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Event-Triggered Consensus Control for Networked
Underactuated Robotic Systems

Xiang-Yu Yao , Ju H. Park , Senior Member, IEEE, Hua-Feng Ding, and Ming-Feng Ge , Member, IEEE

Abstract—In this article, the consensus of networked under-
actuated robotic systems subject to fixed and switched com-
munication networks is discussed by developing some novel
event-triggered control algorithms, which can synchronously
guarantee the convergence of the active states, the boundedness
of the velocities of passive actuators, and the exclusion of Zeno
behaviors. In the cases of fixed networks, the sufficient criteria are
established for the presented distributed event-triggered mech-
anisms with and without using neighbors’ velocities, in order
to achieve a better tradeoff between the communication load
and system performance. Besides, in the situation of switched
networks, the sufficient criterion is established by assuming that
the union of the network has a spanning tree. A distributed
sampled-data rule is constructed to decide when to update its own
and neighbors’ estimated positions, and thus further reduces the
unnecessary control cost. Finally, by further extending the main
results to three other sampled-data control algorithms, several
examples with performance comparisons are provided to validate
the efficiency and advantages of the theoretical results.

Index Terms—Event-triggered control (ETC), sampled-data
communication, switched networks, underactuated robotic
systems.

I. INTRODUCTION

DURING the past few years, researchers from the auto-
matic control community have put a tremendous amount

of effort into consensus control of networked systems, which
has already become a significant cooperative control topic aim-
ing to force the states of the individuals to reach an agreement
[1]–[9]. In many real-world applications, there usually exist
a large number of individuals in a networked system in the
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presence of a restricted bandwidth, limited resources, and a
complex control environment. It thus leads to performance
degradation or even instability.

Compared with the fully actuated systems, the underactu-
ated systems with fewer active actuators require fewer control
inputs, while providing more operation flexibility, and have
been widely utilized in many practical applications, including
wheeled robots, underwater vehicles, helicopters, and space-
craft [10]–[13]. However, these systems are more complicated
and, thus, cannot be controlled and analyzed following the
methods of the fully actuated ones, due to the existence of pas-
sive actuators, and the strong couplings among the active and
passive states. These characteristics will lead to challenging
restrictions on stabilizing the system states in an energy-saving
manner. In addition, the other inevitable practical system con-
straints, for example, bandwidth limitation, switched networks,
uncertainties, and disturbances [14], [15], will negatively affect
the system performance and make the corresponding control
problems more challenging.

Event-triggered control (ETC), which can generally pro-
vides the tradeoff between the control cost and the
system performance, has attracted a large amount of
interest in regulating the consensus behaviors of networked
systems [16]–[21]. Furthermore, references [22]–[24] concen-
trated on asynchronous H∞ consensus of the Markov jump
systems or T–S fuzzy systems with the aim of synthesizing
ETC mechanisms to release communication burdens. In [25],
the finite-time consensus of systems with single-integrator
dynamics and fixed topology was explored by constructing
an event-driven finite-time control protocol. Yan et al. [26]
designed an H∞ ETC algorithm for networked systems with
distributed channel delay. The technical note [27] adopted
output-feedback and back stepping techniques for the ETC
problem with both unknown control direction and sensor
faults while for the consensus of underactuated systems,
Postoyan et al. [28] presented emulation-like ETC meth-
ods for stabilizing time-varying tracking of unicycle mobile
robots, and Xu et al. [29] proposed an ETC-based adaptive
fuzzy sliding-mode control approach for switched underac-
tuated systems. Moreover, some other ETC results with the
model predictive control [30], backstepping control [31], and
neural network control [32] have been obtained. However, all
of the above results still need continuous-time communication,
resulting in large energy consumption.

As a matter of fact, the communications in practical appli-
cations generally proceed over digital networks, and the
corresponding networks are always dynamically switched due
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TABLE I
SOME MAIN SYMBOLS

to their limitations and unreliability. Therefore, the neces-
sary interconnections adopted in fixed cases may fracture,
and the isolated individuals may even occur, which inevitably
brings great difficulties for the convergence analysis and con-
trol process. In conclusion, the existing results developed with
fixed topologies and continuous-time communications cannot
be directly extended to deal with such switched cases. For
this reason, numerous efforts have been made, for instance,
You et al. [33] and Yang et al. [34] established an out-
put feedback-based ETC frameworks without continuous-time
communications for consensus of nonlinear systems subject
to actuator saturation or disturbance. The works [35], [36]
contributed to form discrete-time sampling ETC schemes for
the consensus of first-order and second-order systems. Under
sampled-data switched policies, [37] was concerned with the
ETC of a class of fuzzy Markov jump systems. Wu et al. [38]
discussed the consensus ETC of multiagent systems with fixed
and switched communication networks. With regard to under-
actuated systems, Chu et al. [39] presented sampled-data ETC
methods for the tracking control of nonholonomic systems and
Deng et al. [40] studied the ETC tracking of an underactuated
surface vessel in the sensor-to-controller channel. However,
the above results are derived by employing the knowledge of
neighbors’ velocities, which are not easily available in some
practical cases due to the limitations of sensors and other hard-
ware costs. Besides, the involved dynamics of works [39]–[41]
are not in the Euler–Lagrange form.

By the aforementioned discussion, there are two main chal-
lenges: 1) how to investigate underactuated Euler–Lagrange
systems with switched networks and 2) how to develop algo-
rithms without relative full-state feedbacks and continuous-
time communications. Motivated to solve these challenges, the
authors investigate the ETC-based consensus of underactuated

systems. The novelties and contributions compared with the
former literature are summarized as follows.

