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EVERY ODD NUMBER GREATER THAN 1 IS THE SUM
OF AT MOST FIVE PRIMES

TERENCE TAO

ABSTRACT. We prove that every odd number N greater than 1 can be ex-
pressed as the sum of at most five primes, improving the result of Ramaré
that every even natural number can be expressed as the sum of at most six
primes. We follow the circle method of Hardy-Littlewood and Vinogradov,
together with Vaughan’s identity; our additional techniques, which may be of
interest for other Goldbach-type problems, include the use of smoothed ex-
ponential sums and optimisation of the Vaughan identity parameters to save
or reduce some logarithmic losses, the use of multiple scales following some
ideas of Bourgain, and the use of Montgomery’s uncertainty principle and the
large sieve to improve the L2 estimates on major arcs. Our argument relies
on some previous numerical work, namely the verification of Richstein of the
even Goldbach conjecture up to 4 x 104, and the verification of van de Lune
and (independently) of Wedeniwski of the Riemann hypothesis up to height
3.29 x 109.

1. INTRODUCTION

Two of most well-known conjectures in additive number theory are the even and
odd Goldbach conjectures, which we formulate as followdl

Conjecture 1.1 (Even Goldbach conjecture). Every even natural number x can
be expressed as the sum of at most two primes.

Conjecture 1.2 (Odd Goldbach conjecture). Every odd number x larger than 1
can be expressed as the sum of at most three primes.

It was famously established by Vinogradov [47], using the Hardy-Littlewood
circle method, that the odd Goldbach conjecture holds for all sufficiently large odd
x. Vinogradov’s argument can be made effective, and various explicit thresholds
for “sufficiently large” have been given in the literature; in particular, Chen and
Wang [5] established the odd Goldbach conjecture for all > exp(exp(11.503)) ~
exp(99012), and Liu & Wang [24] subsequently extended this result to the range x >
exp(3100). At the other extreme, by combining Richstein’s numerical verification
[41] of the even Goldbach conjecture for z < 4 x 10 with effective short intervals
containing primes (based on a numerical verification of the Riemann hypothesis
by van de Lune and Wedeniwski [50]), Ramaré and Saouter [40] verified the odd
Goldbach conjecture for n < 1.13 x 102 ~ exp(28). By using subsequent numerical
verifications of both the even Goldbach conjecture and the Riemann hypothesis,
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it is possible to increase this lower threshold somewhat, but there is still a very
significant gap between the lower and upper thresholds for which the odd Goldbach
conjecture is known

To explain the reason for this, let us first quickly recall how Vinogradov-type
theorems are proven. To represent a number x as the sum of three primes, it suffices
to obtain a sufficiently non-trivial lower bound for the sum

Z A(n1)A(na)A(ns),
ni,ne,n3:n1+n2+n3=x

where A is the von Mangoldt function (see Section [ for definitions). By Fourier
analysis, we may rewrite this expression as the integral

(1.1) S(x,a)e(—za) da,
R/Z

where e(x) := *™® and S(z, ) is the exponential sum

Q) = Z A(n)e(na

ne

The objective is then to obtain sufficiently precise estimates on S(z,«) for large
z. Using the Dirichlet approximation theorem, one can approximate o = % + 6
for some natural number 1 < ¢ < @, some integer a with (a,q) = 1, and some
with |8] < ﬁ, where @ is a threshold (somewhat close to N) to be chosen later.
Roughly speaking, one then divides into the major arc case when ¢ is small, and
the minor arc case when ¢ is large (in practice, one may also subdivide these cases
into further cases, depending on the precise sizes of ¢ and ). In the major arc
case, the sum S(z, @) can be approximated by sums such as

S(z,a/q) = ZA e(an/q),

n<x

which can be controlled by a suitable version of the prime number theorem in
arithmetic progressions, such as the Siegel-Walfisz theorem. In the minor arc case,
one can instead follow the methods of Vinogradov, and use truncated divisor sum
identities (such as (variants of) Vaughan’s identity; see Lemma E.I1| below) to
rewrite S(z, «) into various “type I” sums such as

Z w(d) Z log ne(adn)
d<U n<z/d
and “type II” sums such as
(1.2) Z Z u(d Z A(D))e(adw)
d>U w>V blw:b>V

which one then estimates by standard linear and bilinear exponential sum tools,
such as the Cauchy-Schwarz inequality.
A typical estimate in the minor arc case takes the form

+ 174/5> log® ;

(1.3) |S(z, )| < <% + e

2We remark however that the odd Goldbach conjecture is known to be true, assuming the
generalised Riemann hypothesis; see [9].
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see e.g. [19, Theorem 13.6]. An effective version of this estimate (with slightly
different logarithmic powers) was given by Chen & Wang [6]; see (II3) below.

Note that one cannot hope to obtain a bound for S(z,a) that is better than z(—‘(/g

without making progress on the Siegel zero problem (in order to decorrelate A from
the quadratic character with conductor ¢); see [35] for further discussion. In a
similar spirit, one should not expect to obtain a bound better than —%— unless

z/q
one exploits a non-trivial error term in the prime number theorem for arithmetic
progressions (or equivalently, if one shows that L-functions do not have a zero on
the line s = 1), as one needs to decorrelatdd A from Archimedean characters nf!
with ¢ comparable to x/q (or from combined characters x(n)nt).

If one combines (L3) with the L? bound

(1.4) / |S(x,a)* da < zlog
R/Z

arising from the Plancherel identity and the prime number theorem, one can obtain
satisfactory estimates for all minor arcs with ¢ > log®z (assuming that @ was
chosen to be significantly less than x/ log® ). To finish the proof of Vinogradov’s
theorem, one thus needs to obtain good prime number theorems in arithmetic
progressions whose modulus ¢ can be as large as log® z. While explicitly effective
versions of such theorems exist (see e.g. [27], [23], [39], [11], [20]), their error
term decays very slowly (and is sensitive to the possibility of a Siegel zero for one
exceptional modulus ¢); in particular, errors of the form O(xexp(—cy/logx)) for
some explicit but moderately small constant ¢ > 0 are typical. Such errors can
eventually overcome logarithmic losses such as logx, but only for extremely large
x, e.g. for x much larger than 10'°°, which can be viewed as the principal reason
why the thresholds for Vinogradov-type theorems are so large.

It is thus of interest to reduce the logarithmic losses in (3], particularly for
moderately sized x such as z ~ 103%, as this would reduce the range@ of mod-
uli ¢ that would have to be checked in the major arc case, allowing for stronger
prime number theorems in arithmetic progressions to come into play. In particu-
lar, the numerical work of Platt [33] has established zero-free regions for Dirichlet
L-functions of conductor up to 10° (building upon earlier work of Rumely [39] who
obtained similar results up to conductor 10?), and it is likely that such results would
be useful in future work on Goldbach-type problems.

Several improvements or variants to (L3 are already known in the literature.
For instance, prior to the introduction of Vaughan’s identity in [46], Vinogradov

3Indeed, suppose for sake of heuristic argument that the Riemann zeta function had a zero very
close to 1+1it. Then the von Mangoldt explicit formula Engm A(n) would contain a term close to

— anz n~ %, which suggests upon summation by parts that S(x, a) would contain a term close

to =3, <u n~"e(ax), which can be of size comparable to x//x/q when « is close to (say) 1/q
and ¢ is comparable to x/q. A similar argument involving Dirichlet L-functions also applies when
a is close to other multiples of 1/q. This suggests that one would need to use zero-free regions for
zeta functions and L-functions in order to improve upon the —£—= bound.

vz/a

41t seems however that one cannot eliminate the major arcs entirely. In particular, one needs
to prevent the majority of the primes from concentrating in the quadratic non-residues modulo
q for ¢ = 3, g = 4, or ¢ = 5, as this would cause the residue class 0 mod ¢ to have almost no
representations as the sum of three primes.
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[48] had already established a bound of the shape

+ exp(—3+/log x) log'/? &
it Vi :

by sieving out small primes. This was improved by Chen [4] and Daboussi [7] to
obtain

|S(z,0)| < (

Sz, « exp(—3+/logx log®* z:(log log z)'/?
|()|<<<f \/—+p2\/g)>g (loglog x)
and by the constants made explicit (with some slight degradation in the logarithmic
exponents) by Daboussi and Rivat [§]. Unfortunately, due to the slow decay of the
exp(—3+/1og z) term, this estimate only becomes non-trivial for z > 1084 (see [8|
§8]) and is thus not of direct use for smaller values of z.

In [2], Buttkewitz obtained the bound

(1.5) |S(z, )] €a %1 ogttx + — pyp 1oglog10gm+1oggx

for any A > 1 (assuming J extremely small), using Lavrik’s estimate [22] on the av-
erage error term in twin prime-type problems, but the constants here are ineffective
(as Lavrik’s estimate uses the Siegel-Walfisz theorem). Finally, in the “weakly mi-
nor arc” regime logq < =5 logl/ 3 2, Ramaré [37] used the Bombieri sieve to obtain
an effective bound of the form

N

(1.6) |S(z, 0)| < )
which, as mentioned previously, is an essentially sharp effective bound in the ab-
sence of any progress on the Siegel zero problem. Unfortunately, the constants in
[37] are not computed explicitly, and seem to be far too large to be useful for values
of  such as 1030,

In this paper we will not work directly with the sums S(x, @), but instead with
the smoothed out sums

7qo ZA (an ﬂ(n q0)= 1m(n/x)

for some (piecewise) smooth functions  : R — C and a modulus gp. The modulus
qo is only of minor technical importance and should be ignored at a first reading (see
Lemma [T for a precise version of this statement). For sake of explicit constants
we will often work with a specific choice of cutoff 7, namely the cutoff

(L.7) no(t) == 4(log 2 — |log 2¢[),

which is a Lipschitz continuous cutoff of unit mass supported on the interval [1/4, 1].
The use of smooth cutoffs to improve the behaviour of exponential sums is of course
well established in the literature (indeed, the original work of Hardy and Littlewood
[16] on Goldbach-type problems already used smoothed sums). The reason for this
specific cutoff is that one has the identity

> dw
(18) midf) =4 [ L g1 (@10 () T

for any d,w,z > 0, which will be convenient for factorising the Type II sums into
a tractable form. In some cases we will take gy to equal 2, in order to restrict all
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sums to be over odd numbers, rather than all natural numbers; this has the effect of
saving a factor of two in the explicit constants. Because of this, though, it becomes
natural to approximate 4« by a rational number a/q, rather than « itself.

Our main exponential sum result can be stated as follows.

