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Abstract

We study duopolistic competition in a differentiated market with firms setting prices and

quantities, without explicitly imposing market clearing. Unlike the commonly adopted

assumption of profit maximizing firms, we assume firm behavior to be shaped by a Dar-

winian dynamic: the less fitter firm imitates the fitter firm and occasionally firms may

experiment with a random price and/or quantity. Our two main findings are that: (i) a

market clearing outcome always belongs to the set of feasible long run outcomes, but may

co-exist with non-market clearing outcomes with as well excess supply as excess demand

being possible; and (ii) there exist parameter configurations for which the only feasible

outcomes imply prices above monopoly level.
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1 Introduction

The traditional literature in the field of oligopoly theory typically models firms as perfectly

rational agents whose decisions are aimed at the maximization of profit. However, the recog-

nition that agents might be informationally constrained and/or at most boundedly rational,

has activated a growing interest in analyzing the impact that such constraints might have on

decision making and market outcomes. Indeed, it is not unnatural to conceive of a situation

where firms lack the relevant information for profit maximization. Hence, the tools usually

used to study firm behavior loose their applicability and alternative approaches need to be

adopted.

In this context, Alchian (1950) emphasizes the importance of relative performance and that

relative profit might serve as the chief driver of firm behavior. If the salience of relative profit is

accepted, then imitation of a more successful firm may be a reasonable behaviorial assumption.

This approach agrees with the evolutionary perspective, which is built on the premise that

strategies which yield a higher-than-average payoff will tend to be more attractive. Huck et

al. (1999), Huck et al. (2000), Offerman et al. (2002) and Apesteguia et al. (2007) find some

experimental evidence of firms imitating the fitter firm once feedback on strategies and profits

is explicitly provided.

Vega-Redondo (1997) studies an evolutionary Cournot situation where firms producing a

homogeneous commodity compete in quantities and the market price is determined by the

total quantity produced. The profits and quantities chosen by each firm are observable, and

the action chosen by the most successful firm is almost always imitated. Occasionally, firms

experiment and choose any quantity. As the probability of experimentation goes to zero, the

Walrasian outcome prevails most of the time. Huck et al. (1999) and Apesteguia et al. (2010)

provide experimental support for this finding.

Similarly, Alós-Ferrer et al. (2000) analyze the Bertrand model in an evolutionary setting.

Firms, with increasing marginal costs in a homogeneous market, set prices and the lowest

price setters win the market. Here, analogous to Vega-Redondo (1997), prices announced by

the firm and the profits realized by each are observed and the behavior of the firms is based

on imitation of the successful firms. The study obtains a strict subset of the Nash equilibria

of the underlying game as the long-run outcome of this dynamic process of imitation and

occasional experimentation.

In this paper, we pursue a related issue. The question that we seek to address in this paper

is: What is the nature of a process where firms do not choose either price or quantity but

both of them simultaneously? This is inspired by the accepted “shortcoming” of the Cournot

and Bertrand model. In the former, firms choose quantity and market price is determined by

market clearing while in the latter, firms choose price and production is on-demand. What if
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production occurs in advance (a la Cournot) and firms have the independence to choose their

price (a la Bertrand)? It then seems reasonable to assume that firms choose both price and

quantity.1 This question is more interesting if we abandon the assumption of market clearing

and then examine if it arises out of the evolutionary process.2

We consider a market for a good that is horizontally differentiated. To keep things simple,

we assume that there are two firms that are located at the extreme ends of a Hotelling line.3

We impose a very basic informational setting; the only information that the firms have pertain

to its own marginal cost and that there is a competing firm. In particular, we do not require

the firms to be aware of the fact that they are in a differentiated market. Neither do they

have to be cognizant of the consumers’ valuation of their product, the consumers’ preferences

between the two firms (i.e. the transportation cost) and the size of the market.

The firms can choose both price and quantity. Market clearing is not imposed and hence

the presence of excess supply or excess demand cannot be ruled out a priori. After setting

prices and quantities, the firms realize profits, all three of which are observable. The behavior

that we impose on the firms is that the less successful firm immediately imitates the more

successful firm in both price and quantity. In addition to this imitation dynamic, we intro-

duce the possibility of experimentation, whereby firms choose a price or quantity that is not

necessarily dictated by imitation. The possibility of such experimentation makes the system

ergodic and enables us to obtain the long-run outcome. The techniques used to identify the

long-run outcome are based on the concept of stochastic stability, as used by Young (1993),

Kandori et al. (1993) and Ellison (2000). This process of imitation and occasional experi-

mentation shares parallels with Hamilton’s theory of spite in biology (Hamilton, 1970). Via

imitation, the system gravitates towards the action that yields higher relative profit, and this

might occur at the expense of absolute profit.