1) Focusing on the nonlinear-networked underactuated
Euler–Lagrange systems with internal uncertainties and
external disturbances, this article develops several robust
ETC algorithms over fixed and switched communication
networks, which are capable of keeping satisfied control
performances with less control cost.

2) In order to further reduce control cost based on only par-
tial information of neighbors’ states, a relative-position
filter layer is newly presented to construct effective
control algorithms without using neighbors’ veloci-
ties. Besides, a distributed sampled-data estimator layer
driven by the ETC mechanism is designed without
requiring neighbors’ real positions and continuous-time
communications.

The remainder is arranged as follows. Preliminaries and
main results are, respectively, provided in Sections II and III.
Simulation and conclusion are drawn in Sections IV and V,
respectively. Some main symbols are listed in Table I.

II. PRELIMINARIES

A. System Formulation

Consider the following networked underactuated robotic
systems with individual set i ∈ {1, . . . ,N}:
Hi(qi)q̈i + Ci(qi, q̇i)q̇i + Cfi(qi, q̇i)q̇i + Gi(qi) = τi + Di (1)

where t ∈ [t0,∞), qi, q̇i, q̈i ∈ R
n are position, velocity,

and acceleration. Hi(qi),Ci(qi, q̇i),Cfi(qi, q̇i) ∈ R
n×n, and

Gi(qi) ∈ R
n are the positive-definite inertial matrix, Coriolis–

centrifugal, damping-friction, and gravitational matrices, and
τi,Di ∈ R

n are control input and external disturbance. Note
that the system states consist of active states qia, q̇ia, q̈ia ∈ R

na

and passive ones qip, q̇ip, q̈ip ∈ R
np , with na + np = n, such

that there usually exist two classes of structures [13].
Passive–Active Structure: qi = [qT

ip, qT
ia]T , q̇i = [q̇T

ip, q̇T
ia]T ,

q̈i = [q̈T
ip, q̈T

ia]T , τi = [0T
ip, τia]T , and Di = [0T

ip,DT
ia]T .

Active–Passive Structure: qi = [qT
ia, qT

ip]T , q̇i = [q̇T
ia, q̇T

ip]T ,
q̈i = [q̈T

ia, q̈T
ip]T , τi = [τia, 0T

ip]T , and Di = [DT
ia, 0T

ip]T .
Remark 1: Throughout this article, it is assumed that there

are N individuals in system (1) labeled in an ordered sequence
{1, 2, . . . ,N}, and each individual consists of passive and
active actuators labeled with subscripts p and a, respec-
tively. Thus, the passive states (qip, q̇ip, q̈ip), active states
(qia, q̇ia, q̈ia), and the corresponding control parameters with
the subscript p or a can be directly used without confusion.

By selecting different coordinates, we can obtain the fol-
lowing uniform dynamics (2) with relevant common proper-
ties [42], whether we study the first structure or the second
one[

Hipp Hipa

Hiap Hiaa

][
q̈ip

q̈ia

]
+
[

Cipp Cipa

Ciap Ciaa

][
q̇ip

q̇ia

]

+
[

Cfip 0np×na

0na×np Cfia

][
q̇ip

q̇ia

]
+
[

Gip

Gia

]
=
[

0ip

τia + Dia

]
.

(2)
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Property 1: The dynamic terms in systems (2) are bounded,
and for arbitrary vector Z = [ZT

p ,ZT
a ]T ∈ R

n, it satisfies

ZT
([

Ḣipp Ḣipa

Ḣiap Ḣiaa

]
− 2

[
Cipp Cipa

Ciap Ciaa

])
Z = 0.

Property 2: For arbitrary vectors Z1 = [ZT
1p,ZT

1a]T ∈ R
n

and Z2 = [ZT
2p,ZT

2a]T ∈ R
n, it satisfies

Yiϑi =
[

Hipp Hipa

Hiap Hiaa

]
Z1 +
[

Cipp Cipa

Ciap Ciaa

]
Z2

+
[

Cfip 0np×na

0na×np Cfia

]
Z2 +
[

Gip

Gia

]

where Yi = [YT
ip(qi, q̇i,Z1,Z2),YT

ia(qi, q̇i,Z1,Z2)]T , and ϑi is
the integration with respect to (w.r.t.) system parameters.

Remark 2: Systems with dynamic uncertainties ϑ̂i yield

Yiϑ̂i =
[

Ĥipp Ĥipa

Ĥiap Ĥiaa

]
Z1 +
[

Ĉipp Ĉipa

Ĉiap Ĉiaa

]
Z2

+
[

Ĉfip 0np×na

0na×np Ĉfia

]
Z2 +
[

Ĝip

Ĝia

]
.

B. Mathematical Preparations

For the underactuated system over fixed and switched
communication networks, digraphs Gf = {V, E,Af ,Lf } and
Gsg = {V, E,Asg ,Lsg} are, respectively, introduced with indi-
vidual set V = {1, . . . ,N} and directed communication edge
set E = {Ej→i|i, j ∈ V, i �= j}. Note that subscript sg rep-
resents the switched networks with the switch index g ∈ N.
Af = [ωf ,ij]N×N and Asg = [ωsg,ij]N×N are adjacency matri-
ces, where ωf ,ij, ωsg,ij > 0, if the communication edge Ej→i

is valid, and ωf ,ij, ωsg,ij = 0 otherwise. Lf = [lf ,ij]N×N and
Lsg = [lsg,ij]N×N are the Laplacian matrices with lf ,ii =∑N

j=1 ωf ,ij and lsg,ii = ∑N
j=1 ωsg,ij, as well as lf ,ij = −ωf ,ij

and lsg,ij = −ωsg,ij for i �= j. In addition, there is a virtual
static leader labeled as 0 for the fixed networks, with a pin-
ning matrix B = diag{b1, . . . , bi, . . . , bN} among the leader
and other individuals. Note that bi > 0 if E0→i is valid, and
bi = 0 otherwise. Then, some related assumptions on the com-
munication networks and control algorithms are proposed as
follows.