Theorem 1.3 (Exponential sum estimate). Let z > 10%° be a real number, and let
4a =2 —|— B for some natural number 100 < ¢ < x/100 with (a,q) = 1 and some

€ [- 1/q 1/¢?]. Let qo be a natural number, such that all prime factors of qo do
not exceed \/5 Then

Va \/%

If ¢ < 23, one has the refinement

(1.9)  |Sho.q0 (@, )| < <0 14— 4 0.64 + 0.15374/5) log z(log z 4 11.3).

(1.10)  |Syy.q0 ()| < O.5g(log 22)(log 2z + 15) + 0.31% log q(log ¢ + 8.9),

2/3

and similarly when q > x*/°, one has the refinement

(1.11) |Sy.q0 (2 )| < 3.12%/(](10g2x)(10gq +8)+1.19

If ¢ > 22/® and a = +1, one has the further refinement

log — (log +2.3).

e

(1.12) [Sno.q0 (T, )] < 9. 73( / E log?  + 1. 2\/% log q(log +2.4).

The first estimate (A)) is basically a smoothed out version of the standard
estimate ([3]), with the Lipschitz nature of the cutoff 79 being responsible for the
saving of one logarithmic factor, and will be proven by basically the same method
(i.e. Vaughan’s identity, followed by linear and bilinear sum estimates of Vinogradov
type). It can be compared for instance with the explicit estimate

x
V/q
of Chen & Wang [6], rewritten in our notation. In practice, for z of size 1
so, the estimate (I3 improves upon the Chen-Wang estimate by about one to two
orders of magnitude, though this is admittedly for a smoothed version of the sum
considered in [6].

The estimate (I9) is non-trivial in the regime log*z < ¢ < z/log*z. The
key point, though, is that one can obtain further improvement over (L9) in the
most important regimes when ¢ is close to 1 or to z by reducing the argument
of the logarithm (or by squaring the denominator). Indeed, (9) when combined
with (I0), (TII) is now non-trivial in the larger range log?z < ¢ < z/log? z,
and with (LI2) one can extend the upper threshold of this range from z/log® z to
x/logz, at least when a = +1.

The bounds in Theorem are basically achieved by optimising in the cutoff
parameters U,V in Vaughan’s identity, and (in the case of (ILI2])) a second inte-
gration by parts, exploiting the fact that the derivative of ny has bounded total
variation. Asymptotically, the bounds here are inferior to those in (ICH), (I8]), but
unlike those estimates, the constants here are reasonable enough that the bounds
are useful for medium-sized values of z, for instance for « between 103° and 10300,

(1.13)  [Si (2, 40)] < 0.177% log® z + 0.08 log®® 2 + 3.824/5 1og?2 2

039 or
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There is scope for further improvementﬁ in the exponential sum bounds in these
ranges by eliminating or reducing more of the logarithmic losses (and we did not
fully attempt to optimise all the explicit constants), but the bounds indicated above
will be sufficient for our applications.

We will actually prove a slightly sharper (but more technical) version of Theorem
[[3l with two additional parameters U and V' that one is free to optimise over; see
Theorem .1 below.

As an application of these exponential sum bounds, we establish the following
result:

Theorem 1.4. FEvery odd number x larger than 1 can be expressed as the sum of
at most five primes.

This improves slightly upon a previous result of Ramaré [35], who showed (by
a quite different method) that every even natural number can be expressed as the
sum of at most six primes. In particular, as a corollary of this result we may lower
the upper bound on Shnirelman’s constant (the least number k such that all natural
numbers greater than 1 can be expressed as the sum of at most k primes) from seven
to six (note that the even Goldbach conjecture would imply that this constant is
in fact three and is in fact almost equivalent to this claim). We remark that
Theorem [[L4] was also established under the assumption of the Riemann hypothesis
by Kaniecki [21] (indeed, by combining his argument with the numerical work in
[41], one can obtain the stronger claim that any even natural number is the sum of
at most four primes).

Our proof of Theorem [[.4] also establishes that every integer x larger than 8.7 x
1035 can be expressed as the sum of three primes and a natural number between 2
and 4 x 10'*; see Theorem B2 below.

To prove Theorem [[L4] we will also need to rely on two numerically verified
results in addition to Theorem [L.3t

Theorem 1.5 (Numerical verification of the Riemann hypothesis). Let Ty := 3.29x
10%. Then all the zeroes of the Riemann zeta function ¢ in the strip {s: 0 < R(s) <
1;0 < S(s) < To} lie on the line R(s) = 1/2. Furthermore, there are at most 10'°
zeroes in this strip.

Proof. This was achieved independently by van de Lune (unpublished), by Wedeni-
wski [B0], by Gourdon [14], and by Platt [34]. Indeed, the results of Wedeniwski
allow one to take Ty as large as 5.72 x 1019, and the results of Gourdon allow one
to take Ty as large as 2.44 x 10'2; using interval arithmetic, Platt also obtained this
result with T} as large as 3.06 x 100, (Of course, in these latter results there will
be more than 10'° zeroes.) However, we will use the more conservative value of
Ty = 3.29 x 10° in this paper, as it suffices for our purposes and has been verified
by four independent numerical computations. O

5Indeed, since the release of an initial preprint of this paper, such improvements to the above
bounds have been achieved in [18]. The author expects however that in the case of most critical
interest, namely when g is very close to 1 or to x, the Vaughan identity-based methods in the above
theorem are not the most efficient way to proceed. Thus, one can imagine in future applications
that Theorem [[3] (or variants thereof) could be used to eliminate from consideration all values of ¢
except those close to 1 and z, and then other methods (e.g. those based on the zeroes of Dirichlet
L-functions, or more efficient identities than the Vaughan identity) could be used to handle those
cases.
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Theorem 1.6 (Numerical verification of the even Goldbach conjecture). Let
Ny := 4 x 10'%. Then every even number between 4 and Ny is the sum of two
primes.

Proof. This is the main result of Richstein [41]. A subsequent (unpublished) verifi-
cation of this conjecture by the distributed computing project of Oliveira e Silva [32]
allows one to take Ny as large as 2.6 x 10'® (with the value Ny = 107 being double-
checked), but again we shall use the more conservative value of Ny = 4 x 101* in
this paper, as it suffices for our purposes and has been verified by three independent
numerical computations. O

The proof of Theorem [[4] is given in Section [§ and proceeds according to the
circle method with smoothed sums as discussed earlier, but with some additional
technical refinements which we now discuss. The first refinement is to take advan-
tage of Theorem to reduce the five-prime problem to the problem of representing
a number z as the sum of three primes n1,ns,n3 and a number between 2 and Nj.
As far as the circle method is concerned, this effectively restricts the frequency
variable o to the arc {a : [[a|lg/z < 1/No}. At the other end of the spectrum, by
using Theorem and the von Mangoldt explicit formula one can control quite
precisely the contribution of the major arc {a : [|a|r/z < To/x}; see Proposition
Thus leaves only the “minor arc”

T 1
1.14 — —
( ) . < ez < N

that remains to be controlled.

By using Theorem and Theorem (or more precisely, an effective prime
number theorem in short intervals derived from Theorem due to Ramaré and
Saouter [40]), we will be able to assume that z is moderately large (and specifically,
that z > 8.7 x 10%). By using existing Vinogradov-type theorems, we may also
place a large upper bound on z; we will use the strongest bound in the literature,
namely the bound z < exp(3100) offf Liu & Wang [24]. In particular, logz is
relatively small compared to the quantities Ny and Tj, allowing one to absorb a
limited number of powers of log x in the estimates.

It remains to obtain good L? and L™ estimates on the minor arc region ([I4).
We will of course use Theorem [[3] for the L>° estimates. A direct application of
the Plancherel identity would cost a factor of log  in the L? estimates, which turns
out to be unacceptable. One can use the uncertainty principle of Montgomery [28]
to cut this loss down to approximately 21(130gg1\’;0 (see Corollary 7)), but it turns out
to be even more efficient to use a large sieve estimate of Siebert [45] on the number
of prime pairs (p,p + h) less than = for various h to obtain an L? estimate which
only loses a factor of 8 (see Proposition [£.10).

In order to nearly eliminate some additional “Archimedean” losses arising from
convolving together various cutoff functions 7 on the real line R, we will use a trick
of Bourgain [3], and restrict one of the three summands nj,ns, n3 to a significantly

6The numerology in our argument is such that one could also use the weaker bound = <
exp(exp(11.503)) furnished by Chen & Wang [5], provided one assumed the even Goldbach con-
jecture to be verified up to Ny = 1017, a fact which has been double-checked in [32]. Alternatively,
if one uses the very recent minor arc bounds in [I8] that appeared after the publication of this
paper, then no Vinogradov-type theorem is needed at all to prove our result, as the bounds in [I§]
do not contain any factors of log x that need to be bounded.
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smaller order of magnitude (of magnitude z/K instead of = for some K, which we
will set to be 103, in order to be safely bounded away from both 1 and Tp). By
estimating the exponential sums associated to n1,n9 in L? and the sum associated
to ng in L°°, one can avoid almost all Archimedean losses.

As it turns out, the combination of all of these tricks, when combined with the
exponential sum estimate and the numerical values of Ny and Ty, are sufficient to
establish Theorem [[L4l However, there is one final trick which could be used to
reduce certain error terms further, namely to let K vary over a range (e.g. from
10% to 10°) instead of being fixed, and average over this parameter. This turns
out to lead to an additional saving (of approximately an order of magnitude) in the
weakly minor arc case when « is slightly larger than Ty /2. While we do not actually
utilise this trick here as it is not needed, it may be useful in other contexts, and in
particular in improving the known upper threshold for Vinogradov’s theorem.

2. NOTATION

All summations in this paper will be over the natural numbers N = {1,2,3,...}
unless otherwise indicated, with the exceptions of sums over the index p, which are
always understood to be over primes.

We use (a,b) to denote the greatest common divisor of two natural numbers,
and [a, b] for the least common multiple. We write alb to denote the assertion that
a divides b.

Given a statement F, we use 1 to denote its indicator; thus 1 g equals 1 when
E is true and 0 otherwise. Thus, for instance 1 1 is equal to 1 when n is
coprime to ¢, and equal to 0 otherwise.

We will use the following standard arithmetic functions. If n is a natural number,
then

n,q)=

e A(n) is the von Mangoldt function of n, defined to equal logp when n is a
power of a prime p and zero otherwise.

e u(n) is the Mébius function of n, defined to equal (—1)¥ when n is the
product of k£ distinct primes and zero otherwise.

e ¢(n) is the Euler totient function of n, defined to equal the number of
residue classes of n that are coprime to n.

e w(n) is the number of distinct prime factors of n.

