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Abstract We construct Cartan subalgebras in all classifiable stably finite C*-
algebras. Together with known constructions of Cartan subalgebras in all UCT
Kirchberg algebras, this shows that every classifiable simple C*-algebra has a
Cartan subalgebra.
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1 Introduction

Classification of C*-algebras has seen tremendous advances recently. In the
unital case, the classification of unital separable simple nuclear Z-stable C*-
algebras satisfying the UCT is by now complete. This is the culmination of
work by many mathematicians. The reader may consult [12,20,24,34,44] and
the references therein. In the stably projectionless case, classification results
are being developed (see [13-15,18,19]). It is expected that—once the stably
projectionless case is settled—the final result will classify all separable simple
nuclear Z-stable C*-algebras satisfying the UCT by their Elliott invariants.
This class of C*-algebras is what we refer to as “classifiable C*-algebras”.
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To complete these classification results, it is important to construct concrete
models realizing all possible Elliott invariants by classifiable C*-algebras.
Such models have been constructed—in the greatest possible generality—in
[11] (see also [43] which covers special cases). In the stably finite unital case,
the reader may also find such range results in [20], where the construction
follows the ideas in [11] (with slight modifications, so that the models belong
to the special class considered in [20]). In the stably projectionless case, models
have been constructed in a slightly different way in [19] (again to belong to
the special class of algebras considered) under the additional assumption of a
trivial pairing between K-theory and traces.

Recently, the notion of Cartan subalgebras in C*-algebras [25,36] has
attracted attention, due to connections to topological dynamics [26-28] and
the UCT question [3,4]. In particular the reformulation of the UCT question
in [3,4] raises the following natural question (see [29, Question 5.9], [42,
Question 16] and [5, Problems 1 and 2]):

Question 1.1 Which classifiable C*-algebras have Cartan subalgebras?

By [25,36], we can equally well ask for groupoid models for classifiable
C*-algebras. In the purely infinite case, groupoid models and hence Cartan
subalgebras have been constructed in [41] (see also [29, § 5]). For special
classes of stably finite unital C*-algebras, groupoid models have been con-
structed in [8,35] using topological dynamical systems. Using a new approach,
the goal of this paper is to answer Question 1.1 by constructing Cartan sub-
algebras in all the C*-algebra models constructed in [11,19,20], covering all
classifiable stably finite C*-algebras, in particular in all classifiable unital C*-
algebras. Generally speaking, Cartan subalgebras allow us to introduce ideas
from geometry and dynamical systems to the study of C*-algebras. More con-
cretely, in view of [3,4], we expect that our answer to Question 1.1 will lead
to progress on the UCT question.

The following two theorems are the main results of this paper. The reader
may consult [25,36] for the definition of twisted groupoids and their relation
to Cartan subalgebras, and [38, § 2.2], [32, § 8.4], [18-20] for the precise
definition of the Elliott invariant.

Theorem 1.2 (unital case) Given

e a weakly unperforated, simple scaled ordered countable abelian group
(Go, G, u),

e a non-empty metrizable Choquet simplex T,

e a surjective continuous affine mapr : T — S(Gy),

e a countable abelian group G,

there exists a twisted groupoid (G, X) such that

@ Springer



Simple C*-algebra has a Cartan subalgebra 655

e G is a principal étale second countable locally compact Hausdorff
groupoid,

e CX(G, X) is a simple unital C*-algebra which can be described as the
inductive limit of subhomogeneous C*-algebras whose spectra have dimen-
sion at most 3,

e the Elliott invariant of C; (G, X) is given by

(Ko(CY(G, 2)), Ko(C} (G, 2N T, [1cx6.9)] T(CF (G, £)), rexG.5).
Ki(C/(G, £))) = (Go, G§, u, T, 1, G1).

Theorem 1.3 (stably projectionless case) Given

e countable abelian groups Gg and G,

e a non-empty metrizable Choquet simplex T,

e a homomorphism p : Gy — Aff(T) which is weakly unperforated in the
sense that for all g € G, thereist € T with p(g)(t) =0

there exists a twisted groupoid (G, X) such that

e G is a principal étale second countable locally compact Hausdorff
groupoid,

e CX(G, X) is a simple stably projectionless C*-algebra with continuous
scale in the sense 0f [18,19,30,31] which can be described as the inductive
limit of subhomogeneous C*-algebras whose spectra have dimension at
most 3,

e the Elliott invariant of C; (G, X) is given by

(Ko(CH(G, £)), Ko(CHG, )T, T(C)(G, £)), pc:(G,5)
Ki(CH(G, %)) = (Go, {0}, T, p, Gy).

The condition on p means that the pairing between K-theory and traces is
weakly unperforated, in the sense of [11]. It has been shown in [14, § A.1]
that this condition of weak unperforation is necessary in the classifiable setting
(i.e., it follows from finite nuclear dimension, or Z-stability).

It is worth pointing out that in the main theorems, the twisted groupoids
are constructed explicitly in such a way that the inductive limit structure with
subhomogeneous building blocks will become visible at the groupoid level.

Remark 1.4 The original building blocks in [11] have spectra with dimension
at most two. The reason three-dimensional spectra are needed in this paper is
because it is not clear how to realize all possible connecting maps at the level
of K by Cartan-preserving homomomorphisms using the building blocks in
[11]. Therefore, the building blocks have to be modified (see Sect. 3). Roughly
speaking, the idea is to realize all possible connecting maps in K1 at the level of
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topological spaces. This however requires three-dimensional spectra because
“nice” topological spaces (say CW-complexes) of dimension two or lower
have torsion-free K' (because cohomology is torsion-free in all odd degrees
for these spaces). The dimension can be reduced to two if K| is torsion-free
(see Corollary 1.8 and Remark 3.9).

In particular, together with the classification results in [12,20,24,34,44],
the groupoid models in [41], and [3, Theorem 3.1], we obtain the following

Corollary 1.5 A unital separable simple C*-algebra with finite nuclear
dimension has a Cartan subalgebra if and only if it satisfies the UCT.

The only reason we restrict to the unital case here is that classification in
the stably projectionless case has not been completed yet.

The constructions of the twisted groupoids in Theorems 1.2 and 1.3 yield
the following direct consequences:

Corollary 1.6 In the situation of Theorem 1.2, suppose that in addition to
(Go, Go ,u), T, r and G, we are given a topologlcal cone T with base T
and a lower semicontinuous affine map y : T — [0, 0o]. Then there exists a
twisted groupoid (G, ¥) such that

e G isa principal étale second countable locally compact Hausdorff

groupoid,
o CF (G, ) is a non-unital hereditary sub-C*-algebra of CX(G,2)Q® K,
e the Elliott invariant ofC;“(G, Y) is given by

(Ko(CF(G. £)), Ko(CHG, 2N T(CHG. ). B 5y Ter (. 5)-
Ki(CH(G, £)) = (Go, G, T. 7,7, Gy).

Corollary 1.7 In the situation of Theorem 1.3, suppose that in addition to Gy,
G1, T and p, we are given a topological cone T with base T and a lower
semicontinuous affine map y T — [0, 00]. Then there exists a twisted
groupoid (G, %) such that

e G is a principal étale second countable locally compact Hausdorff
grougoigf,
e CX(G, X) is a hereditary sub-C*-algebra of C}(G, ) ® K,
e the Elliott invariant of C}(G, f]) is given by
(Ko(C/(G. £)), Ko(CHG, 2NT T (CHG, ), Bea .5y PG50
Ki(C}(G, %) = (Go, (0}, T, 7, p, G).

Note that all the groupoids in Theorems 1.2, 1.3 and Corollaries 1.6, 1.7 are nec-
essarily minimal and amenable. Theorem 1.2 and Corollary 1.6, together with
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Simple C*-algebra has a Cartan subalgebra 657

[41], imply that every classifiable C*-algebra which is not stably projection-
less has a Cartan subalgebra. Once the classification of stably projectionless
C*-algebras is completed, Theorem 1.3 and Corollary 1.7 will imply that
every classifiable stably projectionless C*-algebra has a Cartan subalgebra.
Actually, using Z-stability, we see that all of the above-mentioned classifiable
C*-algebras have infinitely many non-isomorphic Cartan subalgebras (com-
pare [29, Proposition 5.1]). Moreover, the constructions in this paper show that
in every classifiable stably finite C*-algebra, we can even find C*-diagonals
(and even infinitely many non-isomorphic ones).

Moreover, more can be said about the twist, and also about the dimension
of the spectra of our Cartan subalgebras.

Corollary 1.8 The twisted groupoids (G, X) constructed in the proofs of The-
orems 1.2 and 1.3 have the following additional properties:

(1) If Gg is torsion-free, then the twist X is trivial, i.e., ¥ =T x G.

(ii) If G1 has torsion, then C} (G, X) is an inductive limit of subhomogeneous
C*-algebras whose spectra are three-dimensional, and dim (G©) = 3.

(iii) If G is torsion-free and G has torsion, C} (G, X) is an inductive limit of
subhomogeneous C*-algebras whose spectra are two-dimensional, and
dim (G©) = 2.

(iv) If both Gy and G are torsion-free with G 2 {0}, then C}(G, X) is an
inductive limit of subhomogeneous C*-algebras whose spectra are one-
dimensional, and dim (G©) = 1.

(v) If Gy is torsion-free and G1 = {0}, then C}(G, X) is an inductive
limit of one-dimensional non-commutative finite CW-complexes, with
dim (G©) < 1 in Theorem 1.2 and dim (G©) = 1 in Theorem 1.3.

In particular, Corollary 1.8 implies the following:

Corollary 1.9 The Jiang—Su algebra Z, the Razak—Jacelon algebra VW and
the stably projectionless version Zy of the Jiang—Su algebra of [19, Defini-
tion 7.1] have C*-diagonals with one-dimensional spectra. The corresponding
twisted groupoids (G, X) can be chosen so that X is trivial, i.e., ¥ =T x G.

Concrete groupoid models for Z, W and Zj are described in Sect. 8. It is
worth pointing out that a groupoid model has been constructed for Z in [8]
using a different construction (but the precise dimension of the unit space has
not been determined in [8]). Moreover, G. Szab6 and S. Vaes independently
found groupoid models for WV, again using constructions different from ours.
Furthermore, independently from [4] and the present paper, similar tools to
the ones in [4, § 3] were developed in [2], which give rise to groupoid models
for Z and W as well as other examples.

The key tool for all the results in this paper is an improved version of [4,
Theorem 3.6], which allows us to construct Cartan subalgebras in inductive
limit C*-algebras. The C*-algebraic formulation reads as follows.
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658 X.Li

Theorem 1.10 Let (A,, B,) be Cartan pairs with normalizers N, :=
N, (By) and faithful conditional expectations P, : A, — By. Let g, : Ay —
A1 be injective *-homomorphisms with ¢,(B,) € Bu+1, ©n(Np) € Npyy1
and P,1 0@, = @y 0 P, forall n. Then h_n)l {By; ¢n} is a Cartan subalgebra
of im {A,; @ }.

If all B, are C*-diagonals, then ll_II)l {Bn; on} is a C*-diagonal of
lim {Ay; ¢n}.

A special case of this theorem is proved in [6].

Actually, in addition to Theorem 1.10, much more is accomplished:
Groupoid models are developed for *-homomorphisms such as ¢,, and the
twisted groupoid corresponding to <11_r>n {An; o}, h_r)n {Bn; <pn}> as in The-
orem 1.10 is described explicitly. These results (in Sect. 5) might be of
independent interest.