Assumption 1: The fixed communication network Gf with
the virtual leader across t ∈ [t0,∞) has a spanning tree,
namely, the leader has communication edges to any other
individuals.

Assumption 2: There exist positive integers g0 and g1
such that the union of the switched communication network⋃g1

g=g0
Gsg across g ∈ [g0, g1] has a spanning tree.

Assumption 3: This article studies underactuated system (2)
with ETC algorithms, which assumes that the trigger time
intervals Tk = tk − tk−1 are bounded by Tk ≤ T̄ , for a positive
constant T̄ , and k ∈ Z

+.
Assumption 4: By the general boundedness property of

the Euler–Lagrange dynamics, assume that the damping-
friction matrix in (2) is diagonal positive definite, satisfying
qT

ipCfipqip ≥ g2 ≥ ‖Cipp‖q2
ip, qT

iaCfiaqia ≥ g3, ∃g2 > 0,
∃g3 > 0.

Furthermore, the main definitions and lemmas w.r.t. the
control problem are presented as follows.

Definition 1: Underactuated system (2) is driven to achieve
consensus if the Laplacian matrix L ∈ {Lf ,Lsg}, and states
qa = [qT

1a, . . . , qT
Na]T , q̇a = [q̇T

1a, . . . , q̇T
Na]T , and q̇p =

[q̇T
1p, . . . , q̇T

Np]T satisfy

lim
t→∞
∥∥(L ⊗ Ina

)
qa(t)
∥∥ = 0, lim

t→∞‖q̇a(t)‖ = 0, q̇p(t) ∈ L∞.
(3)

Definition 2: If there exist infinite trigger numbers in a
finite time, it is called the Zeno behavior, which is an unde-
sirable phenomenon costing vast resources, and should be
avoided.

Definition 3: The average trigger rate is defined as a
performance index that is equal to the average ratio between
the actual trigger numbers and total computation numbers of
control inputs, and generally, the less the ratio is, the less
resource it costs.

Lemma 1 [43]: Consider a twice differentiable system
ẋ = f (t, x): 1) if f (t, x), ḟ (t, x) ∈ L∞, then it concludes
f (∞, x) → 0 and 2) if f (t, x), f̈ (t, x) ∈ L∞, then ḟ (∞, x) → 0.

Lemma 2 [44]: If the leader in the system has directed
communication edges to any other individuals, the real parts
of eigenvalues of matrix W = Lf + B are all positive.

Lemma 3 [43], [45]: Consider a system ẋ(t) = Ax(t) +
Bu(t) with state x(t) ∈ R

n, input u(t) ∈ R
m, and the Hurwitz

matrix A.
1) The system is input-to-state stable with x(∞) → 0 if it

has a globally exponentially stable equilibrium point at
origin x(t) = 0 with u(t) = 0.

2) For any input u(t) ∈ L∞ and initial state x(t0) ∈ R
n,

the system response over t ∈ [t0,∞) satisfies ‖x(t)‖2 ≤
exp(−δt)‖x(t0)‖2 + (‖B‖2/δ)‖u(t)‖2, ∃δ ∈ Z

+.
Lemma 4 [46]: The non-negative matrix M ∈ R

N×N is row
stochastic if all elements of each row sum are equal to one.

Lemma 5 [47]: For a non-negative matrix Mg ∈ R
N ×

R
N with positive diagonal entries, it satisfies

∏k
g=0 Mg ≥

�
∑k

g=0 Mg for � > 0 and k ∈ Z
+, k ≥ 2.

Lemma 6 [48]: If a non-negative matrix M ∈ R
N×N has

the same positive constant row sums given by ρ > 0, then ρ
is an eigenvalue of M with an associated eigenvector 1N . In
addition, the eigenvalue ρ of M has an algebraic multiplicity
equal to one, if and only if the graph associated with M, that
is, G(M), contains a spanning tree.

Lemma 7 [49]: A row stochastic matrix M ∈ R
N×N is

indecomposable and aperiodic (SIA), if one of the following
conditions holds.

1) There exists a constant column vector y ∈ R
N satisfying

limk→∞Ak = 1NyT .
2) The eigenvalues of matrix M are positive, and its digraph

G(M) contains a spanning tree.
Lemma 8 [50]: Let M1,M2, . . . ,Mk ∈ R

N ×R
N be a finite

set of SIA matrices with the property that for each sequence
Mi1,Mi2, . . . ,Mij with a positive length, the matrix prod-
uct Mi1Mi2 . . .Mij is SIA. Then, for each infinite sequence
Mi1Mi2 . . .Mij . . . , there exists a constant column vector y ∈
R

N satisfying limj→∞Mi1Mi2 . . .Mij = 1NyT .
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Remark 3: Note that the control objective of the article is to
guarantee the convergence of the active states (qia, q̇ia), and
the boundedness of the velocities (q̇ip) of passive actuators
simultaneously. On the other hand, it should be pointed out
that how to achieve the convergence of the passive states, that
is, how to swing the system up to the vertical upward equi-
librium point, is an important research topic in the field of
the underactuated systems, and we will deeply consider the
control problem via ETC algorithms in our future works.

