=—8nyTyp (20)

(y = 7.3 x10~% cm/gm is Newton’s constant of gravitation divided by
¢?). Under a change of spatial co-ordinates a* = z* (), the 3 X 3 sub-
matrix 7, of the energy tensor 7',y transforms as a 3-tensor, and 79
is invariant. The 3 4- 1 split of (20) yields [1]

?15 9*° R, = 8my 1Y, (21a)
0=8nyT,,, (21b)
Gaﬁ == — 87(}/ Tot/?"“ V“l(V‘a5~ V”I/ngﬁ) . (210)

We can immediately deduce a relativistic analogue of Poisson’s equation:
V‘lV‘”:M=4ny(T§— 9 . (22)

From (16) and (22),
07200/0V = K —4dmy Vo (T%— TY) . (23)
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From (18), (21) and (13),

Vg ma g Y KOV = — g, — 5 0 Rl
(24)
——871?/@( aﬁe(a) e(b) Y TAgab) .
From (17), (21) and (13),
5 (K K — K?— R) = — Say T yn<nf + K(oV) , (25)

0. K — Kiyy = —8ay T pen™n’ -+ (0,0)/(*V) . (26)

Eqgs. (14), (23) and (24) form a complete system for determining the
evolution of g,, p, K% as functions of V. The tangential stresses
T .5’ can be assigned arbitrarily over the 3-space; the conservation
identities V748 = 0 are satisfied automatically if the normal stresses
T, pn" are determined by (25) and (26).

Finally, we record the expression {1]

%”RABCDRABCD: GI“)G/“,‘F V“szvvﬂp (27)

for the square of the four-dimensional Rieman tensor. Evaluating the
second term with the aid of (13), we find

-;}RAB(DRABCD G Guv+9—2V~ZK Kab

(28)
+ 207V 20,007 + 07O V2 (0pf0V)?
3. Static Electrovae Fields
An electromagnetic field
Fpo=0pde—0cdp (29)

in a static space-time is itself static if the Lie-derivative of the 4-poten-
tial A vanishes:
EVAB — AV E4 =0. (30)

The field is purely electric (or, by an obvious re-interpretation, purely
magnetic) if F ¢ is a simple bivector of the form

Fpo=2V"1E53 . (31)

The “‘electric vector” E 4, defined by (31), may be taken without loss of
generality (as long as £368 =& 0) to be purely spatial (§4H, = 0), and
is then given explicitly by
By=V-1F, 388, (32)
ie.
byg=—V-1o90, @=—A 8 =—A4,. (33)

(7 Conunun, math, Phys., Vol. 8
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It is readily verified that
VpFAB = EAV o (V1EB) = EAV-1EP (34)

so that, in the absence of charge and current, the Maxwell equations
VF4B —= 0 can be written

B = (V19005 ) = 0. (35)
By virtue of (9), this can also be written as
Vg=i20[o V) (g2 V-1y) = — (0@ %0 (36)
with y defined by
dgloV =gy . (37)

For an electrovac field (electromagnetic field without matter) the
energy tensor is given by

47 TAB — FACFBC—‘i}gABFDCFDC

= é_ gABR? — FARD - FRV-2EAED B9
More explicitly, we have
4Ty — — 3 B2,
47 %% =0, (39)
40 — L PR BB,
with
VE,=—ypn,—e®,0,¢, (40)
B2 = B,B% = V-2 (y? + .09 . (41)
Hence (22) reduces to
Vit =y VI (42)

We substitute (39) into the basic Egs. (23)—(26) of the previous
section. This leads to the following complete first-order system for deter-
mining the march of the variables g,4, ¢, v, 0, K4 as functions of V:

Geometrical equation:

090p/0V = 20K, . (14)
Electrostatic equations:
3V = 0w, (37)
Vg 2otV =ty)oV = —(e¢'%),, - (36)
Gravitational equations:
072000V = K—yV0(9® + ¢,,¢°%) (43)

1
V-1g-123 (g RV KDYV = — 0.3t ——- g R &Y
g2y ) e; 50 m

+yV2020,,¢ —04(p* + @, 99)].
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Involutive constraints :

1
5 (Ko K —K2—R) = y V2P — ¢, ') + 07 VLK, (45)
0, K — Kb =2y V2yg. ,+ 02V 0.,. (46)
That the constraints (45), (46) are respected by the equations of evola-
tion can be verified explicitly with the aid of the identities (19).