Applications of these explicit descriptions of groupoid models (for homo-
morphisms and Cartan pairs) and Theorem 1.10 include a unified approach to
Theorems 1.2, 1.3, and explicit constructions of the desired twisted groupoids.
The strategy is as follows: C*-algebras with prescribed Elliott invariant have
been constructed in [11] (see also [20, § 13] for the unital case). These C*-
algebras have all the desired properties as in Theorems 1.2 and 1.3 and are
constructed as inductive limits of subhomogeneous C*-algebras. However, the
connecting maps in [11] and [20, § 13] do not preserve the canonical Cartan
subalgebras in these building blocks in general. Therefore, a careful choice or
modification of the building blocks and connecting maps in the constructions
in [11,20] is necessary in order to allow for an application of Theorem 1.10.
The modification explained in Remark 4.1 is particularly important. Actually,
a more general result is established in Sect. 4.2, where a class of inductive
limits of subhomogeneous C*-algebras is identified, which encompasses all
the C*-algebras in Theorems 1.2, 1.3 and Corollaries 1.6, 1.7, where we can
apply Theorem 1.10.

I am grateful to the organizers Selcuk Barlak, Wojciech Szymarski and
Wilhelm Winter of the Oberwolfach Mini-Workshop “MASAs and Auto-
morphisms of C*-Algebras” for inviting me, and for the discussions in
Oberwolfach with Selguk Barlak which eventually led to this paper. I also
thank Selguk Barlak and Gabor Szab6 for helpful comments on earlier drafts.
Moreover, I would like to thank the referee for very helpful comments which
led to an improved version of Theorem 1.3 (previous versions of this theorem
only covered classifiable stably projectionless C*-algebras with trivial pairing
between K-theory and traces).
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Simple C*-algebra has a Cartan subalgebra 659

2 The constructions of Elliott and Gong-Lin—-Niu

Let us briefly recall the constructions in [11] (see also [16] for simplifications
and further explanations) and [20, § 13].

2.1 The unital case

Let us describe the construction in [20, § 13], which is based on [11] (with
slight modifications). Given (G, Gar ,u, T,r,Gy) as in Theorem 1.2, write
G =Gy, K =Gyp,andlet p : G — Aff(T) be the dual map of r. Choose a
dense subgroup G’ C Aff(T).Set H := G & G/,

H" :={0,0}U{(g. N eG®G: p(g)(x)+ f(r) >0VT €T},

and view u in G as an element of H. Then (H, H', u) becomes a simple
ordered group, inducing the structure of a dimension group on H /Tor(H).
Now construct a commutative diagram

Gy . Gy Gut1 E—
l Y1 Yn—1 l Yn \L Yn+1
Hj e Hy, Hy4

| L]

H{/G| ——— ... —— Hy/Gyp ——> Hy11/Gpy1 —>

i

~<—IT<—0Q

where:

e H, is a finitely generated abelian group with H, = P, H!, where for
one distinguished index i, H,i = Z & Tor(H,), and for all other indices,
H! = Z;

e with (H)T = {(0,0)} U (Z~o @ Tor(H,)), (H)t := Zs( for all
i # i, HY = @;H)Y < H & @, H, = H, and u, =
(([n, i1, t), ([n, iDizi) € H,F, we have

lim {(Hy, H,', un); yn} = (H, HY, w); (1)

e with G, = (ynoo)_l(G), where y,° : H, — H is the map provided
by (1), and G} := G, N H,\", we have u, € G, € H,, and (1) induces
lim {(Go. G un): v} = (G.GT. u):

e the vertical maps are the canonical ones.

A

Let p, : H,/Tor(H,) =: H, = bD; I-},’l — EBJ- I-AInJH = Hyy =
H,;+1/Tor(H,+1) be the homomorphism induced by y,, where I:I,’l =7 =
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660 X.Li

I:I,{ 4 forall i and j. For fixed n, the map y = p, is given by a matrix
(yji), where we can always assume that y;; € Z-( (considered as a map
I:I,’l =7 — 7 = PAI,{H). Then y, = Y + t + t for homomorphisms
t : Tor(H,) — Tor(H,+1) and t : ﬁn — Tor(H,+1). Here we think of
H, as a subgroup (actually a direct summand) of H,. As explained in [20,
§ 6], given a positive constant I, depending on n, we can always arrange that

(Yn)ji = 'y foralli and j. 2)

Also, let K, be finitely generated abelian groups and y, : K, — K41
homomorphisms such that K = h_r)n {Kn; xn}-

Let F, = ), F,i be C*-algebras, where F,f is a homogeneous C*-algebra
of the form F, i— P'MOO(C (Zi))Pi for a connected compact space Zi
with base point Qi and a projection P’ € MOO(C (Z’)) while for all other
indices i # 1, F’ is a matrix algebra Fl = Mp,;. We requlre that
(Ko(F), Ko(Fi)T, [Ipi]) = (H}, (H)T, ([n il. 7)) and K| (F}) = K,,
so that (Ko(F), Ko(F)*, [15,1, K1(F)) = (Hy, H,, un, Ky).

Let v, be a unital homomorphism F,, — F,+; which induces y, in Ko
and x, in Ki. We write F, = P,C(Z,)P, where Z, = Zj, I [, ,;{6}},
and P, = (PL, (Ijn.i))izi) € Moo(C(ZL) @ @i Min.i(C({6})). Thus
evaluation in Gi induces a quotient map w, : F, — F, = EB F,i, where
ﬁ,é = M, ;). We require that v, induce homomorphisms ‘ﬁn : F — ﬁn+1
so that we obtain a commutative diagram

FnT'Fn+1

n
Trn\L \Lnn+1

~ 1)[/” A
FnHFn—H

which induces in Ko

Hn Hn+l

L

Vn
H, /Tor(Hy) — Hy41/Tor(Hp41)

where the vertical arrows are the canonical projections. As Tor(H,) € G,
H, /G, is torsion-free, and there is a canonical projection H, /Tor(H,) —
H,/G,. Now let E, := @, E}, E} = My, p}, so that Ko(E,) = H,/Gy,

and for fixed n, let By, B : I:",, — E,, be unital homomorphisms which yield
the commutative diagram
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Simple C*-algebra has a Cartan subalgebra 661

Ko(Fy) ———= Ko(Ep)

l (Bo)x—(B1)x i

H,/Tor(H,) —~ H,/G,.

We can assume By @ B : 13,, — E, @ E, to be injective, because only the
difference (Bp)« — (B1)s« matters.
Define

= {(f.@) € C(10, 11, E)) & Fy: f(1) = i (m(@)) for 1 =0, 1),
kfmecu)UE>@F J(0) = By for 1 =0.1)

As Bo @ B is injective, we view An as a subalgebra of C([0, 1], E,) via
(f,a)— f.

Choose for each n a unital homomorphism ¢, : A, > AH] such that the
composition with the map C ([0, 1], E,,+1) — C ([0, 1], E? ) induced by the

canonical projection E, | — EZ

n+1
n+1°

An 2 Apsr = C([0, 11, Egg1) — C([0, 11, EL, ),

is of the form

C(0,11, En) 2 Ay 5 f > u* <V(f) D(f)) "

where u is a continuous path of unitaries [0, 1] — U(E? na1)s

71 (f)
V(f) = m2(f)

for some 7, of the form 7, : An — I:”n —» I:”,’l, where the first map is given
by (f, a) — a and the second map is the canonical projection, and

foAp
D(f) = fok

@ Springer



662 X.Li

for some continuous maps A, : [0, 1] — [0, 1] with A,‘l({O, 1}) € {0, 1}. We
require that the diagram

n ?‘ An+1
n l
Un

).%m)

~

n

commute, where the vertical maps are given by (f, @) +— a.
Then there exists a unique homomorphism ¢, : A, — A+ which fits
into the commutative diagram

Pn
AN .
Jpp— l Apsr
Fy " Foyi
AN AN
F, o g

where all the unlabelled arrows are given by the canonical maps.
By construction, ﬁ_rl)l{An; ¢n} has the desired Elliott invariant (in par-

ticular, the canonical map li_r)n{An; On} — F o= h_r)n {I:”n; 1}”} induces

T(li_r)n {Anon)) E T(ﬁ)). However, this is not a simple C*-algebra. Thus
a further modification is needed to enforce simplicity. To this end, choose
I, < (0,1)and Zfl C Z,’; %—dense and replace ¢, : A, — A, by the unital
homomorphism &, : A, — A,4+ such that:

e the compositions
&n j
An —> An+1 —> Fn+] —» FI’H—I and
Ay AN Apy1 — Frp1 — FnJJrl coincide except for one index js # j;

e the composition

&n Jg
An —> An+1 — Fn+1 — Fn—|—1
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Simple C*-algebra has a Cartan subalgebra 663

is of the form

I(f)
A, > (f,a) — u* Z(a) u,
P(a)

where u is a permutation matrix in My, 41, j 1,

AR UY)
1(f) = fP2 ()

for indices p, and t, € I,, such that all possible pairs p,, f, appear ( f? is
the component of f in C([0, 1], EY)),

t1(a(z1))
Z(a) = 12(a(z2)) (4)

for z, € Z, and isomorphisms 7, : P,f(z.)MooP,f(z.) = IA’,’Z = Min.i),
and

(@)
P(a) = () ,

where 7}, is the canonical projection F,, — F,, — F};
e for every ¢, the composition

&n
An — An—H — C([O’ 1]7 En—H) —-» C([O, 1]’ EZ+1)

18 of the form
Ap 3 (f,a) > u (q)(f) E(a)) “

where u is a continuous path of unitaries [0, 1] — U(EzH), D(f) is of
the same form

(V(f) )
D(f)
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664 X.Li

as in (3),

T1(1)(a(z1(1)))
E(a)(t) = (1) (a(z2(1)))

for continuous maps z, : [0, 1] — Zfl, each of which is either a constant
map with value in Z, or connects 0,‘; with z, € Z,, and isomorphisms
To (1) : P,i (Ze (t))MooP,f (zo(2)) = ﬁ,ﬁ depending continuouslyon?t € [0, 1]
such that for r € {0, 1}, to(t) = id if z,(t) = 9,‘; and 7,(f) = T, if
Ze(1) = Zo, Where T, is as in (4).
Then h_r)n {A,; &} is a simple unital C*-algebra with prescribed Elliott invari-
ant.

2.2 The stably projectionless case

We follow [11] (see also [16]), with slight modifications as in the unital case.
Let (Go, T, p, G1) be as in Theorem 1.3.

Write G = Go and K = G. Choose a dense subgroup G’ C Aff(T). Set
H=GCa&dG,

HY:={(0,00}U{(g. ) e GB G p(g)(1) + f(r) >0V T}

Then (H, H') becomes a simple ordered group, inducing the structure of a
dimension group on H/Tor(H). Now construct a commutative diagram

Gy Gn Gl —G

l e l J/ y J/

H Y1 n—1 Hy Yn Hpy1 n+1 H—I
H/G| —> ... —> Hy/Gp —> Hyy1/Gpy) —> — > H/G
where

e H, is a finitely generated abelian group with H, = ; H!, where for
one distinguished index i, H,’; = 7 & Tor(H,,), and for all other indices,
H,,ll = Z;

o with (H))" := {(0,0)} U (Z~o @ Tor(H,)), (H)" := Zso forall i # i,
and H," := @,(H))" € H} ® @, ; H, = H, we have

lim {(Hy, H): v} = (H, HY); 5)
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Simple C*-algebra has a Cartan subalgebra 665

e with G, := (y,°)~ 1(G), where v.X © H, — H is the map provided by
(5), we have G, N H;F = {0}, and (1) induces lim (Gp; yu} =
e the vertical maps are the canonical ones.