Given two arithmetic functions f, g : N — C, we define the Dirichlet convolution
f*g:N — C by the formula

frgn) =" f(d)g(5):
d|n

thus for instance p* 1(n) = 1,,—¢, A * 1(n) = log(n), and p * log(n) = A(n).
Given a positive real @), we also define the primorial Qf of @ to be the product
of all the primes up to Q:
Qt:= ] »

p<@Q

Thus, for instance 1, g4—1 equals 1 precisely when n has no prime factors less
than or equal to Q.
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We use the usual LP norms

1/p
I fllze ) == (/]R |f(z)[P d;c)

for 1 < p < oo, with [ f[| L (r) denoting the essential supremum of f. Similarly for
domains other than R which have an obvious Lebesgue measure; we define the (P
norms for discrete domains (such as the integers Z) in the usual manner.

We use R/Z to denote the unit circle. By abuse of notation, any 1-periodic
function on R is also interpreted as a function on R/Z; thus for instance we can
define |sin(ma)| for any o € R/Z. We let ||a||r/z be the distance to the nearest
integer for @ € R, and this also descends to R/Z. We record the elementary
inequalities

(2.1) 2oz < |sin(ra)] < llollzz < | tan(ra)],

valid for any o € R/Z. In a similar vein, if a € Z/qZ, we consider 7 as an element
of R/Z.
When considering a quotient % with a non-negative denominator Y, we adopt

the convention that % = 400 when Y is zero. Thus for instance —+——

is equal to
Tallzz 15 ¢4

400 when « is an integer.

We will occasionally use the usual asymptotic notation X = O(Y) or X < Y to
denote the estimate | X| < CY for some unspecified constant C. However, as we
will need explicit bounds, we will more frequently (following Ramaré [35]) use the
exact asymptotic notation X = O*(Y) to denote the estimate |X| < Y. Thus, for
instance, X =Y 4+ O*(Z) is synonymous with | X — Y| < Z.

If F: R — C is a smooth function, we use F’, F”' to denote the first and second
derivatives of F', and F®) to denote the k-fold derivative for any k > 0.

If x is a real number, we denote e(z) := ¢*™*®, we denote x := max(z,0), and
we denote |z] to be the greatest integer less than or equal to x. We interpret the
x +— x4 operation to have precedence over exponentiation; thus for instance xi
denotes the quantity max(z, 0)? rather than max(z?2,0).

If E is a finite set, we use |F| to denote its cardinality. If I is an interval, we use
|7] to denote its length. We will also occasionally use translations I +x := {y+z :
y € I} and dilations AI := {\y : y € I} of such an interval.

The natural logarithm function log takes precedence over addition and subtrac-
tion, but not multiplication or division; thus for instance

log 2z + 15 = (log(2x)) + 15.

3. EXPONENTIAL SUM ESTIMATES

We now record some estimates on linear exponential sums such as
E F(n)e(an)
nez

for various smooth functions F' : R — C, as well as bilinear exponential sums such

as
Z Z anbme(anm)

neZ mel
for various sequences (an)nez and (b, )mez. These bounds are standard (at least
if one is only interested in bounds up to multiplicative constants), but we will
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need to make all constants explicit. Also, in order to save a factor of two or so in
the explicit bounds, we will frequently restrict the summation to odd integers by
inserting weights such as 1, 2)—1, and will therefore need to develop variants of
the standard bounds for this purpose.

We begin with some standard bounds on linear exponential sums with smooth
cutoffs.

Lemma 3.1. Let « € R/Z, and let F : R — C be a smooth, compactly supported
function. Then we have the bounds

(3.1) S Fn) = [ Pl) dy+0" BIF uoge)

neL
(3.2) > Fne(on)| < Y [FM)] < |Fllz@ + 3 o
nez ”
and
3.3 P o w
Y ngz (mje(om |QSin(7ra)‘k:H 21 (m)

for all natural numbers k > 1

Proof. These bounds appear in [13] and in [29, Lemma 1.1], but we reproduce the
proof here for the reader’s convenience. From the fundamental theorem of calculus

one has 1o
F(n)=F(y) + O* (/ |F'(t)] dt)

for all y € [n,n + 1/2] and

F(n) = F(y) + O° ( / nm ()] dt)

for all y € [n — 1/2,n]. Averaging over y, we conclude that
n+1/2 n+1/2
F(n) = / F(y) dy + 30* / |E'(t)] dt | .
n—1/2 n—1/2
Summing over n, we obtain ([B.I]). Taking ¢! norms instead, one obtains

Z |F(n)| < |1 Fllewy + 511F 22wy,
nez

giving (3.2)).
Now we obtain the k = 1 case of (B3)). We may assume « # 0. By summation
by parts, one has

Z(F(n—l—l) — F(n))e(an) = (1 —¢( ZF

nez nez

and thus

(3.4) > F(n)e(an)| = 2‘Sm \Z (n+1) — F(n))e(an)|.
nez
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Since |F(n+ 1) — F(n)| < fol |F'(n +t)| dt, we obtain the k = 1 case of (B3). To
obtain the higher cases, we observe from ([B.4), the fundamental theorem of calculus
F(n+1)—F(n)= fol F'(n+t) dt and Minkowski’s inequality that

1 (

nez nez

for some 0 < ¢t < 1. One can now deduce (B3] for general k from the k = 1 case by
induction. |

We can save a factor of two by restricting to odd numbers:

Corollary 3.2. With the same hypotheses as Lemma [B1l, we have

1> F(n)e(an) 1o ny=1] < IF i@ + 31F [ w)

nez
and
1
E F(n )1 . — Al
|nEZ eloem)l@m=l < 2|sin(27ra)|kH Iz

forallk >1

Proof. We can rewrite
> F(n) Lam=1 =€(a) ¥ F(2n+ 1)e(2an).
neE”Z nez

Applying the previous lemma with « replaced by 2a, and F(z) replaced by F'(2z +
1), we obtain the claim. O

We also record a continuous variant:

Lemma 3.3. Let F : R — C be a smooth, compactly supported function. Then one

has
IF® | 1wy
F(y)e(ay dy‘ < ——=
JFeten @rlal)F

for any k >0 and o € R.

Proof. The claim is trivial for ¥ = 0. For higher k, we may assume a # 0. By
integration by parts, we have

1 /
[ F@eton) dy = —5— [ Fly)etan) .

and the claim then follows by induction. ]

In order to sum the bounds arising from Corollary (particularly when k = 1),
the following lemma is useful.

Lemma 3.4 (Vinogradov-type lemma). Let @ = % + B for some B = O*(1/¢?).
Then for any x <y, A,B >0, and 6 € R/Z, we have

. B Yy—x 2
_ < e — .
2 mm<A’|sin<mn+e>|>\Q 7 J“) 24+ 7 Balog4g)

r<n<y

License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use



1008 TERENCE TAO

Proof. We may normalise B = 1. By a subdivision of the interval [z,y] it suffices
to show that
Z min (A, ;) <24+ quogllq
| sin(ran + 0)] ™
r<n<zr+q

for all . The claim then follows from [§, Lemma 1]. (Strictly speaking, the phase
shift 6 is not present in the statement of that lemma, but the proof of the lemma is
unchanged with that phase shift. Alternatively, one can perturb « to be irrational,
and then by Kronecker’s theorem one can obtain a dense set of phase shifts by
shifting the interval [z,y] by an integer, and the claim for general 6 then follows by
a limiting argument.) |

Once again, we can save a factor of two by restricting to odd n:

Corollary 3.5 (Restricting to odd integers). Let 2a = g + B for some B =
O*(1/q¢?). Then for any x <y, A,B >0, and 6 € R/7Z, we have

. B y—x 2
—_— 1 < — .
E min <A, sin(wan—i—@)) Lin2)=1 < <{ 5 J + 1> (24 + 7TBqlogélq)

<Ny

Proof. Writing n = 2m + 1, the expression on the left-hand side is

. B
E min | A, — .
( |sin(2mram + wa + 6)] )

(e—1)/2<m<(y—1)/2
The claim then follows from Corollary O

Now we turn to bilinear estimates. A key tool here is

Lemma 3.6 (Large sieve inequality). Let &1,...,égr € R/Z be such that ||&; —
$illryz = 6 for all 1 < i < j < R and some § > 0. Let I = [Ny, No] be an interval
of length |I| = N3 — N1 > 1. Then we have

R
DI D anel@n) < (146 Hlanlfe

i=1 nelnZ
for all complex-valued sequences (ap)nez.-
Proof. See [30, Theorem 3] (noting that the number of integer points in I is at most
1|+ 1). O
Specialising to &; that are consecutive multiples of o and applying the Cauchy-

Schwarz inequality, we conclude

Corollary 3.7 (Special case of large sieve inequality). Let I, JJ C R be intervals of
length at least 1, and let o« € R/Z. Then one has

| Z Z anbme(nma)|

nelNZ meJNZ
1

infy << lljellr/z

1/2
< (|I| n ) Nannezlle@ | Bm)nezlle

for all complez-valued sequences (an)nez, (bm)mez-

Again, we can obtain a saving of a factor of 2 in the main term by restricting
n, m to odd numbers:
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Corollary 3.8 (Restricting to odd numbers). Let I,J C R be intervals of length
at least 2, and let o« € R/Z. Then one has

| Z Z anﬂ(n,Q):lbmﬂ(m,Q):le(nma)‘
nelNZmeJNZ
1/2

1
< | S|+ - .
2 1Df1<j<%|J| H4.7a|‘R/Z

||(an)nez\|e2(2)||(bm)nez\|e2(2)
for all complex-valued sequences (an)nez, (bm)mez-
Proof. We can rewrite the left-hand side as

\ Z Z nbme(dnma)|

nE%I—lﬁZmE%J—lﬂZ

where a,, := ag,t1€(2na) and by, = bamt1e(2ma), and the claim then follows from
Corollary 3.1 O

The above corollary is useful whenever the 4ja for 1 < j < %|J | stay far away
from the origin. When J is large, this is not always the case, but one can of course
rectify this by a subdivision argument:

Corollary 3.9 (Subdivision). Let I,J C R be intervals of length at least 2, and let
a €R/Z. Let M > 1. Then one has

1 1/2
‘ Z Z an]l(n,2)=1bm]1(m,2)=1e(nma)| < (%|I| + >

nelNZ meJNZ infrgicm ||4.7UHR/Z
J 1/2
<(|5] +1)  Hanlleo mliaco

for all complex-valued sequences (an)nez, (bm)mez-

Proof. We subdivide J into intervals Jy, ..., Ji of length 2M , where k := Lﬁj +1.
The claim then follows by applying Corollary 3.8 to each subinterval, summing, and
using the Cauchy-Schwarz inequality. O

4. BASIC BOUNDS ON S, ,(z, )

In all the lemmas in this section, > 1 is a real number, o € R/Z is a frequency,
n : R — RT is a bounded non-negative measurable function supported in [0, 1],
and ¢ > 1 is a natural number. In some of the lemmas we will also make the
additional hypothesis that 7 is smooth, although in applications one can often
relax this regularity requirement by a standard limiting argument. In some cases
we will also need 7 to vanish near zero.