III. MAIN RESULTS

A. Distributed ETC With Fixed Communication Networks

Under fixed networks, the consensus of systems (2) is
achieved through a distributed ETC algorithm, including a
relative-state filter layer, an observer-based control layer, and
an event-triggered layer. A sliding-mode vector si ∈ R

n for
both active and passive parts is first designed as

si =
[

sip

sia

]
=
[

q̇ip − xip

q̇ia − xia

]
(4)

where xip, xia are derived by relative-state filter layer below

[
ẋip

xia

]
=
⎡
⎢⎣

Ĥ−1
ipp

(
Kipsip − Y∗

ipϑ̂i

)

−αi

N∑
j=1
ωf ,ijqija − αibiqi0a

⎤
⎥⎦ (5)

where αi > 0, qija = qia − qja, and qi0a = qia − q0a,
with known static state q0a to some individuals, Y∗

ip =
Yip(qi, q̇i, xip, 0np , xia, ẋia), Ĥipp is an estimated parameter
w.r.t. ϑ̂i, and ϑ̂i is generated by the following observer-based
control layer⎧⎪⎪⎨
⎪⎪⎩

τia(t) = Yia(t
k
i )ϑ̂i(t

k
i )− K̂ia(t

k
i )sia(t

k
i )− D̂ia(t

k
i ) (6a)

˙̂
�i(t) =

⎡
⎣	ϑ i 0 0

0 	ki 0
0 0 	di

⎤
⎦
⎡
⎣−YT

i (t)si(t)
sT

ia(t)sia(t)
sia(t)

⎤
⎦ (6b)

where t ∈ [tki , tk+1
i ), �̂i(t) = [ϑ̂T

i (t), K̂T
ia(t), D̂T

ia(t)]
T ,

Yi = [YT
ip(qi, q̇i, xip, ẋip, xia, ẋia),YT

ia(qi, q̇i, xip, ẋip, xia, ẋia)]T ,
and 	ϑ i, 	ki, and 	di are symmetric positive-definite matrices.
The update of the control layer is decided by the following
event-triggered layer:⎧⎪⎪⎨

⎪⎪⎩

Fi = ‖Ei‖1 − ξi‖sia‖1 + ζi(t) (7a)

Ei =
⎡
⎣−Yia

(
tki
)
ϑ̂i
(
tki
)+ Yiaϑ̂

K̂ia
(
tki
)
sia
(
tki
)− K̂iasia

D̂ia
(
tki
)− D̂ia

⎤
⎦ (7b)

where ζi(t) = −εi exp(−μit), ξi, εi > 0, μi ∈ (0, 1), and
Fi and Ei are the trigger function and measurement error,
respectively.

Remark 4: Note that the event-triggered layer satisfies
Fi ≤ 0, and if Fi = 0, it triggers and the control layer is
updated. Moreover, the update frequency can be adjusted by
designing proper parameters εi and μi, which guarantees an
optimal tradeoff between the control cost and performance.

Under fixed communication networks, the developed dis-
tributed ETC algorithm and signal flow diagram are displayed
in Table II and Fig. 1, respectively.

TABLE II
ALGORITHM I

Theorem 1: For underactuated systems (2) with a fixed
network, if Assumption 1 holds, the developed distributed
ETC algorithm, shown in Table II, can simultaneously address
the asymptotic consensus and the Zeno behavior problems,
respectively, proposed in Definitions 1 and 2, that is, ‖(Lf ⊗
Ina)qa(∞)‖, ‖q̇a(∞)‖ → 0, q̇p(∞) ∈ L∞, and Tk = tk −
tk−1 > 0.

Proof: Substituting (4) and (6) into system (2) yields[
Hipp Hipa

Hiap Hiaa

][
ṡip

ṡia

]
=
[ −Yipϑi

−Yiaϑi + Dia + τia

]

−
{[

Cfip 0np×na

0na×np Cfia

]
−
[

Cipp Cipa

Ciap Ciaa

]}[
sip

sia

]
. (8)

Then, consider the following Lyapunov-like function can-
didate with parameters �̃i = �i − �̂i and 	i =
diag{	ϑ i, 	ki, 	di}:

V1(t) = 1

2

[
sip

sia

]T[Hipp Hipa

Hiap Hiaa

][
sip

sia

]

+ 1

2
�̃T

i 	
−1
i �̃i +

∫ +∞

t
ε2

i exp(−2μiσ)dσ (9)

where
∫ +∞

t ε2
i exp(−2μiσ)dσ = oi − ∫ t

0 ε
2
i exp(−2μiσ)dσ ,

and oi = ∫ +∞
0 ε2

i exp(−2μiσ)dσ ∈ (0, (ε2
i /2μi)) is a positive

constant. Then, by Property 1, (7) and sT
ipYipϑ̂i = sT

ipKipsip

derived by (5), taking the derivative of (9) along (8) yield

V̇1(t) = 1

2

[
sip

sia

]T[ Ḣipp Ḣipa

Ḣiap Ḣiaa

][
sip

sia

]
+
[

sip

sia

]T

×
[

Hipp Hipa

Hiap Hiaa

][
ṡip

ṡia

]
− �̃T

i

⎡
⎣−YT

i si

sT
iasia

sia

⎤
⎦− ζ 2

i

= −sT
ipCfipsip − sT

iaCfiasia − sT
ipYipϑi − K̃T

iasT
iasia

+ ϑ̃T
i YT

i si − sT
ia(Yiaϑi − Dia − τia)− D̃T

iasia − ζ 2
i

≤ −sT
iaKiasia − ζ 2

i + sT
ia

(
Yia

(
tki
)
ϑ̂i

(
tki
)

− Yiaϑ̂i

)

− sT
ia

(
K̂ia

(
tki
)

sia

(
tki
)

− K̂iasia + D̂ia

(
tki
)

− D̂ia

)
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Fig. 1. Signal flow diagram of the distributed ETC algorithm over fixed
communication networks.