Let y, : H,/Tor(H,) =: H, = @, H’ — EB n+1 = I:InH =
H,;+1/Tor(H,+1) be the homomorphism induced by y,, where I:I,’l =7 =
I:I,{ 4y for all i and j. For fixed n, the map y = y, is given by a matrix
()Qj,-), where we can always assume that )7j,- € Z-o (considered as a map
I:I,’l =7 — 7Z = I:Ir{—l-l)' Then ¥, = y + t + t for homomorphisms
T Tor(H,) — Tor(H,4+1) and ¢ : ﬁn — Tor(H,+1). Here we think of
H, as a subgroup of H,. As in the unital case (see [20, § 6]), given a positive
constant I',, depending on n, we can always arrange that

(Pn)ji = 'y for all i and j. (6)

Also, let K, be finitely generated abelian groups and x, : K, — Kpi+1
homomorphisms such that K = h_r)n {Kn; xn}-

Let F, = ; Fi be C*- algebras where Fi is a homogeneous C*-
algebra of the form F} L P! M (C(Z’))P’ for a connected compact
space Z’ with base point 9’ and a projection P’ € MOO(C(Z’)) while
for all other indices i # i, F! is a matrix algebra F! = M. We
require that (Ko(F!), KO(F,;')+) E (H!, (H)*) and Kl(F,;') = K,, so that
(KO(Fn)a KO(Fn)+s Kl(Fn)) = (Hn’ H,j_, Kn)

Let v, be a unital homomorphism F, — F,4+; which induces y, in Ko
and x, in Kj. We write F,, = P,C(Z,)P, where Z, = Zi I ]_[Hél{é’i
and P, = (PL, (Ijni)izi) € Moo(C(Z})) @ @By M nz](C({Ql})) Thus,
evaluation in 6! induces a quotient map 7, : F, — E, @ F ’, where

F = M, ;). We require that v, induce homomorphisms 1/fn : F — Fn+1
so that we obtain a commutative diagram

Fn Vn n+1
\L \Lﬂn—kl
~ y, ~

Fy —— Fn—H

which induces in K¢

H,

L

H,/Tor(H,) — "> H, 1 /Tor(Hy1)
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where the vertical arrows are the canonical projections. As Tor(H,) € G,,
H, /G, is torsion-free, and there is a canonical projection H,/Tor(H,) —
Hy /G Now let E, := @, EY, Ej = Myy,p), such that Ko(E,) = H,/ Gy,

and for fixed n, let By, B : I:‘,, — E,, be (necessarily non-unital) homomor-
phisms which yield the commutative diagram

0( n) O(En)

l (Bo)x—(B1)x l

H,/Tor(H,) —“~ H,/G,.

As in the unital case, we may assume By @ B : F, — E,®E, tobe injective.
Define

n={(f,a) € C([0, 1], E;) ® Fy: f(t) = B;(mn(a)) fort =0, 1},
{fa)eC(o 11, En) ® Fy: f(t) = Bu(@) for 1 = 0, 1}

As Bo @ B is injective, we view An as a subalgebra of C([0, 1], E,) via
(f.a) — f. ) )

Choose for each n a homomorphism ¢, : A, — A,4; such that the
composition with the map C ([0, 1], E,,+1) — C([O0, 1], EZ+1) induced by the

canonical projection E, | — En 1

An 2 Apsr = C([0, 11, Egg1) — C([0, 11, EL, ),
is of the form

C([0, 11, E) 2 Ay 3 f > u* (V(f) D(f)) *

where u is a continuous path of unitaries [0, 1] — U(E q 1)

71 (f)
V(f) = m2(f)
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for some 7, of the form 74 : A, — F, —» ﬁ,ﬁ, where the first map is given
by (f, a) — a and the second map is the canonical projection, and

f oA
D(f) = fot

for some continuous maps A, : [0, 1] — [0, 1] with A:l({O, 1}) € {0, 1}. We
require that

n - An—}—l

Pn l

I/Afn -~

commutes, where the vertical maps are given by (f, a) — a.

Then there exists a unique homomorphism ¢, : A, — A,4+1 which fits
into the commutative diagram

hﬂ)% D>)

n

AAn - l AAn—i—l
Fy " Fn+1
\ N ]/}n\ )
Fy Fn+1

where all the unlabelled arrows are given by the canonical maps.

By construction, lim {A,; ¢,} has the desired Elliott invariant (the details
are as in the unital case, see [20, § 13]). The same modification as in the unital
case produces new connecting maps &, : A, — A, such that lim {A,; &,}
is a simple (stably projectionless) C*-algebra with prescribed Elliott invariant.
Moreover, choosing &, with the property that strictly positive elements are sent
to strictly positive elements, lim {A,; &,} will have continuous scale by [18,
Theorem 9.3] (compare also [19, § 6]). In addition, we choose &, such that
full elements are sent to full elements.

Remark 2.1 In an earlier version of this paper, we modified the construction
in [19, § 6] instead, which covers all Elliott invariants for stably projectionless
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C*-algebras with trivial pairing between K-theory and traces (o = 0). I would
like to thank the referee for pointing out that [11] (see also [16]) describes
a general construction exhausting all possible Elliott invariants with weakly
unperforated pairing between K-theory and traces (in the stably projection-
less case, this is precisely the condition that p is weakly unperforated as in
Theorem 1.3).

3 Concrete construction of AH-algebras

We start with the following standard fact.

Lemma 3.1 Given an integer N > 1, let uy : St Stz ZV, and ser
Xy = D? Uy St where we identify 7 € S' = 9D? with un(z) € S'. Then

Z if @ =0;
H*(Xny) = {Z/N if e =2;
{0} else.

Moreover, (Ko(C(Xn)), Ko(C(Xn)T, [lexy], Ki(C(Xn))) = (ZOZ/N,
{(0,0)} U(Z>o ®Z/N), (1,0),{0}).

In the following, we view S as the one point compactification of D2,
§2 = D? U {o0)}.
Lemma 3.2 Let Xy — S? be the continuous map sending D? € D? iden-
tically to D? € §2, 9D? 10 00 and S! 10 co. Let pxy be the pullback of
the Bott line bundle on S* (see for instance [39, § 6.2]) to Xy via this map.
We view px, as a projection in Ma(C(Xy)). Then there is an isomorphism
Ko(C(Xy)) = Z @ Z/ N identifying the class of 1cx,) with the generator of
7 and the class of px, with (1, 1).

Proof Just analyse the K-theory exact sequence attached to 0 — Co(D?) —
C(Xy) — C(SH — 0. O
We recall another standard fact.

Lemma 3.3 Given aninteger N > 1,let Yy := Z Xy = D3 Usuy S2, where
we identify z € §* = dD> = TS! with (Suy)(z) € S = S2. (Here ©
stands for suspension.) Then

Z if ¢ = 0;
H.(YN)E Z/N ifo=3;
{0} else.

Moreover, Ko(C(Yn)) = Z[1cyy)] and K1(C(Yy)) = Z/N.
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In the following, we view S> as the one point compactification of D3,
§3 = D3 U {o0}.

Lemma 3.4 Let Yy — S° be the continuous map sending D? C D3 identi-
cally to D3 C 83,9D3 to 0o and S? to 0o. Then the dual map C(S3) — C(Yy)
induces in K a surjection K1(C(S%) =7 — Z/N = K1(C(Yy)).

Proof Just analyse the K-theory exact sequence attached to 0 — Co(D?) —
C(Yy) — C(5%) — 0.

Analysing K-theory exact sequences, the following is a straightforward
observation.
Lemma 3.5 Let N,N' € Z-1 and m € Z~qo with N' | m - N, saym - N =
m' - N'. Define a continuous map

Wk Xy =D*U,, S'— D*u,, S' =Xy

by sending x € D* to x™ € D*> andz € S' 1o 7" € S'. Then the dual map
v, . C(Xy) = C(Xp) induces in Ko the homomorphism

(6m)

Ko(C(XN) EZ®Z/N — ZSZ/N = Ko(C(Xp)).

Naturality of suspension yields

Lemma 3.6 Let N,N' € Z-1 and m € Z~qo with N' | m - N, saym - N
m' - N'. Let XV, : C(Yy) — C(Yy) be the map dual to V), : Yy
XXy —> ZXy EYy. Then £V, induces in K| the homomorphism

e

Ki(C(YN) EZ/N LN ZJN" = K{(C(Yn)).

In the following, we view X and Yy as pointed spaces, with base point 1 =
(1,0) € S' = 9D? € D? in X and base point (1,0,0) € § = 9D> C D3
in Yy . Note that ¥,,, and X W,, preserve base points. Moreover, if 8 denotes
the base point of Xy, then the projection py, in Lemma 3.2 satisfies

Pxy©) = (§9)- )

Now let H, = H! @ D; - H,‘l, Hyp = Hnj+1 ® D H,{+1 be abelian
groups with Hr’; =7&T,, H,{ 41 = Z & Ty for finitely generated torsion
groups 71,,, 1,41, and H,i =7, Hr{—i—l = Zforalli #1, j # j.Let (H,f)Jr =
{(0,0}U(Zoo®Ty), (H))' :=Zsoforalli # i, H == @;(H)" C Hi &
@i#i H, = H, and u, = (([n,i], 7,), ([n,iDixi) € H,f. Similarly, define

@ Springer



670 X.Li

(Hj+1)+ n+1 :_ @ (Hj_|_1)+ and let upt1 = (([n + 1, j1, tat1), (In +
1 J])Hg,) € H | Let T, = @, TF, where T} = Z/Nf, and T, =
) n+1,where Tl 41 =Z/N, n+1 Lety, : H, — H,4+1 be ahomomorphism
with , (u,) = u,+1.(Inthe stably projectionless case, these order units are not
part of the given data, but we can always choose such order units.) Let us fix n,
and suppose that y = ¥, induces a homomorphism y : H, /Tor(H )=H, =
b, Hl — EB n+1 = Hn+1 = H,./Tor(H, ), where H’ 7 = H’

for all i and j. Viewing H,asa subgroup (actually a direct summand) of Hn,
we obtain that y,, = y + 1 +¢ for homomorphisms t : Tor(H,) — Tor(H, 1)
and 7 : ﬁn — Tor(H,41). y is given by an integer matrix (y;;). Similarly,
T is given by an integer matrix (7j;), where we view 1j; as a homomorphism
Tk — T,f 1 Also, t is given by an integer matrix (#;;), where we view #;; as a
homomorphism H,i — Tnl 41~ Clearly, we can always arrange 7k, ;; > 0 for

all /, k, i, and because of (2) and (6), we can also arrange
yji > 0and pj; > #o(k) + 1. (®)

Here #( (k) is the number of direct summands in 7}, (i.e., the number of indices
k).

We have the following direct consequence of Lemma 3.1.
Lemma 3.7 Let X! :=\/, X Nk Where we take the wedge sum with respect
to the base points of the individual X k. Denote the base point of X ,‘1 by 9,2.
Set X, := X}y U] [;,;(0}). Then

(Ko(C(Xn)), Ko(C(Xn))", Ki(C(Xp))) = (Hy, H,", {O}).