Our results indicate that the outcome depends on the magnitude of the consumer’s gross

utility or valuation for the product. When the consumer valuation is lower than a certain

bound, the unique stochastically stable state involves each firm behaving as a monopolist

(Proposition 2). As consumer valuation increases up to another bound, we obtain a set

of prices and quantities as the long-run outcome with all prices being above the monopoly

price (Proposition 3). For sufficiently high consumer valuation, any state where firms choose

identical price and quantity and receive at least zero profits can be a long-run outcome

1For a slightly more detailed discussion on this, see, for example, Van den Berg and Bos (2012).
2Herings (1997) and more recently Alós-Ferrer and Kirchsteiger (2010) show that it is possible for non-

market clearing institutions to evolve.
3The location of the firms is simply to specify the demand that each firm faces. Hehenkemp and Wambach

(2010) show that in an evolutionary context where a good has multiple attributes, firms would choose to locate
at the centre of the Hotelling line. In our paper, location is not a subject of choice and is given exogeneously to
determine demand. Nonetheless, we discuss the implications of our results for homogeneous product markets
in Section 4.
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(Proposition 4). In this last case, in contrast to the ones mentioned earlier, market clearing

does not necessarily come about – it is possible to have long-run outcomes with persistent

excess supply or excess demand.

At this juncture, we provide some preliminary intuition for these results. When con-

sumer valuation is sufficiently low, each firm is for all practical purposes, endowed with some

monopoly power. This enables monopoly pricing to be more resistant to any spiteful behavior

by the competing firm. But, with higher consumer valuations, this monopoly power is eroded.

For an intermediate range of consumer valuation, the set of stochastically stable states are

the ones which are most resistant to experimentation by a deviant firm. Strikingly, this goes

along with prices above monopoly level. This is a reflection of the fact that the stochastically

stable states are the ones most immune to any type of potential spiteful behavior by the

competing firm – the high prices allow a firm to have a secure but admittedly smaller market.

For sufficiently high consumer valuation, no state is more resistant to experimentation and

all absorbing states are stochastically stable. Interestingly, in spite of all the emphasis on

relative profit, excess supply (which represents unnecessary cost) or excess demand (which

represents an opportunity to increase profit) are possible long-run features.

The paper is organized as follows. In Section 2, we present the model and the standard

benchmarks. In Section 3, we present the main results of the paper. In Section 4, we discuss

robustness of our results and comment on possible extensions, such as one wherein the quantity

produced by the firm is not observable but the actual sales are. Section 5 concludes.

2 Model, notation and standard results

We study a duopolistic market in the standard Hotelling framework, but where firms choose

prices and quantities. Two firms are located at the endpoints of the unit interval [0, 1] along

which the consumers are uniformly distributed. We identify firms and consumers by their

location on this interval – firm 0 is the firm situated at location 0 and firm 1 is the firm

situated at location 1. Two firms simultaneously and independently decide on the quantity

to put on the market and the price to charge for each unit. After having observed the two

prices, consumers choose from which of the two firms to acquire the product or to abstain from

buying. Consumers acquire one unit of the good at most. All consumers assign a common

intrinsic value of β to the good and on purchase, incur a transportation cost of τ per unit of

distance to the chosen firm. Hence, the utility of the consumer at location x ∈ [0, 1] equals

Ux =


β−τ · x −p0 if x purchases from firm 0;

β−τ · (1− x)−p1 if x purchases from firm 1;

0 if x does not consider buying any good at all.
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Consumers choose the option that maximizes their utility. We assume that the price charged

by a firm is more salient than quantity it produces and so consumers do not take into account

the quantity produced by the firms. It is possible that the demand at one firm exceeds

the supply while the other firm is left with an excess supply. We ignore the possibility of

spillover demand – i.e. the possibility that a consumer who is not able to acquire the good

at the preferred location travels to the other firm (which might have excess supply). Such

considerations would require additional assumptions on how goods are rationed or distributed

amongst consumers by the firm that faces an excess demand. To elaborate briefly, it is possible

that a consumer prefers acquiring a good at either firm to not acquiring one at all while

there might be another consumer who would prefer to acquire the good only from a specific

firm. The possibility of spillover demand arises only if both these consumers prefer the same

quantity-constrained firm and the second consumer gets served. To analyse this, there needs

to be an assumption on which consumer acquires the good in case their preferred firm faces

excess demand. While it may be instructive to look at this aspect, we do not pursue it in this

this paper.

A firm’s sale, si, is given by the minimum of the supply qi and the demand di, where di is

given by the mass of consumers that decides to purchase from firm i (i = 0, 1). We assume an

equal and constant production cost of c per unit and that the goods are perishable such that

excess supply can not be utilized. As firms are aware of their production costs, we assume

they do not to adopt prices below unit cost. A firm’s profit is then given by:

πi = pi · si − c · qi.

The specification of the demand of firm i depends on whether the prices give rise to all

consumers deciding to purchase a good (irrespective of their success to acquire the good) or

whether there is a positive mass of consumers that prefer not to purchase at given prices. In

the former case the demand of the firms is determined by the location of the consumer that

is indifferent between the two products: x̂ = p1−p0+τ
2τ . If x̂ ≥ 1, then d0 = 1 and d1 = 0;

if x̂ ≤ 0, then d0 = 0 and d1 = 1; otherwise (that is, if x̂ ∈ (0, 1)) d0 = x̂ and d1 = 1 − x̂.

On the other hand, when there is a positive mass of consumers that prefer not to purchase,

the demands are given by d0 = x̂0 and d1 = 1 − x̂1, provided that these values are not

below 0 or above 1. Here, x̂0 stands for the consumer who gets precisely zero utility if she

purchases from firm 0, i.e. x̂0 = β−p0
τ ; x̂1 is defined similarly, i.e. x̂1 = 1 − β−p1

τ . Note that

in the former case x̂1 ≤ x̂ ≤ x̂0 and the firms actively compete for the indifferent/marginal

consumer; in the latter case x̂0 < x̂ < x̂1 and the firms act as “local monopolists”. Also

note that two firms compete for the marginal consumer (i.e. all consumers would receive a

non-negative utility if they were able to purchase the good) if and only if, without loss of

generality, p1 ≤ 2β − p0 − τ ; this implies that if both firms choose the same price (say, p),
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then they compete for the marginal consumer if and only if p ≤ β − τ
2 .