The purpose of this section is to collect some basic estimates for manipulating
the exponential sums

(4.1) Snq(x,a) = Z A(n)e(an) 1, g=1n(n/x)

that already appeared in the introduction.
We first make the easy observation that S, ;(z, o) barely depends on the param-
eter q.
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Lemma 4.1. We have
Sa(@,0) = Sy (@,0) + O (W(@) Il s og o).
In particular, if the largest prime factor of q is at most \/x, then
Sz, o) = Sy 1(z, a) + O (2.52v/x||n|| L (r))-

In practice, we expect S, 4(z, &) to be of size comparable to z, and so in practice
the error terms here will be utterly negligible in applications, and we will be able
to absorb them without any difficulty into a larger error term.

Proof. We have
|Sna(@,0) = Spa(@, @) < Inllpe@ D>, An).
n<z:(n,g)>1

Note that if A(n) is non-zero and (n, q) > 1, then n is a power of a prime p dividing

q; thus
DRETTED S Sut
n<w:(n,g)>1 pla Jjipisz
Since > jpica L S iogr, the first claim follows. For the second claim, observe that
xr ogp
\/—
< 1<2.52
%) Z logz’
p<VzT
where the last inequality follows from [43, Corollary 1]. O

Next, we make a simple summation by parts observation that allows one to
replace 1 by the sharply truncated cutoff 1 1) if desired.

Lemma 4.2. If n is smooth, then one has

|Sn.q (@, )| < I [| 1 () sUP Sy 4).9 (Y, @)

y<z
Proof. Since n(n/x) = fo "(y/z) <y dy for all n < x, we have
Spales0) = =1 [ o (w/2) S Ame(an) ey =1 dy
0
and thus L e
Suale.)l < 3 [ 1 @01 0l 0)] do
and the claim follows. O

We trivially have
(4.2) |Sn,q(@, )| < Sy q(z,0)
and we now consider the estimation of the quantity S, 4(,0).
Lemma 4.3. We have
(4.3) Sia(,0) < 7l Lo (®) St 0,0y,1 (25 0) < 1.04[|7][ oo () -
If ) is smooth and supported on [c,1] for some ¢ > 0 with cx > 108, then

. 1
(4.4 S11(0.0) = Il + 0" (gl o)
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We remark that sharper estimates can be obtained using the machinery from Sec-
tion[7 at least when 7 is fairly smooth, though we will not need such improvements
here.

Proof. The first inequality of ([3]) is trivial, and the final inequality of ([@3]) follows
from [43, Theorem 12] (indeed, one can replace the constant 1.04 with the slightly
smaller 1.03883).

For (£4), we argue as in Lemma and write

1 xT
Sua@0) = =1 [ 1/ (u/e) 3 Aw) dy.
cr n<y
From [44, Theorem 7] (and the hypothesis cz > 10%) one has
Y
S -vre ().
<y 40log cx

and hence

1 xT
Sp.a(x,0) = —5/ ' (y/x)y dy

T

* d
+0 <x4010gcx/ ' (y/2)ly y)

Using the crude bound

| il dy < I s ayo
the claim follows. O
As A and 7 are real, we have the self-adjointness symmetry
(4.5) Spg(@,—a) = 5y4(z, ).
Also, since e(n(a+ 1/2)) = —e(na) when n is odd, we have the anti-symmetry
(4.6) Snqlz,a+1/2) =—=5, .(z,a)

whenever ¢ is even. More generally, we have the following inequality of Montgomery
[28]:

Lemma 4.4 (Montgomery’s uncertainty principle). For any qo dividing q, we have

2.

a€Z/qoZ:(a,q0)=1

> B0 15 ()2

a
Snal®at o)) > b(q0)

q0

Proof. We may of course take gg to be square-free. Let a,, :=A(n)e(an) 1, 5=11(n/x),
S(ge) =22, ane(an/qo), and Z := 3, ay, then the inequality reads

a 1
> 1S()P > =2
a€Z/qoZ:(a,q0)=1 do leqo (p—1)

But this follows from [28] (particularly equation (10) and the final display in Section
3, and setting w(p) = 1 for all p|qp). Another proof of this inequality may be found
in [I9] Lemma 7.15]. O

Now we consider L? estimates on S, ,(z, a). We have a global estimate:
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Lemma 4.5 (Global L? estimate). We have
/ |Sha(, @) da < Sy (2, 0) log .
R/Z
Proof. From the Plancherel identity we have

/M 1Sy q(,0)? da = S n(n/2)2A(R)?1 gy gy

Bounding A(n)? < A(n)logz on the support of 7(n/x)?, we obtain the claim. [0

We can largely removd] the logarithmic factor in the above lemma by restricting
to major arcs:

Lemma 4.6 (Local L? estimate). Let Q R>1, and let ¥ C R/Z be the set

U U I @, 1
QO 2Q2R2’ 2Q2R2 ’
<@ (ao,q0)=
If Ri|q, then
P log x
(4.7 18t da< | [T -2 ) g ieatan0)

p<Q
Proof. From Lemma 4] one has

Mz(fh) 2 2
o /E\Sn,q(x,an do < /Z 2, ) da

ay GZ/(hZ (a1,q1)=1

for any ¢;. Summing over all ¢; < R coprime to @Qf and rearranging, we obtain the
bound

[ 1nala,a)P da <
P

Set

qugR:(ql,Qﬁ):l Zalezﬂhzz(al,ql):l fZJr% |S777Q(x7 Oé)|2 do

#2(q1)
2 <R:(a1.Q0)=1 3q1)

Observe that

and thus

5 B
ZmSRZ(QLQﬁ):l % G(R)
Also, from [26] or [31l Lemma 3] one has G(R) > log R + 1.07 for R > 6, so by
direct computation for 1 < R < 6 we have G(R) > log R for R > 1.
To conclude the proof, it thus suffices (in view of Lemma [£3]) to show that the
sets X+ % are disjoint up to measure zero sets as a1, ¢ vary in the indicated range.

7A version of this inequality was also obtained in an unpublished note of Heath-Brown, which
was communicated to me by Harald Helfgott.
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Suppose this is not the case; then X +3 “1 and X —|— L intersect in a positive measure
set for some distinct a1,q; and af, ¢} in the 1ndlcated range. Thus one has
a @ ag a’1 1
o @ 9 Q*R?

for some qg, g0 < Q with (ag,qo) = (af),qo) = 1. The left-hand side is a fraction
with denominator at most Q%R?, and therefore vanishes. Since g1¢} is coprime with

a1

qoq), we conclude that i q:l, contradiction. The claim follows. |
1

Remark. As pointed out by the anonymous referee, a slightly stronger version of

Lemma (saving a factor of €7 asymptotically) can also be established by mod-

ifying the proof of [38, Theorem 5]; the main idea is to decompose into Dirichlet
characters, as in [I].

There are several effective bounds on the expression Hp<Q p%l appearing in
<

Lemma [L6} see [43] Theorem 8|, [10], [12, Theorem 6.12]. However, in this paper
we will only need to work with the @ = 1 case, and so we will not use the above
lemma here. Specialising Lemma [£6] to the case Q = 1, we conclude

Corollary 4.7. If 0 <r < 1/2 and /1/2rf|q, one has

2
/l(y” _ |S777Q(:E’a)‘2 da < ms (.’L’ O)
R/ZRT

log z

We can complement this upper bound with a lower bound:
Proposition 4.8. Let n be smooth and 0 < r < 1/2. Then

/ 1Sy ()2 da > Sra®0) - = 1 40" [0 @) Sn.a(,00)3
lelln/z<r " ||17||2L2(R)I + [l || L1 ()

Ignoring the error terms, this gives a lower bound of S,2 ,(z,0), showing that
Corollary 4.1 is essentially sharp up to a factor of 2 when rz is not too large.

Proof. From the Parseval formula, one has

Sy2.q(2,0) = Sp.q(z, a)F(a) da,
R/Z

where F'(a) := )", n(n/z)e(—an). In particular,

‘/l e Shy.q(, @) F(a) do
A|R/ZKT

and thus by the Cauchy-Schwarz inequality

9 (Sy2.q(@,0) = Sy q(,0) fHOéHR/z>T |F(a)] da)}
1Sn.q(z; )|” da = >
lad<r Joyz 1F(@)]? do

By the Plancherel theorem, one has

/R PUACIRTED SIS

> Sy.4(2,0) — S g, 0) / |F(o)] day

lleellgyz>r
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and hence by (B.)
| F@P dac= ey + O" i 1sgsy):
R/Z
Similarly, from [B3)) (with k£ = 2) one has

F < /i /!
| (Oé)| 2x|sm(7ra)|2‘|nn +nm ||L1(R)
for any «, and thus
t
[P da < St
lellgyz > mx

Bounding
cot(nr) < !
mr) < —
wr
the claim follows. O

We can clean up the error terms as follows:

Corollary 4.9. Let n be smooth and supported on [c, 1] for some ¢ > 0, and suppose
that 5= <r < 1/2 and ¢ = /z4. We normalise ||n|| 2wy = 1. Assume furthermore

that

(4.8) cx > 108,

(4.9) @ = 10Y || 1 ),

(4.10) log(cz) = 5[ 1 (w),

(4.11) = 108”77”%&(]1@)7

(4.12) ra 2 20(n'n" + " |1 @) 10l L @) -
Then one has

(4.13) Sy2.q(,0) = z(1 + 0*(0.02))
and

(4.14) /| y |Sy.q(7,@))? da > 0.94z.

Proof. From Lemma 3] and [@8)), (II0) one has
Sp21(x,0) = x(14 0(0.01)),

and by Lemma AT and (@Il we conclude (ZI3).
Let us denote the quantity fl |Sn.q(z,)|* da by A. By Proposition 3]

(#3) and Lemma [43] we have

lell<r

1 104, ,, 2
A >0.999—-> Sp2.q(2,0) = ——|In'n" + "L Inlle®) | -
7]l 2(R) T
12(R +
By #I12), (£13)) we have
1.04
ﬁ”ﬁlnl + 1" || L1 @w)l|0l oo (r) < 0.018,2 4(,0)
and so

1
A> 0.9755,727,1@,0)2,
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and thus by (@I3))
A > 0.94zx,

which is ([@TI4]). O

The estimate in Corollary f7lis quite sharp when r is small (of size close to 1/z),
but not when r is large. For this, we have an alternate estimate:

Proposition 4.10 (Mesoscopic L? estimate). Suppose that ¢ = \/xf. Let H > 102,
and write Dy (o) = Zthl e(ha) for the Dirichlet-type kernel. Then we have

/]R/Z |Shq (@, @) D () da < (1 + €) x 8H?||n]|] (z

where € is the quantity

_ 013logz (€7 loglog(2H) + 1 vy ) log(9H)
- H 2H '

By applying this proposition with H slightly larger than log x and using standard
lower bounds on |Dg(a)|, we conclude that

/| (L )‘Sn,q(fﬂaa)IQ da < (8 + o(1))x||n]|7 = (z)-
@ ° logz

(4.15)

In comparison, Corollary E7] gives an upper bound of (2 + 0(1))10;%90”77‘@2(@)

for this integral, while Proposition [£.§ gives a lower bound of (1 — 0(1))x||n||%2(R)
(if n is smooth). Thus we see that the bound in Proposition .10 is only off by a
factor of 8 or so, if 7 is close to 1o 1;. It seems of interest to find efficient variants of
this proposition in which the | Dy (a)|? weight is replaced by a weight concentrated
on multiple major arcs, as in Lemma LGl as this may be of use in further work on
Goldbach-type problems.