Define X,+1 in an analogous way, i.e., er1+1 =YV, Xyt r and X, 41 =
n+
X i 41 ] I J-{Q,{ +1}. Now, for fixed n, our goal is to construct a homomor-

phism ¥ realizing the homomorphism y in Kj.
Themap \/; W7 :\/; X | X induces the dual homomorphism ¥ :
n+ n

C(XN’;;) — C(Xr{+1)' Here W, are the maps from Lemma 3.5. The direct
sum P, xpf : By C(Xyr) — M#O(k)(C(X,{H)) restricts to a homomorphism
Yr o C(XE) = C(Vi Xyi) = Mg (C(X1, )

Let p@® € M2(C(X’+1)) = Mry(C(\/, X N ))beglvenbyp(’)|C(X ) =

n+1

Mr(Wy,,)(p X i ). Define ¥, as the composite
n+1

C(X’) —> C — MZ(C(XJH)) where the second map is given by 1 > p@.
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Moreover, define ¥ j; : C(Xfl) — M)?ji+1(C(Xr{+1)) by setting

G
vji(f) = ' 160
Y (f)
Vi (f)

where we put yj; — #o(k) — 1 copies of f (9,2) on the diagonal.
Fori # i,let p©) e My(C(X]. ) = Ma(C(\/; X i ) be given by
n+

PPlecey ) = Ma(¥y,)(px,, ). Define

)i+ C{BIY) = C — My, 11 (C(X], ) by sending 1 € C to g ,
NG

where we put yj; — 1 copies of 1 on the diagonal.
For j # j, define

| | 163
Wji s COXG) = My, (CUG D). f >

’

f®h

where we put y;; copies of f (6,’;) on the diagonal.
Fori #i and j # j, define

Vi CUOL) = My (CHO. D). 1| o ],

where we put y;; copies of 1 on the diagonal.
To unify notation, let us set Xﬁl = {9;;}, X£+1 = {0,{“}.
For u, = (([n,i], ), ([n,iD;ixi) € H,j, let s(n, i) be a positive integer

and P,f € Ms(,,,i)(C(X,’;)) a projection such that:

° P,f .is a sum of line bundles;
e [P}] corresponds to ([n, i], T,) under the identification in Lemma 3.7;
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o PI(0}) = 1, is of the form

u, where u is a permutation matrix.
0
P} exists because of Lemma 3.2. Moreover, we can extend P} by 1}, to a

projection in €, M(,,i)(C (Xil)) such that [ P,] corresponds to u, under the
isomorphism in Lemma 3.7. Here s(n, i) = [n, i] whenever i # i. Then

(Ms.0y (W) ; @MSWKC(XZ))»@MSM HCXI D) )

J

sends P, to P,y1, where P, is of the same form as P,, with [P, ] corre-
sponding to u;1 under the isomorphism from Lemma 3.7. Hence the map in
(9) restricts to a unital homomorphism

PyMoo(C(Xp)) Py — Pn+1Moo(C(Xn+l))Pn+l (10)

which in K¢ induces y by Lemma 3.5. _
Now we turn to K. Assume K, = @i K} is an abelian group, where
for a distinguished index i, K, = T, is a finitely generated torsion group
T, = @, TF, TF = Z/N*, and K} = 7 for all i # i. Similarly, let
Kn+1 = @ K” 41 be an abelian group, where for a distinguished index
J, 41 = Tny is a finitely generated torsion group 7,41 = @l w1
=2/ n+1,andK,{+1 = Zforall j # j.Forfixedn,lety : K, — K.”'H
be a homomorphism which is a sum y = x + t + ¢, where ¥ : @i#i K —
P it K,i 41 18 given by an integer matrix (X;;) (viewing X;; as a homomor-
phism K! — KJH) v : T, — T,41 is given by an integer matrix (k)
(viewing 1; as a homomorphism Tk — Tl 1) and ¢ : EBl# Ki — Tpy1 is
given by an integer matrix (#;;) (viewing #;; as a homomorphism K, i Tl +1)
We can always arrange that all the entries of these matrices are positive inte-

gers.
The following is a direct consequence of Lemma 3.3.

Lemma 3.8 Let Y} = \/; Yycand Y, = Yiv\/;,; S°. Then Ko(C(Y,)) = Z
and K1(C(Y,)) = K,
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We view Y, as a pointed space, and let 6, be the base point of ¥,. Now
let yf : C(Yyr) — C(\/,Y N ) = C(Y],,) be the dual homomor-

phism of the map \/, E(lIJTIk) : n+1 =V,Y N — YNk Here E(\Ifrlk)
are the maps from Lemma 3.6. The direct sum EBk vk Py C(Yyr) —
My, 1) (C(Y, +1)) restricts to a homomorphism ; : C(Y,f) =C(\V, YN,’;') —

My, 1 (C(Y, +1)) = My, () (C(¥Yn41)). _
Fori # i, define ¥ j; : C(Yn) =C($? — C(Ynjﬂ) as the dual map of the
composite

n+1

n+1 = \/ erlH —> Yy S
l

where €2/ is the map Y. = $3 constructed in Lemma 3.4.
n+

Fori #iand j # j,define y;; : C(Y}) = C(53) — C(S?) = C(Y’H)
as the dual map of TEpy, 83z ees! 5 225 = 8§53, where K5 is the
map from Lemma 3.1.

For every i # i, we thus obtain the direct sum EB vii o C (Yi ) —

EB CcY +1) with image in C(Y,+1) = C(\/ +1) - @ C(Y,{H) Hence
we obtain a homomorphism ; : C(Yn) — C(Yu11).

Now let #; (i) be the number of summands of K,,. Then let ¢ : C(Y,,) —
Mg, (k)+#,(1)—1(C (Yn41)) be the restriction of @, ¥ to C(Y,) = C(\/; Y,) €
P; C(Y})). By construction, and using Lemmas 3.4 and 3.6 , ¢ induces x in
K.

We now combine our two_constrl_lctions. Define Z, = X,, v Y,,, where
we identify the base point 6} € X! < X, with 6, € Y,. We extend P,
from X, constantly to Y, (with value P, (0,2)). Note that rk (P4 (9,{ 1)) =
Vji-tk (P,(6,)). Because of (2) and (6), we canarrange y;; > #;(k)+#(i)—1.
By adding evy, on the diagonal if necessary, we can modify ¥ to a homomor-
phism ¢ : C(Y,) — My (C(Yy+1)) which induces y in K;. We can thus
think ofM[n i1(¥) as a unital homomorphlsm P, (9’)M5(n i (C(Yy)) Py (9‘) —

n+1(9,,+1)Ms(n+1 J)(C(Y,,+1))Pn+1(9n+]) i.e., as a unital homomorphism
Py M1,y (C(Yn) Py — Pyyi M1, j)(C(Yyy1)) Pyyir. In combination with
the homomorphism (10), we obtain a unital homomorphism

PuMoo(C(Z,)) Py — PuiyiMoo(C(Zy41)) Prga
which induces y in Ky, sending u,, to u,4+1, and x in Kj.
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Evaluation at ! = 6, and 0! (fori # i) induces a quotient homomorphism
which fits into a commutative diagram

PyMoo(C(Zy)) Py —— Pn+lMoo(C(Zn+1))Pn+l (1)

| |

D: Min,i) D, Min+1,5

which induces in K¢

Remark 3.9 If all K,, are torsion-free, then we can replace S by S! in our
construction of Y,,.

4 The complete construction
4.1 The general construction with concrete models

Applying our construction in Sect. 3, we obtain concrete models for F;, Ey,
yu and 9, which we now plug into the general construction in Sects. 2.1 and
2.2. Note that it is crucial that we work with these concrete models from
Sect. 3. The reason is that only for these models can we provide groupoid
descriptions of the C*-algebras and their homomorphisms which arise in the
general construction (see Sect. 6).

Note that with these concrete models, the composition

-~ Be
My, i) = Fp —> Ey — My, p),
where the first and third maps are the canonical ones, is of the form

X

X = u u

for a permutation matrix u.
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Apart from inserting these concrete models, we keep the same construction
as in Sects. 2.1 and 2.2.

4.2 Summary of the construction

In both the unital and stably projectionless cases, the C*-algebra with the
prescribed Elliott invariant which we constructed is an inductive limit whose
building blocks are of the form

A ={(f,a) € C([0, 1], Ep) ® Fy: f(1) = By(a) fort = 0,1}, (12)

where:

e E, is finite dimensional;

e F}, is homogeneous of the form P, My, (Z,) P,, where P, is a sum of line
bundles, and there are points 9,2 € Z,, one for each connected component,
and all connected components just consist of 9,‘; with the only possible
exception being the component of a distinguished point 9,‘;;

e both By and B; are compositions of the form F,, — EBi My, iy — En,
where the first homomorphism is given by evaluation in Q,i € Z, and
the second homomorphism is determined by the composites M|, ;| <
@®; Myu.iy — En — EX (where EY is a matrix block of E,), which are of
the form

for a permutation matrix v.

The connecting maps ¢,, of our inductive limit can be described as two parts:

Ay — App1 — Fugas (13)
Ay = Apt1 — C([0, 1], Eyy1). (14)

Both parts send (f,a) € A, to an element which is in diagonal form up to
permutation, i.e.,
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u, (15)

where for the entries on the diagonal, there are the following possibilities:

e a map of the form

[0,1] 3 r — fP(A(t)), for a continuous map A : [0, 1] — [0, 1]
with 271({0, 1}) € {0, 1}, (16)

where f7 is theimage of f under the canonical projection C ([0, 1], E,,) —
C([0,1], EY);
e a map of the form

[0,1] 3t = T(t)a(x(1)), a7

where x : [0, 1] — Z,, is continuous and () : P, (x(1))Mso P, (x(2)) =
P, (0)) Moo P, (6] is an isomorphism depending continuously on #, with 6}
in the same connected component as x(¢), and t(¢) = id if x(¢) = 9,",;

e an element of P, Moo (C(Z,41)) Py+1 with support in an isolated point

9]

41> Which is of the form

fP (), for somet € (0, 1), (18)

where f7 is theimage of f under the canonical projection C ([0, 1], E},) —
C((0, 11, Ey);
e an element of P41 Moo (C(Z,41)) Py+1 with support in an isolated point

o7

1 which is of the form

t(a(x)) forsomex € Z, with x ¢ {9,2},-
and an isomorphism t : P, (x) My P, (x) = Pn(G,l;)MooPn(Q,l;), (19)

where 6! is in the same connected component as x;
e an element of P41 Moo (C(Z,41)) Py+1 with support in an isolated point

o/

1 which is of the form

a(@,‘;), where 9,’; is an isolated point in Z,,; (20)
e an element of P, 1 Moo (C(Z,+1)) Prt1, which is of the form

(aij - q)ij, where g is a line bundle over Z,, 1, and (g;;) = a(@,i); 21
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e an element of P, 1 Moo (C(Zy+1)) Pr41 of the form
aol, (22)

where A : Z,,41 — Z, is a continuous map whose image is only contained
in one wedge summand of Z,, (see our constructions in Sect. 3).

Note that in (17) and (19), we identify P, (8}) Mo P,(0}) with My, ;) via a
fixed isomorphism.

Let P € M(A,+1) be projections, with ), P = 1, givingrise to the diag-
onal form in (15), and let % be the homomorphism A, — P, A;+1 P4, x
P%uq@(a)u*P?. Since each of the P? either liesin C ([0, 1], EZ+]) or F,, 11, we
have im (¢%) € P%C([0, 1], EZ_H)P“ or im (¢%) € P*F,41 P%. Then both
maps in (13), (14) are of the form u* (6D, ¢®)u. The unitary u is a permutation
matrix for the map in (13) and is a unitary in C ([0, 1], E,;+1) such that «(0)
and u(1) are permutation matrices for the map in (14).

Remark 4.1 Letus write C,, := C([0, 1], E,) and u,,+1 € Cp41 for the unitary
for the map in (14). The only reason we need u,1 is to ensure that we send
(f, @) to an element satisfying the right boundary conditions at = Oand ¢ = 1.
For this, only the values u,t1; 1= u,+1(¢) att € {0, 1} matter. Therefore,
by an iterative process, we can change f; in order to arrange u,; = 1 for
the map in (14): First of all, it is easy to see that ¢, extends uniquely to a
homomorphism &, : C, & F,, — Cy41 @ F,41. Let us write GDS and CID,f for
the composites

b,
Ch @ F, —> Cyy1 ® Fyy1 — Cyy1 and
D,
Ch,®@F — Chp1® Fuy1 — Fuqa.