≤ −sT
ipYipϑ̂i − sT

iaKiasia − sT
ia

(
1T

3 ⊗ 1na

)
Ei − ζ 2

i

≤ −λmin(Kia)‖sia‖2
1 + ‖sia‖1‖Ei‖1 − ζ 2

i

≤ (ξi − λmin(Kia))‖sia‖2
1 − ζi‖sia‖1 − ζ 2

i

≤ 1

4
(4ξi − 4λmin(Kia)+ 1)‖sia‖2

1 − 1

4
(‖sia‖1 + 2ζi)

2

where if λmin(Kia) ≥ 1/4 + ξi, it gives V̇1(t) ≤ 0 and reveals
V1(t) ∈ L∞, that is, si = [sT

ip, sT
ia]T ∈ L∞ and �̃i ∈ L∞. Then,

it gives ṡi = [ṡT
ip, ṡT

ia]T ∈ L∞ by (8). Thus, it can be concluded
that si(∞) → 0 by Lemma 1.

Design sa = [sT
1a, . . . , sT

Na]T , α = diag{α1, . . . , αN}, and
�1 = qa − (1N ⊗ q0a) with qa = [qT

1a, . . . , qT
Na]T , and

combining with (4) and (5) yields

�̇1 = −(αW ⊗ Ina

)
�1 + sa. (10)

Note that W has positive real parts by Lemma 2, such that (10)
is input-to-state stable with �1(∞) → 0, that is, qija(∞) = 0
∀i, j ∈ V , by Lemma 3, and thus �̇1(∞) → 0, that is,
q̇a(∞) → 0. By dynamics (2), one obtains q̈ip = −H−1

ipp(Cipp+
Cfip)q̇ip − H−1

ipp(Hipaq̈ia + Cipaq̇ia + Gip), then by Lemma 3

and Assumption 4, with H−1
ipp(Hipaq̈ia + Cipaq̇ia + Gip) ∈ L∞,

q̇ip(t0) ∈ L∞, and −H−1
ipp(Cipp + Cfip) being Hurwitz, it can

be concluded that q̇ip is bounded. It thus follows Definition 1
that ‖(Lf ⊗ Ina)qa(∞)‖ → 0, ‖q̇a(∞)‖ → 0, and q̇p(t) ∈ L∞
∀t ∈ [t0,∞).

Finally, we prove that the developed control algorithm can
avoid the Zeno behavior. Define �̃1(t) = �1(tki ) − �1(t) as

t ∈ [tk−1, tk), and it gives ˙̃
�1(t) = −�̇1(t) for �̇1(tk) = 0,

thereby ‖ ˙̃
�1(t)‖1 = ‖�̇1(t)‖1. By (10), it yields

∥∥∥�̃1(t)
∥∥∥

1
=
∥∥∥∥
∫ t

tk−1

˙̃
�1(σ )dσ

∥∥∥∥
1
<

∫ tk

tk−1

∥∥∥ ˙̃
�1(σ )

∥∥∥
1
dσ

<

∫ tk

tk−1

(
λmax(αW)�̄1 + s̄a

)
dσ

where �̄1 = supt≥tk−1‖�1(t)‖1, s̄a = supt≥tk−1‖sa(t)‖ and it
implies

Tk = tk − tk−1 >
(
Z1�̄1 + s̄a

)−1∥∥�̄1(t)
∥∥

1

which gives Tk > 0, and demonstrates that the Zeno behavior
can be eliminated. It thus completes the proof.

TABLE III
ALGORITHM II

B. Distributed ETC Without Neighbors’ Velocities

Notice that neighbors’ velocities are usually costly to be
obtained by equipping with commercially available veloc-
ity sensors and communication facilities. Thus, an enhanced
distributed ETC algorithm without neighbors’ velocities is
then derived in Table III by designing the following dis-
tributed relative-position filter layer with only using neighbors’
positions:

[
ẋip

ẋia

]
=
⎡
⎢⎣

Ĥ−1
ippKipsip − Ĥ−1

ippY∗
ipϑ̂i

−βixia − γi

N∑
j=1
ωf ,ijqija − γibiqi0a

⎤
⎥⎦ (11)

where βi > 0, γi > 0, and si, qija, qi0a, and Y∗
ip are predefined

in (4) and (5).
Theorem 2: For underactuated systems (2) with fixed com-

munication networks, if Assumption 1 holds, the developed
distributed ETC algorithm, shown in Table III, can simultane-
ously address the asymptotic consensus and the Zeno behavior
problems, respectively, proposed in Definitions 1 and 2.

Proof: Consider a Lyapunov-like function candidate in (9),
with observer-based control layer (6), event-triggered layer (7),
Assumption 1, and corresponding properties, by a similar
analysis, it finally gives si(∞) → 0 if λmin(Kia) ≥ 1/4 + ξi.