Throughout the paper we assume that the consumer valuation exceeds the unit production

cost: β > c. This ensures that there is scope for efficient trade. Moreover, we assume

transportation costs to be of moderate size relative to the marginal cost of production: τ < c.

This latter assumption is purely cosmetic and adopted to improve readability of the paper:

it reduces the derivations, while the main insights we derive are robust to this assumption.4

Although this paper adopts an evolutionary approach where firms are not required to have

any knowledge of the demand curves and the size of the market (or, alternatively, the location

of the rival firm), for the purpose of benchmarking we provide some standard solutions that

assume firms to possess the relevant information to maximize profits. Firstly, in case a firm

is a monopolist located at one end of the Hotelling line, a price of p = max{β+c
2 , β− τ} would

be chosen with a quantity equal to q = min{β−c2τ , 1} . Secondly, the Nash equilibrium predicts

the firms to produce this monopoly quantity and to charge the corresponding monopoly price

when β < c + τ . For β ∈ [c + τ, c + 3
2τ ], Nash equilibrium prices and quantities chosen by

each firm equal p = β − τ
2 and q = 1

2 respectively, while for β > c + 3
2τ , Nash equilibrium

prices and quantities chosen by each firm equal p = c+ τ and q = 1
2 respectively.

3 Results

Instead of assuming firms to maximize profits, we postulate that firms learn by imitation and

experimentation. The less fit firm (i.e. the firm with the lower profit) imitates the behavior of

the fitter firm (i.e. the one with the higher profit). This requires strategic decisions and the

yielded profits to be perfectly observable. Once firms receive equal (and nonnegative) profits,

firms choose alternative price–quantity pairs only by way of experimentation.

Note that for this learning dynamic, firms do not need all profit relevant information of

the environment they compete in. In our setting, awareness of the size of the market, the

intrinsic value consumers attach to a good and the transportation costs they are facing is

not required. We even do not require the firms to be aware of their or their rival’s position

on the Hotelling line. The only information we assume them to possess is their unit cost of

production and the existence of a rival firm whom they can observe.

3.1 Unperturbed learning dynamic and absorbing states

We consider the following imitation dynamic. If in a particular state, a firm receives a negative

profit, the rival firm is imitated in case the latter obtained a nonnegative profit. Otherwise,

both firms shut down by choosing a production level of zero next period (without changing

their price). If a firm receives a nonnegative profit, it imitates the rival firm in case this rival

4Results are available upon request.

6



firm is strictly fitter in the current state (received a strictly higher profit); in case the rival

firm is just as fit, we assume the firm imitates the rival with a positive probability strictly

less than one. The state of the process is described by a vector (p0, q0, p1, p1), where pi and

qi is the price and quantity chosen by firm i. A state is said to be absorbing when there is no

possibility of transiting to another state by imitation. The specified imitation dynamic gives

rise to the following proposition.

Proposition 1. The set of absorbing states are the monomorphic states that yield non-

negative profit to the firms.

Proof. A monomorphic state (i.e. a state where both firms choose the same price and

quantity) with non-negative profit is absorbing as firms receive equal profits and have the

same actions – this leaves no further scope for imitation. On the other hand, if we are in

a state where firms realize unequal profits, then either both of them shutdown (this occurs

when both firms have negative profit) or one firm imitates the other. In either case we transit

to a monomorphic state. If we are in a state where firms realize equal profit with disparate

actions, the positive probability of imitation makes this state transient. �

Without experimentation the process will converge to an absorbing state. Experimentations

that give the experimenting firm the higher profit relative to its rival are needed to drive the

system out of an absorbing state. The resistance of the absorbing state towards experimen-

tation provides information on the stability of an absorbing state. In the next subsection we

will characterize the set of states that are most resistant towards experimentation.

3.2 Perturbed learning dynamic and stochastic stability

Before specifying the experimentation probabilities, we begin by acknowledging a conceptual

issue with experimentation in multiple dimensions, which is that there is no “theory” on

how experimentations happen or occur. Papers such as Van Damme and Weibull (2002) and

Blume (2003) tackle this concern by endogenizing the mistake probability by assuming that

agents would be less likely to experiment away from states with good realizations. Such an

approach is unfortunately not applicable here as firms in our model do not know the demand

function that they face and, hence, cannot evaluate the payoffs corresponding to other choices.

Given this background, there are two features that (we feel) might be plausible to incor-

porate in the specification of experimentation. Firstly, since there are two firms who make

decisions independently, it might be reasonable to speculate that experimentation by one firm

is more likely than experimentation by two firms. Secondly, since firms act in two dimen-

sions, it might be hypothesized that an experimentation in one dimension is more likely than

an experimentation in two dimensions. Combining these two features, we assume that the
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probability of experimentation by one firm in either price or quantity (say, of the order of ε)

is more likely than the experimentation by a firm in price and quantity (say, of the order of

ε2). The latter in turn is more likely than two firms simultaneously experimenting in price

or quantity (say, of the order of ε3).5 Due to experimentation, the perturbed process does

not have any absorbing states; so, in the remainder of the paper, when we mention absorbing

states, we mean the absorbing states of the unperturbed process.

