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(%.J Abstract

---I'n this paper we present efficient, exact algorithms for the problems of output encoding,
state assignment and four-level Boolean minimization. All previous automatic approaches

to encoding problems have involved the use of heuristic techniques. Other than the

Sstraightforward, exhaustive search procedure, no exact solution methods have been

proposed.

. The problems of output encoding and state assignment targeting two-level logic

implementations involve finding appropriate binary codes for the symbolic outputs or states
so a minimum number of product terms results after two-level Boolean minimization. A

straightforward, exhaustive search procedure requires O(N!) exact Boolean minimizations,
where N is the number of symbolic outputs or states. We propose a novel minimization

procedure of prime implicant generation and covering that operates on symbolic outputs,

rather than binary-valued outputs, for solving the output encoding problem. An exact

solution to this minimization problem is also an exact solution to the encoding problem.

While our covering problem is more complex than the classic unate covering problem, a

single logic minimization step replaces O(N!) minimizations.

The input encoding problem can be exactly solved using multiple-valued Boolean

minimization. We present an exact algorithm for state assignment by generalizing our

output encoding approach to the multiple-valued input case.

Four-level Boolean minimization entails finding a cascaded pair of two-level logic functions

that implement another logic function, such that the sum of the product terms in the two

cascaded functions or truth-tables is minimum. Four-level Boolean minimization can be

formulated as an encoding problem and solved exactly using our algorithms.

We present preliminary experimental results which indicate that medium-sized problems

can be solved exactly. Computationally efficient heuristic approaches based on the exact. algorithms are proposed for output encoding, state assignment and four-level Boolean

minimization.
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Miimiizationl

Sriuivasq Devada-
Departmnent of Electrical Engineering and Courivuei Science

Massachusetts Institute of Technology. Cauibridge

A. Richard Newton
Department of Electrical Euglueernug and Comlputer Sciences
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Abstract Encioding problems are difficult becau-e tiley. typcall% lim'e to miodel

a complicated optimization step that follows. For inistance. if we

In this paper. we present efficient, exact algorithms for the have symbolic truth-tAbles like those in Figure 1. which are to be

p~roblemis of outp~ut encoding. state assigunment find four-level imnplemnited inl PLA form, onie sishes to code lite inip]... ip
Boolean ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ oul ..iiainl pe-osatmti prahst outdM) so as to minimize tile ntumber of product termis (or

Boolan iniizaion.Allpreiou autliuticappoachs t tie ae&)of (lie resulting PLA slitr two-level Boolean nminimizatioiti.
encoding prolblemrs have involved the use of heuristic tech- A straight(forward. exhaustive search technique to find a optimum Pii-
niques. Other than the straightforwvard. exhaustive search cod ing would require O(N!) l(O(AI!P)) cract two-lIevel Booleanm mii-~i

procedure, no exact solution miethods have been proposed. iltizations. Two-lesel Boolemi inii aiioim &1igorihiis are ven% well
of otpu encdin andstae asignent developed -- thle programs ESPRESO-EXACT [l1]and hIlcBOOLE

The problems ofotu noigadsaeasgiet 141 nunijize large funclions exacly within reasonable amocunt. of CPt
targeting twro-level logic imnplemientations involve finding ap- time. However, thle ,,m,,nbtrof requ-ired mniztosmasanexhli'.

lpropriate binary codles for the svmliolic outputs or states tive search apptroach tW opt imum enicoding infeasible for anything but
so a 11nn1MUnn numlber of piroduct terms results after two- the smallest p~roblemsi.
level Boolean mrininuzation. A straightforward, exhaustive

search lprocedwte requiles O Y!) exact Boolean niuinuza- 10 inpi 1010 0001 Outi
tions. where N is thle inumibe of symibolic outputs or states. 0 nl 01 00ot
We propose a novel uinuimiizationl procedure of prlm. zmplm-01ipi 100-0 ut
cant geveration and covetring that operates ont symboitc out- 10 inp2 1010 0011 out2
pts. rathet than binary-valued outputs. for solving the Out- -1 inp2 1011 0100 out3
put encoding problemn. An exact -solution to this mm~unmnza- 1- lnp3 0110 1000 Wu3
tion problemi is also anl exact solution to the encoding prob- 0- inp3 1001 1011 Wu4
lent. WVhile out covering prolein is mnoie comiplex than the ini 0010 1111 Wu5
classic unlate covering piobleinl. a single logic mii~inmization n5 10. step rep)laces 0(NV!) m~iimizations . n5 10

The inptut encoding problemt can be exactly solved using
mrultiple-valued Boolean nimuization. We present an exact (a) (b)
algorithml for state assiginment by genleralizing Our output
encodling apiproacht to the multiple-valued input case.Fiue1SyblcCvs

Four-level Boolean iimnization entails; finding a cascadledlFgr :SyblcCv
pair. of twvo-level logic functions that imlplemlent another logic Early appiroaches to state assignmentl (e.g. [1]. [9). [7]. 1191) targetedl

function, such that t he stun of the l)1o(lttct ternis in the sui-or-produrts impleintions of finite state macliiei. Heritr i

two cascadled fiuctions or truth-tables is iniunu. Four- search methods attempied to produce a statle enod miga Iliimimiuzed

leve Boleam nninnatio ca beformlatd a an ncoing (lie iin ber of produictt iertiim inl thle resllting trut i-tab r or tlie mnll-r
leve Bolea niiin~zatoiican e frimlatd asan ncoing of gates inl tile resuitiig two-le'.el n etwork. More receiitl. imili i-level

problew and solved exactly ttsinig our algorithmrs. combinationial lo0ic illitlemnielfit aionls have beenl targeted [-5) [20.].
A~e piesent preliinary experimiental results which indicate ]in [13]. it waxfshown that tile iniput encoding problem, whfenl the objer-

that mnediumi-sized problents can be solved exactly. Conipu- live is to miiinize thle nmtber of product lernus inl thle eventulal PLA.

tationually efficient heuristic alplroacbes based on the exact can be solved exftctl% Iy nefalt of Ai exact multiple-valued Boolealn
are l~t statemuitnization . A tuininunt cardinal iti cos pr equal to lte cardinal it %of

algorithmls ar rposed for output encoding. tt assign- a one-hot coded cover is obtained and (lie number of bits requiredl to
input and four-level Boolean mniization. code the symbolic inputs call be inittimilled as a secondary obiecie.

Tile prograin KISS [131 appllroximates life stat~e atisignntl algorit limi
as onie of input encodinig anid Iproilitcer FShls iitpheiitewied at- PLA'

1 Introduction whose product term cArdiniality is ino greater ihan thiat of a oite-lui
coded FSNI. However. since (lie next state iice is compleiel igored.

Encoding problems in switching theory itnclude t(lie input encoding amid no guarantees as t0 tile global optimnality of (lie result for tile originali
owt putt encoding problemst whichI involve I(lie assignment of binary codes state assligenment problem can ber made.
1o symiholic in PUtLS and out pits so as to minlimiize a givenl cost funiction Optinmuim state attsig iieiii requires (ile opt i itminl in t egrat ionl of iul)Iil

(pically. the area of the resulting logic network). State assignment, and output encoding algorithms. ltnfortumalel). ito exact metliod for
one of the oldest problems in automtata theory. is also an encoding output encoding (other thant tile trivial exhaustive search method) imae
problemn. If we view the State Transitioi Table (511') of a finite state been proposed to date. Heuristic output encoding stfraeies (eg. 12)?.
maschine (FSltl) as a truth-table with a symbolic input corresponding 11611 nave been proposed and used in conjunction withI the approacl till
to the prsent states sid a symbolic output corresponding to the next 1131 to state assgnment.
states, then state assignment call be seen ais an input-output encod- TWe problem of minimizing a cascaded chain or linked PLAs. nit i
ing problem for the truth-tabe. This encoding problem hasf asoiated level Booleant minimization, is one of great theoretical and practical
constraints on the equality of codes that are assigned to the input and interest. Several heturistic uttetliods involving sleric and Boolean (le-
output symboli; (symbols that correspond to the same symbolic state in co pstio Ueehn*kps have beet, -rpoed (e-g. (2]. 18]. [6]). Ani ex-
the sequential machine). Depending ott lie targeted implementaioi. act fctorizationi alloithil for siigleoutput funcetionst wasl proposed ill
tile goal of (lie encodiiig step, be it iinput or output encoding or state [10]. 1: [6]. thle 'Probleill of tlecollitimg a giveit tWo..level futtctioti ittlot
assigluntentl. varies, a cascaed pair of two-lvel futmlctiit was pasal A am eticodgeig lirom-



1m(similar to tliat of sfieI assignitietti And 4oied lieurist icall. ]he 0001 001 0001 10000
ntltrodl iAs intexact because the associated output entcoding problent0- 1 0- 10
couIld not be solved exactb 000 01 00.10

In this paper. we present sat exact Algorithm for output encoding. 001 1 010 0011 01000
The alforitlin finds ain encoding that minimizes tlie number of product
ternis in) anr optimWIed PLA imiplemientation. The algorithm consists of 0100 011 0100 00100
Itle follo%% ing steps: 1000 0i1 1000 00100

1. Generationi ofigeneralized prime imiplicants (GPls) froin tile origlital 1011 100 1011 00010
Symlboltc co'.er. 1111 101 1111 00001

2. Solution of at const rained coseritig piroblemi itt'ol itg tlite selection
of a miimtumn umber of C;Pi, that forim anl encodeable cover. (a) (b)

'3. Encodintg of the symbolic outputs respecting Lte encoding con-
straints generated during Step 2. Figure 2: Possible Encrodinigs oftI lie Symnbolic Qit pitl

4. Givent thre codes of the symbolic outputs and the selected GPils, it
PLA withI product termi cardittality equal to tlie nunmber of GPls onl the ituniber of 2 enities in lte cube. A cube with i Aetit ri'-s or bit,
catl be trivially conrotucted. This PLA represents an exact solution Which take lite valoe 2 is called a 4L-cube. A milttern thtus is at tJcube.
to the encoding problem. A cube c1 is said to cover (contain I anothter cube c2. if eat-tch t itF

Various techniques to generate GPls that are modificatiotns to classical of c, is euqual tW thre corespotndinig ettiry .Of C2 Or is equal to 2. JI Ill-

primer ittplicatit genterationi telinities call be used itt Step I. The cover- supercube of a Pei of cubes; is t lie Isiutallest cube that cosers eat-iI Ciilw

itig problem of'Step 2 is mvore comtplex thain tire uttate coverig problem it thre set. A inittertt nist is sAid to dominate attothIer iiiteti ii

and hience classical covering Algorithtms catnnot be directly used. Step (writ tent An itt1 D 1112) if for eacht bit posit iont ii the second ttiittertt t tat

3 involves constrained entcodintg where liIte objective is to inimize tile cotitains a I. tire corresponding btt posititon in thip first mntiertin al-c

tnlumber of etcoditig bits required to satiif% f-lie- cottst raintts. This step is containis a 1. NI inter iin m2 is domntat ed I)% rip, w ril #it s rip, C I,

also N P-complet e. Howeser. otur focus htere is to exactl1y mittittize PLA T3 ojnto ftottitett stt iwseOl(rte sIunU
product trtut cwdiitalit% atid teturist icaly% mnimtize PLA area, of tire two iierits. The disjunction of liso tttiteri; L-s tile biti, I,.

Me hale also develop ed flt exact state asigietit salgoritlit that AND (writteut as nt) of tire two initutertls.