For (4) and (11), design β = diag{β1, . . . , βN}, γ =
diag{γ1, . . . , γN}, and �2 = [qT

a − (1T
N ⊗ qT

0a), xT
a ]T with

xa = [xT
1a, . . . , xT

Na]T , such that it can be concluded that

�̇2 = (�1 ⊗ Ina

)
�2 + (�2 ⊗ Ina

)
sa

�1 =
[

0N×N IN

−γW −β
]
, �2 =

[
IN

0N×N

]
. (12)

Note that the eigenvalues of matrix �1, λ(�1) = −(1/2)β ±√
(1/4)β2 − γW < 0, which means �2 → 0, that is,

(Lf ⊗ Ina)qa(∞) with input sa(∞) → 0 under Lemma 3,
such that �̇2 → 0, that is, q̇a(∞) → 0. Similarly, by (2),
Lemma 3, and Assumption 4, it gives q̈ip = −H−1

ipp(Cipp +
Cfip)q̇ip − H−1

ipp(Hipaq̈ia + Cipaq̇ia + Gip), with H−1
ipp(Hipaq̈ia +

Cipaq̇ia + Gip) ∈ L∞, q̇ip(t0) ∈ L∞, and −H−1
ipp(Cipp + Cfip)

being Hurwitz, one obtains q̇ip ∈ L∞. It thus follows (3) that
‖(Lf ⊗ Ina)qa(∞)‖, ‖q̇a(∞)‖ → 0, q̇p(t) ∈ L∞ ∀t ≥ t0.

Then, we prove that there is no Zeno behavior. Define
�̃2(t) = �2(tki ) − �2(t) as t ∈ [tk−1

i , tki ), such that ˙̃
�2(t) =

−�̇2(t). By (12), it yields

∥∥∥�̃2(t)
∥∥∥

1
=
∥∥∥∥
∫ t

tk−1
�̇2(σ )dσ

∥∥∥∥
1
<

∫ tk

tk−1

∥∥�̇2(σ )
∥∥

1dσ
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TABLE IV
ALGORITHM III

<
(
λmax(�1)�̄2 + s̄a

)(
tk − tk−1

)

where �̄2 = supt≥tk−1‖�2(t)‖1 and s̄a = supt≥tk−1‖sa(t)‖1.
Therefore, we can obtain

Tk = tk − tk−1 >
(
λmax(�1)�̄2 + s̄a

)−1
∥∥∥�̃2

∥∥∥
1
> 0

which eliminates the Zeno behavior, and thus finishes the
proof.

C. Distributed Sampled-Data ETC With Switched Networks

For individuals of the system, neighbors’ real positions,
continuous-time communications, and fixed networks are not
always available. Thus, the distributed sample-data ETC algo-
rithm and corresponding signal flow diagram are respectively
developed in Table IV and Fig. 2, by designing the fol-
lowing distributed relative-position filter and sampled-data
communication layers

ẋi =
[

Ĥ−1
ipp

(
Kipsip − Y∗

ipϑ̂i

)
−ϕixia − ψi

(
qia − q̂ia

)
]

(13)

˙̂qia = −ηi

N∑
j=1

ωsg,ij

(
q̂ia

(
tki
)

− q̂ja

(
tk

∗
j

))
(14)

where ϕi, ψi, ηi > 0, k∗ = arg minl∈Z+:t≥tlj
{t − tlj}, q̂ia(tki ), and

q̂ja(tk
∗

j ) are sampled-data estimated positions.
Theorem 3: For underactuated systems (2) with

switched networks, if Assumptions 2, 3, and the condi-
tion ηiT̄λmax(Ls) ∈ (0, 1) hold, the developed distributed
sampled-data ETC algorithm, shown in Table IV, can simul-
taneously address the asymptotic consensus and the Zeno
behavior problems.

Proof: By a similar analysis performed in Theorem 1, it
concludes si(∞) → 0. Designing η = diag{η1, . . . , ηN}, q̂a =
[q̂T

1a, . . . , q̂T
Na]T , and ˙̂qa = [ ˙̂qT

1a, . . . ,
˙̂qT

Na]T for (14), it gives

˙̂qa = −η(Lsg ⊗ Ina

)
q̂a

(
tk
)
. (15)

Integrating both sides of (15) along [tk, t(k+1)− ],
(k + 1)− → (k + 1) yields

q̂a

(
t(k+1)−

)
=
((

IN − ηLsg T(k+1)−
)

⊗ Ina

)
q̂a

(
tk
)
.

By a recursive analysis, we can obtain

q̂a

(
t(k+1)−

)
=

k∏
g=0

(
Mg ⊗ Ina

)
q̂a

(
t0
)

(16)

Fig. 2. Signal flow diagram of the distributed sampled-data ETC algorithm
over switched communication networks.

where q̂a(t0) = q̂a(t0) ∈ L∞, k ≥ g1 with g1 predefined
in Assumption 2, Mg = IN − ηLsg T(g+1)− is a row stochas-
tic matrix with positive diagonal elements by Lemma 4 with
ηiT̄λmax(Lsg) ∈ (0, 1) and Mg1N = 1N . Then, by Lemma 5,
it gives

k∏
g=0

Mg ≥ �

k∑
g=0

Mg (17)

where
∑k

g=0 ηLsg T(g+1)− has only one eigenvalue as 0 by

Assumption 2 with η,T(g+1)− > 0. Then, with the fact∑k
g=0 Mg1N = (k + 1)1N , it gives that the eigenvalue k + 1 of∑k
g=0 Mg is of algebraic multiplicity 1, such that G(∑k

g=0 Mg)

contains a spanning tree by Lemma 6. Then, it follows that
G(∏k

g=0 Mg) contains a spanning tree by (17). Combining with

that
∏k

g=0 Mg is a row stochastic matrix with positive diagonal

elements, we can obtain that
∏k

g=0 Mg is SIA by Lemma 7.