Proof. We may normalise |[7|| ) = 1. By the Plancherel identity, we may write
the 1eft—hand side as

Z Z Y A)n(n/a) g1 A+ B = B)n((n+ 8 = h) /) Lpsn—ng=1

h=1h'=1 n

The diagonal contribution A = h’ can be bounded by
H Z A(n)n(n/z)logx,

which by Lemma is bounded by 1.04Hz log x. Now we consider the off-diagonal
contribution h # h’. As A(n)1(, q—1 is supported on the odd primes p less than or
equal to x, we restrict our attention to the contribution when h — A’ is even, and
can bound this contribution by

H

Z Z log?z|{p <z :p+h—h' prime,p+h—h' <z},
h'=1 1<h<H:h#h/;2|h—h/

which by the pigeonhole principle is bounded by

(4.16) H Z log?z|{p <z :p+h—h prime,p+h—h <z},
1<h< Hihh/ ;2| h—h'
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for some 1 < A/ < H, which we now fix. Applying the main result of Siebert [45],

we have

/ . / . X p— 1

Hp<z:p+h—h'prime,p+h—h" <z} < 86221 5
og”x

—9’
plh—h';p>2 p

where &3 1= 2][ _,(1 — ﬁ) is the twin prime constant. We can thus bound

(@T16) by
8G, Hx 3 I1 p-1

1<h<H:h#h';2|h—h' p|h—h’;p>2p_2
If we let f be the multiplicative function
1
f(n) = L(n2)=1p%(n) II 2

pln:p>2

I 2= 3 f(n)

-2
plh—h';p>2 p 1<n<H;(n,2)=1:nlh—h'

Then we have

whenever 1 < h,h' < H with h # I/, so we may bound the preceding expression by

86 Hw Z f(n) Z 1.

1<n<Hi(n,2)=1 1<h<H:2n|h—h'
We may bound
(4.17) > 1< 24y
1<h<H:2n|h—h! 2n
so that (@I6]) is then bounded by

o f(n)
8G.Hx | H — + f(n)
2 7; 2n

1<n<H

By evaluating the Euler product one sees that
— f(n) 1 L
— ==z 1 = —.
OELLEY ) CRSTRIE
n=1 p
To evaluate the f summation, we observe thatfl

B pAn) 2n ! -1
e S ORCDE II a- -7

~—

pln:p>2

We can bound

1 1
0t e
2 _12)
ns2 =D S,
and from [43, Theorem 15] one has

2n 2.507
—— < €¢" loglog(2 —_—.
#(2n) " log log(2n) + log log(2n)

8 Alternatively, one can sum f directly by using effective bounds on sums of multiplicative
functions, as in [35]. This will save a factor of log log H in the upper bounds, but in our applications
this loss is quite manageable.
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Since n < H and H > 102, we conclude that

2n 2.507
—— < e loglog(2H) + —
o(2n) ¢” loglog(2H) + loglog(2H)
for any 1 < n < H with (n,2) = 1 (the cases when n is so small that e” loglog(2n)+
% can exceed e loglog(2H) + %, and specifically when n = 1,3, 5,

can be verified by hand). Thus we may bound
2.507 u2(n)
Z f(n) < (e” loglog(2H) + 7) Z .
1<n<H 1Og IOg(2H) n<H:(n,2)=1 ¢(n)
Since ¢(n) = ¢(2n) when n is odd, we have
2 2
Z p*(n) < % Z p*(n)
o(n) (n)

n<H:(n,2)=1 n<2H

and hence by [35, Lemma 3.5], one has

:u2(n) 1 1
E 5(n) < 5(log(2H) +1.4709) < 51og(9H).
n<H:(n,2)=1

Combining all these estimates we obtain the claim. ]

Remark. As observed by the anonymous referee, when H is an integer, the second
term in (@) may be deleted by using [36l Lemma 5.1] as a substitute for ({17
(and retaining the sum over h’, rather than working only with the worst-case h').

To deal with S, ;(x, &) on minor arcs, we follow the standard approach of Vino-
gradov by decomposing this expression into linear (or “Type I”) and bilinear (or
“Type II”) sums. We will take advantage of the following variant of Vaughan’s
identity [46], which we formulate as follows:

Lemma 4.11 (A variant of Vaughan’s identity). Let U,V > 1. Then for any
function F : Z — C supported on the interval (V,UV?), one has

|ZA < T+ Tyy,

where Tt is the Type I sunf]
= Z | Z(logn + cqlog d)F(dn)|

d<UV n

for some complex coefficients cq (depending on F') with |cq| < 1, and Ty is the

Type IT sum
Trr=1Y_ > F(dw)),

a>U w>V

Z A(b) — 3 logw.

blw:b>V

where g(w) is the function

9Strictly speaking, T is an average of Type I sums, rather than a single Type I sum; however,
we shall abuse notation and informally refer to 77 as a Type I sum.
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This differs slightly from the standard formulation of Vaughan’s identity, as we
have subtracted a factor of %logw from the coefficient g(w) of the Type II sum.
This has the effect of improving the Type II sum by a factor of two, with only a
negligible cost to the (less important) Type I term.

Proof. Wesplit p = pulcy+plsyand A = Alcy+Alsy, where L¢y(n) == 1,<v,
and similarly for 1.y, 1<y, 1sy. We then have
A=pxAx1
(4.18) =pleuxAx1—pleu*xAlgy x1+plopx Alsy x 1+ px Algy *1
=pleyrlog—pleuxAlgy s 1+ pulsy*sAlsy * 1+ Algy.

We sum this against F', noting that F' vanishes on the support of the final term
Al ¢y, to conclude that

ST AMF(n) = 3 u(d) S (log n) F(dn)

d<U n

—= > (@)Y F(dn)

a<uvVv
+ > uld)(g(w) + 3 logw) F(dw),
da>U w>V
where
fd)= Y pu()AD).
bld:d/USbLKV

Observe that when d > U and w > V/, then the term p(d)(3 log w)F(dw) vanishes
unless U < d < UV. We may thus bound

1D _A@F@)= Y | (logn)F(dn)|

d<UV n

+ Y @I Fdn)

A<UV
+10 Y ud)g(w)F(dw)].
d>U w>V
Note that
()] < ZA(b) =logd.

bld

Since
1> “(logn)F(dn)| + > F(dn)|logd = | > (logn + cqlog d) F(dn)|

for some complex constant c¢g with |cg| = 1, we obtain the claim. O

Note that as

0< 0 A < STAM) = logw

blw:b>V blw
we have the bound

(4.19) lg(w)] < 3 logw.
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5. MINOR ARCS

We now prove the following exponential sum estimate, which will then be used
in the next section to derive Theorem [L.3}

Theorem 5.1 (Bound for minor arc sums). Let 4o = 3+ [ for some natural

number ¢ > 4 with (a,q) = 1 and some 8 = O*(1/¢*). Let 1 < U,V < z, and
suppose that we have the hypotheses

(5.1) UV < z/4,
(5.2) Uv?>a,
(5.3) U,V > 40.
Then one has

(5.4)

20V 5
|Sy2(z, )] < O.5£(10g x) log (— + 4) +0.89 (UV + 5(]) (8 + log q) log(2x)
q q

Vax

(5.5) + (O'lﬁ + O'SQT/q) (log UV)log -

x x X
5.6 +{0.55—= 4+ 0.78— | log —.
>0 (055 75 #0775 s

Furthermore, if a = £1 and UV < q¢—1, then we may replace the term ([B4) in the
above estimate with

(5.7) %

w2 (w/ )?
We now prove Theorem 5.l By Lemma LTT] we have
|So,2(x, 1)| < Tr + i,

log(4x) log

where T7 is the Type I sum
T := Z | Z (logn + cqlog d)e(adn)no(dn/x)|
d<UV:(d,2)=1 n:(n,2)=1
and Ty is the Type II sum
Trr=| ) > ud)g(w)e(adw)mn(dw/x)|.
d>U:(d,2)=1 w>V:(w,2)=1

5.2. Estimation of the Type I sum. We first bound the Type I sum 7;. We
begin by estimating a single summand

(5.8) | Z(logn + cqlog d)e(dna)no(dn/z) 1, 2)=1|-

By Corollary B2l we may bound this expression by

Fllpe  1F e
. 1F F || (R)
i (2 IF Ny + 51 ) 2| sin(2rda)|’ 2| 81n(277da)| ’

where F(y) = Fa(y) := no(dy/x)(logy + cqlog d). We have
1o(dy/x)
Y

d
F'(y) = ;né(dy/a?)(logy + cqlogd) +
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and
dny(dy/x)  mo(dy/z)
Ty ¥
Strictly speaking, F' is not infinitely smooth, and so Corollary cannot be di-
rectly applied. However, we may perform the standard procedure of mollifying 7
(and thus F') by an infinitesimal amount in order to make all derivatives here well-
defined, and then perform a limiting argument. Rather than present this routine
argument explicitly, we shall abuse notation and assume that 7y has been infinites-
imally mollified (alternatively, one can interpret the derivatives here in the sense of
distributions, and replace the L' norm by the total variation norm in the event that
the expression inside the norm becomes a signed measure instead of an absolutely
integrable function).

Since d < U and 7 is supported on [1/4, 1], n(dy/z) is supported on [z/4d, x/d).
In particular, |logy + cqlogd| < logxz. We thus have

d2
F"(y) = —gmo (dy/x)(logy + calogd) + 2

X
||FHL1(]R) < ||770||L1(R)310gx,
1| 21wy < lm0ll21 (r) log @ + |70 | oo (r) log 4,

d d Ad
1|2y < N 22 gy Jog @ + 2l | = ) ~ Jog 4 + ol e ) ——

Routine computations using (7)) show that

(5.9) Imollzr®) = 1,
(5.10) 70| Lo () = 41og 2,
(5.11) 176l 1 () = 8log 2,
(5.12) 1761l Lo () = 16,
(5.13) 16 1| 21 (=) = 48.