It&%s essetitiall' tile saine structuire as tile above procedure. Ili tite state A logic futtctiott may htave multiple-valued or sytutbolir inpwut %ar-

assignmenit case. tile presettnt Pates ate represeited as differetit values of abe tdstixhcotitarblsaiiFgueIAs tbouitti
a sitngle tiult itple-alued variable (s itt [131). Thle co~eritig problei i- or ottut ariaule talkes ott symbolic values.

inorcomleNtha il fie ouputencdin ca ad sois itecontraned A fittite state ituaruitte is represeuttedl Ib its State Transition Graph
meicotigprlem. ttNitte ut fitt toii casen f 6 tid s fli , otritte ("T(.,) or State Transition Table (SfT1 I. 61t V. E. 1t1 E 1) 1

etti-otittig~~~~ !hbei.Veueleftuuta oso ( t' oetlepolti Ile set of %en it-es correspoitdiiig to tlite s.'t ofritates S. "slitre S.=
offotir-lesel Booleani nniiitizatiout as one of iitit-otttput enctodinig Anid istecriuat otestoftteofher l.lteg-(,. ii

gise sit exact solti on sitilar to our sitate aisitiet atgore hut.iii f i e rsatso ierhi meie(."t (11

Ili Sect ion 2. basic defltit iotis Ali] itot :1ionsg1 lused aitregiivenl. The "1 1-o J if there it. ai priiiiar itiptl it at causes tlite FSNI to es olse 'ft on.

exact output eiicodintg algoritliti is described itt Sectiotn 3. We give state r, to state rj. And W1(E) is it %et of labels, iat-lied to eat-I etI.
teoretins t tat prose tire correctntess orftilie procedure. The procedure I. echcl label carryit ig tlie itiforitmit or tle vailue oftile iIm~tt 11at1,1 .1

genteralizetd for I lie problemus of state aspsignmn stcttaid four-level Booleai tlit i rantii ott anid tilie sal ties of ti- tprins r. out1 pll tCot t e'pl tout lo

tiitiizat ott iii Sectiotns 4 still S. Pruting lietrisiit-s thlit catl be used that tratisit ott. Ili genteral. tilt 11 ([El labl.I Are cube' ortititi'
fin thle exact solit on of lie di flereit cos ern g probletit resulIt ing ill lite
outpitt enicodinig. state assigittett Atid fotii-lese Bi ooleant rniuintizaliott
cases are described ill Sectiott 6. Tet-litit~ties for tlite crestiott of reduced 3 Output Encoding
prittie ittpliratit tables are also clest-tilueti Ieuriti i- to iimtiize tilie
titttbe- of enrtodjng h)1 i used at i out- icet upols illt Setijotn 7. Ott iii 3. 1 Itntrod uct ion
etit-sitig wi~thI a boiund ott f lie tiutbet of eit-oditig hits is forittulated as
a Booleani sat isfiabil it problemi. Prelititintar% exper imuental resulIts are Tie ott tl eticodij ti tirotilet i etitails, It til jg blial stCot' flit

prsned iii Sectijolt 8 out pill enicodinig cali *be Itantdled. olttliftt ill a Fniicling ftituttiot ats as to t1iiitze fte 7t- ot" sit esa tt
present of t lie ares of t lie ectodled cuid opt iit~z'

t 
lotot fit i o, lIet. - u, al.

cotncernied ith Itwo-lesel or P LA itilt ta ~ 'of logi( .Ii lie,-

2 Preliminarieile optimuizatiotn step that follows etcoding ius otteof tso-Iesel Boolvais

Lei B = JO. 1). Y = JO. 1. 2). A logic (Boolean. switchting) Au arbitrary otitpitt eicouliig oft ie fittctioishos ii iii Figure 0lit
funtio ffiiiit tipit arible. ~. J...~,, atd t ouputvarabls. shown iii Figuire 2(a). The etncoded cover is niow a ui iple-cott pit logic
funtio f initinpi aribi ri X...r,. ad ri utut arabls. fiunctioni. This fiitct on call be inimtiized usinig siatidArd t so-lesel logic

.Qt Y12. . Y"''. LA a funictioni iitiiiiist jolt algonit huts. These Algorit lint' exploiithle SluArng het iseeit

ff ~~ h "-Y' ie differentt mpiti Poas to produce a iiiitcoser. Ii i' east to -
ff : B" - that sit eticoditig such A.' tile otte iii Figure 2(b). where eat-l s.Nitihtolic

islier = [.t-. .. .r,, E B" is tflie input anid y = Ipt.. Y. E Y" is vA lue corresponids to a sep~arate ali o. cant have ito slisriug bt~tt

tile output of ff. B" is lte Booleant it-space associated with hi e futic- tle outputs. Opt imizinig tire funtctioni of Fignre 2(b) woilu pitlttti a

liont ff. Note that it addit ion tot lite usual %alues of 0and 1. tile outputs futnctioni wit I a itiitler of .product termts eual to tile total ttitibei of

yu, nusy also take the don't care value 2 (or -). Such futnctionis are product lernis producedIby diajonf/g mniizing eccl of thep ON-sets of

called incompletely specified logic fittctiotis. A completelI spec- tile symbolic values of Figure 1(b). This cardita lily is ty .picall% far frcint

ified function f is A logic fittct ion takitig values in JO I i.e.. lie ititiiniumt cardiliutl , acltiesable %ia Alt eticoditig that ms1AXitttaI.

All %hle s-shies of the itnptitap inito 0 or I for all t he comnponients of exploits shiaritng relat ioilthlips.

f. For each component of sit iiicottplete- specified logic function ff.
ff,. i = 1. .. ilt. otie can% defitne: tire ON-set, X,

0
' C B", the set 3.2 Review of Previous Work

of input values r such that ff, (r) = 1. thle OFF-set. X,orr, tile set Sottie Iteurist ic app1roachePS t0 90o%1 11i 1h pitt enicodinig proli taNt
of values such t hat f,(zr) =0 atid the don't care Set XDC, the se bei'aeiiiteps eg 1] ~ .Te pr' an)"PI''NOJ2
of values such that ffi(z) =2. A logic funictiont with mn = I is called a attenmpts to minimize thle number product terinst in a PLA imipletltei
sinigieoutput function, while m > 1. it is called a mulilei-output taition and secondarily Itle tuinber or encodintg bits%.
functioni. The allgorithi iii CAPPUIiNO is based onl exploit ing dormisutec re-

A cube in a Boolesat a-space asociat~ed withl a logic function. , lationships between the binary codes assigned to different values or a
can be specified by its vertices and by &it index indicating to which symbolic output. For instance, in the example of Figure 1(b). if tile
components of f it b-bougs. An input cube r i specified by a row symbol .. outS is giveti a binAri code 110 which domninates tlie
vector c = Jet. .. c,.) where each iniput variable talles on one of three binary ,i'e Ils, assigned to ou12. thient te iniput cubes eowrespotdiitg
vlues 0. 1 or 2 (or -). A 2 in the cube is a don't care input. which to ol I .sePd as don't care for nipinimiting t he input etibet of
niesno that the input crat take lte values of either 0 or 1. For example. ot2. Usri, edontt carepcalt redtce thuecardinahtitvi oeN-et of
thectibe002 suequal tothe uniotioffheircubesO0l aid 000. A minterm the sytnbolic vatliteieon2. Ili CAPPII~lNO. shotidniatice reltvisl,1is lie.
is a cube with otily 0 and I enitries. Cubes call also be classified based tweelt symbolic valnes I hll resl iii maximial redict ion of thIe ON-stslr

2



101 outi 1 101 001 1101 (ou0i) 110- (otlout2)
100 out2 1 100 01 1 1101 outi 1 100 (OWt) 11-1 (otA1, out3)
ill out3l 1 1 11 1 1100 out.2 i II 11 OW00 (Out4)

1111 out3 0000 (004)
(a) (b) 0000 W4l 0001 (ot.lA)

0001 Out4

(a) (b)

100 11 110- 01 1
100 1 1 1-1 10 1 Figure 41: Getieralioi of G.eneralized Prio n iilicaii

WC (d) feretices.

Figre : Dminnceand(ouuittiv Reat ousipsI-cubes aire consttructed b' nerging all pairs of noergeable, 0-rulbes.. If
Figre : DnnunceandConunciveReltioshi,-two 0-cubes with thle Saule tag. (r. ). are njerged then lihe 1-cube hsm 11w

samoe Lag r i). On the othler hand. if a 0-cube of tag (r, ) is mewr 1d wit I

oI e doiate reblat values are lieurist icall const ruct ed. Sa al. g 0-cube with tag (rj ) tile resultant I-cube has a tag (r,. ri) Irule
of te dmintedsymoli whch houd nt cnflct)reslts for canceling 0-Lcubes cosered by J-cte s; also different frot Ilse Q-I

fying these diiacretionships wicisol o ofit eut inethocd. A ti-cube can be caniceled by A 1-cube if and oulx if I lieur tag,.
Ii wine reduction oftI lie overall cover cardijtAlit ' %.Ititnuni cardituality are ident ical. A 1-cube I I - with It ag (I-,. r2 ) canniot ca .ncel it 0-etibe
cannot be guaranteed because all postble doniniance relattoits we 1101 110 with) Lag (1-1).
explored, nor is sit opt ittunt set selected. A ittore basic shortcomintg is Thle above cast be generalized to tile k-cube case.
I tat lotiinattce relatiotns are no, lie ott. kAill(] of rela jtishtips betwseen
symnbolic %allies thtat ca-_ bie exploited. After a " %ibolic cover has bieei 1. Wheti two k-cubes itterge to forttt a A4- 1-cube, lte tag of tlte A +t i.
enicoded. it represents A tuuIt i ple-otitPit logic funuct ioti atd muiuiIZng c ei ~eait iotletioAcb as
a mnultiple-output functioni entails exploiting other shiariug relatioushipscueitle0111otlewokubtas

tha jut omianc.2. A A- + I-cube cati cancel A A-cuble oitly if (lte A- + l-cttbe cosers I Ii.

3.3 Conjunctive Relationships kcb ldflh~ dnia as

Uon-deiI le - nioli coei f Fgur 3(). 1wfuntio ha on s ll- A cube %% itlh a tag Ihat colutailt' aill thle ftiilxlic %Alines 0i .

bohrc out put and ojie binar%-%Alueil out ptil. Usinig doiniinaine relaili- C.11edsaddAl s10 P+II---~w ientritie i

slip PAlonie Ili at encod inig' it is not possible to reduce thle size of aiiv 1m1ilii mi sollitiOil (teroretti 3.3). The generat ion of generalizedl prim

of t ite ON-sets of tile s~ibolic %altues. Otte sutch entcoding is shown it itlillicait for t lie s~ itibolic cocer of Figure 3(a) is slioin in Figuit. 4I.