As ¢, sends strictly positive elements to strictly positive elements, ®,, is unital.
Now, for all n, let A,(¢) C [0, 1] be a finite set such that for all (f;,, a,) € A,
with @ (fu, an) = (fu+1, ant1) € Anti, fnlAn(t) = 0 implies fn4+1(t) = 0.
In other words, A, (t) are the evaluation points for f,4(z). Similarly, let
T, € (0, 1) besuchthatforall (f,, a,) € A, witho(f,, an) = (fu+1, Gn+1) €
Anti1, fult, = 0and a, = 0 imply a,11 = 0. Now we choose inductively on
n unitaries v, € U(C,) and u,+1 € U(Cy41) such that, for all n, v, (s) = 1
foralls € (A,(0)UA,(1)UT,)\ {0, 1}, up41(¢) = up41, fort € {0, 1}, and
Upgl = (ID,(.f(vn, l)uZH: Simply start with v| := 1, and if v, and u,, have been
chosen, choose u,+1 € U(Cy+1) such that u,,41(t) = u,41, forall ¢t € {0, 1}
and u,4+1(s) = <I>,§(v,,, 1)(s) foralls € (A,(0)UA,(1)UT,)\ {0, 1}, and set
Upt] i= dD,f (v, Du_ ;. If we now take this u,4+ for the map in (14) giving

n+1°
rise to ¢, and &, then we obtain a commutative diagram

@ Springer



678 X.Li

o
Cn®Fn Cn—|—1®Fn+1
(v,’;uvn)eaidl; ;l(v:+luvn+1)@id
(U1, )Py (g1, D*
C,®F, i - Chuv1 @ Frti

which restricts to

ch
Ap —— An—H

(viuv,)@id | = zl(v,’iﬂl—lvnﬂ)@id

- -
Ap — Any1

where the unitary i, for the map in (14) for ¢, is now trivial, u,4+; = 1,
and A, is of the same form (12) as A,,, with ,B_t = v, (t)*B;v, () of the same
form as B; for t = 0, 1 (the point being that v, (¢) is a permutation matrix).
Obviously, we have lim {An; Gn} = lim {Ay; @n}.

Remark 4.2 Note that the construction described in Sect. 4.2 also encompasses
(aslight modification of) the C*-algebra constructionin [19, § 6]. (In particular,
one obtains model algebras of rational generalized tracial rank one, in the sense
of [19].)

5 Inductive limits and Cartan pairs revisited

In this section, we improve the main result in [4, § 3] and give a C*-algebraic
interpretation. Let us first recall [4, Theorem 3.6]. We use the same notations
and definitions as in [4,36]. We start with the following

Remark 5.1 We can drop the assumptions of second countability for groupoids
and separability for C*-algebras in [36] if we replace “topologically princi-
pal” by “effective” throughout. In other words, given a twisted étale effective
groupoid (G, X), i.e., a twisted étale groupoid (G, X) where G is effective
(not necessarily second countable), (C; (G, X), Co(GD)) is a Cartan pair;
and conversely, given a Cartan pair (A, B) (where A is not necessarily separa-
ble), the Weyl twist (G(A, B), X (A, B)) from [36] is a twisted étale effective
groupoid. These constructions are inverse to each other, i.e., there are canonical
isomorphisms (G, £) = (G(C*(G, £), Co(G?)), =(C*(G, ), Co(GD)))
(provided by [36, 4.13, 4.15, 4.16]) and (A, B) = (C(G(A, B), X(A, B)),
Co(G(A, B)®)) (provided by [36, 5.3, 5.8, 5.9]). Similarly, everything in [4,
§ 3] works without the assumption of second countability. In particular, [4,
Theorem 3.6] holds for general twisted étale groupoids if we replace “topo-
logically principal” by “effective”. This is why in this section, we formulate
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everything for twisted étale effective groupoids and general Cartan pairs. In
our applications later on, however, we will only consider second countable
groupoids and separable C*-algebras.

Now suppose that (A,, B,) are Cartan pairs, let (G,, ¥,) be their Weyl
twists, and set X, = G,SO). Let ¢, : A, — A,y be injective *-
homomorphisms. Assume that there are twisted groupoids (H,, T,,), with
Y, = H,EO), together with twisted groupoid homomorphisms (i, t,;)
(Hp, Ty) — (Gus1, Tug1) and (pp, pn) @ (Hy, T,) — (Gp, Ty) such that
in : H; = Gu41 is an embedding with open image, and p, : H, — G,
is surjective, proper, and fibrewise bijective (i.e., for every y € Yy, pul(a,),
is a bijection onto (G,) ;,(y))- Suppose that ¢, = (1,)« o p; for all n. Fur-
ther assume that condition (LT) is satisfied, i.e., for every continuous section
p : U — p(U) forthe canonical projection X,, —» G,,where U C G, is open,
there is a continuous section p : p, Ly - p( DPn 1(U)) for the canonical
projection T, — H,, such thatﬁ(pn_l(U)) - p;l(p(U)) and p,0p = po py.
Also assume that condition (E) is satisfied, i.e., for every continuous section
t: U — t(U) for the source map of G,, where U C X, and t(U) € G, are
open, there is a continuous section 7 : Dy L) = i( Pn 1(U)) for the source
map of H, such that 7(p,; '(U)) C p, ' (t(U)) and p, of =t o py.

In this situation, define

%00 = By and Ty it = Pt (Znm) S Ty forallmand m = 0,1, . ...,

Guo:=Gyand Gy 1 1= ]‘);1_+lm(Gn,n1) C Hyyp forallnandm =0,1,...,

i:n = lgl {En,m§ Pn+m} and Gn = 1(12'1 {Gn,m§ pn+m} for all n. (23)
m m

Then [4, Theorem 3.6] tells us that

(@) (G, =,) are twisted groupoids, and (i, 1,) induce twisted groupoid
homomorphisms (i,,, 1) : (G, ;) = (Gpy1, Zp1) such that i, is an
embedding with open image for all n, and

£ = lim {£,:7,) and G 1= lim {G,1: 7} (24)

defines a twisted étale groupoid (G, ),
(b) & (¢) (li_n)l {An; ont, h_r)n {B,; ¢n}) is a Cartan pair whose Weyl twist is
given by (G, %).

Remark 5.2 1tis clear that the proof of [4, Theorem 3.6] shows that if all B, are

C*-diagonals, i.e., all G, are principal, then G is principal, i.e., lim {B,; ¢,}
. . —>
is a C*-diagonal.

It turns out that conditions (LT) and (E) are redundant.
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Lemma 5.3 In the situation above, conditions (LT) and (E) are automatically
satisfied.

Proof To prove condition (LT), let p : U — p(U) be a continuous section
for the canonical projection w,, : X, — G, where U C G, is open. Let
T+l © Zp+1 — Gp41 be the canonical projection. Then ;4|

1 :

pn (p(U))
pi N (p(U)) — p;'(U) is bijective. Indeed, given 71, 72 € p; ' (0(U)) with
Tht1(T1) = Tpy1(2) = n € H,, we must have 7o = z - 11 for some

z € T. Also, wn(pn(t1)) = pn(n) = 70 (pu(t1)). As Talpw) : p(U) > U
is bijective (with inverse p), we deduce p, (t1) = pn(12). Hence p,(t1) =
pn(12) = z- pu(71), which implies z = 1, i.e., 7 = 71. This proves injectivity,
and surjectivity is easy to see. As 7,41 is open, p = (741 |p;1(p(U)))_1 :
Dy L) - Pn 1 (p(U)) is the continuous section we are looking for.

To verify (E), lett : U — t(U) be a continuous section for the source map
s, of G,,, where U C X,, and t(U ) C G, are open. Let s, be the source
map of H,. Then s,,11] . silewy Dy L)) - pn_l(U) is bijective. Indeed,

given 11,12 € py, {4(U)) with Snr1(M) = Sap1(2) =1 y € Yy, we must
have s,(pn(11)) = pu(y) = 50 (Pn(M2)). As splsv) @ t(U) — U is bijective
(with inverse t), we deduce p,(n1) = pn(n2). Since p, is fibrewise bijective,
this implies 11 = 7. This proves injectivity, and surjectivity is easy to see.
As pn_l(t(U)) is open and s,, 11 is open, 7 := (s,,Jrlll.jnfu(t(U)))_1 : pn_l(U) —

Py L(t(U)) is the continuous section we are looking for.

Let us now determine which *-homomorphisms are of the form , o p
Let (A, B) and (A B) be Cartan pairs with normalizers N := N4 (B), N
N; (B) and faithful conditional expectations P : A — B, P: A B. Let
(G, %) and (é, ﬁ) be the Weyl twists of (A, B) and (A, l§). Suppose that
p: A— Ais an injective *-homomorphism.

Proposition 5.4 The following are equivalent:

(i) ¢(B) S B,¢(N)S N, Pop=goP;

(i1) There exists a twisted étale effective groupoid (H, T') and twisted groupoid
homomorphisms (i,1) : (H,T) — (G, %), (p,p): (H, T) > (G, %),
where i is an embedding with open image and p is surjective, proper and
fibrewise bijective, such that ¢ = 1, o p*.

Proof (ii) = (i): It is easy to see that (1, o p*)(B) C B. Given an open
bisection S of G, p~!(S) is an open bisection of H, and then i(p~!(S))
1s an open bisection of G. Therefore, (14 o p*)(N) C N. Finally, we have
Po(yo p*) = (1x 0 p*) o P because p 1(G(O)) —HO.

1) = (11) Let B be the ideal of B generated by <p(B) and A =
C*(p(A), B) Then (A B) is a Cartan pair: It is clear that B contains an
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approximate unit for A. To see that B is maximal abelian, take a € AN(B).Let
be B and take an approximate unit (h,) C B for A. Then ba = 11mk bhya =
limy abh; = lim; ah;b = ab. Hence a € AN (B)’ —ANB=8 (the last
equality holds because B contains an approximate unit for A and B - B C B).
This shows A N (B)/ = B. Moreover, we have ¢(N) C N = = Nj (B) Let
neep(N),be B and (h;) C B be an approximate unit for A. Then nbn* € B

asn € p(N) C N, and thus nbn* = lim; ¢(h,)nbn* C ¢(B) - B C B
Finally, it is clear that P:=P|;  1s a faithful conditional expectation onto B.

Let (H,T) be the Weyl twist attached to (A B) and write X := GO,
Y :=H®and X := GO, Itis easy to see that N C N.Hence we may define
maps

i: H— G, [x,an,y] = [x,“n,Y]
andi : T — f), [x,n,y]— [x,n,y], forn e N.

Clearly, i and 1 are continuous groupoid homomorphisms. i is injective since
[x, o, v] = [, o, Y'1in G implies x = x’, y = y’ and o, = @,y on aneigh-
bourhood U C X of v, so that o, = oy on U N Y, which is a neighbourhood
of y in Y, and hence [x, o, y] = [x/, v, y'] in H. The image of i is given
by U, cp {lan(y), an, yl: y € dom (n)} which is clearly open in G. Finally, it
is easy to see that we have a commutative diagram

A

I

C*(H,T) —=~C*G. %),

N

14

where the upper horizontal map is given by inclusion, and the vertical isomor-
phisms are as in [36, Definition 5.4].

We now proceed to construct (p, p). Since A = C*(N) and ¢(N)
it is easy to see that A= span(p(N) - B) It follows that for every
and y € dom (17), there is n € ¢(N) such that y € dom (n) and [x ]
[x,n,y] in T. Indeed, for a € span(p(N) - B) it is clear that a = 0 o
T\ (Unew(N) {lan(¥), n, y]: y € dom (n)} ) As the latter set is closed in T,

we must have a = Oon T\ (Unap(N) {lan (), n, yI: y € dom (n)}) for all

| ==

-
ne
i,y

a € A Hence T = Une(p(N) {lan(¥), n, y]: y € dom (n)}. This observation
allows us to define the maps

p: H - Ga [X,O[(p(n), )’] e [(p*(x)val’lv SD*(y)]and
p: T — 3, [x,0mn),y) — [¢*(x),n,¢*(y)], forn e N,
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where ¢* : Y — X is the map dual to B — B, b+ ¢ (b) determined by
@(b) = bop™* forallb € B.Note that ¢* exists since ¢(B) is full in B. piswell-
defined because [x, p(m), y] = [x, ¢(n), y] in}plies ﬁ((p(n)*(p(m))(y) > 0,
so that P(n*m)(¢*(y)) = @(P(n*m))(y) = P(p(n)*¢(m))(y) > 0, which
in turn yields [¢*(x), am, ¢* (V)] = [ (x), ay, ™ (y)]. Similarly, p is well-
defined. Clearly, (p, p) is atwisted groupoid homomorphism. As ¢ is injective,
@* is surjective, so that p is surjective.