The following result, which will be needed later, is obtained by
contracting (44) and eliminating K by means of (45):

VO(V-1K)OV = — .0 —— o K?— g, A% — 2y V-2g.  pie. (47)

Here,

[S9]

Auy= Koy — 5 Kguy (48)
is a measure of the deviation from spherical symmetry.
Combining (28) and (43), we have finally
%RA BCDRA BCD _ GIL“,G,UV + 9-2 VfZKabKab + 29~4 V——ZQ;aQ;a
o PV ly Vo (R giepi) — KTP

A rather complicated explicit expression for the term &,,G** in terms of
the field variables can be obtained from (21c¢), (39) and (13). For our
purposes it will be sufficient merely to note that this term is obviously
non-negative.

(49)

4. Statement of Theorem

In a static space-time, let 2" be any spatial hypersurface ¢t = const.,
maximally extended consistent with &4£4 < 0. We consider the class of
static fields such that the following conditions are satisfied on 2

(i) 2'is an electrovac space (i.e. free of charge and matter).

(i) X is regular, non-compact and “‘asymptotically Euclidean”. The
last statement means that there exist co-ordinates «* in terms of which
the metric (7) has the asymptotic form

g(zﬁ = 60:(3 + O(T——l) ’ aygzxﬁ = 0(7--2) >
V=1—(m/r)+mn, m = const., [ (r— o) (60)
n=00"%, 0n=0("%, 0,0n=00""%

where r = (§,gx*af)!/2
(iif) The electrovac field is purely electrostatic (or purely magneto-
static). The asymptotic form of the electrostatic (or magnetostatic)
scalar potential is
(efr)+ £, e= const.,

. 5
fe0e-y, acf—op-y. T (51)



252 W. Isprarmrn:

(iv) The equipotential surfaces V = const. > 0, ¢ = const. are a regu-
lar family of simply-connected closed 2-spaces.

(v) If the greatest lower bound of V on X is zero, then the geometry
of the equipotential surfaces 1/ = ¢ approaches a limit as ¢ — 0 +-, corre-
sponding to a closed regular 2-space of finite area.

(vi) The invariant B, pop B4 £ is bounded on X.

Theorem. T'he only static space-time which satisfies conditions (¢) — (vi)
18 the spherically symmetric Reissner-Nordstrom solution

ds* = V-2dr? 4 v*(d0? - sin®0 dP?) — V3>
Vi =1—2mfr 4 ye2r?, q@=ce¢fr, }

with m = y'*%e|.

(We here assume yp > 0. In the exceptional case y = 0, discussed in
Sec. 7, the Theorem does not hold in quite this form.)

That the Reissner-Nordstrom manifold with m = '/2]e] actually does
satisfy (i)—(vi) is well-known, and can be casily verified from the explicit
formulas

(52)

0 d0°d 0 = r2(d0? 4 sin?20 dD?) ,
o= V-ldr[dV = 13(mr— ye?), y=—elV[r?, (83)
Kab - Vgab/r )

obtained by applying the definitions (8), (37) and (14) to the metric (52).

There are two major steps in the proof of the theorem. In Sec. 5 we
show, mainly with the aid of the electrostatic Hqgs. (36) and (37), that
{i)—(vi) can only be satisfied if ¢ is constant on the equipotential surfaces
V = const.: ¢ = ¢ (V). This simplifies the gravitational Eqs. (43) and
(44), from which it can then be deduced (Sec. 6) that the equipotential
surfaces are spherical.

There is one trivial case for which the proof can be quickly disposed
of here. Suppose that V has a positive lower bound. Then the (maximally
extended) 3-space X' is complete. From (35) and the boundary condition
(51) we deduce ¢ = 0 with the aid of Green’s theorem. Eq. (42) now
reduces to Laplace’s equation V* , = 0; together with the boundary
conditions (50) this yields V = 1, showing that space-time is flat and
establishing the theorem.

We may assume henceforth that V comes arbitrarily close to zero
on X. The 2-space V = 04 then forms an inner boundary of X and
encloses an internal “hole”. By (iv), every equipotential surface is homo-
topic to ¥ = 0. It follows that the gradient of ¥ cannot vanish at any
interior point P of 2. If it did, then by (42) V would have a minimum
at P (unless # vanishes identically) and the equipotential surfaces near P
could be shrunk to a point. [H ff = 0, P would be a point of bifurcation
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of the equipotential surfaces [1}, which also contradicts (iv).] Hence ¢
remains finite, and the metric form (8) reqular, at all interior points of X.
The possibility that g - co as V — 0+ is, however, not excluded.