Figuire 3(b). withI otI gicent(the bittar ' code 00. outf2 givenu 01 aid ouj 3 We have 6 G'll. will) associated tags.

giceti 11. However, if we code or, Itl i 11. oifi2 with 01 atid ottf3 with
10 as' Ii Figure 3(c). we ob~taitn a reductiotn Ii cocer carditualit%. aftet" 3.4.2 Selecting a Minimum Encodeable Cover
iiiitttizat iott (Figure 3(d)). Note t hat ini a doiinatice relatiotislip. tilie
O N-set of t ie n, t dm i lid s'titbolic %a tie is redutcedl H owe er. iii Figunre Gi cit all tilie U Plq. we Itac e to sel.ect a IiiiII1 u u b tttset of G11 II sii
3(c) Atid] 3td1. it it iii fact thte dontiitiig q~ iibolic value. otul. mlo'.e t1)at tle% coccI iall thle 1ti1titeitiiS atiil fortIt sit (orodSall co'ei. If %-e 10
ON-set cardinslitY IiAS hbeit reduiced froiii I to (1. This is because of itot liace tlie Additiotial res-t ici ioi ofeuicodealbilii% foi a1 -elcirdi ik-i
te drsun tchi renhi wi~h q be Iwee ilie code, of citil2. ou1 3 And 01111. of G PIs. tlieu tile Oitllilt enucoding probleti icoi Iie etj iia iei I o I%,.. oil) = oit I out 3 atid( leneu- fii ON-et of Ot i canl be reduced usaitg lexe Biloolean tiii iitii ati on. 'I i, select ioni is carried 1 otI,% cel% -it

I 
1
u. ON-set of 00-2 Aiii 01103. J3usti tilalkg olnt dotittitate 011,2 Aind 01113 coxeritg urobleuut (Sectiott ii deal., iithI thle cocerutug probleitm .li Ii.

is njot enugh. file code of coff has to b.-e lite coitj~iict ion (bit wise OR) sequel, we describe what sit eliCOiclAble cocer Imsits.
of tlite codes- of otif2 and o0u3. Exploitinig thiese relationshtips is ba~sir C oiisid,.c aI iiteruti. pit. itt lte origiiial syuibolic cocer S. Let Ili,'

to a uttIt ile-out pitt logic iiniiti7ei atild tence ati exact eitcodittg algc. niitteriut beloutg to tile ON-set of r"'. Olbvionslh. in An\~ eitcoded cot i.i
,it httn has to take into accont t luee celat ioitsliips Iit order to produce tile uttinteriti oi lisa to ssert ( lie code given 10' I.,, .Italtue% f( ", )
at iinintunt cardiiiait) cover after opt itnizatioul. Conijunctive relat itns Let tile selected xubsoet of (;Pk be pt- ... p,,. Let tire ;PIq'i tat coc.-u
nia' involce air% tiutiter of scutibolic %Allies. For iqsailce. thle code of 11 in tfitis selected) ubset lie it P"'.4t . For fittict ioli~sliill IVIi
a symibolic vslue ia\ lie tlite bitwise Oil of tlite 0oter symnbolic value nsttimd h ohwigrltoihst estsid o l tiieut
codes. manand lit folwnseainh.ob atsid o i lifri

Entinecatiitg domnatnce or d isji inctice relatIioitshiips is c'er liuttle- 9)ES
coisurni g. Finding tfite reduictiott it cot et cardituali lv thlit calt be r' i. , )= Ii I Vi
Accrued via sit eticoditig satirfvittg earlt dotitiiaiice or disl;utictice rela-()

iouusluip reqluires sit exact logic ntlititiii7Ati it. Also. thiese relat otjisltip. J=
iuitersict ini comIpleX ways n aiul thir effect' Are tiot simply cuiutmnat 'c.
To soce lte output encoding p~rob~lem efficiently atid exactly, we have where ilie rp..) representt tike Symtbolic values that are ill thle tagt of

to mjodif% thre prime implicagit generatioti and covering strategies that the GPI p.,. ii Figure s. we have a selection of (U'ls for tile syibolic
are basic to two-level Boolean mninimizatioii. cover of Figure 4(m) (whose GPIs; are enumraoted in Figure 4(b)). Ale

have selected the GPIP 110- 11 - I and 000- from Figure 401,) itt
Figure 51a). The constraittts corresponding to Eqit. I for each utlitteri

3.4 An Exact Algorithm for Output Encoding are givent in Figture 5(b). The mintlerin 1101 is cocered In both selected

Ini this. section. we presenit ain exact algoritluit for output encoding that GPIs. oite of whichi ha- A tag (outi. oid2) sltd lte ollier ham a lag
guarantees a nuinintuin cardinahily encoded cover. As described briefly (ottll, ouI3). Therefore. Enln. I specifies;
in Section 1. this aolgorithmn is. a four-step procedure. These steps are
described it det-ail itt thle remindi~er of te sect ion. roj nirt# U oau nrol3 =fol)

We are givent a symbolic cover S wit Is a single Symbolic output (we ~ il)I ~i2 ltul lrou3 lul
Section 3.6 for generalizat ion tlathe mull iple symbolic out put case). The
different symbholic values are denoted r1. ... civ. Tire ON-sets of the ri foe the miterin 1101 and other cotnstraints for the remsaining mintertus.
are denoted C',. Each ('i is a etl of D, inintering; Ili, . .. rniD.) Each If a minterni is covered by a GPI with thle sante tag as lte uilertit.
ruil ntenq lowha a tag mis to whats symbolic valtin*s ON-aet it' elongs then the ton raint specified by the mninteirm via Eqin. I is an isdenuIit%.
go. Note tha a ininterni can only Weong to a single symbolic value*@ Eqn. I givins a set of constraints on the codes or the snbolic vaqlues .
ON-set. Jiliuternis are commrtonly called 0-cubes, ie a selection of GPls. If an encoding can be found that satisfes all

teecostrainta. then the selection of GPls in grtscodeal". Ilowe.

3.4.1 Gettogiaton of Generalilsed Prime Implicants a uerim of GPls may have an amostioiald wt of toosralgill that are
utuay conflicting. In Secticto To. we show how the encotlembilit v check

Thle generation of generalized prime ittplicants (GPIP) proceeds ais in for a set of CPIs. giv- - .uund on the number of enicoditng 1its lsat
the well-known Quine-lishcCluskey (Q-1) procedure [111]. with some* dif- call be used. can be formiulated ma Boolean ma sstfiabilitl % robleitt.
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1 101 *(oulll) 1 1 6(002) U .(oulI) fl .(outS) - eloutl) 1100 1100
110 lo.(oil) nl *(out2) - (Ut2)

110. (out1,ouw) 1111 *(outl) ni *(out3) -e(Out3) 1101
11-1 (ouii. otil) 0000 *(OsM) - 0(00t4) Ou oui2IR e.I V-112
000- (00A4) 0001 *(ou%4) . 0(0(Mi)

(b)a)1 110 1101 liii 1101

Figure 5: Entrcdeability of Selected GPIs 2r'

3.4.3 Dominance and Conjunctive Relationships to Satisfy (a) (b)

Constraints

The collst rints specified bN Eqi. I call be atisfied by moeans of domi-
inance And disjiinct iie relat ions between symnbolic values. Con~tining Figure C6: Eiicosleabilitl Graphs
with our example. to sat isf%

e~if)nfot)U110- (OuL4,Out2) Cull 11 110- 01 1

one ia'- three alternatises! 11-1 (Outl,0ut3l) 0 1 11.1 10 1

2 otf D011)(a)(b()

3. ejo:id) C f(ouf'2) I d(ou13-

(.i~ell an arl)ittrr consforaint. aset of :loiiiiiiatice and disjuniictiv-e rea-
tionships can be derived such thlat sal isf '%iiig Ally single relat ion sat is- rigtre 7: Coisi rtictingl t ire Op)iitized C o:ei
fles thre const rait. Doniitattee slid (I ill uci 'e relat ionslhips mia coil-
flirt acro- a set of conistrainits. For instance, One cannot satisf% both

eOolI) D (oisI2) sold f(oi:C?) D or(oull). This represents a cycle Gie A coigraini specified b% ULti. I of file forn
in te ledotnitiance graph. Also, if onie picks C(lie eqlialit% iii choice (3)
alioxr. thieir we req~uire f((ant) D (01112) Anid 0(1#1l) D c(ot#13). fIn
thiai case. one cantit saiisf% both ( I) Anl (3) 1i0l1 the sairie eirodiiig. (oi fbn r a of(lI f ij*nfnf;

;i~eia selecioiofGPls. we dense a setof coistraitits via E~lir I U

rected .-dge' itsIi te grAphi representi ioininianre reAitioins aiid utiditected We liase iione roitiplex clioi:cs than fthe e(iiairci ill oil? it I

eltVs ei)(7o0eWd I)\ sirs1 reprtesci: disn~iiiiie reilionIS. Earlh directed satisf ' ii nb ' , = ,. lot inlitaitr. we lie, 1sati,[ : 1) 1. i

edge anid arc loas a la bel. cor respond ig to filie tiint ieriti that prodwnce c D -. I Il nret e cOre1ioiitls io a pa it of direct I edge. t hat t ia

lie cotist tailit repireset "11 b% the eidge or Are The graph correspoindinig leslceditutaosy.Frlinoectiatif tItl U

to the selectedi C.Pl of Figure 5 is show::i in: Figute 6(a). A directed edge d~ rl f = a b% satisfyingi 6 nr U ftn f ;_ is. I[lii' correspioii:- ii.

front out I to oul -2 imuplies t lie code of ot I should domninat e t lie code of a d isitJict ie relat iotsitp Witl Ii ested coiiut nlct ise t e rn. 'lie si Id iiz
oitt2. The dotterd Arc Aroitditire two iunidirected edges emtat litg front here are conjunctive nodes t Ic anid ftnf. Thlese rotijunci i%,' iioil-

our' I imitplies I hat I lie code of out I shl d lbe eq ta I to or be dlonii at pi are doniiiia ted 1)) b. c AioldI. f res peI l%. Conditionsi 2-4 'I in: :1

by flie cotijuict ion (bitt' ise 011) ofthle code' of its faliout syttibolic Nal- lie sat isfici fot rc l Chose Sibilings Are coiutiti iv~e node. a% well. 'I 1
ties. in t his case. orif2 stid atif. That is. floitft) g e(ot427) I ehou(3). syitolic %aliies whiose disjiiictliot forns thle COtiillIct ice niode Are ralled
a:,

1
1 IsI called t he parent iii I lie disjuncrt i% e are Aitd ot:12 atid ou13. I hie f lie ancestors of filie niode. The ancestors dloilitlae thle ronjiiiii

siblings in fthe difiir isne arc. Tire distiitwt is e arc specifies equality ot til:'d. Also. if all f lie Ancestors doritmiate at part icuilar s. iiiOlic salti,

(bun iiaoire. hones r. dile loto hlen relatjoisl ip. eqiali% i %ta be spec if- I liel iilie con titc tis e tiode also dotinai es t hat salule. For itisi ai uc. it

ira))' resired. It itlie case of (lisjiliirt ise douililaitre f ie ede %sIhI be we liase All filie aitrestor, of a cotiJulici ise tiode doiiini lii t ire liarew

Ittidirected. it I lie case of disjuict ie esialiu I-lie edge$ wil directed ofatitiltl r attntoeisasbigo .le we hlase a cy rI:-
awards filie silintgs to iindicat e that ire pa reint doinateis the siblings. iii the graph reitdering it titietcosla hIs.