The subset of absorbing states that are most resistant to these experimentations possi-

bilities are stochastically stable. Young (1993, 1998) and Kandori, Mailath and Rob (1993)

develop a technique for identifying stochastically stable states that involves constructing, for

each absorbing state, a tree such that there is a unique path from each of the other absorbing

states. The resistance of an edge of the tree equals the minimum number of experimentations

required for the transition along that edge (in our case, this number refers to the order of ε

above). The sum of resistances of all edges gives the resistance of the tree. It is in general,

possible to construct more than one tree for each absorbing state and so, the focus is, for

each absorbing state, on the tree with minimum resistance. An absorbing state for which the

minimum resistance tree has the maximum resistance is stochastically stable.

Based on the above procedure, Ellison (2000) develops an alternative method based on the

radius, co-radius and the modified co-radius of a set of absorbing states. The radius of a set

of absorbing states is the minimum number of experimentations such that the unperturbed

dynamic does not lead the process back to the set of absorbing states. For the co-radius of a set

of absorbing states, we consider for each of the absorbing states outside the set, the minimum

number of experimentations which, in addition to the unperturbed dynamic, are required to

transit from the absorbing state to the set; the maximum of the minimum resistance from

other absorbing states is the co-radius of the set. Finally, for the modified co-radius of a set

of absorbing states, we look (for each of the absorbing states outside the set) at the resistance

of transition from another absorbing state; but now, if the path involved transition through

other intermediate absorbing states, then the resistance from all these intermediate absorbing

states is subtracted to obtain the “effective” resistance from an absorbing state to the set.

The maximum of the “effective” resistance from all other absorbing states is the modified

co-radius of the set. Ellison (2000) shows that if the radius of a set of absorbing states is

greater than either the co-radius or the modified co-radius of the set, then the stochastically

stable set is contained in that set. Further, for any two absorbing states, if the radius of the

first absorbing state equals to minimum “effective” resistance of transition from the second

5The results that we obtain depend partially on this assumption. This is not surprising in the light of
Bergin and Lipman (1996), who show that the stochastically stable states are sensitive to the specification of
how experimentations occur. Since there is no guiding principle on how experimentations occur, we adopt the
system of experimentation as induced by the two features mentioned.
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absorbing state, and if the second absorbing state is stochastically stable, then so is the first

absorbing state.

The structure of the set of stochastically stable states is different for different values of β,

the gross utility that consumers extract from consumption. We present three propositions,

each of them devoted to a distinctive case with respect to the magnitude of β.

Proposition 2. Suppose β < τ−2c+
√
τ2 + 9c2 − 2cτ . The state where both firms supply the

monopoly quantity q∗ = β−c
2τ and set the monopoly price p∗ = β+c

2 is the unique stochastically

stable state.

Proof. Let us denote the state mentioned in the proposition by ω∗. Since the supposition

in the proposition implies β < c + τ , the quantity produced by each firm according to ω∗ is

less than half the market size. Our proof is constructed as follows. Firstly, we show that no

experimentation in price and quantity can push the system outside the basin of attraction

of state ω∗. We then infer that it is also not possible with either one price or one quantity

experimentation. From this we conclude that the radius of ω∗ is strictly larger than 2.

Secondly, we show that the co-radius of ω∗ is at most 2. From Theorem 1 in Ellison (2000),

it follows that all stochastically stable states are included in the set {ω∗}. Finally, existence

leads us to conclude that ω∗ is the unique stochastically stable state.

Part 1 (radius). In state ω∗ the firms set price and quantity at the monopoly level and

do not compete for the marginal agent. Experimentation in price by one firm leads to active

competition with its rival if and only if the experimented price is less than 3
2β −

1
2c − τ .

Notice that any larger price leads to a decrease in the experimenting firm’s profit, while it

does not affect its rival’s profit and will result in a return to ω∗. Suppose, therefore that the

experimenting firm experiments with the price p′ < 3
2β−

1
2c− τ . Moreover, suppose that this

firm experiments simultaneously with the optimal quantity given that price: q′ = β+c+2τ−2p′

4τ .

This experimentation leads to a profit of π′ = (p′ − c)q′ for the experimenting firm and a

profit of π = β+c
2 (1− q′)− c q∗ for its rival. The difference between these two profits, π′ − π,

is maximized at p′max = c+τ
2 . As τ < c, this price is below unit cost and it suffices to consider

the case where the experimenting firm experiments with marginal cost pricing.

Suppose the experimenting firm experiments to p′ = c and q′ = β−c+2τ
4τ . Then, π′ − π =

1
8τ (β2+4cβ−2τβ−2cτ−5c2), which is negative if and only if β ∈ (τ−2c−

√
τ2 − 2cτ + 9c2, τ−

2c +
√
τ2 − 2cτ + 9c2). Since τ − 2c −

√
τ2 − 2cτ + 9c2 < c < β, we get to the condition

β < τ − 2c+
√
τ2 − 2cτ + 9c2.