We conclude this section by recording the exterior and interior
boundary conditions in a form convenient for later application. For the

asymptotic forms (50) and (51) we find from (8), (15) and (37)
r—>o, prt->mt, rK-2,

N (64)

re—>e, rPy->—e as V1.

According to (vi) and (49), the regularity of the manifold at the inner
boundary ¥V = 0+ requires that

]{ab = O(QV) y 0= 0<02V) s
. ’ - (55)
p=0(V), ¢..,=0) as V-0
Thus ¢ and p~! are constant on the event horizon:
(0, 0%, 0%) = @, = const., 56
0710, 01, 6%) = 1/g, = const. (possibly zero) . (56)

5. The Electrostatic Field

In this section, our interest will center on the electrostatic Tqs. (36)
and (37). A number of integral relations will be derived which enable us
to show that the electrostatic and gravitational fields must be chained
together by the condition ¢, = 0 if (i)—(vi) are to be satisfied, and we
shall determine the function ¢ = ¢ (V) explicitly.

Let #(V, ¢), G(V, ¢) be (for the moment, arbitrary) differentiable
functions. From (36), (37), (43) and (15) we readily obtain the identity

.0
g Sy PRIV (Y, 9) y + 070, )
=AWV, @) o+ @.,¢% + B(V, @) w + 0710G/0V (87a)

— V! (F()qo;a);a »
where
AV =yG 4+ 0Fjdp, B=V-19F0V+0G0¢. (57Db)
To obtain integral conservation laws from (57), let us require that
A=B=06G0V =20. (58)

The general solution of this (over-determined) linear system of differen-
tial equations for ¥, ¢ is a linear combination of the three particular

solutions Fel, G-0, (59a)
F=yp, G=—1, (59b)
F=yeg?+ V2, G=—2¢. (69¢)
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Taking each of these values for F, ¢ in turn, we integrate (57a) over X
—ie. we form [[[ [(57a)] g*/*d0'd0? d V — noting that the integral of
z

the last term (2-divergence) vanishes when taken over any closed 2-space
V = const. The results express the equality of the surface integrals of
the expression in square brackets over the two boundary surfaces V =1
and V = 0+ (both have to be understood as limits):

S @V)dS[F=5. =0, (60a)
[ (o) dSIF=5, =0, (60D)
JUV 4y e¥V)yp—2¢/o1dSIFZF, = 0. (60¢)

We have defined the element of area dS = ¢%/2 d0'd §% and
1
h= gy V(VE— ygdoV — 1 —popgV | (61)

[Egs. (60a, b) could also have been inferred somewhat more directly
from (35) and (42).] Evaluating the surface integrals for ¥ = 1 by means
of (54), and taking (56) into account, we find

[ @V)dS=—4dme, (61a)
V=0+
— v [ (9V)dS 4 Soleg = dam (61b)
=0+
v | (V) dS—2g,Sgy = —4me, (61c)

where S, is the area of the 2-space V = 04 [finite and non-vanishing by
(v)]. Solving (61), we find
vegy=m-— (m?—yei, (62)
Sofgo = 4w (m? — ye2)t/2. (63)
(A second solution for ¢, involving the opposite sign for the square root,
is unacceptable because it makes S/p, negative.) For the existence of
a regular event horizon it is thus necessary that m2? = ye

To motivate the next step, we begin by observing from (53) that the
manifestly nonnegative expression

(V) tlow(l — yegpm) + eV/m]? (64)

vanishes for spherical symmetry. Now, the expression (64) resembles the
right-hand side of (57a) in form. Accordingly, let us require

A=V11l—yepm)*, B=2@em)(l—myepm).