To see that p is proper, let K € G be compact. Given n € N, write
Un) = {[an(y). an. yl: y € dom ()} and K (n) := (s|y )~ (s(K)). As K
is compact, there exists a finite set {n;} € N such that K C |, U(n;), so
that K = | J; U(n;) N K € |J; K(n;). Now givenm € N, p([x, 2p@m), Y1) €
K (n) implies ¢*(y) € s(K), ie. y € (")~ ((K)). P(lx, apem, ¥ =
[o*(x), am, (V] = [9*(x), o, 9*(y)], so that P(n*m)(*(y)) # O,
which yields P(@(ﬂ)*fﬂ(fﬂ))(y) = @(P(n*m))(y) # 0, thus [x, Gp(m), vl =
[x, &y(ny, y]. Hence p~1 (K (n)) < { a(p(m(y) o), yl:y € (") 1 (s(K)} =
GSlu@my) ™ 1(((,o*) I(s(K)) = K(n) As @* is proper, K(n) is compact for
alln € N.Hence p~1(K) C Ui UK (ny)) C Ui K (n;) is a closed subset
of a compact set, thus compact itself.

Moreover, given y € Y, p([w, aypm), y]) = p(x, apn), y]) implies
[e*(w), am, (M) = [¢*(x), &, @*(y)], so that P(em)*e(m)(y) =
P(n*m)(¢*(y)) # 0, so that [w, @y(m), y] = [X, Ap(n), y]. This shows injec-
tivity of p| g, anditis clear that p(Hy) = G (y). Thus p is fibrewise bijective.

Finally, it is easy to see that we have a commutative diagram

A A

|,

C*(G, %) 2= C*(H, T),

1
1

where the vertical isomorphisms are as in [36, Definition 5.4].

Remark 5.5 In Proposition 5.4, ¢ sends full elements to full elements if and
only if we have i (H®) = G©.

Theorem 1.10 now follows from [4, Theorem 3.6], Lemma 5.3, Proposi-
tion 5.4 and Remark 5.2.

Remark 5.6 The Weyl twist of (li_II)l {An; on}, h_r)n {B,,; ¢n}) in the situation of
Theorem 1.10 is given by (G, X) as given in (23) and (24).

If, in Theorem 1.10, all ¢, send full elements to full elements, then
GO = H\D, =G . (where we identify H,}, with in+m(H,§‘£m)),
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~

so that G = Lil_nm{G,S%; Pram) = l(iLn{Gl(O); B} for all n, and thus
in(GY) = GY), for all n, which implies G© = 1im{GY; ).

If all B, in Theorem 1.10 are C*-diagonals, i.e.<,_311 G, are principal, then
G is principal.

6 Groupoid models
6.1 The building blocks

We first present groupoid models for the building blocks that give rise to our
AH-algebras (see Sect. 3). Let Z be a second countable compact Hausdorff
space and let p; € My, (C(Z)) be a finite collection of line bundles over Z.
LetP =3} ® pi € Moo (C(Z)). The following is easy to check:

Lemma 6.1 @, pi Moo (C(Z))p; is a Cartan subalgebra of P M (C(Z))P.

Thus, by [36, Theorem 5.9], there exists a twisted groupoid (.7-" , F) (the Weyl
twist) such that

(CHF. F), Co(FM) = (PMoo(C(2))P. @D piMoo(C(2)) pi).

1

Let us now describe (F, F) explicitly. Let R be the full equivalence relation
on the finite set { p; } (just a set with the same number of elements as the number
of line bundles). Let F = Z x R, which is a groupoid in the canonical way.
For every p;, let T; be a circle bundle over Z such that p; = C x T;. We form
the circle bundles 7; - Tl.*, which are given as follows: For each index i, let
{ Via }a be an open cover of Z, and let v; , be a trivialization of T; |y, ,. We view
Vi q aS a continuous map v; 4 : Vi, — My with values in partial isometries
such that v; ,(z) has source projection ej; and range projection p;(z), so that
Vi.a(2) = pi(2)via(z)e11. Here ey is the rank one projection in My, which
has zero entry everywhere except in the upper left (1, 1)-entry, where the value
is 1. Then

c,a

where we define (z,x) ~ (,x")if x = x/,andif x € V; . NV, 4 x' €
Via N Vip, then 2’ = v pv7 jvj v 2.
We set

F=1]1-17.
Joi
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Note that 7; - T;* is just the trivial circle bundle T x Z. We define a multiplication
on F:For ([z, x], (j,i)) and ([Z/, x], (j', ")) in F, we can only multiply these
elements if x = x" and i = j’. In that case, write & := i’ and assume that
xeVj.NVpand x" =x € Vi, N Vi 4. Then we define the product as

([z, x1, (j, D) - ([, x'1, (', i) = ([zZ, x1, (J, h)).
Moreover, F becomes a twist of F via the map

where w : T; - T/ — Z is the canonical projection.

It .is now straightforward to check (compare [36]) that the twisted groupoid
(F, F) is precisely the Weyl twist of (P Moo (C(2)) P, D, piMoc(C(Z2))pi).
More precisely, we have the following

Lemma 6.2 We have a C(Z)-linearisomorphism C;"(f", F)E PMs(C(Z2))P
sending f € Co(F,F) with supp(f) S (VjcNVia) x {(j,)} S F
to fvj,cv;ja, where f € C(Z) is determined by f(([z,x],(j,i)) =
zf(x). Moreover, this C(Z)-linear isomorphism identifies C (.7:"(0)) with
D, piMs(C(2))p;.

Let us now fix n, and apply the result above to the homogeneous C*-
algebra F := F, from Sect. 4.2 to obtain a twisted groupoid (F, F) such
that Cf (F, F) = F.More precisely, we apply our construction above to the
summand of F corresponding to the component of 0,';. Note that in the con-
struction above, all our line bundles satisfy

pi(6}) = e (25)

because of (7). For the other summands, it is easy to construct a groupoid
model, as these are just matrix algebras, so that we can just take the full
equivalence relation on finite sets.

Now our goal is to present a groupoid model for the building block A :=
A, in Sect. 4.2. Let R be an equivalence relation (on a finite set) such that
C*(R) =2 E = E,. Write R = ]_[p RP for subgroupoids R” such that
the isomorphism C*(R) = E restricts to isomorphisms C*(RP) = EP =
EP. Set C = [0, 1] x R. Then C*(C) is canonlcally 1som0rph1c to C :

C ([O 11, E). Consider the trivial twist C := T x C of C. Clearly, we have
C*(CLI]—" CUFR=ECeF.
Fort =0, 1 and B, as in Sect. 4.2, write

FP g EP
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as the composition

F— @M, ect < E. (26)
[

where each of the components F' — M, ® C!" of the first map is given by
a(®")
at— a(el)

with #1 lp copies of a (') on the diagonal, and the components M, ® cll
E? of the second map are given by

X u _ u, (27)

where u is a permutation matrix.

Let E! be the image of @, M,, ® c! in E,and set E; := EBP E’ C E,
for t = 0,1. Let R’ € RP be subgroupoids such that the identification
C*(RP) = EP restricts to C*(RI') = EP. Write R, = I, RP, so that
C*(R) = E restricts to C*(R;) = E;. Let crtp be the groupoid isomorphism
[, Rix1 P = RP, given by abijection of the finite unit space, corresponding to
conjugation by the unitary u in (27). Let V; , and v; 4, be as above (introduced
after Lemma 6.1). We now define a map b; : T x ({r} x R;) — X as
follows: Given an index [ and (j, i) € Ry, choose indices a and ¢ such that
ol e Vi N V4. Then define

2ji = vj (0 .(0)* € T. (28)

Here, we are using (25). If ! is not the distinguished point 0,’;, then we set
zji=1.ForzeTandh € I, set

bi(z, 1,00 ((j, i), ) :=1[2;i,0'1 € Tj - T/ C %,
where we view (z;;, 01) as an elementin T x (V. NV, 4).
Define

Y={xeCUF:x=(z,0,y) €Tx[0,1]xR= y € R, fort =0, 1}
andE::Ev}/N
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where ~ is the equivalence relation on )y generated by (z, ¢, y) ~ bi(z,1, )
forallz e T,t =0,1andy € R;. Y and ¥ are principal T-bundles belonging
to twisted groupoids, and we denote the underlying groupoids by G and G.

By construction, the canonical projection and inclusion X «— Y CUF
induce on the level of C*-algebras

CHCUF,CUF) COF

5 _ i

1

C*G,Y) = A={(f,a) e C®F: f(t) € E, fort =0, 1}
|
C*(G, ) — A={(f,a) e C®F: f(t) = By(a) fort = 0, 1}

In particular, (G, X) is the desired groupoid model for our building block.

In what follows, it will be necessary to keep track of the index n, so that
we will consider, for all n, twisted groupoids (Cp U Fy, Cy LLFy), (én, EVJ,Z),
(Gp, X,) describing the C*-algebras C, @ F,,, An and A, as explained above.

Moreover, for all n, let B,, € A, be the subalgebra corresponding to CO(G,(ZO))
under the isomorphism C}(G,, £,) = A,

6.2 The connecting maps

Let us now describe the connecting maps ¢, : A, — A,4 in the groupoid
picture above. Let P! iy @7 be as in Sect. 4.2, so that ¢, = P, ¢ and

im (¢%) C Pn+1An+1 - Also, let @, © C, @ Fy — Cyp1 @ Fyqp be

the extension of ¢, as in Remark 4.1. Set ®¢ : C, @ F,, — P, Jrl(C,hq @
n+1)Pn+1, x+— P +1gan(x) PR We obtain ¢, : A — An+1 and ¢f :
A, — P! An+1Pn+1 by restricting ®,, and 4. Set

(C @ F)[®,] 1= {x €Cop1 ® Foyr s x = PO PHH}
a

Algy] = im (g).
Algn] = {x €Ay x = Z X P, PloxPl € A[gon]}

A[‘pn] = ArH—l N A[(pn]

Note that A[¢¢] = P F,4P%, if P, € F,u and A[gf] =
{x € Pn+1An+1P 1o x (1) € im (ev; og?) fort =0, 1} if P% i1 € Cntl.
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Let 7, be the open subgroupoid of C,1 LI F,+1, with 7;, C C,,+1 I .7L"n+1
correspondingly, such that Cj‘(énH L fn+1,Cn+1 U Fur) = Che1 &
F, 41 restricts to C*(’T,l,T) = (C @ F)[ n]. Similarly, let T be the
open subgroupoid of En+1, with H, C Gn+1 correspondmgly, such that
Cr (G,,+1, Yut1) = An+1 restricts to C*(Hn,T) = A[(p,,] For n € T
and n’ € En+1, n ~ n’ implies that n’ lies in T,. It follows that 7}, = Tn/w
is an open subgroupoid of %,41. Define H, = H, /~ in a similar way. By
construction, the commutative diagram at the groupoid level

C, uUrF, 7:1?' n+1]—[}—n+1
R CR
v v g v
oL
I T, ————— Xp41

induces at the C*-level

C.®F, (C®F)[¢n]?'cn+l®Fn+l
E E ET
§ e T4
C
Ay Alpn] — Anti

Let T, = [[,7% and H, = ][], H* be the decompositions into sub-
groupoids such that the identification C*(}vln, T, ) = A[(bn] C AH] restricts
to C*(H“, T") = A[ p4]. For fixed n and every ¢¢ ¢4 from our list in
Sect. 4.2, we now construct a map p® : Tn" — X, such that