We have shown that even in the best case experimentation with prices and quantities, the

experimenting firm cannot obtain a situation where its profit is equal or larger than that of

its rival when the condition in the proposition is met. Now, note that if it is not possible to

leave ω∗ with a price experimentation in combination with an optimal quantity adjustment,
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it is also not possible without such an adjustment. A sole quantity experimentation always

decreases own profit (either because more units can be sold at a price above cost, or because

more units are produced than are sold), while it doesn’t affect the profit of the rival firm.

Part 2 (co-radius). From the first part of Part 1, we learn that starting from any state,

if a firm experiments simultaneously to price p∗ and quantity q∗, then it results in a larger

profit relative to the profit of its rival. This means that, from any state, at most two experi-

mentations are needed to get to (the basin of attraction of) ω∗. �

Proposition 2 reveals that when the intrinsic value of the product (β) is small, the monopoly

outcome is expected to prevail in the long run. In particular, the two firms are not actively

competing for the same customers; the market is only partially served. Notwithstanding

the market not being fully served, the stochastically stable outcome implies market clearing.

Note, however, that the restriction on the intrinsic value is so severe that the participation

constraint of the consumers at the other end of the market is not satisfied for a price equal

to unit cost. This hands each of the firms some market power and in this framework of im-

itation and experimentation, it manifests itself into monopoly prices and monopoly outputs.

It is interesting to note that both firms obtain the highest possible profit for this parameter

configuration.

Proposition 3. Suppose τ−2c+
√
τ2 + 9c2 − 2cτ ≤ β < c+τ . Then, the set of stochastically

stable states consists of the monomorphic states with prices p∗ ∈ (p̄, β) and quantity q∗ = β−p∗
τ ,

where p̄ is the unique feasible solution to p( c−p+τ2τ )− cβ−pτ = 0.

Proof. Let Ω∗ denote the set of stochastically stable states as it is claimed in the proposition.

Notice that all states in Ω∗ imply market clearing and in none of them firms actively compete

for the marginal consumer as p̄ ≥ β+c
2 > β − τ

2 . Our proof is constructed as follows. Firstly,

we show that the radius of Ω∗ is 2. Secondly, we show that the modified co-radius of Ω∗ is 1.

It follows from Theorem 2 in Ellison (2000) that the stochastically stable states are contained

in Ω∗. Finally, we show that all states in Ω∗ are stochastically stable.

Part 1 (radius). We demonstrate that the radius of the set Ω∗ is 2. We first show that

the radius is at least 2 by showing that there exists no only-quantity experimentation or

only-price experimentation that makes the system leave the basin of attraction of Ω∗.

Since supply equals demand in all states in Ω∗ and the consumers’ acquisition decision

is independent of the quantity produced, a quantity experimentation reduces the own profit

(given that the price is above marginal cost) while it leaves the rival’s profit unaffected. Hence,

a quantity experimentation leaves the experimenting firm worse off as compared to its rival

and imitation will drive the process back to the original state. So, there does not exist any

disrupting only-quantity experimentation.
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Since firms do not compete for the marginal agent, experimentation to a larger price

(p′ > p) will not lead to a change in the rival’s profit. Moreover, since the quantity is

unadjusted, the cost component of the own profit does not change. The revenue component

is at least as much if p′ β−p
′

τ ≥ pβ−pτ , which is satisfied if and only if p′ ∈ [β − p, p]; a

contradiction.6 Experimentation to a lower price (p′ < p) decreases the own profit, and can

therefore only lead to a different state if the rival’s firm is decreased by even more. For this

to be the case, the price p′ must be sufficiently low to compete for the rival’s consumers:

p′ ≤ 2β − p− τ . Such a experimentation results in a situation where the experimenting firm

obtains equal or larger profit than its rival if and only if it leads to equal or larger revenue

(because costs are equal as the experimentation is only in price): p′ β−pτ −
p′−p+τ

2τ ≥ 0. Since

the derivative of the left-hand side to p′ is the constant (2β − 3p), it suffices to check the

validity of the inequality at the two extreme values: c and 2β − p − τ . Experimentation to

2β−p−τ can not be disruptive for the obvious reason that no consumers are stolen away and

the own profit decreases. For p′ = c the inequality simplifies to p2− (3c+ τ)p+ 2βc ≥ 0. The

derivative of the left-hand side equals 2p−(3c+τ) and is negative since p < β < c+τ < 3c+τ
2 .7

This means that if the inequality is not satisfied for a certain price p, then it is not satisfied

for larger values of p. The price p̄ is precisely the price at which the inequality is binding.

Hence, for prices larger than p̄, an experimentation to marginal cost is not disruptive.

We can conclude that for the states in Ω∗, the radius is at least 2. All states in Ω∗ are

with prices above monopoly level. An experimentation by one firm to monopoly price and

quantity gives the experimenting firm a strictly higher profit and leads to an immediate drift

towards an absorbing state outside Ω∗. Thus, the radius of Ω∗ is 2.

Part 2 (modified co-radius). We now show that the modified co-radius of Ω∗ is 1. We do

so by demonstrating that from any other state outside Ω∗, it is possible to reach any state

in Ω∗ with a sequence of single suitable experimentations. This implies that the modified

co-radius of Ω∗ is 1.