Thme graph correspoiiding to a selectiotn of GPIs is encodeable and
logic fuinctiontality is nisntaitted. if two coiidilions are miet. One selects
either ait edge or ait arc of each label. III tlie case of selecting Ai 3.4.4 Constructing the Optimised Cover
arc, all doininance edges covered b% file arc (imiplied by the disjunctive
relat ioitship) awe also selected. For soute select ion, I a Selertliou Of GPIs hIas beeni made I lift, covers all iiiieri ii atu i

1Thrshudbe no directed cycles in the graph. encodleable. thteir ati encohitug cani be Iris ially found thAt satisfies ii::
I. Thre souldconstraints (see Theormn 3.4). We call tHow cottatruct anl encoded atid

2. The sibliitgs ill auty disjunctive arc shtould not have directed paths optinized cover. The cover will conta in lte selected GP1s. For eachI

bet weli each other. GPI. the out put colnbiitat ionl ill Cite cover is fouiid usiiig t lie tag cot -
responding to the G'PI. Thie codes corresponding Co Alih symibolic

3. No two disjunctive equality arcs can have exactly the sarne siblings values itt the tag orftite cmI are intersected (bitwoori. ANI~pd) to pro
aid different parentsa. duce the output part. Continuing with our tessitiple. the C.Pls selected

and the tags for the CPlit ate shown in Figure i(a). These (Pls have

4. The pairent of a disijunctive domninance (equality) arc should not an amusociated graph thatl is encoodeable and an encoding satisfying Cite

dominate (any symbolic value/node that dominates) all the siblings ottrnaisgvnnFgue(b. oeth hencoding baa to sat-
in the arcisy dinjunctive equivalenre 4r(oo~l = tr(oos2) I f(oo13). rather thaii

disjunctive domninaince r(oul C or(oaltfl I tr(osdll). This is because, of
The graph of Figure G(b). derived fromi the graph of Figure 6(a). the domrinance relationshtips efouf 1) :) r(owf2) and r(oidl ) :) 4(out3).

satisfies these properties and henice the selection of GPIsI is valid. This We have constructed the optimiised cover with the GPls byv intersect.
implie IlhaC we can fintd an enicoding such thatl the optimized cover hs itig tile codes of symvbolic values inl thle tagst of each) GI 'ooti h
2 product termns. outpitt part (Figure 7(c)).
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3.5 Correctness of Procedure 0 Si Si I
Proposition 3.1 Thr seleethot of a itiisittii cardmiality rticodll 1 S1 S2 0
eoi-rfoii Ilhe GPIs it pneitii at) czart sctluto, to thef Output epicosding152 S 0
priale Il.1S2 20

Ilt ile. ret,ittder of this Sectionl. %%e %%ill just if~ Proposition 3.1. First. 0 S2 S3 1
* we show that logic funti ottalit is retaitted.1S3 31

Lemma 3.2 Saltisfying Eqtn. I and ronstrictfing the( output part as sit 0 S3 S3 1
5ecttol 3.4.4 rrifnn logic- fttrtthosaltty. Figurc S: State Trajisttioii Tabtle of i ite Stat.- hMarbiit-

Proof: lie cottrttct thle out put part of a G Pi by iitlersectiii all tlie
codes of tile symibolic values conttainied is) its tag. That is precisely tile 10 000 00
itlerfiect ion Itrmin E'qn. 1. Thle out pill of a mijilerni inl a PLA is the 10 000 00

OR of all file outputis Asserted by thle cubes that cover tile minierim. 01 10000 0110 01 10000 0110
This corresponids Wo thle union (OR) iii Eqit. 1. Thus. satisfying Eqet. 10 01000 1010 10 11000 1010
I imiplies that each mIittlerni asiterts tile saiie output comnbinationl as itf 1 000 11 1 000 11
would hiave inl thle original ecoded but unopt itiized cov.er. Q.E.D. - 0100 10110 - 0100 1011

Next, we show that thep canceled k--cubes during GPI generationi we 1- 00100 101 0- 00100 0101

not necessary inl a initiniunt solut ion. -010 10 -010 10

Theorem 3.3 .4 tttittitittt rardinalit i'icodeabic solutioni can be' made - 00010 110 - 00010 110
up esittrely of GPI~s. - 001 10 0 1 10

Proof: AAsstinte tat Wse hIave A i iiiuiii cardinas!it%' solulijoit withI a
cutt l c il is tiol a GPI. Let tile tag of cl Ie T. %%e know a GPI (a) (b)
p, ex(ists suc;l that 1)t D cl Antd suclt thiat flip tag of pi is T. Re.
placing ct witlls p, wvill slot chainge tile cardiitalit% of thle cover. The Figure 9: hitilt iple-Valueel Fuiici ions
nlilierils coriespoiliell to 1 p - ri Will bie cosered by Ait extra GPI pi
Atid therefore Eq n. I I-or th(ose iternis will be different. However,
I lite extra tag iut file equtatiotn nerel' represetts sit extra opt ion ii tile otne is oi.l% coticertetl witl itlie ON-sets. The procedutre presenietl lias
grapht correSpotttitiig to Ite eitcotlealtilit %. Siotce I lite originsl graplt was 001t takeit tlli fact 6tto ACCOUtil
entdeAhl. arltttg eig- %,il I, tte santiv lahel its lth labelS of edge- A soltmtott js to pt'rfortti Y -+ I lilitipli ols %' lte . is t1 1,,]
ortittiAli. cott'stttet it, t lit, gtApht 1%till nt? cliattge tile- eitcoeeabiloN. Of s~ lslklc satts.(Jt Iitttttttzatiott is as biefore- li It itt oItt

't~e Itasealsodtiscare ctteS milti tastlta Ht coittatit all tie syttlibolic ittiinitzalioit-. %%e drotp all tle tiittnierii il file ON."et of earit of it"
vaie.If sticlt a cutbe exists it a iititiii enteoded cover. it asserts X s~ tttlolic stt-.oite saltie'S ON-set at A l ite. lie Select file 1I-

filie otplit cot thitiai ott gi ett 1)' te ut tersec i ott of tile codes of all soluti bit on t of tilie AV +4 I iiiiiii tizatiotiS. 'I lie reasont se lIts'e to perfrtitii
tile ss intlir %alote,. If tfil iinlerseoctit is titll (all 0s). tieit lite cube the first iiiiiitriiratiott Avitliott dropintg attN of li' it,t iieritt' is I,,
cai lie iltscartlee to obtain a sttiall.-t coser. If tile itttersectiont is itot tile all zeros codle caittiot Aptpeal it, eliSjttttt-iise relatiotts. ShttII
nill Aitil le ctibe asSerts sotine otitptits. Iften it itesits tlist for tlie bits lotitlittateil It all ot Itr coides. Henice. coostrwiinhg oiieself to wist a fcml,
corressotttiig tot Ites-e otnitttts. all t It,- cotd,- oltte q% tiibolic %alties tlate oal ro it ettttt sl-otttl.slt t.

a I. N~ call reelitce t~e cIoties of tte all tlip %altes Atted still Ilittailt ~ call to fit le t fillttstitig tlteotiettiiti hi gist-s cotltills , I i

Ilteit itdentities Its (liScardjit te.- illtitlts ThnI ltite cube asserts a ittltitle itiiittzaiiolts arte tot tee(titt-tI
11t111 oti pltt coiilatitott atill c1at lie bldtscarrleml. Thtus. tflie cube is itot.rtttitet llit a ittttttttttttt co, el Theoremi 3.5 ;iltrl ai rliii ittilt (.11 rP tttl'l stitht,hr ottfllts

Ill],s. if onle rselet- a itttttttSet of tPIS Ithat cover all Ilittirns ustitnit tl ll :ci'oS code.

Attlt ' att alsociated Set of coroilttts bi% EttIl. I f lint is eticodeable. Proof: *Fite ottI% at~sati age it, tisitig sit All zeros codle is thtat tlinit lIts
1%e- are giiaraiiieee a itiiiiiitttt soli ott to tilie eicoditig problen. It Isla% lie lroitel 6i% hut iiii filie,,)i jut0 OFF-sets. li e catllt alax 5Sal -
meltii its tIo prove I that filie cotil iitc to file AatiSfied b% filie graphl for isfN'retifi reel lotinii itatice sid/or i kin iIi C rel t ionshl ia rsi odes oill
cci eeb ii it NAre ticeessarN Aitt stt flc cit i cot tIiliots. Thle proof orfil fll ft~ ti e tAll zero- coil. It, file cse Of A cov er Wvili ttlie trot i tiltnl-

fol lots-i tg tItleoreti tis&s bierit ot ititteel for tilie sake of bre it s lotted Aboet . 'Wse CAt110 t dore op aii of ( lie Iliit tertio. is Ieiice. it. call

obtain a inininiuni carditilit% solut ion wsithloutt usinig t(lie all zeros coil..
Theorem 3.4 Copidtttopi 1.4 fatttd itt .-ctioii .4.3 oace iecesarc aitd Q. E. D.
si fit( it i It llt giviphl to be e iirode a ilt

3.6 Multiple Symibolic Outputs 4 State Assignment

The procedure otutlined cati lie getierAlizetl to the case where we limse 4.1 Introduction
nuile symibolic out ils. Each Ii mutt cci init ially has a it uiber of T1 .s-te inin roblen is si input -outputt encoelitig probleii i I
tags eciual to thle iuumber of tinbohic outputs. Each tag corresponds equality.cotstraints ott thve syviittl.- iiptils And otatpo~s. lit Figivre A. a
to the symibolic value whose ON-set the uniutleriti belongs to, for eachl s teTaniotTal(S1 faFtietteicltiISuIssos
symibolic out pitt NI itt e in pairs are miergied Atnd file operations onl the The present Mltes (21t1d coltiitt cani be s icy eel as A AvItthtOlic i ptit aliti
tags are pe .rfortined exactl tNlIte sante As before. A k .+ I-cube cancels a hiexslts(3dcun)calevewd&aF ts.bi Opil
k--cube only% if all of its tags, are idetitical to the, corresponding taV of (lie thn nxt taescdn I rd olni isali cais be sieleddaba repbolc oultiti
k-cube. Cubes wit h taps such that all corresponding syisolcvalus tl Anbi input ncdin prbe n il ilal ion rabeled b3) rhereenth dig
are containted inl the tag call be discarded. Thus, thle GPIs cnbe tind svnmbolic aisu rrs ent a m dlipe-alue vaale of3 were lti pech dI
Cersied. ie isse sepaae graphs representin.8 encoding comistraints thdsioicsltertectadstntvleotlemt levtiivaibeEatuiiniaoiofhe esuiguntie-ltdfttint

oreach synibolic output. Given a selection of G~PIs. these graphs call produces a tuinmuni carilinality multiple-valused cover. Thle svimbolic
be constructed and checked for encodebiitv as before. All the graphs cover of Figure I(*) hsas been represented as a mulipe-valited functlioti
hav-e to be encoeheable for a selection of c, Pis to be valid. iUs Figure 9(a). Thte sinholie value inphi is thle value 10000, ip is

The generalization to functionst with both symbolic and bineary-valued 01000 and so onl. Miltifiisig the funuctiont produces the result of f. lire
outputs is described in Section 4.2. 111(b). The tuterged input impianph at in the nuiniumsed nishtipk-vishimed

cover represent constraints that the binatry codes assigned to the s' in-

3.7 The Issue of the All Zeros Code bohc visitshave to sat isfy.. in order to product ait encoded binary rosen
with the satne ca-diualii y e the minimtized nsutitil-aiuee cover. A iu%

Ifs code of all ierail is givest to a symbholic value. file,, it is possible that set of these spat e'onistet canl always he sat iffied by sOnlic enrodslit.
otie or more CPlit call be dropped iii a PLA intlpleiiteiitatioui. front sit A imitbolic valuet is contained iii a nultiple-valueel itinplicant if fltp
01 lerwise mininiumi cover. This isl because iii a PLA iniplenenstatimi. positioli coerespotdimig to tlte syibolic value hta. a I iii (i Ie intsplicatit.
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*100 (81, 02) 0
0 110'(61.s) 0 0 111 (s1,33)0
0 101 (s..3)0 011i (&2.$3)0 Pt.A-t I.-

0 100 (01)(01 1 110 (Q)()1 Ill (.2.63)0 RGNA L-

1100 (s2)() 1 101 (s2,63) 0It a' omPL
1010 (&2)() .010 (92,&3) 0 10s.5a3(

0 010 (03)() 1 O11 (42.63) 0
1 001 (a)1(01) 0 011 (*3)()

Figure 10: Genteration of GPls in State Assignment (a) 4b) Wc

For instance. thle sinbolkc values inpi anid inj)2 are contained in the
innplicant 11000. The ccoustraini specified is that thfe supeirsb of the Figure 11: Logic Deronipositiou
coi" of all the ymnbolic values containied in the iniplicant should not
intersect any% or the codes giien to the symibolic values not in the in1pli-
canti. IIn our exatople. it nirants fliat I lie slallest cube cover ing the codes teqetIno ousti~lt etennptcnirtt n oiac

fassignied to ipi and inp2 should not intersect the codes of inp3. inp$ rtiqeonp a pfosed ndali~t bterelm 5t'atiitg co-li a And sufftiie

slid inp5. Each distinct multiple- valued iniplkcant aspecifies a distinct conditions for comlpatibility WAs *i'en. Here. we hlave amoeonl.
coiist raint onl thle codes, that cant be assigned to thie s% ibolic values. As mofreibtnttaL oficigiiut driuic n djicip..