Note that [|75]|21 ) and |91 (r) can also be interpreted as the total variation of
the functions g and 7}, respectively, which may be an easier computation (especially
since nj is not a function before mollification, but is merely a signed measure).
Inserting these bounds, we conclude that

x
I1F]| L r) < 7 los,
HF’||L1(R) < 8(log 2) log 2z,
d
|F"|| L1 (ry < 48— log 4.
x

We conclude that
(5.14)

Tr < Z 1 (4,2)=1 min <%§ log x+4(log 2) log 2z,
A<UV

4(log2)log2x d 24logdx
|sin(2rda)| * z |sin(2wda)|? )

We first control the contribution to (5I4) when d < ¢/2. In this case, d is not
divisible by ¢; as (a,q) = 1, this implies that ad is not divisible by ¢ either. We
therefore have

q/2 1

1
(5.15) l4da||lr/z > llad/qllr/z — d|B] = PR
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and thus

(5.16) ! !

<
|sin(2rda)| ~ |sin(w/4q
thanks to (2). Thus contribution here (5I4) of the d < ¢/2 terms are bounded

< 2gq,
)l

by .
4(log 2) log 2 1 in(2q, ———————)-.
(Og ) 0g 2T Z (d,2) mll’l( q, |sm(27rda)|)
d<q/2
By Corollary one has
1 2
1 in(2q, ————) < —qlog4q + 4q,
> (d,2) Min(2g, ‘Sin(%da)‘) —qlog4q +4q

d€Z:—q/2<d<q/2

so by symmetry we may thus bound the contribution of the d < ¢/2 terms to (E14)
by

2
2log 2log 2x(—qlog4q + 4q).
v
Now consider the contribution to (5.I4) of a block of the form 2jq + 2 < d <

2(j +1)g + £ for a natural number j with j < % — 1. This contribution can be
bounded by
) x 4(log 2) log 2z
1 - PP — 4(log2) log 22, ——————+—
Z (d,Q)—l min (2 2jq+ % ng—i_ ( 0g ) 0g 2T, |Sln(2’ﬂ'da)‘

2jq+4<d<2(j+1)g+%
which by Corollary is bounded by

2
- log x + 8(log 2) log 2z + 4(log 2) log 2x—q log 4q,
2jq+ 18 (log 2) log (log 2) log 2z —qlog 4¢

which we can crudely bound by

x 2
——— logx + 4(log 2) log 22 (—qlog 4q + 4q).
2jq+ 18 (log 2) log 22(—qlog 4q + 4q)
Combining all the contributions to (514]), we obtain the bound
17 < Z 57 x+ 7 logx
ocjcgy—y T2
uv 5,2
+ (= + =) (=qlog4q + 4q) x 4(log 2) log 2z.
2q 4
By the integral test, one has
T 1 UV +2q T
> G <e ) S
oiiv s HITE 2y
x 20V
= —log(—— +4),
2q ( q )

and so

2 2
Ty < 2_$q log(% +4)logx + (UQ—;/ + g)(;qlogﬁlq + 4q) x 4(log 2) log 2z.

We can write

3w

2
—qlog4q +4g < —q(8+logg)
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and )
1 x = x4log2 < 0.89,
m
and so
20V 5
(5.17) Ty < 0.53 log(=_— +4)logz + 089UV + S4)(8 +logq) log z,

which gives the term (&4)).

Now suppose that ¢ = +1 and UV < ¢ — 1. By the symmetry (@3] we may take
a = 1; thus o = ﬁ +(9*(#) < ﬁ. In particular, for d < UV one has d < ¢—2
and therefore 0 < 2wda < 7/2. In particular, we have

2md
sin(2rdo) =2 sin | — | .
amie) > i (5 )

From (5.14), we conclude that

—2
24 1og 4z < 5 md

IT<———)> d —_—.

T - ; cosec g —1)

The function d — d cosec? 2(2—‘_11) is convex on [0, ] (indeed, both factors are already

convex), and so by the trapezoid rule

24logdr (1732
T < ﬂ/ ycosec2& dy.
€z 1/2 2(¢—-1)

/

Using the anti-derivative

/ycoseczy dy = log|siny| — ycoty

we can evaluate the right-hand side as

T
The function y cot y varies between 0 and 1 on [0, 7/2], and thus

. =n/2—m/4(q—1
(log | siny| — y cot )| /3 Y.

924logdx
x

2(q—1),5241og4x T
Tr < 1 t——- 4+ 1),
< (2 oot 1T 1)
which, on bounding cot ;55 < @ < % and @ < %, gives
9% =z deq

which is the alternate contribution (5.7)).

5.3. Estimation of the Type IT sum. We now control T7;. From (L&) and the
triangle inequality, we thus have

(5.19) Ti<d [ FONGE
0 W
where
FOW) = 1> wld) 1 g2)=11 fzjowa/w) () g(w) 1w 2)=1 Lwo,w) (w)e(adw)].
d>U w>V
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Observe that F(W) vanishes unless
x
U
and we henceforth restrict our attention to this regime.
From (520), (53) we see that the intervals [z/2W,x/W], [W/2, W] both have
length at least 2. We now apply Corollary with M := ¢/2 and use [@I9) to

(5.20) VWK

bound
w1 1/2 . 1/2
21 FW)<i(i= 4= 1) AY2BY/?
(5:21) m<i(35+3) (largd+1) ,
Wher@
4= léé'rgq/Q ||4ja||R/Z,
A= Z ﬂ(d,2)=1,
de(z/2W,z /W]
B = Z ﬂ(w,2):1 log2 w.
we[W/2,W]

From the computation (5I5) we have

1
5.22 0> —.
(522) 3
Now we bound A and B. Clearly we have
A 1.
Al < 7+

Similarly, for B we bound log® w by log® W, and conclude that
w
|B| < (I +1)log® W.
By (&3), (520) we thus have

1.1 zx
Al ==
1.1
|B| < TWlog W,
and thus by (521), (522)
1.1 W
FOW) < == (= +29)V/2(—o 4+ 1)1/241 2 10g W.

2Wq

4
Crudely bounding™ (a + b)1/2 < al/2 + b1/2 we thus have

1,1
F(W)<8(2\/_\/_+ \/—-i-\/_\/_—i-\/_\/_logW

. . . 4dW
We integrate this expression over (5.20) against the measure %77 to bound (5.19).
To simplify the computations slightly at the cost of a slight degradation of the

190ne could achieve a very slight improvement to the A factor by exploiting the fact that u?(n)
vanishes when n is divisible by an odd square, but we will not do so here to keep the exposition
simple.

1By avoiding this step, one could save a modest amount in the numerical constants in the
estimates, but at the cost of a more complicated argument.
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numerical constants, we bound log W crudely by log f for the middle two terms
for F(W). Since

dwW T Vax
4/ — = 2log — log —,
vews<ze W uv U

we thus obtain the bound

1.1 1 T T Vax
Tir<— | —— 2——— | log — log —
II 1 ( +v2 x/q) og v og i

2
1
f11 (%L+_L) log V.

Combining this with (5I7) and (5I8]) we obtain the claim.

Remark. When f is very small (of size O(1/x) or so), one can eliminate most of the

142
0.5% 10gwlog(% + 4) term in (54) by working with S, ,(z, o) — ‘¢((qq)) Sn.q(x, B)

instead of Sy 2(x, ), which effectively replaces the phase e(an) with the variant

phase (e(an/q) — ’f;((qq)) )e(n) 1 (5,q)=1- The main purpose of this replacement is to

delete the non-cancellative component of the Type I sum (which, for small values
of 3, occurs when d is divisible by ¢), which would otherwise generate the % log? z-
type term in (I0). Such an improvement may be useful in subsequent work on
Goldbach-type problems, but we will not pursue it further here[2

6. PROOF OF THEOREM [LL3]

In this section we use Theorem [B5.1] to establish Theorem [[L3] basically by ap-
plying specific values of U and V. With more effort, one could optimise in U and
V' more carefully than is done below, which would improve the numerical values in
Theorem [[3] by a modest amount, but we will not do so here to keep the exposition

as simple as possible.
We begin with (9)). We apply Theorem [5.1] with

1
U := ZxQ/S,V = %x2/5.
As = > 10%0, the hypotheses of the theorem are obeyed, and we conclude that

1 )
|Sy2(z, a)] < 0.52 log z log(z*/°) + 0.89(§x4/5 + 5q)(8 + log q) log 2z

+ (0.1i +0.39—— ) log(8x1/°) log(2z)

Vi Ve/a

+ 2.32%/% log(22%/°).
As x> 10%° and ¢ < /100, one can compute that
log(8z'/°) log(2z) < %log z(logx 4+ 11.3),
(8 +log q)(log 2x) < 1.1log z(logx + 11.3),
log(22/°) < 0.011log z(log = + 11.3).

12For very small values of g, it is likely that one should instead proceed using different identities
than Vaughan-type identities, for instance by performing an expansion into Dirichlet characters
instead.
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Inserting these bounds and collecting terms, we conclude that

L o452 40392

va e T e

Since 100 < ¢ < /100, one has

+0.1492%/%) log :(log z+11.3).

1S, 2(z, )| < (0.4§+0.1

X i
0.4 < 0.04——
q Va

and
T

2.45-2_ < 0.245
r/q x/q,

and the claim (L9) follows, after using Lemma (1] to replace S, 2(z,«) with
Sy.q0(x, @) (at the cost of replacing the 0.1492%/° term with 0.152%/°).
Now we verify ([LI0). Here we use the choice

U::;—2; V:=q.

The hypotheses of Theorem [5.1] are easily verified, and we conclude that

2 5
|Sy,2(x, a)| < 0.52 logxlog(q—f +4) + 0.89(2 + 5(])(8 + log ¢q) log(2x)

x x 9
+(0.1— 4 0.39 ) x 3log”q
Vi V/q
4 (0.55——— +0.78-2) x 2log g.

V/q? Vi

Since ¢ < /3 and z > 10%°, one has
x x

VT/q? s NG

L <0.001-Z

z/q Vi

¢ <0.001%,

q

and

SO
2
1S, (2, )| < g log(22)[0.5 1og(q—f +4) 4 0.9(8 + log q)]

T

+ (0.30110g? ¢ + 2.66 log )

Since
0.5 1og(3—f +4) +0.9(8 4+ log q) < 0.5(log(2x + 4¢%) + 14.4)
< 0.5(log(2z) + 15)
(using the hypotheses ¢ < z/3 and z > 10?°) and

0.3011log® g + 2.66 log ¢ < 0.301 log g(log ¢ + 8.9),

we obtain the claim (LI0), after using Lemma A1 to replace S, o(z,«) with
S, (2, ) (and replacing 0.301 with 0.31).
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Now we prove ([LI]). Here we use the choice
x

= W; Vi=z/q.