C} (G Bn) oo G (HL T

-

Ay ———— A[§f]

commutes.
Recall that 3, € C,, I F, = (T x [0, 1] x R,,) I F,,. Also, we denote the

canonical projection F, - F, by o +— 0.
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e For ¢? as in (16), let p® be the composite

TE =T x[0,1] X Ry — %y —> 5,
(z,1,7) = (2, A1), ¥)

where we note that the first map has image in >, so that we an apply the
quotient map q : X, — X,.
e For ¢ as in (17), let p* be the composite

T =T x[0,1] x Ry = Fp —> Sy,
(z,t,y) > z-0(t,y) (29)

where o is a continuous groupoid homomorphism such that ¢ (7, y) =
(x(t), y). Forx(t) = 0' € {6} } and y = (j, i), write

o(t,y) = [z, 60", (30)

which has to match up with (28).
e For ¢ as in (18), let p* be the composite

(¢ =T x 6]} x Ry = 5y — Zy,
@0, = @t y).
e For ¢? as in (19), let p® be the composite
TE=T x (0], ) x (F): — Fy - 5,
@8], =z 0(y),
where o : (]:'n)fc — F, is a groupoid homomorphism with o (y) = (x, y)

matching up with o in (29).
e For ¢? as in (20), let p* be the composite

Te =T x {6],,) x (Fag — Fu —5 Za,
(Za 9}’{+1’ V) = (Z’ elft’ y)
e For ¢? as in (21), let p® be the composite
T8 =T x Zugy x (Bt — T x (Bt = Fu = Sy,

(z,y) > z-0(y),

@ Springer



Simple C*-algebra has a Cartan subalgebra 689

where o : (F, z':? — JF, is a groupoid homomorphism with o (y) =
(6, v) matching up with (28), just as (30).

e For ¢® asin (22), we have C;“(I-VI,‘Z’, Tn") = (Zl A*(pi))-Fn+1-(Zi k*(pi)),
where p; are the line bundles such that P, = Zi pi (see Sect. 3 and
Sect. 6.1), and p® is the composite

Ty:l — Fu i> X,
[z, x] = [z, A(x)],
with (z,x) € T x )»_I(V,-,a) and (z, A(x)) € T x V; 4, where for a given

open cover V; , and trivialization v; , for F,, we choose the open cover
A_I(V,-,a) and trivialization v; , o A for 7\ (see Sect. 6.1).

The homomorphism

]_[p": ]V"n=]_[]v"n“—>2n
a

a

must descend to p, : T, — X, because C}([[, p*) : C}(Gp, X,) —
C;k(l-vln, T, f— fo (L, p lands in C;(H,, T,). Moreover, the homo-
morphisms ®,, and ¢, admit similar groupoid models (say P, and p,) as ¢,
so that we obtain a commutative diagram

Cnufn?%?anrleiH»l

P
- Pn S 3

i Pn i < i
n 1, En—i—l-

7 Conclusions

Proofs of Theorems 1.2 and 1.3 All we have to do is to check the conditions
in Theorem 1.10, using Proposition 5.4 and the groupoid models in Sect. 6.
We treat the unital and stably projectionless cases simultaneously. Given a
prescribed Elliott invariant, let A, and ¢, be as in Sect. 4.2. Consider the
groupoid models for A, and ¢, in Sect. 6. First of all, by construction, (H,,, T,,)
is a subgroupoid of (G, +1, Xy+1) and H, € G4 is open. Let (i, 1,,) be the
canonical inclusion. Secondly, p, is proper because all the p® in Sect. 6.2 are
proper (they are closed, and pre-images of points are compact). Thirdly, p,
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is fibrewise bijective because this is true for Pn and the canonical projections
X0 = Zp, Ty = T By construction, all the connecting maps ¢, in Sect. 4.2
are of the form ¢, = (1) o (py)*. Thus, by Proposition 5.4, the conditions
in Theorem 1.10 are satisfied. Hence h_n)1 {B,; ©,}, with B, as in Sect. 6.1,
is a Cartan subalgebra of h_r)n {An; ¢n}, and actually even a C*-diagonal by
Remark 5.6 because all G,, are principal.

Remark 7.1 By Remark 5.6, the twisted groupoids (G, ¥) we obtain in the
proofs of Theorems 1.2 and 1.3 are given by the Weyl twists described by
(23) and (24). Moreover, it is easy to see that for the groupoids in Sect. 6, we
have (C, 1 7))@ = G( ) , and since ®,,, ¢, and ¢, send full elements to full

elements, ’Z;( ) = C, UF)O, H, 7O G(O)1 and H, © G}(g)_l, for all n (by

Remark 5.5). So Remark 5.6 tells us that G = l(gl{G,(qo), Pl

We now turn to the additional statements in Sect. 1. In order to prove Corol-
laries 1.6 and 1.7 , we need to show the following statement. In both the
unital and stably projectionless cases, let A = C(G, X), D = Co(G©®), and
y = y|r be as in Corollaries 1.6 and 1.7 . Let C be the canonical diagonal
subalgebra of the algebra of compact operators K.

Proposition 7.2 There exists a positive elementa € D ® C € A ® K such
that dy(a) = y.

Here d,(a) denotes the function 7 > 7 +> d;(a). For the proof, we need
the following

Lemma 7.3 Given a continuous affinemap g : T — (0, 00) and ¢ > 0, there
exists7 E DDy CAQM, CAQK with||z]l =1,2>0,z € Ped(ARQK)
suchthat g — e < de(z) < g +¢.

Here Dy is the canonical diagonal subalgebra of M.
Proof We treat the unital and stably projectionless cases simultaneously. Let
F, be as in Sect. 2.1 and F := hmF Choose a € F ® K witha > 0 and

de(a) = g. Then we can choose b € F ® My (for n big enough) with b > 0,
de(b) continuous and

g —e<ds(b) <g+e.

Using [1, Theorem 3.1] just as in [37, Proof of (6.2) and (6.3)], choose ¢ €
D(I:”n) ® Dy with ¢ > 0 such that ¢ and b are Cuntz equivalent, where D(ﬁn)
is the canonical diagonal subalgebra of I:”n. Choose d € Ped(A,, ® M) with
d € D(A,) ® Dy such that (7 ® id)(d) = ¢, where w : A, — F, —» I:"n is
the canonical projection. Let z denote the image of d under the canonical map
Ay ® My - A® M. Then z € D ® Dy. It is now straightforward to check,
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using the isomorphism 7 (A) = T(ﬁ ) from [20, § 13], that z has the desired
properties.

Proof of Proposition 7.2 There is a sequence (y;) of continuous affine maps
T — [0, 00) withy; /" y—min(y).Chooseg; > Osuchthat) ; &; = min(y).
Define f; :== y; + Z;l_:ll ep. Then f; /' y and f; > 0. Moreover,

i i—1
fi+1=)/i+1+Zth)/i+( 8h>+8i=fi+8i-
h=1 h=1

Using Lemma 7.3, proceed inductively on i to find z; € D ® Dy;) such that

(fi+l - Xi:d.(Zh)) —&ir1 <do(zit1) < (fi—H - Xi:do(Zh)> + &it1-
h=1

h=1

Note that fi 1 — Y, de(zn) > Osince Y )_, do(zn) < fi + & < fis1.
By construction, we have

fi—¢&i < Zd.(zh) < fi + €i, so that Zd.(zh) S y.

h=1 h=1
Now set

— X @ H—h _h
a:= thl 27"z, where we put the elements 27"z,
on the diagonal in D ® C.
In this way, we obtain an elementa € D ® C C A ® K with dq(a) = y.

Proof of Corollaries 1.6 and 1.7 Given y as in Corollaries 1.6 and 1.7, let
y = y|r. Using Proposition 7.2, choose a positive element ¢ € D ® C
with de(a) = y. In the unital case, it is straightforward to check that we
can always arrange a to be purely positive. Then it is straightforward to
check that (a(A ® K)a, a(D ® C)a) is a Cartan pair. Hence, by [36, Theo-
rem 5.9], there is a twisted groupoid (G E) such that (C*(G E) Co(G(O))) =
(a(A®K)a,a(D ® C)a). It is now easy to see (compare also [19, Corol-
lary 6.12]) that (G, £) has all the desired properties.

Proofs of Corollaries 1.8 and 1.9 (i) follows from the observation that we
only need the twist if G¢ has torsion. The claims in (ii)—(iv) about subho-
mogeneous building blocks and their spectra follow immediately from our
constructions (see also Remark 3.9). Moreover, the inverse limit description of
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the unit space in Remark 7.1 and the dimension formula for inverse limits (see
for instance [17, Chapter 3, § 5.3, Theorem 22]) imply that dim (G(O>) <3
in (i), dim (G©@) < 2 in (iii) and dim (G©®) < 1 in (iv) and (v). Since
Co(GD) is projectionless in Theorem 1.3, we obtain dim (GO) = 0, which
forces dim (G©) = 1 in (v), in the situation of Theorem 1.3. In particular, this
shows that VW and Z( have C*-diagonals with one-dimensional spectra. Sim-
ilarly, given a groupoid G with Z = C(G), the only projections in C(G Oy
are 0 and 1, so that dim (G©) # 0 and hence dim (G©) = 1. It remains to
prove that dim (G©) > 3 in (ii), dim (G®) > 2 in (iii) and dim (G©) > 1
in (iv).

To do so, let us use the same notation as in Sect. 6, and write X, := Gf,o),
0, = C',EO) ,and W, := ]3,50). Clearly, Q, is homotopy equivalent to a finite
set of points, so that for any cohomology theory H*® (satisfying the Eilenberg—
Steenrod axioms, see [40, Chapter 17]), we have

H*(Q,) = {0} whenever e > 1. (31

Let P, .= {(t, x)e 0,:tef{0,1}, x € R;O)}. Then we have a pushout dia-
gram

Py ——W,

L

QnHan

where P, — W, is induced by b; and the left vertical arrow is the canoni-
cal inclusion. The long exact (Mayer-Vietoris type) sequence attached to the
pushout reads

coo—> H NP — H*(Xp) — H*(Q,) x H*(W,) = H*(P,) — H*T'(X,) — ...

Since H*(P,) = {0} and H*(Q,) = {0} (see (31)), we deduce that the
canonical map W,, — X,, induces a surjection H*(X,,) — H®*(W,) fore > 1.
Moreover, the map

. . v O v ]an ~
On+1 UWyp1 = Cpp U ]:n—l—l)(o) = Gr(z—I)—l = H,EO) - Gf,o) =0, UW,
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induces for @ > 1 a homomorphism H®(p,) : H*(W,) — H®*(W,1) which
fits into the commutative diagram

H*(X,)

H*(W,)
H'(Pn)l lfp(ﬁn)
H*(Xy1) —= H* Wy ).

Thus the canonical maps W,, — X, induce for all @ > 1 surjections
H*(G) = 1im {H*(X,); H*(pn)} — lim {H*(W); H* ()} -

Here H* is Cech cohomology, and the first identification follows from the
inverse limit description of G’ in Remark 7.1 and continuity of Cech coho-
mology. By construction, W,, = Z,, x I, for some finite set [, and Z, is
as in Sect. 4.2. Now it is an immediate consequence of our construction that
hrn {H’(W ); H'(p”)} surjects onto Tor(G1) in case (ii) for @ = 3, Tor(Gy)
1n case (iii) for ¢ = 2, and G in case (iv) for ¢ = 1. Hence it follows that
H3(G(0)) # {0} in case (ii), H2(G(O)) # {0} in case (iii), and H LGy 2 {0}
in case (iv). As cohomological dimension is always a lower bound for covering
dimension, this implies dim (G?) > 3 in case (ii), dim (G®) > 2 in case
(iii), and dim (G©) > 1 in case (iv), as desired.