Thus, it can be concluded that
∏k

g=0 Mg = 1NyT for a con-
stant column vector y ∈ R

N by Lemma 8. It thus follows (16)
that

lim
t→∞ q̂a(t) = lim

k→∞ q̂a

(
t(k+1)−

)
= (1NyT ⊗ Ina

)
q̂a

(
t0
)

(18)

which means q̂a(∞) ∈ L∞, ˙̂qa(∞) → 0, and q̂ia(∞) =
q̂ja(∞) for i, j ∈ V .

For (4) and (13), design ϕ = diag{ϕ1, . . . , ϕN}, ψ =
diag{ψ1, . . . , ψN}, and �3 = [q̃T

a , xT
a ]T with q̃a =

[q̃T
1a, . . . , q̃T

Na]T and q̃a = qa − q̂a, then one obtains

�̇3 = (�3 ⊗ Ina

)
�3 + (�2 ⊗ Ina

)(
sa − ˙̂qa

)

�3 =
[

0N×N IN

−ψ −ϕ
]
, �2 =

[
IN

0N×N

]
.

Note that the eigenvalues of matrix �3 λ(�3) = −(1/2)ϕ ±√
(1/4)ϕ2 − ψ < 0, which means �3 → 0, that is, qa(∞)−

q̂a(∞) → 0 with input sa(∞)− ˙̂qa(∞) → 0 under Lemma 3,
such that �̇3 → 0, that is, q̇a(∞)− ˙̂qa(∞) → 0. Combining
with q̂ia(∞) = q̂ja(∞) and ˙̂qa(∞) → 0, we can obtain ‖(Lsg⊗
Ina)qa(∞)‖, ‖q̇a(∞)‖ → 0 in Definition 1. Similarly, it gives
q̈ip = −H−1

ipp(Cipp + Cfip)q̇ip − H−1
ipp(Hipaq̈ia + Cipaq̇ia + Gip)

with Lemma 3 and Assumption 4, such that q̇p(t) ∈ L∞.
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Meanwhile, the Zeno behavior can also be eliminated by a
similar analysis, and the proof is completed.

D. Further Results and Discussion

Note that the distributed sampled-data ETC algorithm in
Table IV can be further extended to centralized sampled-data
ETC algorithm with the following centralized event-triggered
and communication layers⎧⎪⎪⎨

⎪⎪⎩

F = ‖E‖1 − ξ‖sa‖1 − ε exp(−μt) (19a)

E =
⎡
⎣−Ya(tk)ϑ̂(tk)+ Yaϑ̂

K̂a(tk)sa(tk)− K̂asa

D̂a(tk)− D̂a

⎤
⎦ (19b)

˙̂qia = −η
N∑

j=1

ωsg,ij

(
q̂ia

(
tk
)

− q̂ja

(
tk
))

(20)

where ξ, ε, μ, and η are positive constants, with μ ∈ (0, 1)
and η ∈ (0, 1/T̄λmax(Lsg)).

Corollary 1: For underactuated systems (2) with the
switched network, if Assumptions 2 and 3 hold, the cen-
tralized sampled-data ETC algorithm, with centralized event-
triggered layer (19) and centralized communication layer (20),
can address the asymptotic consensus and Zeno behavior
problems.

In addition, the control algorithm in Table IV can be
extended to a distributed sampled-data time-triggered con-
trol algorithm by designing the following distributed time-
triggered and communication layers, with asynchronously
fixed trigger time interval Ti ∈ (0, 1/ηiλmax(Lsg))

Fi = −mod(t,Ti), i ∈ V = {1, . . . ,N} (21a)

˙̂qia = −ηi

N∑
j=1

ωsg,ij

(
q̂ia

(
tki
)

− q̂ja

(
tk

∗
j

))
. (21b)

Corollary 2: For underactuated systems (2) with the
switched network, if Assumption 2 holds, the distributed
sampled-data time-triggered control algorithm, with dis-
tributed time-triggered and sampled-data communication lay-
ers (21), can address the asymptotic consensus and Zeno
behavior problems.

Finally, the control algorithm in Table IV can be extended
to a centralized sampled-data time-triggered control algo-
rithm by designing the following centralized time-triggered
and communication layers, with synchronously fixed trigger
time interval T ∈ (0, 1/ηλmax(Lsg))

F = −mod(t,T) (22a)

˙̂qia = −η
N∑

j=1

ωsg,ij

(
q̂ia

(
tk
)

− q̂ja(t
k)
)
. (22b)

Corollary 3: For underactuated systems (2) with a switched
network, if Assumption 2 holds, the centralized sampled-
data time-triggered control algorithm, with centralized time-
triggered and communication layers (22), can address the
asymptotic consensus and Zeno behavior problems.

Proof: The proofs of Corollaries 1–3 are similar to that of
Theorem 3 and thus are omitted.

(a)

(b)

(c)

Fig. 3. (a) Two-actuator planar manipulator. (b) Fixed communication
network with a static leader. (c) Switched communication network with
switching subnetworks.

Remark 5: In contrast to the control of underactuated
systems over fixed communication networks [10]–[12], this
article comprehensively investigates it by developing numer-
ous novel ETC algorithms over both fixed and switched
networks, where the analysis with discrete-time communi-
cations and switched interconnections among individuals are
much more challenging. Specifically, the developed control
algorithms are insensitive to internal uncertainties and external
disturbances, which extends the special cases in [35]–[38].