Again, the hypotheses of Theorem [5.1] are easily verified, and we conclude that

7
1, (2, )| < 0.53 log & log 6+ 0.89(5.9) (8 + log q) log2x)

1012 +0.39

Va Vel

) x 3log? z
q

x x x
+ (0.55——= 4 0.78——) x 2log —.
Vve/(x/q)? V/q q
Since ¢ > 2%/3 and z > 10%°, one has
x x
< )
z/(x/q)? z/q
2 <0.001—
N N
and .
— < 0.001g,
q
and thus
|Sp2(z, )| < 3.12¢(8 + log q) log(2x)
2 X X
+ (1.181log” — 4 2.661log —) .
q a4 +\/xz/q
Writing

1.18110g% 2 + 2.66log ~ < 1.1811log = (log = + 2.3)
q q q q

we obtain the claim (I, after using Lemma [I] to replace S, o(z,q) with
Sh.q0 (%, a) (and replacing 1.181 with 1.19).
Finally, we establish (L.I2]). Here we use the choice
x

Ui=—" . V=102
(1.022/q)2 @/q

to ensure that UV < ¢ — 1. We may now use the term (5.7)) and conclude that

96
‘Sﬁ72(‘r7a>‘ < ( /q)

+(0.1-Z +0.39

Va M
(055 x/(1.02z/q)2 - 0'78\/1.023:/(1

log — < log(z/4),

4e
log(4x) log _q

) x 3log?(1.02z/q)

) x 2log(1.02z/q).

We can bound

and hence
log(4x) log(z/4) < log® z.
Also, as ¢ > z'/3 and > 10%°, one has

x < 1.02

z/(1.022/g)? z/q
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and . -
— < 0.001 ,
Vi z/q
and thus
9% =z
S < log?
‘ 77’2(117,(1)| 7-(2 (I/Q)Q og T
+1.19———log?(1.022/q)

+ 2.67——— log(1.02z/q).

V/q
The last two terms can be bounded by (1.191og 222 x (log % + 2.3). Since

Loz
1.02

1.19log ——% < 1.2l0g 2,

q q

1.02
log 0% 4 93 <log & 4+ 2.35
q q
and o6
= <9.73,
™

the claim (II2) follows, after using Lemma Il to replace S, 2 (x, a) with Sy 4, (x, @)
(and replacing 2.35 with 2.4).

7. MAJOR ARC ESTIMATE

In this section we use Theorem to control exponential sums in the “major
arc” regime o = O(Tp/x). To link the von Mangoldt function to the zeroes of the
zeta function we use the following standard identity:

Proposition 7.1 (Von Mangoldt explicit formula). Let n : R — C be a smooth,
compactly supported function supported in [2,+00). Then

@) M) = [ 0= ) dy= % [t an

where p ranges over the non-trivial zeroes of the Riemann zeta function.

Proof. See, for instance, [19, §5.5]. O

Proposition 7.2 (Major arc sums). Let Ty be as in Theorem [LH. Letn: R — RT
be a smooth non-negative function supported on [c,c'], and let x,a € R be such that
cx > 103 and

(7.2) la] < ——
Then

log T
(1:3) |Sya(0.0) ~2 [ n(g)elay) dyl < A o 20120 AN () s oy,
R 0

where A is the quantity
(7.4) A= 60]|7l| 1 gy + 32¢' |7 ]| 21 =) + 4() 11" | 1
and N(Tp) is the number of zeroes of ¢ in the strip {0 < R(s) < 1;0 < I(s) < Tp}-
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As should be clear from the proof, the constant A can be improved somewhat
by a more careful argument, for instance by exploiting the functional equation for
¢, which places at most half of the zeroes to the right of the critical line Rp = 1/2.
However, this does not end up being of much significance, as the right-hand side of
[T3) is already small enough for our purposes (thanks to the large denominator of
Tp). It may appear odd that the condition (7.2) allows for |a| to exceed 1, but the
estimate (L3 becomes weaker than the trivial bound in Lemma [£.3]in this case.

For our particular choice of Tp, namely Ty := 3.29 x 10°, the quantity N(7p)
can be bounded by 10'° (indeed, the value of Ty we have chosen arose from the
verification that the first 10'° zeroes of ¢ were on the critical line).

Proof. We have
ZA n(n/x)e(an).

Applying (1)), we conclude that the left—hand side of ([Z3) is bounded by

L=

Crudely boundlng by @® )3 on the support of n(y/z), the first term is at most

n(y/z)e(ay)y’" dy| .

2¢7 32720l L2 (m)- Now we turn to the second sum. We write p = o + it with
0<o<landteR.

We first consider the contribution of those zeroes with |t| < Ty. By hypothesis,
o = 1/2 for these zeroes, and we may bound this portion of the sum by

> / n(y/z)y~'? dy,
pilt|<To 7R
which we may bound in turn by
2¢7 22 2N (T) ]l 1 z) -

As Ty > 103 and cx > 10%, we may clearly absorb the much smaller error term
2¢7 327 2||n|| L1 () into this term by increasing the 2 factor to 2.01.
Finally, we consider the terms with [¢t| > Tp. We may rewrite a single integral

(75) | [ tw/a)etan)y" o
as
| [ s iion gy
R
where f(y) :=n(y/x)y° 1. Since
4
i(2ma+t/y) dy

with the denominator non-vanishing on the support of n(y/z) thanks to (T2)), we
may integrate by parts and write the preceding integral as

d 1 .
i i(2ray+tlogy) dul.
[ 5 (i ) € "

A second integration by parts then rewrites the above expression as

d 1 d 1 )
Bl el i(2ray+tlogy) d
‘/Rdy <27ra+t/y dy <27ra+t/yf(y)>> ¢ ul,

6i(27rozy+t logy) _ i(2mray+tlogy)
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which we then bound by

AQ§%<éwa:-wy§§(éwai-wyf@”>)'d”

The expression inside the absolute value can be expanded as
2 /y* — drat/y? W)
2ra+t/y)?

3ty L
mf (y)

1
+ 2o+ t/y)?

().

On the support of f one has y < ¢/z. From (L2) we may thus obtain the lower the
bound
It
2 t >

and the upper bound

2t?
Yt
and so the preceding integral may be bounded by

tz/lf )dy
25 7 dy
4

= [ Pl () dy.
R
Since 0 < 0 < 1, we have the crude bounds

[f )l < nly/),
@I < L @/l + Sntua),

£ < b (/a)| + 1 (/)] + (o).

and so (on bounding y from above by ¢'z) we may bound () by

2 /y* — dmat/y®| <

t_27
where A is the quantity defined in ([C4]). From [40, Lemma 2], we may bound
1 1 To 1.34 To
— < log—+1 —(2log — + 1),
> 7 S gppleeg + 1+ 2 (2log 5 - +1)
pilt|=To
which under the hypothesis Ty > 10? can be bounded above by
log To
3Ty
The claim then follows. |
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8. SUMS OF FIVE PRIMES

In this section we establish Theorem [ 4l We recall the following result of Ramaré
and Saouter:

Theorem 8.1. Ifz > 1.1 x 10'° is a real number, then there is at least one prime
p<xwithxy—p< W,

Proof. See [0, Theorem 3]. One of the main tools used in the proof is Theorem
By using the more recent numerical verifications of the Riemann hypothesis,
one can improve this result; see [I§]. However, we will not need to do so here. O

By combining the above result with Theorem [[.6] we see that

e Every odd number between 3 and (2.8 x 107) Ny is the sum of at most three
primes.

e Every even number between 2 and (2.8 x 107)2 N is the sum of at most
four primes.

e Every odd number between 3 and (2.8 x 107)2Nj is the sum of at most
five primes.

In particular, Theorem [[4] holds up to (2.8 x 107)3Ny > 8.7 x 10%¢. Thus, it
suffices to verify Theorem [[4] for odd numbers larger than 8.7 x 1036,

On the other hand, in [24] it is shown that every odd number larger than
exp(3100) is the sum of three primes. It will then suffice to show that

Theorem 8.2. Let 8.7 x 1036 < 2 < exp(3100) be an integer. Then there is an
integer in the interval [x — No, x — 2] which is the sum of three odd primes.

We establish this theorem by the circle method. Fix x as above. We will need a
symmetric, Lipschitz, L?-normalised cutoff function n; which is close to 1 [0,1]- For
sake of concreteness we will take

ﬁl(t) = (1 —10 diSt(t, [02, 08]))+,
which is supported on [0.1,0.9] and obeys the symmetry
(8.1) m(l—t) =m(t) for all t € R.

For future reference we record some norms on 7; (after performing an infinitesimal

]].ﬁc . ):
77 ( ) 37

711l oo m) = 1,
Il = 5,
711 Lo (r) = 10,
Imllz ) =2,
Immllere =1,
[l 21 () = 40,
lnimy + mny || gy = 40.
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For a parameter K > 1 to be chosen later, we will consider the quantit
(8.10)

Z Z A1) L, yap=1m(na/@)A(n2) L, yap=1m(n2/)
n1,n2,n3 1<he,ha,ha<No/3

x Ana)1 . forin=110(KN3/T) Lomn natngthathatha-

Observe that the summand is only non-zero when ni,ny,n3 are odd primes (of
magnitudes less than z, , and x/K respectively) with ny +nz+ngz € [x — Np, x—2].
Thus, to prove Theorem [8.2] it suffices to show that the quantity (8I0Q) is strictly
positive. Applying the prime number heuristic A ~ 1 and ([82]), we see that we
expect the quantity (8I0) to be of size roughly 2z3K ~*(Ny/3)3.

Note that we have made the third prime n3 somewhat smaller than the other
two. This trick, originally due to Bourgain [3], helps remove some losses associated
to the convolution of the cutoff functions 7y, ng.

By Fourier analysis, we may rewrite (8I0) as

(8.11) /R/Z thﬁu(x,a)QSno’\/z/—Kﬁ(:c/K, @)Dy, s3(a)’e(—za) da,

where Dy, /2(c) is the Dirichlet-type kernel

Dy, j2(a) := Z e(na).
1<n<No/3
It thus suffices to show that the expression is non-zero for some K. It turns out
that there is some gain to be obtained (of about an order of magnitude) in the
weakly minor arc regime when « is slightly larger than Ty /x, by integrating K over
an interval inside [1,Tp] that is well separated from both endpoints; for instance,
one could integrate K from 103 to 10%. Such a gain could be useful for further work
on Goldbach-type problems. However, for the problem at hand, it will be sufficient
to select a single value of K, namely

K = 10%.
As mentioned previously, the expected size of the quantity (8II) is roughly

%%(NO /3)3. This heuristic can be supported by the following major arc estimate:

Proposition 8.3 (Strongly major arc estimate). We have

/” o Sua @S, /K0 Dyyjs(e)e(—ra) do
AUR/ZS 3670
(8.12) 5 r

K

Proof. From the mean value theorem one has

(N0/3)3(§ + 0*(0.1)).