(65)
9GOV = e Vime



Event Horizons 255

in {67a, b). The resulting linear differential equations for F, G have the
particular solution

sz:-% yeszthr—;: y2e2 3 — 2yem@? ©6)
m2@ = % 2V ~—%— yerpl2eme -+ y~lm? .,
With 7, G given by (66), we have thus the identity
g 2@ V)G (VI Fyp+ o' G)= (o V) Hop(l — yepim) -+ eVim]?
eV i l—yeqpmp p.@c— V2 {Fog),. (67)
Integrating over X, we deduce the inequality
[ (V' Fy+ o GYdS= [ (VFyp -+ p71G)dS, (68)
g, S,
where S,, S; are the inner and outer boundary surfaces, V = 0+ and
V =1 (both understood as limits). Equality in (68) holds if and only if
=0, ie. =gV,
?; ¢=oV) (69)
ow(l—yepm)+eVim=20

everywhere on Y. Now, the surface integrals in (68) can actually by
evaluated with the aid of (54), (61a), (62) and (63). A straightforward
calculation yields the value

dmm(y=t -+ % e2fm?)

for both sides of (68). We conclude that (69) must be true. (This argument
clearly breaks down for the special case of zero coupling: p = 0. This
case is dealt with separately in Sec. 7.)

From (69) and (37),

oy =dg/dV =—eV|im—yeq). (70)
Solving the differential Eq. (70) subject to ¢ = @, [see (62)] when V = 0,
we find
yep(V)=m—oa(V), (71)
where
V)= [m?— pe2(1 — V2. (72)

(The other boundary condition, ¢ — 0 when V — 1, now shows that the

parameter m introduced in (50) cannot be negative.) From (61), (69) and
(71) we have the explicit formulae

AV) = mfa(V), (73)

ey =—eVa(V). (74)

6. The Gravitational Field

The explicit formulae just obtained for the electrostatic field, when
substituted into the gravitational Eqs. (43) and (44), result in a great
simplification. We are now in a position to derive two integral relations
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from (43) and (44) which will enable us to infer that only spherical
surfaces V = const. are compatible with conditions (i)—(vi) of Sec. 4.
This will complete the proof of our theorem.

Remembering that ¢ is a function of V only, we have from (47), (43),
(36) and (37)

@[3V [(g Mo 2 V-1K] = — [g (V)2 V-1{2(g}12)i¢,,

. . (75)
+ 5 0" «,/ZQ;HQMZ - Ql/"Aa,bAabJ .
The integration f[f 3) d0rdO*dV yields
[ Qe (KIV)dS = f Aoy 2(KJV)dS, (76)
5 So
with equality if and only if
Aab:0> Q;a:j0 (77)

everywhere on 2. According to (54), the left-hand side of (76) has the
value 8;7m1/2. For the right-hand side we have {from (55), (45) and (74)

B (K]V) = = 00 (0, 0%, 0%) — yoy lim (y/7):

V-s0+

) (79)
= — 5 00 R0, 01, 0%)— yetf(gp3)
where
oy = o (0) = (m%— pe)iz, (79)
Noting that
J R, 0,05 dS =—8x (80}

for any closed, simply-connccted 2-space V = ¢ (Gauss-Bonnet thcorem),
we obtain the value

4o (mfog)'* [0g"* — y /o500 1*)] (81)

for the right-hand side of (76). We thus arrive at the inequality
%000 = (m+ %) (82)
(If o5t = 0, (82) is properly interpreted as an inequality for V]inOJA (oa).)

We shall next derive a second inequality giving an upper bound for
oto00- H f(V), A(V) are arbitrary differentiable functions, we have

@B2V) (K -+ o=1h) = (J + V-1f—h) K——~~foK2 + yho Vg )

+ Qvlh, - ,fQ!a;a“ fQAab/1ab .

In the term involving K2 on the right-hand side, we substitute the value

—K Ay A — R —2(p V) 1K — 2y V29 (84)
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obtained from (45), and we substitute for ? from (74). We also note the
result (easily derived from the formulae of Sec. 3)

o{g o 1)V =0. (85)
We thus obtain the identity
00 V) lg" 2o Al K -+ o7 )] = 2(V) (V) g'2 R
g o A [(f + BV —h) K + oY + yVera 3 2V (86)
— AV [(7) gV [(ng)e, o+ 0 20,403 + Ay de?]

valid for arbitrary j( ) (V). Let us now choose f, & so as to make the
second line of (86) vanish, i.c.