Firstly, let us suppose that the initial state is of the form ω0 = (p, q, p, q) with p < β − τ
2

such that firms compete for the marginal consumer. And, let ω∗ = (p∗, q∗, p∗, q∗) be the

state in Ω∗ that we try to reach. If both firms earn non-negative profit state ω0 is absorbing,

otherwise firms stop producing and the process transits to state (p, 0, p, 0). Irrespective of

the sign of the profit, if the rival firm experiments to q = 1
2 , it will receive at least the same

profit. This means that one experimentation is needed to get to the state ω1 = (p, 1
2 , p,

1
2),

which is an absorbing state as each firm makes non-negative profit. Next, experimentation

to marginal cost implies a larger profit relative to that of the rival firm if and only if the

6Note that β − p < p, since p > p̄ ≥ β+c
2

> β
2

.
7The first inequality follows from p being in (p̄, β), the second by assumption of the proposition, and the

third from the assumption that τ < c.
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rival firm receives a negative profit: p c−p+τ2τ − c
2 ≤ 0, or simplified (p − τ)(p − c) ≥ 0. This

inequality will always be fulfilled as p ≥ c > τ , and the other firms (with positive probability)

imitates marginal cost pricing. Hence, one experimentation to marginal cost pricing is needed

to get to the absorbing state ω2 = (c, 1
2 , c,

1
2). Now, consider an experimentation in quantity

to q∗. Note that q∗ < 1
2 , since p∗ > p̄ > β − τ

2 . Both firms earn exactly zero profit when

one firms experiments with q∗; with positive probability quantity it gets imitated and we are

in the absorbing state ω3 = (c, q∗, c, q∗). Finally, let one of the firms experiment with p∗.

Then, this experimentation gets imitated with positive probability if and only if the resulting

profit is non-negative: p∗ c−p
∗+τ

2τ − cβ−p
∗

τ ≥ 0. This inequality is strictly satisfied precisely

for market clearing prices above p̄, and in particular for our p∗. We have reached the desired

state ω∗ = (p∗, q∗, p∗, q∗). Note that all the transitions from one absorbing state to the other

take place with the help of a single suitable experimentation.

Secondly, let us suppose that the initial state is of the form ω0 = (p, q, p, q), where p ∈
(β− τ

2 , p̄). In this state, the firms are not competing and they have their independent markets.

If both firms are receiving negative profit, they shut down, giving rise to the absorbing state

(p, 0, p, 0). Irrespective of which of the two states is absorbing, let one firm experiment with the

market clearing quantity β−p
τ . The experimenting firm will receive the larger profit and gets

immediately imitated and the process transits to the absorbing state ω1 = (p, β−pτ , p, β−pτ ).

Next, let one of the firms experiment with marginal cost pricing. Then, the experimenting

firm receives zero profit, while its rival receives a negative profit (this is, as shown in Part 1,

precisely what the condition p < p̄ implies). As a result, marginal cost pricing gets imitated

and we reach the state ω2 = (c, β−pτ , c, β−pτ ). The sequence of single experimentations from

this state to a state in Ω∗ has been illustrated in the previous paragraph.

Thirdly, suppose that ω0 = (p, q, p, q) with p ∈ (p̄, β) but q 6= β−p
τ . Obviously an exper-

imentation to the market clearing quantity β−p
τ is imitated and we get to a state Ω∗ with a

single experimentation.

Finally, from state ω0 = (p, 0, p, 0) with p ≥ β, an experimentation to marginal cost is

followed with positive probability. The sequence of single experimentations from the resulting

state to a state in Ω∗ has been illustrated.

We conclude that it is possible to reach a state in Ω∗ from any other state not belonging

to Ω∗ with a sequence of single experimentations. Hence, the modified co-radius of Ω∗ is 1.

Part 3. We now demonstrate that all states in Ω∗ are stochastically stable. Take any

two states ω′ and ω′′ in Ω∗. From ω′′ we can go to the monopoly state (β+c
2 , β−c2τ ,

β+c
2 , β−c2τ )

with 2 experimentations (one firm experiments to monopoly price and quantity; the other firm

imitates as it now has a lower profit). The monopoly state does not belong to Ω∗ and it follows

from Part 2 that it is possible to transit further to ω′ using a series of single experimentations.

Hence, the “effective” resistance of transition from ω′′ to ω′ is equal to the radius of ω′, R(ω′)

12



(see Part 1), both of which are equal to 2. From Theorem 3 in Ellison (2000), it follows that

if ω′′ is stochastically stable, then so is ω′. Since, this is true for any two states ω′ and ω′′ in

Ω∗, all states in Ω∗ are stochastically stable. �

Notice that all stochastically stable states imply market clearing and spatially segregated

markets (as p̄ ≥ β+c
2 > β − τ

2 ). The price p̄ in combination with quantity q̄ = β−p̄
τ results in

zero profit for a firm if the rival prices according to marginal cost. The stochastically stable

states are thus precisely those states that are immune against experimentations to marginal

cost pricing. The value of p̄, and hence the set of stochastically stable states, depends on

the consumer valuation β. As p̄ equals the monopoly price at the lowest permissible value

of β (while respecting the condition stated in the proposition) and is increasing in β, the

stochastically stable states are comprised of prices higher than the monopoly price. So,

where most other papers based on imitation learning lead to prices that are more competitive

than the Nash prediction, we see that prices can also be higher than the Nash benchmark.

However, in spite of the higher price, profits are lower.