8 Examples

Let us describe concrete groupoid models for the Jiang—Su algebra Z, the
Razak—Jacelon algebra WV and the stably projectionless version Zy of the
Jiang—Su algebra as in [19, Definition 7.1]. These C*-algebras can be con-
structed in a way which fits into the framework of Sect. 4.2, so that our general
machinery in Sect. 5 produces groupoid models as in Sect. 6. In the following,
we focus on Z.

First we recall the original construction of Z in[23]. Foreveryn € N, choose
natural numbers p, and g, such that they are relatively prime, with p, | pp+1
and g, | gn41, such that ”;“ > 2g, and q2:1 > 2py. Then Z = lim {Ay; ¢},
where A, = {(f a) e C([0, 1], E,) & Fy: f(t) = Bi(a) fort = 0 1L, E, =
Mpn® l]n’ MPn e M, qn> /30 MPn@M - MPn®Mf]n’ (x’ y) =
x®lg,, Br: Mpn &My, — M,, @M, (x,y) = 1, ®y.

To describe ¢, for ﬁxedn letdy := £ ":1 dy = q’gl d :=dy-d,, and write
d =logn+1 +rowith0 <rg < gny1,d =l1pn+1 +r1 with0 <r; < ppy1.
Note that we must have d; | rg and dy | 1. Then

on(f) = M:+1 “(fo )\y)yey(n) *Up+1,
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if 1 <y <y,
ifro<y<d-—r,

= 1= D~
+

where Y(n) = {1,...,d} and A, (t) =

Tl ifd—ri <y<d.

Here we think of A, as a subalgebra of C([0, 1], E,)) via the embedding
Ap — C([0, 1], Ep), (f,a) — f.

To construct groupoid models for building blocks and connecting maps,
start with a set X'(1) with py - g1 elements, and define recursively X (n+ 1) :=
X (n) x Y(n). Let R(n) be the full equivalence relation on X (n). Let R(n, p)
and R (n, g) be the full equivalence relations on finite sets X (n, p) and X' (n, q)
with p, and g, elements. For t = 0, 1, let p,, 1 ; be the bijections correspond-
ing to conjugation by u,1(¢), whichinduce o, ; : R(n, p) xR(n, g) = R(n)
corresponding to conjugation by v, (¢) introduced in Remark 4.1. Now set

Gn:=1{(t,y) €10, 1] x R(n): y} € 0,,0(R(n, p)

xX(n,q))ift =0,y €0, 1(Xn, p) xRn,q))ift =1,
G, = én/w where ~ is given by (0, 0, 0(y, ¥))

~ (0, 0n,0(y, ¥")) and (1, 0,1 (x, ) ~ (1, 05,1 (x, ).

Define p,, : H — Gn as the restriction oan : = [0, 1]xR(n) x y(n)
[0, 1] X R(n), (1,,y) = (hy(2),y) to Hy := 7> l(Gn) Set Hy, := H,/~
where ~ is the equivalence relation defining G, = Gn+ 1/~. The map p,
descends to p, : H, — G,. The groupoid G with Z = C}(G) is now given
by (23) and (24). As explained in Remark 7.1, its unit space X := GO i
given by X = lim {X,;; p,), where X,, = GO,

To further describe X, let p,, be the set-valued function on [0, 1] defined by
P(s) :=={A,(s): y € Y(n)}. We can form the inverse limit

X =1lm{[0, 1]: p,} : {(s”)e ]_[[o 11 s, Ep”(sn+1)}.

as in [21, § 2.2]. It is easy to see that X, — [0, 1], [(#, x)] > ¢ gives rise
to a continuous surjection X — X whose fibres are all homeomorphic to
the Cantor space. Moreover, X is connected and locally path connected. The
space X itself is also connected. This follows easily from the construction
itself (basically from gcd(py,, g,) = 1) and also from abstract reasons because
Z is unital projectionless. In addition, it is straightforward to check that for
particular choices for p, ; and hence oy, ;, our space X becomes locally path
connected as well. In that case, it is a one-dimensional Peano continuum.
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Every X, is homotopy equivalent to a finite bouquet of circles. It is then
easy to compute K-theory and Cech (co)homology:

o0
Ko(C(X) = Z[1], Ki(C(X) =Pz (32)
i=1
Z for e =0, Z for e = 0,
HX) = { P2, 7 fore=1, and He(X) = {[[2,Z fore=1,
{0} for ¢ > 2, {0} for @ > 2.
(33)

It follows that for choices of p,, ; and 0, ; such that X is locally path connected,
X must be shape equivalent to the Hawaiian earring by [7]. In particular, its
first Cech homotopy group is isomorphic to the one of the Hawaiian earring,
which is the canonical projective limit of non-abelian free groups of finite rank.
Moreover, by [9], the singular homology H{(X) coincides with the singular
homology of the Hawaiian earring, which is described in [10]. We refer the
reader to [33] for more information about shape theory, which is the natural
framework to study our space since it is constructed as an inverse limit.

Now we turn to VV. Recall the construction in [22]. For every n € N, choose
integers a,, b, > 1 with a,+1 = 2a, + 1, by+1 = ap41 - by. Then W =
lim {An; @n}, where A, = {(f,a) € C([0, 1], E») ® Fy: f} (1) = pi(a) for
t=0,1,E, = M, +1)-,> Fn = Mp,, with

n?

X

Bo: Mp, = M,+1).b,, X =

and B1: Mp, = M, +1).p,, X >

X

where we put a,, copies of x on the diagonal for By, and a,, + 1 copies of x on
the diagonal for ;. To describe ¢, for fixed n, let d := 2a, 4. Then

On(f) =upiy - (f oAy yeymn) - Untl,

if 1 <y <apy1,

B — N~

where Y(n) = {1,...,d} and A, (1) = if y=ap+1 +1,
1+1

= ifapp+1<y=<d.

Here we think of A, as a subalgebra of C([0, 1], E,) via the embedding
An — C([Oa 1]’ E}’l)s (f’ Cl) = f
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To construct groupoid models, start with a set X'(1) with (a; + 1) - by
elements, and define recursively X (n+1) := X' (n) x Y (n). Let R(n) be the full
equivalence relation on X (n). Let R(n, a) and R(n, b) be the full equivalence
relations on finite sets X'(n, a) and X (n, b) with a,, + 1 and b,, elements, and
let X'(n,a) € X(n,a) be a subset with a, elements (corresponding to the
multiplicity of Bp). For t = 0, 1, let p,+1, be the bijections corresponding
to conjugation by u,41(f), which induce o, ; : R(n,a) x R(n,b) = R(n)
corresponding to conjugation by v, (¢) introduced in Remark 4.1. Set

én ={(t,y) €[0,1] x R(n): y} € anyo(X/(n, a) X R(n, b)) ift =0,
y €op1(X(m,a) x R(n, b)) if t =1,
G, = Gn/~ where ~ is given by (t, 0, (x, ) ~ (t', 0,00 (x', ¥)).

Now define p, : I-Vln — én as the restriction of P, : ’ZZL =10, 1] x]%(n) X
Y(n) — [0,1] x R(n), (t,y,y) = (Ay(1),y) to H, = ”P,,_I(Gn). Set
H, = I-VI,, /~ where ~ is the equivalence relation defining G,,+1 = én—!—l [~
The map p, descends to p, : H, — G,. The groupoid G with W = C(G)
is now given by (23) and (24). As explained in Remark 7.1, its unit space
X := G is given by X = 1<£n {X,; pn}, where X,, = Gflo). As in the case of
Z, X surjects continuously onto 1<ln {T; pn} with Cantor space fibres, where
T = [0, 1]/0~1 and p,([s]) = {[Ay(s)]: y € Y(n)}. However, it is easy to
see that (at least for some choices of p, ; and o, (), X will not be connected,
though its connected components all have to be non-compact.

Now let us treat Zy. For each m € N, choose integers a,, by, h, > 1
with a,+1 = (Qa, + 2)h, + 1) - ay,, by+1 = (2a, + 2)h, + 1) - by,. Let
Ap = {(f,a) e C([0, 1], E,) @ Fy: f(t) = Bi(a) fort =0, 1}, with E, =
M@a,+2)-b,> Fn = Mp, © Mp,,

X

ﬁOFn%En’(X’y)*_) y )

X
and B1: F, = E,, (x,y) — y ,
Ty
where we put a,, copies of x and y on the diagonal for 8y, and a, + 1 copies of

x and y on the diagonal for 8. To describe the connecting maps ¢, : A, —
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Apqt,fixnandletd := 2ay41+2)h,+Qanhy,+1). Then Qay41+2)-byg1 =
d-(2a,+2)-b,.Itis now easy to see that for suitable choices of unitaries u, 1,
whose values at 0 and 1 are permutation matrices, we obtain a homomorphism
¢n : Ap — A,y by setting

on(f) :==up g - (f 0 Ay)yey@) - tnt1, for Y(m) ={1,...,d}, Ay(t)
if 1 <y <2aghi +2h; + 1,

if 2aph; +2h +1 <y < Qagy1 +2)hy,

if Qagy1+2)hp <y <d.

= N~
l\)|+
L

As above, we think of A, as a subalgebra of C([0, 1], E,) via A, —
C([0, 1], E,), (f,a) — f.Now arguments similar to those in [22,23] show
thatli_r)n {A,; @, }hasthe same Elliott invariant as Z, so that Zy = h_r)n {An; on}
by [37, Corollary 6.2.4] (see also [19, Theorem 12.2]).

To construct groupoid models, start with a set X' (1) with (2a; + 2) - by
elements, and define recursively X' (n + 1) := X'(n) x Y(n). Let R(n) be the
full equivalence relation on X'(n). Let R(n, a, 1), R(n, a, 2), R(n, b, 1) and
R(n, b, 2) be full equivalence relations on finite sets X (n, a, 1), X (n, a, 2),
X(n, b, 1)and X (n, b, 2) witha, +1, a, +1, b, and b, elements, respectively.
Let Xy(n,a,1) € X(n,a, 1) and Xy(n,a,2) € X(n,a,?2) be subsets with
ay elements (corresponding to the multiplicities of Bp), and set X (n, a, o) :=
X(n,a,e).Fort =0, 1,let p,+1, be the bijections corresponding to conjuga-
tion by u,1(¢), which induce o, ; : R(n,a,1) x R(n,b,1) HR(n,a,?2) x
R(n,b,2) = R(n) corresponding to conjugation by v,(#) introduced in
Remark 4.1. Set

Gu:={(t.y) €0, 1] x R(): y} € 04, (X (n.a. 1)
XR(n, b, 1) U X;(n,a,2)R(n, b,2))if t € {0, 1},
G, = Gp/~ where ~ is given by (¢, 0,1 (x, ¥)) ~ (t', 0p.0(x", ).

Now define p,, : I-vln — én as the restriction of P, : ’Zz, =10, 1] va(n) X
Y(n) — [0,1] x R(n), (t,y,y) = (Ay(1),y) to H, := Pn_l(Gn). Set
H, = H, /~ where ~ is the equivalence relation defining G,,+1 = én+1 [~
The map p, descends to p, : H, — G,. The groupoid G with Zy = C(G)
is now given by (23) and (24). As explained in Remark 7.1, its unit space
X = GO is given by X = 1<ir_n{Xn; Pn}, Where X, = Gf,o). As for W,
X surjects continuously onto l(in {']I‘; pn} with Cantor space fibres, where
T = [0, 11/o~1 and p,([s]) = {[A,(s)]: y € Y(n)}. However, it is easy to
see that (at least for some choices of p, ; and o, /), X will not be connected,
though its connected components all have to be non-compact.
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