P8 V-lf—h=0,

(87)
Bty Vera2(h+2V-1f) =0.
A particular solution is
Vy=Viey -+ a(V)]72,
1) Locg + (V)] (88)

h(V) = 2ot -+ (V)] e (V)]
With these values for f, A (which, it should be noted, are positive on )
we form fff (86) d6*d6*d V. We find, recalling (80),
f o1 A(fK - p71h) dS

gfo*lx” f1{~tgllz)d8—8~szl7)) Vydv, (89)

with equality if and only if (77) holds everywhere on X. Evaluating the
surface integrals with the aid of the boundary conditions (54), (55) and
(63) yields

Jrr=0, [ = 20) Bolgom) = Aoyt (90)
Sl S,

Using the cxpression (73) for A(V), we obtain further

m 1
/f)b d V Bl "77{ ( ‘)’Z“T)‘ - )Hiiijxg) . (91)
The inequality (89) can now be reduced to

%0 = (M + )% . (92)

Comparing the inequalities (82) and (92), we infer that (77) holds
everywhere on 2, i.e.

=o(7), K= 3guK0). (93)
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This implies that the equipotential surfaces are spherical. Indeed, if we
introduce a function (V) defined by ¢ = efr, we can readily deduce the
formulae (53) which characterize the Reissner-Nordstrom field. We recall
[remarks following (63) and (72)] that the parameters had to be restricted
by m = pM2le|. Our proof is thus complete.

7. Zero Coupling

We now take up the exceptional case of zero coupling between the
gravitational and electromagnetic fields [y = 0 in the Einstein field
1q. (20)]. This had to be excluded from the previous considerations [see
the remarks after Eq. (69)1. In this case, the simplest procedure is to
exhibit the explicit solutions, which are in any case of interest in their
own right.

Our problem is to obtain solutions of the vacuum equations G4, 3 = 0
and the electrostatic Eq. (35) which satisfy conditions (i}—(vi) of Sec. 4.
It is already known [1] that the only vacuum space-times compatible
with (1)—(vi) are the Schwarzschild solutions with m = 0. The problem
thus reduces to finding well-behaved electrostatic fields defined on the
Schwarzsehild background :

Jupdarda? = (1—2mfr)-2dr? + r3(d0? + sin20 d P?)

V={(01—2mry?. (94)
The electrostatic Eq. (35), which is linear in ¢, reduces to
(1=2) 5 (2 5r) o (00 55) + g s =0 09
Separable solutions which are regular on the axis have the form
¢ = R(r) P (cosf) et (96)
where R satisfies
2(l + z) B®R/da? + 2xd Rldax —n{n + 1) R =0, 97)
x=(r2m)—~1. (98)
For n = 0, we have the spherically symmetrie solution
@ + const. = er (99)

which is regular for 2m < r < co and satisfies (i)—(vi).
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For n =1, R = «x is an obvious solution of (97), and the second solu-
tion can be found by variation of parameters. We thus obtain the axially
symmetric solutions (M = 0)

(r, 0) = ¢ (r— 2m) cos O, (100a)

p(r, 0) = ¢y [— 1 + mfr — (r/2m — 1) In(1 — 2m/r}] cos0 .  (100b)

The first represents a uniform electrostatic or magnetostatic field. The

second is the static field of an electric or magnetic dipole; its asymptotic
form is

@~ ¢y coslfr? (r—> o0) . (101)

Results equivalent to (100b) have been given previously by GiNzeUure [4].

For general n, (97) is reducible to Legendre’s equation, and has the
linearly independent solutions
R=o (L + )PP+ 22), B = eyfaf(l+ )2 QL1+ 22) (102)

where P (z), QL (z) are the associated Legendre functions, normalized to
be real for real z > 1. For the electrostatic field we thus have the two
families of solutions

1/2
g =0 (1 ~—2—:ﬁ) P (-;%_ 1) PY (cosf) eiM? (1032)
1/2 .
. (1—3}’5) Ql (;}—1) PM (cos) M2 (103b)
Since
PLiz) ~ 27, Qle)~ 2= ®iD (200, n= 1), (104)

only the second solution has the correct behaviour at infinity. To examine
the behaviour of (103b) near r = 2m, we observe from (41) that the
field strength Z is given by

2m -1 1 [9p)\2 1 2 \2

we (1) e (5 e () ] 009
Now, Q}(1 + 2z) ~ 7172 as 2 —~ 0, so that the radial factor (102) ap-
proaches a constant non-zero limit. Hence, as r— 2m, 9¢/00 and
(for M = 0) 0 /0P remain of order unity for » = 1, and E is of order
(1 — 2m/r)—172. We conclude that the only electrostatic field on a Schwarz-
schild background which is well-behaved for 2m = r < o is spherically
symmetric. Nevertheless, all the solutions (103b) are compatible with
(1)—(vi), since the geometry is regular at » = 2m despite the singularity
of the energy density, on account of the zero coupling.
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