;ittei otted pre' iousl%, fil eticoditig sat isfvitig thep cotnstrajints specified relations. Thpe proof of t-he follow ing thleoreiti Ia.- been onlit ied for h
an' Aet of n Ilt iple- val ted ittiplicants caii alway~s be constructed,. aeo bc tp

To solve the state assignment probleui exactly. one can treat tike
present state space as A mu11ltiple-%falued %ariable and solve Life resultinig Thorem 4.1 Giimii a set of dottniitl and drsiiirf rylatoios rp-
out1put enicoditng problemn exact'.. Miodificationis that are required to tPiff 6y a grapih titld a set (if it Pi ci fat ionit, a necessaillry and11 A11171.
flie Mtrategy presented ini Sect iou 3 will be described in the remjaider efflot SOt of corsiuthopi for fit cI51( iii' of atip vpeodinig santafyiiiy a// thr

of t lii Aet j olt. ealPCpo101. Vl(

4.2 Genteration of Generalized Prime Iniplicants 1. Condition 1-4 of 7htpyii, 31.4 ary satiaid.

IWe tn%% have a funtinm witl It tlt llple binlary -valued inputs, a single 2. For any slt( Iti,, s]. s2 and s3 siuch that 11I D s2 and s'- D )

muti ple-valued intt)it. one sytni bolic otut put Atil mult iple binary-valued tuo up put pita 1w,, should crist s c/p thatI t positiop, corlny pilp), jig
otiptos. that is to be ciied. Each inii erin Iraqs A tag corresponding to to sl and .0 1has a I and Mr,' Position cairtsioupdip In, Qs has ap
Ilife synibolic next state wlto-e ON-set it belong- to. Each i nitter ni also 0. 7hir isou ld hold rip p if-A D s2 i a dioifiti d~ iij~ini -

has A tag list correspotidq to all flie ot liit asserted by fihe mniuterni. rclaftot. filth sa In u lsing a diiinctioti of tpwo of* rotor( sat-.
Two itrternis or 0-cubes cat, mierge to fort, a I-cube. hMergitt Inia

oeccitr bet wepti mnitt)ertis witIi tflip "f ile lii ia n- al urd part attd difIferetnt 3.o A i sint rilio soulpd z ts ixf i all I&. aibliig., of a dir iii ci,

nitiilde..alued parts or uiti-distatit bitar%-v'Alied parts stid thfe saite rquliy air hare a I apid the llallipt 0. lIn tho rort of the il.

niutiiple.'alited lpArt. The tiext slape tag of tire 1-rube is fite untioni of hutiiq rotijisictlr iipdi P. lie, iipit rIin pphouiild r.pio ih r, all 6,

thle text state tags of the two titiiteritts. As int the Q-.Nl nietlod. tile allc(.sti'i, of inch conjitincfti aihipu hiai a Il and fir, par, pa 0.

b] lar% .% alued out put tag of tlte 1-cube %Nill coittait, 0t1lv thte out(puts
tliat bot Ifi nuitleruin ass-erted. A l-cttbe catl caticel a 0-cube if atnd ottl% ela. ottise i tcdaiiycekfrasto Ps i i
if their niext state and biutary-% al tied otpit Itags are identical a ,id thei r %N bo iA) oi laie d f ieo eicol i gbitlist chct bermase o a;.' piii

tiultiple-valued parts are ieticAl. "Thus, a 1-cube I 011 (whtere thle at bi oiablj proe. Tnhis ofeoin ittha s it all ec uset. ;L. Abo
Arcond terfi is a mult iple-valtied iniplicatt) caninot cancel 1 001 event ifaiipole) hsfrnlto i ielilScil

if t heir text state atud oultit ut tags aire idetical. Thtis is because tlie
inergitig of life tntltiphe-valiied part represetr apt itnput conqttraiitt a~s 4.4 Constructing anx Optimtized Cover
described fit Sect ion 4. 1. 0Ote exceliott is wh len thle tiult ile-%'alneil
iniput part of the I-citbe coti Aall lifIe synibol ic states - itt this caste Onre tife P IF have beef] selec ted antd fitl encoditig satisfy itg All re-
file itflicamtt represenlts alt inuput const rainit t hat is satisfied by any latisiiin is foutiild. it a simtple tflattier 1u cotist ruct tle opt itutizedl Cu'e
ettcoditng. 'life Oittliltt tag of ech ("Pl gi'es thle outputs asetred b% thle (,I.

Geuteralizing, to 1A-cubes, we ha'.e: Initersecting filie bitiar% codes of all elates itt thle teN I stale lag gro en
life tiexI state part (iii bitit forttt I. The nil tl-aipe iitt pall

1. A A- + 2-cubec formed frot two 4A-cubes has a next stale tag that of A GPI is replaced b% file suplercuble of life codes of all statev ini dwip
is I lie utniont oftI lie two k-cutbes next state taps and ant output tag mttiltiple-valted ittiplicant.
that is thme intersectiotn of thle out puts in thle k-cubes' out put tags. Argumients Avery sitimilar to t hose of Secl ion 3,5 canp le used t0 Alto"r

that the procedure describied in thtis sect itn does indeed resttlt fi a
2. A k + I-tube call caauceil A k-cube only if their niultiple-valued input mnniunsoltion to thle stale asigntment probletm.

parts ace idemntical or if thep nultiple-valued inputl part of the k + I-
cube containis all1 the syuibhl states. ]in addition, the next state
atid out put tags have to be identical. 5 Four-Level Boolean Minimization

A cube with a next state tag containing all the symbolic states and
with a ritill output ta5 can be discarded. The generation of GPls for 5.1 Introduction
thfe FSNI of Figure Il is depicted iii Figure 10. 13 GPls are eventually u rbe fmit-ee ola miiiait isa iiii t p

peoduced. timuin represenaiot of a logic funictioni As a casciade of two-leve logic
functions. The objective is to nsinintise the area Of the te'.etjfAl imnple-

4.3 Selecting a Minimum Encodeabic Cover nuentation. The problemn we addresa; is the followiing:
Given a two-levell function, find an optinflun decompositionl of the fummuc-

Given all thme GPIs. we select a niinimumn encodeable set that covers all Ilin into two two-lewI funtions such thlall the inputs to tife first fmtnct tOll
rninten by solving a covering problemn (Section 6). as before. However, alte the origitnal pritnar nPut-s. the iaputs to the second function aire
the definitio'n of enocdeability is different due to the complication of outputs of tife first unct sad the Output& of the second futictioi aire
having the input constraints, the original prinumar% outputs. Ant Optininin representation is tiehinedI A

Ali itnput constraint mfay couflict with dominance or diarunctive irela,- repreaentaiotul where a function of ther tiurber of product tering itt thle
l ions. Therefore, when we pick a set of GPls. we need to check that thfe two-level funtctions is mninimized.
iniput contrtaints. giiem by the merging of the niult1iple- valued imipli- Exatmple dhecmlpooeitiome Are shmownt in Figure 11. Several pfoimuts Are
cant*. as well As the relationts gi'.eti b% L7it. I are comipatible. Iii (12]. wort Ihy of nole.
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W.Ve conid~er t hai all Itle iprilil~ iaipill, (PIs Ur a selected Subset 0001 outi 0001 11110
of Pis feed into tle first funti, 101And all tile priiiilr outpIut., are
asserted b% the second funictioil. Iloneler. lit %an optimium dlecoii. 00-0 W~2 00-0 11101
position. anl output of thle first funiction imay. inl fact. be a direct 0011 ot2 0011 11101
connectiton to a primary input anid be u-ed iii Lite setond lunctioii
am shown in Figure I I(b). Similarly. A priiiiarN output may, in fact. 0100 OUt3 0100 11011
be asserted b% tile first funct on Aiid pass unichianged thlroughi i, 1000 out3 1000 11011
secoud fundc loll. 1011 out4 1011 10111

2. A subset of prilnar% inputs lliay be intially specified for a dlecoiti- 1111 out5 1111 01111
position as shomin 'i Figure 11(c). Tis~ is the more genleral case

of decomopositioin. Note that. e' Cii ill tis case. somte ilerlllediat c
liurs (11,s) inay. lil reality,. be Pis or POs

3. The cost funiction that is optimized should ideally be the area of ()(b)
the decomposed functioins, i.e. a funlct ion of thle number of Pis.
Poll. ILs and product terms iii each function or PLA. Since. weFiue1:Tasonto frO ptFlcdg
cannot easily est imiate fihe aiumber of ILs beforehand (it involvesFiue1:IrmfoatofoOtptnoig
anl encoding ottep). the cost function used here is a linear weighlted
aurn of the numlber of product i-eris il (lhe two PLAs (the cost 4.1. A difference is dial sonic symbolic values may be alilowed to hale
function may be nmonlinlear if required). time sAine code and hence Conditions 1-4 of Thleitieni 3.4 any be relaxed

foe these values. For example. cycles are permitted within thewe values
Tili prblen was frst ddrsse itt(17. In[6] a ecomosiion alone and these values can be parentis ofsa disjunctive arcs with exactly

heuristic based ott niultiple-vAlued mnillili was proposed. Givent thle a&tie sets of sibling..
a tw;o-lesel cover and a subset of Selected iniputs. the algorithm in (6] The coverinlg probletm to be solved in the output encoi.stt"a

perorm tle ollw llgstes:sigument and four-level Boolean tiininiilon cse is described in the

1.The tolvlcoiier is mlade' disioit ill tilie selected subset of inputs. next Bed-iou.