The condition β < c+ τ implies that one firm is not able to attract the full mass of con-

sumers with marginal cost pricing. This provides both firms with total control over part of the

consumers: the consumers that never consider buying the rival’s product. In the monopoly

state it is possible for the rival firm to experiment to a price such that consumers are poached

away to such an extent that the rival ends up with a higher profit. In a stochastically stable

state, firms resort to catering to the set of consumers for which it is immune against any

price experimentation by the rival firm. This results in the firms producing below monopoly

quantity and charging a price above monopoly level. It is precisely this set of “high prices”

(higher than even the monopoly price) which not only gives each firm independent markets,

but under the restriction that pricing below marginal cost is not permissible, makes it impos-

sible (evaluated in terms of relative profit) for the other firm to encroach on the other’s turf.

This gives rise to the emergence of niche markets that are stochastically stable.

Proposition 4. Suppose β ≥ c+ τ . Then, all absorbing states are stochastically stable.

Proof. For the current parameter conditions every state can be disrupted by an experi-

mentation with marginal cost. Part 2 of the proof of Proposition 3 shows this for the states

where the price is less than β − τ
2 . For the states where the price is larger than or equal to

β− τ
2 , an experimentation to marginal cost yields a profit of 0 for the experimenting firm and

leaves the other firm with a profit of p( c−p+τ2τ ) − cβ−pτ . The latter profit is decreasing in β

and is therefore maximized at β = c + τ . At β = c + τ this profit is negative if and only if

p < c+ τ or p > 2c. So, for prices below c+ τ this profit is negative. For prices above c+ τ

experimentation to marginal cost works trivially as it draws away all consumers.
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Next, it is possible to reach the state (c, 1
2 , c,

1
2) by a quantity experimentation. So, a

(c, 1
2 , c,

1
2)-tree with tree-resistance |Ω| − 1 is easily constructed, where |Ω| is the cardinality

of the set of absorbing states. Since it requires at least one experimentation to leave an

absorbing state, this is the least resistance any tree can have. In what follows, we show that

for any absorbing state, a tree with resistance |Ω|−1 can be constructed and so, all absorbing

states are stochastically stable.

First, consider the states (c, q, c, q), where q < 1
2 . All that needs to be done in this case is

to reverse the (c, q, c, q) to (c, 1
2 , c,

1
2) edge in the just constructed (c, 1

2 , c,
1
2)-tree and deleting

all edges starting from (c, q, c, q). The modified tree has the same resistance. Thus we have a

(c, q, c, q)-tree, where q < 1
2 , with resistance |Ω|−1. Note that, in particular, the (c, 0, c, 0)-tree

has resistance |Ω| − 1 and is stochastically stable.

Second, consider states of the form (p, 0, p, 0). We can modify the just constructed

(c, 0, c, 0)-tree by reversing the (p, 0, p, 0) to (c, 0, c, 0) edge and deleting all edges starting

from (p, 0, p, 0). This leaves the resistance of the tree unchanged. Hence, states of that form

are stochastically stable.

Third, consider states of the type (p, q, p, q), where p 6= c and q is such that both firms

receive at least zero profit. To construct the (p, q, p, q)-tree we modify the corresponding

(p, 0, p, 0)-tree by deleting the edges starting from (p, q, p, q) and building an edge from

(p, 0, p, 0) to (p, q, p, q). The constructed tree has a resistance of |Ω| − 1. �

In Figure 1 the set of stochastically stable states mentioned in the proposition is captured

by the thick solid lines. In the states with prices equal to marginal cost or quantity equal to

zero, the firms receive zero profit. Also the states at the curved part of the boundary imply

zero profit, as this curve is composed of price–quantity pairs for which p · β−pτ − c · q equals

zero. In all remaining states, the firms experience a positive profit. Unlike in the previous

-
q0 1

2

6p

c

β − τ
2

β

•
•
•
•
•
•
•
•••••

•••••
•••••

•••••
•
•
•
•
•

Figure 1: Illustration of the set of stochastically stable states.
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two propositions, now there exist stochastically stable states where firms actively compete

for the marginal agent. This is the case in all states with prices below β − τ
2 . Also, unlike in

the previous propositions, markets may not clear. Only in the states along the dotted path,

markets clear. In all states above this path the market operates with excess supply, whereas

below this path there is excess demand.

The huge multiplicity in stochastic stable states is mainly driven by our imitation dy-

namic that allows an active firm (positive quantity) with zero profit to imitate an inactive

firm (zero quantity). Another plausible qualification that might be reasonable to consider

is the imitation of active firms only, in line with the Activity Principle of Alós-Ferrer et al.

(2000). Then starting from a zero profit absorbing state with positive production, such as

(c, 1
2 , c,

1
2), experimentation by one firm to zero production will not induce a transition (with

positive probability) to the state (c, 0, c, 0) in the unperturbed (imitation) dynamic. Only

states with an arbitrary price and no production – i.e. (p, 0, p, 0) – are now excluded from

being stochastically stable. The refinement that is obtained is, therefore, not qualitatively

substantive.

An alternative assumption on the imitation dynamic is that while a firm imitates the other

firm when the latter has strictly higher profit, in case of equal profit, only the firm with larger

sales is imitated. This is equivalent to firms having lexicographic preferences where they

primarily care about relative profit and secondarily about sales. Then, (c, 1
2 , c,

1
2) will be the

unique stochastically stable state. In particular, all states with excess demand or supply will

no longer be stochastically stable. Remarkably, the only stochastically stable state implies

prices to be equal to marginal costs, in spite of the differentiated market.