Remark 6: The obtained algorithms take into account
more challenges, for instance, as opposed to ETC methods
in [28]–[32] with continuous-time communications, this arti-
cle presents sampled-data communication rules driven by ETC
and time-triggered mechanisms, which can reduce the energy
cost and thereby relax the requirement of wide communication
bandwidth. In comparison with some results relying on neigh-
bors’ velocities or real positions [34], [39], [40], this article
can achieve the control objective by only using neighbors’ esti-
mated positions, which removes the impractical assumptions
and thereby further save the control resources.

Remark 7: One of the main motivations is to save the
control cost, including the controller updating cost and com-
munication cost. For the controller updating cost, a proper
ETC mechanism plays the most important role in determining
the updating frequency of controllers, which can be described
by the trigger numbers shown in the hereinafter simulations.
While the communication cost among individuals is generally
decided by the number of transmission states and length of
the transmission interval, and the sampled-data communication
with neighbors’ partial states can reduce this cost.

IV. SIMULATION

Based on the structure, communication networks, physical
and control parameters of four two-actuator planar manipu-
lators, respectively, displayed in Fig. 3 and Table V [42],
as well as the four-order Runge–Kutta simulation environ-
ment with total computation numbers of each control input
as 10 000, three examples are performed for the developed
control algorithms in Theorems 1–3 and Corollaries 1–3.

Example 1: Based on the fixed communication network
shown in Fig. 3(b), the example results of Theorems 1 and 2
are displayed in Figs. 4 and 5. Fig. 4 depicts the trajecto-
ries of active and passive actuators, where the positions and
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TABLE V
PHYSICAL AND CONTROL PARAMETERS

(a) (b)

Fig. 4. Convergence trajectories of qia and q̇ia and bounded trajectories of
q̇ip in (a) Theorem 1 and (b) Theorem 2.

(a)

(b)

Fig. 5. Control inputs and trigger numbers of (a) Theorem 1 and
(b) Theorem 2.

velocities of active actuators reach to 0, and the velocities of
passive actuators are bounded by [−5, 5]. Fig. 5 depicts the
control inputs and trigger numbers, where the trigger num-
bers in Theorem 1 are 51, 104, 263, and 516, and those in
Theorem 2 are 108, 68, 117, and 204.

(a) (b)

Fig. 6. Convergence trajectories of qia and q̇ia and bounded trajectories of
q̇ip in (a) Theorem 3 and (b) Corollary 1.

(a)

(b)

Fig. 7. Control inputs and trigger numbers of (a) Theorem 3 and
(b) Corollary 1.

Example 2: Based on the switched communication network
shown in Fig. 3(c), the example results of Theorem 3 and
Corollary 1 are displayed in Figs. 6 and 7. Fig. 6 depicts
that the positions and velocities of active actuators, respec-
tively, reach to the same state and 0, and the velocities
of passive actuators are bounded by [−5, 5]. Fig. 7 depicts
that the trigger numbers in Theorem 3 are 108, 73, 96,
and 153, and those in Corollary 1 are 206, 206, 206,
and 206.

Example 3: Based on the same switched communication
network, the example results of Corollaries 2 and 3 are dis-
played in Figs. 8 and 9. By Fig. 8, we conclude that the
positions and velocities of active actuators, respectively, reach
to the same state and 0, and the velocities of passive actua-
tors are bounded by [ − 5, 5]. By Fig. 9, we obtain the trigger
numbers in Corollary 2 are 523, 463, 422, and 400, and those
in Corollary 3 are 463, 463, 463, and 463.

Average Trigger Rate: The performance comparison is enu-
merated in Fig. 10, which clearly reveals that: 1) the control
cost of distributed algorithms are less than that of central-
ized algorithms; 2) the ETC algorithms are more efficient
than the time-triggered algorithms; and 3) it requires the
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(a) (b)

Fig. 8. Convergence trajectories of qia and q̇ia and bounded trajectories of
q̇ip in (a) Corollary 2 and (b) Corollary 3.

(a)

(b)

Fig. 9. Control inputs and trigger numbers of (a) Corollary 2 and
(b) Corollary 3.

Fig. 10. Average trigger rates of theorems and corollaries.

least control resources for the distributed sampled-data ETC
algorithm.

Remark 8: Note that the obtained results cover some
existing methods and some of them can be seen as the com-
parison examples. First, Theorem 1 covers the ETC algorithms
with continuous-time communications and neighbors’ veloci-
ties. Second, Corollary 1 covers the centralized ETC cases.
Third, Corollaries 2 and 3 cover the time-triggered cases.
In conclusion, the developed algorithms provide more solu-
tions for the theoretical and practical research of underactuated
systems.

V. CONCLUSION

This article has investigated the consensus problem of a
networked underactuated robotic system with internal uncer-
tainties and external disturbances. First, a distributed ETC
algorithm over a fixed communication network has been
developed to provide satisfactory control performances with
fewer control costs. Second, an ETC algorithm with a relative-
position filter layer has been designed without using the
neighbors’ velocities. Third, a sampled-data ETC algorithm
with a distributed sampled-data estimator layer has been
designed over switched communication networks, which can
further reduce unnecessary control cost without requiring the
neighbors’ real positions. It has been proved that the developed
ETC algorithms can simultaneously guarantee the convergence
of the active states and the boundedness of the velocities
of passive actuators without Zeno behaviors. Finally, three
other sampled-data control algorithms with performance com-
parisons are presented by extending the developed results to
different cases. Future works will be focused on the sampled-
data ETC of underactuated systems with the Markovian chains
and the convergence of passive states.
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