This idenitifies a set of disjoiiit input comlbiniationls for the selected
subset. The com~binlatitons tile% be cubes or tlulternis. 6 Solving the Covering Problem

2. A PLA wtithi le illlit combinlationls represetnted as values of a
symbolic inpu~it ali(l assertinig the originlal outputs is cotmstru ted. 6.1 Introduction
Tis~ PLA is called tile driven PLA. The classical coveriaig probleii of two-level Boolean minimizationl ill-

3. A driving P LA lviTith 01 orgi al mi col inialtioiic prod ucinmg a %ioh es ftinding a iiiiiinu -Pt111 5' of primle i'tiplicait.s ( Pis) that formn a
sy i lii ot tul is roust ructeil. lIi he il.liillih saiues a.ssertedl by' co~er for a logic futict ion. lleiv, A.' have the additional restrictionl onl
(lie sy ubolic output of tile drism Pl(LA siid Ilite sy iilboilic alues tilt selected genleraliz" red ime0 itiiplicatitls(GPIa) - they haveto fortnl aln
takeu ti '% the stibolic inpt~ of ( lie dri~ en PLA haiie a oneC-to-one emicudmmih coser. IThe definlitioni of encodesabilitv varies for the out put
correspondentce. eincoding. state assigitotett slidl four-level Boolean mnulmmmm ati CA~S Ps

Howes~er. Ilite coveriiig Algorithmit need only be concerned withI a blac k
4. The drixiia ng d droeii PLA foiii a cascade. We have no0w aII lx that deli'riniiies eticodeli'liit of the selected set ofGPIs ad a fell

ilplt-out" pIi eiicodiiig problem. The probhleml is approxitied &s ot her prolsert es, of tile cotitraitit graph associated with thle selected
all ili 1 Ce 0(ii g probleii for lite U r ii P LA land souiied usinig G PIs (Sect ion 6.4).I
niulltitde-valued Ilullili oll. lIt Sect ion 6.2. we first describe hm viarious techiniques for generatg

Ilite primie inipilialis of biny-%alued out-put futtctions1 call be used to
This algoritliii is lieu rist i becatis., ii. siie of ( lie d r i ug P LA i5 lnlt genierate all tlite GN- I for fu iC oiis with IisyNix)liC out puis. Ill Sect ioil. taken into Acoulit - tue output encodinig ptubleii for the dris ilg PLA 6.3. lwe -c ell st irategs- for %oil ig t lie claassical covering problemti d
is cotnpleiel\ Igiloicd. in 'seti1,i, i *4 N" uim'sritie ouir apitroaci to soilig the coverinig problt

Inl tilie ]tet I ect ioii. we desr tIn- 1,011 I lie -lt Ae assignmtenlt a igorillin, %kill, associatIedi enicm~ueabi lii% coiist rain ts.
described itt Sect ioi .5 call be 111( ied to tilIe four- level Booieaiin mini-
Otizatioll case. 6.2 Reduced Prime Iniplicant Table Generation

5.2 Modifications Matil\, techniques for (le rintiig all thle Pis of single and multiple-
0111 tU logic funlc tioiis havse been published in Lte past [11] [is] All

There Are two1 imiportanlt dlifferenices bet n-eel tilie four-level Booleair illi- algorithi h11 ased oi i te recursive decomnpositiotn of a functioin followed
imitationi prob~leml addressed here And lte slate assignlmenut problelm. by a pairwise counsmt opierallioi has beeni reported (31 and has been

Frs rther i th lBla i lul9lia ~I 1 rbei.w aeIiods 1( ~ improved uiponi ill ltle progtitl PueBOOLE (4]. Other techniques have
ers ralierI lai a igle OliC. Our goal is to iliiiiiae a linear weighted beeti repsoried ill [141. Thlewe teciliKues not only efficiently generate Pla

51111 oh the 11111 oler cariliiiti..si. lme secotid differellrrci more suilitle. wit hout dttplieif n of effort but also create a redscecd ilmlt imphicasif
Thle colniilit ol;CrreS-ioidilig 1o tilie selected iiplts become values fabh. lit ( lie trinie iltijlical table of the Q41 algorithmu each coluill
of a symbolic iiiput to I lie dri% cit PLA whichi are to be re-eticoded. If in tImle t-able corresponds to a miltlr. of the function and each row t-o
one ltyinlic valuie alasasserts lite satie priiary output as faother a Pl. lin a reduced prime ituplirant table, each colutmn corresponds to a
values (for file differewi aatmelectled itipti comnbinations). these two val- collection of mintertus (i.e. a har~er subspace). all of which wre covered
ues call have thle samte code in Ithe driv ing or driven PLAs. Constraininug by the sane set of Pis. Thus, using the algorithnu of 114) foe example.
them to have tile Panie code or constraining them to be different may iralier ian thet Q-WI nietltod leads to a more efficient creatio of tile
result in a sub-opt itnal Solution to lte out put encoding problem ajid primle imlplicant. table.
therefore for fte Booleani minimtizationt problem. We have to use this We cannotl directly use these techniques on functions with1 symbolic
extra degree of freedlont in Ai optitnnim- l'ay. outputs to generate *all GPIs. Tile canceling rule for GPIa is not tile

Tile generation of geiteralited prime imiplicants; (GPIs) is separate for Same as Lte caticelitug rule for PIS. However, we can ttralloform f unt-
the two covers. For the driving PLA with i te symbolic output. GPIs itio with a stymbollic output into a function with multiple binary-valued

are genlerated as described .iii Section 3.4.1. Thme symbolic input in tile outputs such that thme Pis for this new multiple-output function have atdriven PLA is replaced by a mnultiple-valued variable. The generation one-to-one correspondence wit h the C.PIa of the or' * al functtion.Ti
Of GPIs is similar to the state ssigrnment case - a k + I-cube cancels a is illustrated in Figure 12. Thle function with a symlolic output of Fig-
k-cube wnly if the multiple-valued input parts and the output &arse ure 1(b) has been duplicated in Figure 12(a). Each symbholic value is re-
identical (the binary-vallued input parts will differ), placed by an output comlbination to produce tie binary-vallued multiple.

We thus have two sets of C-Pis and we have to select a subset from output function of Figure 12(b). Ml 0utputs we required if these awe Al
each of the two sets such that the subset, cover all the minternu in each symbolic values. A symbolic valuse has ana ouptem iim or all is
cvwer sad togethelr form an encodeable cover. Like in the stae assign- and one Ii n a unique idemtilviW4 position.Tes outputs perfortul the
ment case. we has-c equality constraints betweenm the symbolic values sttm function as the output Wg4 in PI generation (Section 4.1).
representing the same selected itnput combination. The compatibility
between the input relations givemn by the selected subset of GPIs for the Lemma 6.1 The Piseof (te fssties obtsised Ps Ohe ransfermtin,
driven PLA and( tile outptut relatiois iven by thle stelected subset of descriheild are the GPIs of the original lssios smit lt syritboic euipst.
GPu for ltme drivittg PLA is% deterined via time conditions of Theorent



0 si si 1 0 001 1 110 110 111 [14). a low'er bjoundting I ecltiue b~asedl oit a itiamittal indepptideti

set lietristic mus Iroliostil. Ili Ste!) 2. A niAxintal met of colintits.. at:

1 Sl S2 0 1 001 0 101 110 of which Are pairwise disqjoit is founid using a straightforArd.I rpred

I S S* 0101 0 01 01algorithin (Finding A inantzu tdependent bet ortuluni i il use NP.
1 52 S" 1 00 0101 01 omplete). Because each colunui must be covered And All thle coliliit

0 S2 3 0 010 0011 101 i1 thte maIntilAl itidej~etiidett set share no row itl contiltot. tile size Cf

1 S3 1 1 100 1 011 011 the mtaximial iideietidetit "et if a lowter boutid oti lte ttittibni or to-
required to comtplete lite cater. At Step 2. flie rectirsion cati lie Ijooiii

0 S3 S3 1 0 100 1 011 011 if tile size of lte selected set At Step 2 p/it thle stize of tile titAxittAl

independet set equ~als or exceeds tlie best -tolut ion kitowii,.

(a) (b)

Figure 13: Transformation for St-ate Assigutitent 6.4 Coverinig with Encodeability Constraints

The algorithm n we lise is at niodificaltioui of flie algor it it descrilte. I ii

Proo: Tle et f oil uts ssetedb\ t)%cub illtil ne fuctin i tle pret ious section. The modificat ions are described itt tile sestu.-l.

thle set of symbolic \-altte- Plot in tile t ag .of the corresponidinig cube itt l Step an o wo (PlI- are toa corhe agofthe r t Il %

Ite originial functiotn. W~hile generating thte PIs for the biitary-valued susei f til e tagr tle e-or (This ar etiuay oietact lowter i t e rurio

multiple-output functioni. at cube. cl. cauicels another cube, C2. only if -r sustonic colgunftsI tae beneee dl. TTi yhpen ower oilin crlit r ionl

icj covers c2 and filte outpolls asserted by t-, are thle same as the outp uts afesoeclmsiebendet).T owrou igciein

asserted by c2. This imtplies t-lat the set of symbolic values in the tag of at Step 3 uses the size of thle maxinial inidependent set of coluntits Till'

the two corresponidinig cubes in the origintal futict ion are identical aitd -l boutid is loos-er thant iii standard coteritig becauise eteit if a coter cat

woul have CAliceled C2 there As well, Finally, cubes inl the binaryv-valued be constructed %%ith a ntutmber of elettietis equal to thie lower Isotittl. It

funiction forined wuithi a null output comtbinationt are discarded. This nisy Slot be encodeable.

corresponids to discarding cubes wit It tags containting all the symbolic Onice lte selected set covers All elentietts. we perfortm alt enicodealuilti N

16aItte'. Q.E.D. check. If lte coter is eticodeslule. we declare tile soluttioni as lte Iwol
recorded util then. If tot, we perform antot her braticl-attd-botittt -: I

Thtu!. %-ia this traitsformttutott we calt mtake use of thle classical techl- to fitnd thle utntulttatti numbewr of GPIs (rowsl whichi whltei addled t0 11"

nicities for primte ittiplicatit genterat ion. Ili thle state assigient case, select-ed set renider- it eiicodeabile. The GPIs diritig t his bratili-at I-

we haic aI symbolic or niultiple-valued iitput variable. 'Ae also have boutnd step Are selected frolti te curreti stil-table iii lte recurstot,

te restrict ion d(hiring G P1 getierat ion thlat f ile titlt i ple- valued part of Thtis branich-antd- louud step' is ito%% descniblu-c

a k- + 1-ctibe that canicel, a 1-ctthe Ia. to lie identtical. Thtis does tiot
app~lt to P) lzetierai jot lit ititilt iple-%aluetl itijtt. biiar' -%alited outtpiut 1. If tIlie -elected tet it etlcoiltaul.-. thliu declare tilie selected st at i
flittitotis Il-j N\e it' liaea tioic cotttl.-\ Cratisfotitiat illi tilie cAsr. bet! eticoilcall' '01olt ( 1Cit ht fat. If tot1. dliec if lite 'is. 0!1'
Ofra fitti ot 'ithI a s~m tholic itini antt out tot. Thic t ratsforittat ic-i I' selected tet W114,. a bit et hlod ottilihe requiired ttiittlt.'i of io-

illtst rated ill Figuire i31. ili Figture 131 a). wte tat e duplicated the State prodiuce ati eticoileAlle set equlals or exceedls flie bet eiicoi~le ,.
Tranisitiott Table (STTI of Figure A~. The teA futtiott of Figure 13Bill) solut toil obtaitiud t hit far. If sco. returtn froim tfitlet kel of tech-'.
hta' three sets of bitar *%-xaltied oututs. Tile first set corresponds totI lie

anrgisha bitar\.%valued otpult iit) flie .T. 'I lite secotud set correshtoittl
to til lie t states. Gi. cu N * states. we haxe Ns bittary-valued oultpit 2.htns al eetalrsticltitg roil-.