4 Discussion

Proposition 4 reveals that excess supply or excess demand can be a persistent feature of a

horizontally differentiated market where firm behavior is guided primarily by imitation of the

better off firm. Two natural questions arise: why do firms not cut down on production when

there are unsold goods? and why do firms not produce more when there is unserved demand?

If we were to say that a firm adjusts accordingly on the observance of non-market clearing,

then we add something apart from imitation to our framework. By consideration of such

adjustments, the non-market clearing states would no longer be stochastically stable simply

because they cease to be absorbing states. Even then, the result that all absorbing states

are stochastically stable would hold – the difference of course being that all such states are

market clearing.

Next, let us comment on the robustness of the findings with respect to alternative assump-

tions and consider possible extensions to the model. Firstly, we could assume that firms have
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a status-quo bias and they do not imitate the rival when they receive equal profit with differ-

ent strategies; in this case, all states where firms receive equal profit would become absorbing

under the unperturbed imitation dynamic. The set of stochastically stable states in Propo-

sition 4 would expand accordingly to include these absorbing states, but this modification

would leave Propositions 2 and 3 unaltered.

Secondly, let us consider the implications of our assumption of differentiated products. A

perfectly homogenous market is a limiting case of our model (zero transportation cost). It

is easily seen that stochastic stability loses all its refinement power and all absorbing states

will be stochastically stable. After all, from any state where the price is different from the

marginal cost, a firm experimenting to marginal cost pricing will attract all consumers who

are willing to buy at marginal cost price. This yields a profit for the experimenting firm that

is at least as much as that of its rival. With positive probability the rival will imitate and,

hence, it takes a single experimentation to reach a state where the price is equal to marginal

cost. Next, by an argument similar to the one made in the proof of Proposition 4, it is possible

to construct a path from any absorbing state to another in which the edges have a resistance

of one.

Finally, we take up the issue of observability of decisions. In our model, we assumed

prices, quantities and profits to be perfectly observable. It may appear more realistic to

assume that, rather than the quantity produced, the quantity sold is observable. There is a

disparity between observation of quantity produced and observation of sales only when the

quantity produced is in excess of the sales. This in turn can have an effect on the process only

if the more successful firm produces in excess of its demand. Hence, observability of sales can

only have a differential effect on Proposition 4, as it is the only situation where states with

excess demand are stochastically stable. In Proposition 4, at a certain price p, the maximum

quantity that can be produced in a stochastically stable state is q = pβ−pcτ – the quantity that

yields zero profit, according to the equation: p(β−pτ )− cq = 0. But at a price p, the sales of a

firm will be at most β−p
τ ; so, with observability of sales, any quantity greater than β−p

τ will

not be imitated. Hence, absorbing states with price p > β − τ
2 and quantity in the interval

(β−pτ , pβ−pcτ ] that were stochastically stable earlier, will cease to be so. On the other hand,

in case the price p ≤ β − τ
2 and production q > 1

2 , both firms observe the rival receiving

equal profit by selling 1
2 . Then, with positive probability, they imitate the rival’s sales. As

a result the states where p ≤ β − τ
2 and production q > 1

2 , which represented excess supply,

cease to be absorbing states. Thus, observability of sales rules out excess supply as possible

property of a stochastically stable state. The main thrust of Proposition 4 that there exist

stochastically stable states that are not market clearing remains unaltered, though now only

with excess demand.
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5 Conclusion

In this paper, we examined the stochastically stable outcome when two firms in a differentiated

market choose price and quantity, and market clearing is not assumed a priori. Firms adapt

their choice by imitating the rival firm if the rival has a higher (relative) profit. For low values

of consumer valuation of the product, in the stochastically stable state, the firms choose as if

they were monopolists, i.e. the price and quantity that maximizes profit in absence of a rival.

For intermediate values of consumer valuation, the stochastically stable state consists of a set

of prices higher than the monopoly price and the corresponding market-clearing quantities.

Finally, for large values of consumer valuation, all absorbing states are stochastically stable;

so, non-market clearing states may also be stochastically stable. In terms of the profit that

firms receive in the stochastically stable state, when the consumer valuation is low, they

extract maximal surplus from the market (this also coincides with the profit level of the

corresponding Nash equilibrium); for intermediate values of consumer valuation, because

prices are higher, the firms receive lower profit compared to the profit at corresponding Nash

equilibrium. However, it is not possible to make a similar clear-cut comparison when the

consumer valuation is large.

An interesting follow-up question would be to study this imitation dynamic while allowing

for a larger number of firms, which might then permit interesting comparative static insights.

To elaborate, we have argued that the stochastically stable states under the specified imitation

dynamic are the ones that are most resistant to any form of spiteful behaviour; if we allow

for more firms, we speculate that successful spiteful behaviour would become more difficult

as it has to be strong enough to affect a larger number of firms. As a result, on the one

hand, it may be possible that the stochastically stable states would yield larger profits when

there are more firms. However, at the same time, as the number of number of firms increase,

the market power of each individual firm decreases and this might have a negative effect on

the profit levels in the stochastically stable states. There is thus, the possibility of a conflict

between these two forces and it might be instructive to examine the interplay between these

two opposing tendencies.
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