NoTy
5.4z

Dy s(a) = (No/3)(1 4 O (2n(No/3)llallr/z)) = (No/3)(1 + O*( )

13The ranges of the hi, ho, hs parameters are not optimal. One could do a bit better, for
instance, by requiring 1 < hq,ha < No/20 and 1 < hg < 0.9Np instead, as this barely impacts
Proposition [B4] but reduces the upper bound in (8I9) by almost a factor of three. However, we
will not need this improvement here.
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when ||af|r/z < 36 . Since Ny = 4 x 10", Ty = 3.29 x 10°, and = > 8.7 x 1036,
we conclude that

(8.13) Dy s(@) = (No/2)(1 + O*(10717))
(with plenty of room to spare). Also, by Proposition [[2 for « in the interval

[— 522, =] (and in fact for all « in the wider interval [— £ KTo}) one has
T . . lo T _

Sno1(z/ K, ) = —=ijo(ax/ K) + O (A2 102 L p01at/2K YEN(To) ol 1))
K 3T, K

where 7o () := [ no(y)e(axy) dy and
Az = 60]Ino| L1 ) + 32[|m0 ]| 21 =) + 4176 [| 21 )
From ([5.9), (EI0), (5I3) one has
Ay = 252 4+ 256log 2 < 330,

and with z > 8.7 x 1036, K = 103, Ty = 3.29 x 10°, and N (Tp) < 109, we conclude
that
T o
Sno1 (2/ K, @) = 2= (fo(az/K) + O*(10 6)).

By Lemma [T and (8I3) (and bounding () as O*(1) whenever necessary)
we then have

T 3
/77 (/5 @) Dy () = %(ﬁo(a:ﬂ) +0O* (1.1 x 107%)).

Let us consider the contribution of the error term E(NO—K/?’)sO*(l.l x 107°) to (BI2).
By Corollary 7] we may bound this contribution in magnitude by

_62(No/3)* 2
LLx 10702 TR S, /a7 (@ 0);
ogx
which by Lemma 3] and the bounds Ty = 3.29 x 10%, z > 8.7 x 1036 can be safely
bounded by
a?(No/3)
103~
K

Thus it will suffice to show that

(8.14) / m S v (T, @)%y (ax/K)e(—za) do = x(§ + 0*(0.09)).

3mx

We apply Proposition again to obtain

. N log Tt
Sy 1 (@, 0) = wify (0z) + O (A, 3g Oox + 2,016 22 2N (To) | [l o ),
where 7 (@) := [, m(y)e(axy) dy and

Ay == 60]|m1l| 12wy + 321 101l ry + 40 0 | L2 my

with ¢; := 0.1, ¢} = 0.9. From (84, (84), (B8] one has
A =229.2

and with 2 > 8.7 x 10%, T = 3.29 x 10°, and N(Tp) < 10'°, we conclude that
Sy (e, @) = z(i (ax) + O*(1079)).
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Bounding 7jg as O*(1), we may thus express the left-hand side of (814 as the sum
of the main term

2 i 2 —za) da
[ nleniler/K)e(—e0) d

3.6z

and the two error terms

(8.15) O*(lO_Gx/  1Sya(e, )] da)
|a‘<3.67rz
and
(8.16) (9*(10—%2/ iy ()| da).
ol < 6t
We first estimate (8.I5). From Corollary .7 and Lemma B3 we have
2
2
/|a|<j)— |S771,1(x,0‘)‘ da < @ x 4log2 x 1.04x,
X 3.6z g

and so by Cauchy-Schwarz we may bound (I3]) by

_ To 2
1070y /2 67 ([ Toaamzmen X 41082 1.04)"/2;
’ - log x

since > 8.7 x 1036, Ty = 3.29 x 10?, we may bound (8IH) by 0.02x. A similar (in
fact, slightly better) bound obtains for (8TI6]) (using Plancherel’s theorem in place
of Corollary 7). We conclude that it will suffice to show that

/| < M (ax)*fo(ax/K)e(—za) do = %(1 + 0*(0.05)).

Lo
3.6mx

By Lemma B3] we have

Imlleiw 1

N < = .
i ()] < 21l la]

From this and the choice Ty = 3.29 x 10° one easily verifies that
1
/ i (ax)?*ho(ax/K)e(—za) da = O*(0.01-),
la|> 57507 r
and so it remains to show that
1
/ i (az)?ho(ax/K)e(—za) do = ;(1 + 0*(0.04)).
R
The left-hand side can be expressed as
1
—/ / m(s)m (1l —s—t/K)no(t) dsdt.
T JRJR
As o has an L' norm of 1, it thus suffices to show that
/ m(s)m(l—s—t/K)ds=1+ O"(0.04)
R

for all t = O*(1). By 1) and ([8X) one has
m(l—s—t/K)=m(s)+ O*(10/K),
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and so (by (84) and the L'-normalisation of 1)
/Rnl(s)m(l —s—t/K)ds=1+0"(10/K).
Since K = 103, the claim follows. O

In view of the above proposition, it suffices to show that
(8.17)

2
2 3 - 2
/|a|M>S€ 180 wm2(@ IS, ey (2K, )| D@ da < 0567 (No /3)%

We have the following L? estimate:

Proposition 8.4 (L? estimate). We have
/ . \thﬁu(x,a)|2\DNO/3(a)|2 do < 7.09(No/3)?x.
lellr/z2 565
Proof. By Proposition 10 we have
|18y vm@ @)Dy s(a) da
R/Z

0.13loga (<7 loglog(2H) + ToE (o)) log(9H)>

bl

< 2
\8Hx<1+ I Vi

where H := | Ny/3|. Since logz < 3100 and Ny = 4 x 10, a brief computation
then shows that

/R/Z |Sm’\/5u(x,a)\Q\DNO/g(a)F doe < 8.001(Ny/3)2x.

Meanwhile, from Corollary L8] (using the values z > 8.7x 103, Ty = 3.29 x 10%, ¢ =
0.1, and the estimates (83), 87), (89) to verify the hypotheses of that corollary),

we have

/| . |Sm,ﬁﬁ(ﬂc,a)|2 da > 0.92z,
AR/ZZ 3 6ra
and thus by (8I3)
/| L S0 PIDr (@) da > 0.919(No/3)
AR/ZZ 3 6ra

Subtracting, one obtains the bound. O

In view of this proposition and Holder’s inequality, it suffices to show the L>
estimate that

T
(5.18) /575 /K. ) [ Doy ()] < 0.078(No/3) 12

whenever |la|gr/z > B_gﬁ; comparing this with Lemma [£3] we see that we have
to beat the “trivial” bounds in that lemma by a factor of roughly 13. By the
conjugation symmetry (5] we may assume that

37mc<0&<

N[=
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We first consider the case of the weakly major arc regime
T KTy
<oaos —.
3.6mx « drx
By the computations in the proof of Proposition B3] we have
T . . _
no’\/z/—Kﬁ(:c/K, a) = ?(no(ax/K) +0*(1.1 x 1079))
in this regime, so by the trivial bound | Dy, /3(a)| < (No/3) it suffices to show that
[0 (cx/K)| < 0.077.

By Lemma B3] we have
61| 22 r)
2r|a|z /K’
Since o > 3_5#, we conclude from (5.10) that
7.2K log 2
To ’
and the claim follows (with plenty of room to spare) from the choices K = 102,
Ty = 3.29 x 10°.

Next, we observe from Lemma 3] and (BII) (and the lower bound z/K >
8.7 x 10%3) that

|7 (e/ K)| <

[0 (/K| <

xr
|Sn07\/x/—Kﬁ(x/K’a)‘ < Sn071($/K,0) < 101E

Combining this with the crude bound

2 1 1
D < = — < —
P3O S 72031 = Toimma)] < 2a
(by (Z1)), we have
1.01 z

|Sn0,\/I/—Kﬁ(:E/K7 a)||DNO/3(a)| < ﬂ?
which gives ([8.I8) whenever

S 20
@z —,
No
and so we may assume that
KTy 20
8.19 K =
( ) 3rx @< N()
In this regime we use the crude bound | Dy, /3(a)| < No/3, and reduce to showing
that
(8.20) |Sn07\/z/—Kﬁ(I/K7 a)] < 0.078.
We may write 4o = % + 0*(1/¢?) for some
1 1<g< L
1o SYAS do’
in particular
Ny T
o ~ls<es< —.
80 KT,
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We first consider the weakly minor arc case

K)?/3 < gﬂ—_z.
(/KPP << -

In this case we may use ([LI2)) to bound the left-hand side of ([R20) by

1 1 T
(9'73W log?(z/K) + LQW log K—q(

Since x/q > Ty/m, we can bound this by

X
log — + 2.4
%8 77, +2.4))

(9.73(—)2log? 2 + 1.19£TO log(To /) (log(To /) + 2.3)) .

To JTo K

As logz < 3100 and Ty = 3.29 x 107, the expression inside the parentheses is cer-
tainly less than 0.078 (in fact it is less than 0.004). Note here that the computations
would not have worked if we had used the weaker bounds (L9), (LII) in place of

(CI2).

Next, we consider the intermediate minor arc case
(a/K)'? < q < (a/K)PP.
Here, we use ([L9) to bound the left-hand side of (820) by

1
(0.14% 4 0.64———

Va Vil

where y := 2/K. Using the bounds on ¢, this can be bounded in turn by

+0.15y /5 log y(log y + 11.3) x %

(0.8y~/6 4 0.027y~/5) log y(log y + 11.3) x %

Since y > 8.7 x 10?3, the expression (0.8y~ /¢ + 0.15y= /%) logy(logy + 11.3) is
bounded by 0.078 (in fact it is less than 0.013), so this case is also acceptable.
Finally, we consider the strongly minor arc case
No

= _1<q< (x/K)Y3.
<0 q< (z/K)

Note that this case can be vacuous if z is too small. In this case we use ([I0)) to
bound the left-hand side of (820) by

1 1 x
0.5—log(2z/K)(log(2z/K) + 15) + 0.31—log ¢(log ¢ + 8.9)] x —.
[ . (22/K)(log(2z/K) + 15) 7 ( > %=
Since log(2z/K) < loga < 3100 and ¢ > % —1 =5 x10'2 — 1, the expression
in brackets is bounded by 0.078 (in fact it is less than 0.0002). This concludes the
proof of (8I8) in all cases, and hence of Theorem [[4
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