Ii til set. This set petfoit'i the futct ott of file ttext Mtate tag itt GI
fieteratioti (Sectioni 4.2). Tile third attil laxst set of outputs iticorporate'. 3. Addi ItHot t% t lite selecteI s-I it') C-ccit rot lie 'ittu-tsi1e reesill]i,t
the restrictioti of the ec.ttalit% oftlte tttultiple-\alujed itnput parts for cube front dlet itig t i, mu, 'I heni. rectu ott delet ig thle to\ , tt how,

caticellatioti. This set of N-s out pitt' correspondtl to tile presenit 5tAte ading it to I t.- ctnii rot.
space. It is cotiticted like tile secottl set - each state lis A ttiqite

N -l codle t ili \'. - I I- situ) out. 0. \\e ate, no loltiv.t colttcC - \ill , tI crmtli h: ill, ilititetil 1 i tt' i I 'le

I lie aritietip(ha getiersittg tile Pi' fotr dti tratifouiec) fittictio Aill-60tiiit th-1l. situ af lltiitirit list,- ailtkl 6i-1' i ltt l 1
is e.tiitalewi to geiterat itt thle (,Pi- for thle originial funct iotn follows ill etinnie flie loiter boittid oit tile nuutier of (W11' re(imtite to tenid.i0
a sitiilar it s\ to thle proofof Letitia 0.1. the graphl ettccxlabl- b% finitil f ile ittitler of d,.ijotiif % iolati toil'

lit tilie four-let el B~ooleant ititiitizat io ca.e. ie getterate tite GPIs foi t lie eticodeabilit' coilt ott' of 1 Ieoreti 3.4 andt Thteoretm 4.1. -l itlie
flie chrm'itig PLA 1).% t rAtsforttittg it a&' Ii Figure 12. The drivetn PLA sequtel. we elaborate Ott dlisjointt x-iolat iouF.

has a s stitboli i tott uhbta'-ate 11Pt.~eS~ttda~to If t here are t wo cycles ill filie grAplt such t list tilie edges it, rc cl. I
Ottt i corehlotilit g o tItesytitoli it~n t iket le restitstte et a ic riferet labels frtit all filie esdges itt cycle 2 An uu too iitsee c l

flinl t ls-t l iiitttcs)ai.etea i sfrtetaifrte exists thlit con Iainis hothi ilterii correspotl itig to filie Ia tel' of sitl\

fOtce ftileGPshi engie*efi dltoa upsfr i pair of edges. thieti two (;Pis are reqtuiired to break bothI cycles. 1'Ies

carrler). sitice ite Issie to sob e a differentt ccoiritig p~roblemt front thle two cycles are disjoitit cice.Slllr.stimeA i~ 'iiale

stianar coterinig prl)irott. Tile text stale tag' attd/or ootptut tag. ofdr0 e al ttveislltg fa(i~ttcis r.I h t
0

st
for each (.W1ar cotisidc rtIer \b filid-i all tilie sytmbolic values whose of edges ill lite two )lS Its \ haecisjOitii selt Of lal'l Aticl 11o kitttseheCt.-

ON-sls ntesectfli GP. (PI exists t limt cover, tlie pair of iiteriti crorresltoiiitig to all% pti
ON-etsiti-erectt le (P1.of edges itt lie t wo pai Ii'. t lien t wo G Pis are rettitireil to reitoc I t--

t wo violat ionis. We cat, Itaic disjoint % iohat ion- of Conidit tools 3 atc I1 of

6.3 The Classical Covering Probleni Theoreit 3.4 as well.

The statdard braitch-and-bouitd solutioni to file utittiiu coeprb Disjoinit violations of (oitditiott 2 of ITheoreti 4.1 would hla'.e 2 state-
leit ittoles he ollwitg seps(ros crrepoud t oPvern c on tuples *it-l domintatnce edge pairs that have differeit pairs of label'I

coill ie lit o lwintgrt ep rwscrepodtsh: n clni with thre samte GPI reittrictiott as f loe restrict joti ahcose. Siituilarl% . ott,-
So c ole t in fmnemS call lie disjoinit violat ioits of Conditioit 3 of Thieoreit 4.1.

1. Rtemoie cohuins that containi other colunis and rentove rows Tile heuristic selection of a GPI to add So lte selected stet at Stept 2
which are containted b% other rows. Detect essential rows (a col- is performed bit selecting at GPI that covers A large 111itulter of ilnititertit'

unil wit It a single I ident ifies alt essWil row) and add these tW Slie torrespoitditt$ to lte labels of edges that are imtolie ilt violat iou', of

selected set. Repeat until no new erssential elements are detected. the encrodeability cotiditiotis.

2. If the aim of the selected st exceeds the best solution thus far.
return front this level of recursiont. If there are no elements left to
be covered. declare the selected set as t0e best solution recorded 7 Constrained Encoding
thus far.

3. eutristically select a branching row. Given a set of coltnpaltible input and ontiput relations. its order to tlilt-
3. im the area of the PLA ilePIMtILion.60 Mine wishes to COnStr~tct Alt

4. Add this row to thle selected set and recur for the sub-table resulting encodiingsatisfying allrelations osing aotnm~nnSubrfbits. itn liis
front deleting thep row anid all colututit. thaltiare covered by this secl ioui. we liresetit heiltrisi ics it t inlimize lte nuiter ofen e t)i hit

row. Thetn. recur for file su-tbl resultinig from deletinug this row fised at well as a Booleant saisfisbilit) forIIIAtutilatil of tile ellcoet i Iu
wit hout additigi if to I lie selected set. thteckisig probilem.tit
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7.1 Heuristics to Miimiize the Numiber of Encudinggj. ji;r Z
Heuristics were proposed, in [131 and [6] for encodi,,,g a setl of input ex I - T 4T 1 -f W 7 T .7111
relations with as ..niinsa numb. er or bits. Thwe. .uitc of [13] wveere.- -'T 4~ '1 6 f - 1r T * . i

fended to include dominance relations ili [12). We propose the following 16iT TU - 111 -- 7- '- M'*~7-

I1. C'ompact flit "et of input relat ions usinig techniques of [13] and [6]. =i--- -r ___ 7___ - 19- - -- j
Some iuput relat ions mia\ be implied I)% others.- - -- -

2. Represent tie reduced set of ipuit relat iott h\ a miatrix, where
eacht colutm corresponds to a s. iiJthc %alUe antd each ro%% to a Table 1: Results Uisinig Otput Dilcodilig A igorit lint
conast raint. (onst ruci anl eicoditig ax t lie t ratispose of the miatrix.
ie. each sym ibolic value/node receives a, a code the column cort-__

repni to the node inl thle original ma11trix. This encoditng is EX fill I [ a out edg gp i 1 rd
guarant:5e to satisfy the input relations [13]. t 1......L- - p 1ro mc F r..

3. Fid tife set of dominance relations bel%%eeti each pair of iiodes that 111 tstf T 1~~ 6 13 * 3 7 O1 1
are not satisfied. No doiniaice relation could have been violated. ____2 I e 1 1 T6 '2 -- 7- 4.m

Select a malximal disjoint set of pairwise doneiiauce relationis (By [ t1113 7~ 71- T -7- - -7
disjoint, we mnean t hat Ithe t wo nodes in thle dominance relation are si4 - 2 1 U* W 4,T i77
distinct front thle nodes in) thle other dominance relation). Satisfy 76-1117 T_ _7r __T 76- -59

these relatijoins 1, adding a sigle bit to tile encoding. Do so till all Be]=)t -1 *7
dominance relatioiis are satisfied.

4. Coitjunctive relAtion- tIare to saisfed for each bit inl thle encoding. Table 2: Results Usinig State Assignmitent Algorit hm
If for A ginen disjuiicti'.e equalit ' arc, a bit ill t lie codes correspond-
itig to thle paretit /siblings inl the arc \ iolat es the relat ion. it call onily
be because tile bit vise OR of thle silblitigs is a 0 anid the pearent is a states that are iii tilie coinsitrainit be i.,,. ".I &ai7 ad t lie states t hai at,
I (This its because all tlite domntiiance relationts htave been) satisfied). not in) thle conistraint be s,...s,,a. The iniput cotust ta int Cati be ii ti itvij
We tr% tile choices of raising the bits iii each possible subset of thle as:
siblinigs to a I (front a 0). At least onje of thesew chjoices will niot 1,~ . l ~ 4. .(~ 1) +
%iolate tflie doiniiaitce relat ions. Ho%%e~er. ail inipuit relat ion ina\
be %iolaied anid/or a domiinance relat ion ma\ ito longer be satisfiedi. 1'*2l'~ 42)* ,21 +

5. For t lie intut relat ion, t tiat are not sat shfe d, append a set of hits + (1, 4.,B)(11,19 
4

, B *. 13 ,.) < A < I.' ~,
correstponding to thle transpose of tilie compacted set of relat iotis. Each of t lie above I? e(tiat oils hia, to evaluiate to a I. Such extiaiiI
G~o to Step 3. Calil be written for all thie itoti-Irisial constrait ill a 'el,-cted (;P1 I

Eqtis. 3. Eqns. 4 atid Eqtis. 5 aill liase to be sat isfied ill order for a9 st

The procedure ill coutxerge since tlite set of relatioiis is compatible. of C.Pls t-o be en)codestil.
The forjuiiilat ion foti Ilie four-level lBoolviaii iiiiiiiii(iii cag, js d,

7.2 ncodng ia Bolea Saisfibiliy tcal. except for tile fact t tat sinice somec of fle rsvutolic illpjiicatl7.2 Encdig Va B olan atifibiltyare allowed to take oft tlie satme code. Ase wsill liase fi 11(1 exputessltoi

Thie problemt of deternitiitg eicodleabilil \o a 0 A elect il Of CPIs. aiid Corr esponlding 10 Eqlls. 3.
fijiditigali;encoding iiuVii a crfrai fts (Iliat satisfies t lite conistrajint. pecified b\ Eqit. I Cati b~e forimulate-d a's a lBooleaii sat isfiabilit\ pro8lierm ntlReutift 1i sluld bie toted thtat I heorem~ 3.4I fftes coinditiotis for a grapit 8 E p rm na eut
Obtaiiied %ia a 1,01ut-ii/ni uIictinii ofeg l~j' o 1iwtuoleb Hence, to

detrtutieetiodebiltyofa set ofcotistraints giset b% Eqit. 1. oi has t Iltissectiolt. %ic preset prehtiinar.\ expet ilieltal results %%ve tate tub
to effect i ek try all possible selectiotis. tCitfed il n a et of uXaiilItdes. let oil r cur renit imitpleimen tat ion, geltera lit-i

Sat isfvitig Eqn. I Calil be viewed as "atisrfy \itg a Booleati expressioti. prime iniplicailts Are geuteratled %ia thle procedures of Sectiott 3.4.1 Mild
Gisen a cover with at set of syitilolic Nalues oj. o2. .. oN. siid a bounud Secioti 4.2.
ott life number ofeitcoditig bits t hat Calilibe iiseu. B. oiie Call conttut The resilt obtainied iliting tflie omtit l etncodiiig algorit lint are gisei
a logic finlttioll corresliotdttg to lte etucodeahuility' of a select ion of iti TFable 1 I. life tatlle. flie iintier of uillt to lte fuiictiont (iitut.
(,'Pls. If tlie logic futiction is satishfiabhi. thten lite select jolt of GPIs i. thle nutmbter of itiitertis ill life origitial fictioii (ini). tile nuttihat-.
etucodeable and ait enicodinig Cali be deteriied fromt an sit interin that of symbolic valules (Val). tile number of biniary -valued out pts lout ).
Sat isfies f lie logic fittict ioll. the imiiiber of (,Pl.s genierat ed (gpi I tlie tn iiitet of trodutc t ternis ill

Each of tlife oa, is represettied A set of B distinct variables 1,1. 1 < thle mi nimnized resulIt (lirod] Il le titIItINtb Of etICodKitig bitis (ecic aliii
j < B. We have ti~e coti ail i at the. %ectors correspotiditig to thle the CPU timte itt tiittleg reqidred for GPI getnerat ion. coveritig aiid
1,, limse to bie different for all i. Til is accoitodated by Iwriting tile eticodiig oil a iiuicrovax-l II (CPU itit) are giveti for each examiple. foi
Booheait expresgiolls examiple cr5. tilie coveriiig probleim cotld not bie solved ill less thll a

CPU 1-hour. For exatmple cr6 all the Gluez couhld not be generate-d (lite
I ih t + 4 2 + It.2 + +.,. + 1 k~ B-4 I < I. k < IV, i ;4 k (3) Wo ttenor% liititatioiis. lowaever. examjltder c.? stid 0:4 which lIAse

u1)to 20 symbolic values hase beent successfully encoded. Aui exhauslise
Each of these expressiojts hseas t~o evaluate to a 1 1+ is the exclusive-or search tuetliod is not feasible for these exialiples.
operation). Tire Booleani expressiot's correspotidiitg to Eqn. I are thle Results obtained using thie staite assigntett algoritlin are giseti ill
equations theittelses w-ilt nl replaced by a bitwise AND, U replaced by Table 2. The number of inputs (ip). stats (sta). otpu~tts (oult I aillt
sit OR aid = replaced by ati exclusive-nior. For example, anl equationi edges (edg) are iiidicated for each F'SNI. Also. thie nuimber of (;Pig geil-
of r) o2 u ol no2 = cat becomes a Boolean expression trailed (gpi). the number of product terms ill a itintuin encodeaule

result (prod), the number of encoding bits required (euc) and I he UPtV
((I 1

1
21 +t111131) _411)(017122 + 112132):C 

1
12) -. ((i812B + 1211311) ®9 1I) tinfe in minutes onl a mnicrovax-Ill1 are -iell. Agaii for exanmples fun;

4) and fumuu6. sit exact solut ioni could not bet founid. Al exlaustise search,
where %Ci is the exclusive-nor operation. These Boolean expressions methwlod is only feasible for /#real.
leave to evaluate to a I to satisfy Eqn. 1. Titus. we have to filed 0/1 We believe that using lite trlitsrlibion~s of Section 6.2 prior to
values for all the 1,j such that Eqos. 3 and all Eqns. 4 evaluate to a 1. prime irnphicant genversttoit will increase the size of the examplleg thlat
If we can field such a set of values, then we leave an encoodeable set of care be handled, since a reduced prime imphicarnt table Cani be diectlyI
GPIs find an encoding for the symbolic values, constructed.

The state assignmrent and four-level Boolean minimization cases have
more complex formulations, since we have input constraints as well as
output relations. W~e can write a Booleani equation to check if ait input 9 Symbolic Don't Cares
constraint is sratisified by a given encodinig. Assate %e have N symbolic

stattes s 1. .. rev. Each s, is representedl b% a set of B distl itict variables Doii't cares for binary-vaated (frictiont. are stianpl repregetited atid( Px-
1. 112. .. 1,B as before. G.ive ii an ubfitrary itt put constraint., let Ilite ploited ili logic inutuut izaltoil. FutionA wsith Itsmlbol ic out nIs t11a.\



0000 outi 13] P.lK. Bra% lon. (i. ID. Ilaclel. ( urt hlchlillien. AntI A. Satitgmii,

0011 out1Niielilj Logicr Alltniiii,:n, 4.9otldhi is Aos I LSI til,,-

W01 out2 Kiuw~er Academic Publishers, 1984. Po

0001 out2[41 Il. Dagenais. V. K. AgarwaJ. And N. Ruinin. McBOOLE: APo
0100 out2 cedure for Exact Boolea,,gil Minmization. Ini IEEE Trwrisarli#,o, on,

0101 out3 Conipule r-.,dd Dtlign. pages 229-237. Jantisr% 1986i.

1000 out4 [5] S. Detadits, H-K. T. hil. A. H4. Newcoti. and A. Saniigoaiitt
Vinceitelti. hlu~iaiig: State assigtnmelit or finite sttale iiiarll.-,

1010 outl/out2/out3/out4 targeting nii lvel logic I I tsn IEEE Tn~ct~,

1011 outl/out2 oil Cottipiiieu.Aided Dcsigi,. p)age- 1290-1300. Deceiuiber 19- '

Figue 1: S mblic oit (aes 61 S. Devadas;. A. H. Vtaiig. A. R. Ne%,loii. nol A. Saitiimt,
Vincenltelh. Booleani Decoitipositioii Ii ?lulli-LeieI Logic Opti
inizotioii. Ili Journal of .Solid Skalt (n-raili. pages 399-408. Aptid
1989.

have assoiated don*t care condit ion.s withI certain input cornbinti ohn
as well. Wi'e denoted there don't cares tW be symbolic don't cares. [7] T. A. Doloita. The coding of iniergal sae fseieiittirti

A svymbolic don't care iscdefined onl the set of svibolic values that the Ili IEEE lcnsxctirs osp Ellectonic Coisetnster. volumte EU-13I
function can take. For instanice, the cube 1010 in; tlie function of Figure pages 549-S62. October 1964.
14 is a symibolic don)t. care. A symbolic don't care miay enconpma
all file symlbolic valuies of tile function or only as subset. Cub, to] I of (8] D. Bostick el. Al. The boulder ophtimal logic dlestign systeni. Ini Pent-.
Figure 14 is a doiit care which can take onl only a subset of the comiplete of lif * Confic to i Conipaltr-Aided Design. Novemiber 19F.7.
set of a' mlbolic values.

One 'canl produnce an exact solution Wtsit) outptit encoding problemn [9] J. Ilartuautios and R. E. Stearns. .4lgebrsic Stroctior Thmnly o~f
unider anl arbitrarv symnbolic don't care set as follows. Add the don'( Sequeirlial AIlichirits. Preiitice-Hall, Englewood Cliffs. N. J.. 1961,
care in t ernin to' Ili ON-set of eachI of thle s% inbolic values tha!t the (1 01 E.- Law ler. Ani ap~proachI to inutt i.lesel boolean jul ii zato IIo I

Ininterin call take. GPI., are geinerated aus before. However, we miax oranff(ACI f32* 94
have a situaticni where two identical i--cubes have tags such that (t"eJunlo h CI g-9 94fi rst ojiles tag is a subset of tile otlier. Ini this case the first k-cube 111] E. J. PllCluqskex. MNlainiizaliolt of Booleait Fullctioii'. It 11
cancels tile second. Lob. Tfichutral jonurl. solute 35. pages 1417-1444. Bell Lalt..

Givein all tile G3PIs. thle covering problei is solved as before. Thti Noseniber m961.
mninterinn correslpoitiling to tile %.n'itlsoltr don)t care- ian e to be conererl
a5 telt andh Eiqn. I tian to bie satified for tietin. elke tlie nia.% assert att (I2' (; D klicltr. S~ iitlsoir tnt or contikiitatottal ai s.-

1
t.-ttt

iUiNAlic biiiar% comibintiroit itt file enicodhed coner. Ihoxwener. Lqtt I for logic circt-11 ilitttliiii It% 1%un-lenel itiacros Ili lEF 7--
t liese mliit -ns haus mlore chIoice- . . itice a ni em it eftec tiN el\ leloiigs to fioit-s ont ( o tt tile s-- .1 dt V( sign p age. 5U7-6 11. sepltemittli tI 114n.

nuttl ple smlbolic val ON-etsI itit1li ple V-s ill Ein. II) Aii\ one of
these constraints is to be satisfied. For examiple. we miaN hase [13] G3. De Pilicheli. R. K. BrA%101u. Aind A. SangionAtiiiii-'ini-eieIh. Ott.

titial State Putsigoitteiu of Fiite State hilachiiiie. Ili JELL 7-ut,

atil nl ouir? U flt n *o = outlo out? ichnl 0 tittte,.t Dt ntgtt. pages 2619-2K. Jitln 9

otill ~~~~[14) R4. RMIteI Andt A. Saiintti-iietel.Exact Niiittnizatii, 4i

for a s~ inhol ic dont't care. 5'titbol it dott't cat en are easi I icor porat etd NI uipiit- alt i Fi ci jot i for PL.A Ott intui tott Ili Pt,- IF[ I
ink o t hme Booteati sat isfiatitit foritutatiott of thle emcodeabiiu% probtetin Jiu. (Ciuf. a,, ( tCtti t(-.4idi d Di sigit. page- 352-1.t9S(,
(Sect ion 7). [I5) It. Itittl aitd A. Sattgio'atiii-\ iiciiettei. IIItll ilih- \ ahwi-t Nt,.

ittizat itt for lPL. Opt ittizat ott Ili 111:17 lIttit- -

10) Conclusions ( vlttpittrr.4,dtil D)in. piagen 727-751. Setleihn t%7-.

[16) A. Saldatttta all(] It. II. Katz. Pla optiinlizat iou usng oti1iut i,
Ili this pap~er. we preseitied exact algorithini for the problemsof out put coditig. Ili Proc. of hit07 oiif3i rim oil Colnlitt i-.4 ohS Dfi nq,
encoding. state assiginent And four-level Booleani nuiiiizaiiott. pages 47S-4SI. Noveiier 198S.

The procedures described Are mnuch miore efficienit t-11ati a straight-
forward. exhaustive search procedure to solve these problems. We pro- [17] T., Sas,.qo. Pla deconipo-sitioi. Ini MCNC 19817 Logic .Syitthu,,
posed anotelimininfizatitn lroced tire of pritlike iiitpticsnt generatiott Atnd lrlkstoi. hla. 1987.
cot ering that operates onl s\ inbolic out puts. rat her than binaryN-valued [8 .Tsi.Gieaia o fclnettstuo~at plctiut
outptts. for solving enicoding problemns. [8 .Tsn eeaiainocnesi lo #idapiaint

PrelinuinA r' experituetti-a results inicate t lit imediuni-sized pro3- fle Iotii mnizAlIion of booleait fit irt ioi'. It IEEE Te octii~rw, n t
leign- call be slokeel exactl). (ouititia l \I efficiciti Iheurist ic at)- Criiitices. page- 4461-450. Atigust 1967.
troacties based il tth e er~act algorit hlim Itase beeli Propose .d. Tile effi- [19] It. C. Torig. All algorit lint for iictiiig rucoiutar% asxigitnirtt, oh

cieni and qualit \ oft these heurist ic approaches is currently being eval- ayuriio euntacic ili IEEE Trntitotit oit coilitrnL
usted. tr, pages 416-469. lkla 196-.
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