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Exact, closed-form analytical expressions are presented for evaluating the potential energy of electrical double layer
(EDL) interactions between a sphere and an infinite flat plate for three different types of interactions: constant potential,
constant charge, and an intermediate case as given by the linear superposition approximation (LSA). By taking
advantage of the simpler sphere-plate geometry, simplifying assumptions used in the original Derjaguin approximation
(DA) for sphere-sphere interaction are avoided, yielding expressions that aremore accurate and applicable over the full
range of κa. These analytical expressions are significant improvements over the existing equations in the literature that
are valid only for large κa because the new equations facilitate the modeling of EDL interactions between nanoscale
particles and surfaces over a wide range of ionic strength.

Introduction

Evaluating the potential for electrical double layer (EDL) inter-
actions is of crucial importance in predicting the colloidal stability

of particles usingDerjaguin-Landau-Verwey-Overbeek (DLVO)
theory.1 An extensive study has been conducted to model the EDL
interaction of systems of different geometries as typified by several
important ones such as plate-plate, sphere-sphere, and sphere-

plate systems. Whereas using a numerical method to solve the com-
plete Poisson-Boltzmann (PB) equation describing the potential
distribution of the system is always a viable option at arriving at an

exact solution for thepotential energyof interaction, it is nevertheless
not a very practical tool that can be readily used by all interested
researchers. Closed-form analytical expressions have thus been

sought after, especially for two kinds of geometry: the plate-plate
interaction, which is the simplest case and often the theoretical start-
ing point for studying more complicated systems, and the sphere-

sphere interaction, which is the geometry relevant to the study of
particle mutual coagulation. The EDL interaction between a sphe-
rical particle and a planar surface (conceptualized by an infi-
nitely flat plate) is also important because it is relevant to particle

deposition (either onto an immobile surface or onto a much larger
flowing collector as in heteroaggregation)2 and it also facilitates
the interpretation of the results in measuring single particle-planar

surface interaction using atomic forcemicroscopy.3Despite its equal
importance, the theoretical study of the sphere-plate system was
relatively limited mainly because of the fact that the sphere-plate

geometry is, to a large extent, a special case of the sphere-sphere
geometry with one of the spheres becoming infinitely large. There-
fore, the results for the sphere-sphere systemmight be easily modi-
fied to apply to the sphere-plate system.

In the case of constant potential interaction, Hogg et al.4

derived an expression for the EDL interaction potential between
two dissimilar flat plates with low surface potentials (ψP<kBT ):

V
ψ
PP ¼ εK

2
½ðψP1

2 þψP2
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ð1Þ

In the same paper,Hogg et al. alsoderived an expression for the
EDL interactionpotential between twodissimilar spheres (in both
sizeandsurfacepotential) using theDerjaguinapproximation,5which

is composedof theDerjaguin constructionandgeometric simplifica-
tions. The Derjaguin construction is the ringwise dissection of the
surface of the hemisphere in which the spherical surface was viewed
as an integral of infinite ring-shaped flat plates of infinitesimalwidth,

and thepotential energyof theEDLinteractionbetween two spheres
was calculated by integrating theEDL interaction potential between
pairs of parallel plates. In addition, two simplifying assumptions

have to bemade in order to obtain an analytical expression: First, it
was assumed that the curvature of the spherical particle is small so
that in a sphere-sphere system such as that depicted in Figure 1A

the following condition holds: h, a1 and h, a2, leading to
5

hdh ¼ a1a2

a1 þ a2
dH ð2Þ

Second, when integrating eq 1 along the spherical surface, the
upper limit of integration was set to infinity. These simplifying
assumptions lead to limited applicability of the expressions so that

the expressions are applicable onlywhen κa. 1 (thin double layer).6

With the Derjaguin approximation, the expression for the poten-
tial of EDL interaction for a sphere-sphere system was obtained:
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Equation 3 is also called the Hogg, Healy, and Fuerstenau

(HHF) expression, and it iswidely used inmodeling the aggregation
of colloidal particles. In addition to the low-potential requirement,
significant limitations arise as a consequence of the small-curvature

assumption so that the applicability of the HHF expression
demands that κa1, κa2 . 1.6

To calculate the potential of EDL interactions between a
sphere and an infinite plate, it is natural to modify the HHF

expression for sphere-sphere interaction (HHF-SS) by taking
one of the particle sizes to infinity:

V
ψ
SP ¼ πεa

�
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Although often employed7-11 for its simplicity, such an expres-

sion obtained by modifying the expressions for sphere-sphere
geometry by taking one of the radii to infinity would inevitably
inherit the simplifying assumptions and thus the limited appli-

cability associated with the DA, which would make them less
accurate when being applied to the case of a thick double layer
(small particle and/or low ionic strengths). Bhattacharjee applied a
powerful and versatile method called surface element integration

(SEI) that can yield an exact evaluation of the EDL interaction
potentials.12 The results from SEI are perfectly consistent with
those obtained by numerically solving the linearized Poisson-

Boltzmann equation employing the finite elementmethod. In fact,
the Derjaguin construction in essence is no more than a specific
mathematical treatment of the SEI. However, a closed-form

analytical expression has not been available for the sphere-
plate EDL interaction based on the SEI method, and the compu-
tational burden of performing these calculations remains an
impediment.

In the following discussion, we propose a simple method for
deriving expressions for the potential of EDL interactions for the

sphere-plate system using the Derjaguin construction. Instead of
starting from the expression from the sphere-sphere interaction
that has already been compromised by the simplifying assumptions,
it is possible to take advantage of the relatively simple sphere-plate

geometry, starting from the expression for the plate-plate interac-
tion and avoiding the simplifying assumptions employed in DA to
arrive at an exact analytical expression for the potential of EDL

interaction between a sphere and a plate. Such a method can be
applied not only to the constant potential interaction but also to the
constant charge interaction (based on the linearized Poisson-

Boltzmann equation) and intermediate interaction as evaluated
by the linear superposition approximation (LSA).

Model Derivation

The general derivation is presented as the following. For the
surface of the front and back hemispheres, the following geo-

metric relations hold:

a-
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

a2 - h2
p

¼ H-H0; H0eHeH0 þ a ð5Þ

aþ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

a2 - h2
p

¼ H-H0; H0 þ aþHeH0 þ 2a ð6Þ

The geometric variables in the above equations are explained in

Figure 1B. Taking the derivative of both sides of eqs 5 and 6 leads
to the same relation:

hdh ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

a2 - h2
p

dH

¼ ðaþH0ÞdH-H dH; H0eHeH0 þ 2a ð7Þ

Using the Derjaguin construction, the interaction between the
sphere and the plate is calculated as

VSP ¼
Z

2πVPPh dhjfrontþback ð8Þ

Equations 7 and 8 lead to

VSP ¼ 2π ðaþH0Þ
Z H0 þ 2a
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Therefore, as long as the expressions for EDL interaction for a

plate-plate systemare knownand simple enough that the integrals
in eq 9 would lead to analytical expressions, exact analytical ex-
pressions of the sphere-plate interaction can be obtained. Table 1
is a summary of the expressions for the potential of EDL interac-

tion of a plate-plate system, where γx in eq 12 is defined as

γx ¼ tanh
zeψx

4kBT

� �

Applying eq 9 to the equations in Table 1 leads to the exact

analytical expressions for the potential EDL interaction in a
sphere-plate system as summarized in Table 2. Detailed steps for
the integration can be found in the Supporting Information.

Figure 1. Schematic representation of the geometry for (A) a
sphere-sphere interaction and (B) a sphere-plate interaction.
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The function Lin(z) is the polylogarithm (also known as the de

Jonquiere function) of the arguments n and z and is defined as

LinðzÞ ¼
X

¥

k¼ 1

zk

kn
ð18Þ

When n=2, Li2(z) is also called the dilogarithm, which has the

following integral form:15

Li2ðzÞ ¼ -

Z z

0

lnð1- tÞ
t

dt ð19Þ

All of these expressions in Table 1 can be written in a similar
structure as the sum of VSP(H0) and VSP(H0 þ 2a) plus a correc-

tion term. It should be noted that all of the VSP terms, regardless
of interaction type, are preceded by the particle radius a whereas
all of the correction terms are preceded by the Debye length 1/κ,

which clearly explains why κa could serve as the criterion index in
determining the applicability of the uncorrected expressions: for a
thin double layer (κa.1), the correction terms would become
negligible and thus the corrected expressions would be reduced to

VSP(H0)þVSP(H0þ 2a). If a is not too small, thenVSP(H0) would
dominate this sum, therebymaking the corrected expression close
to the uncorrected ones.

It should be kept inmindwhen applying eq 13 (with eq 14) and
eq 16 (with eq 17) that they are based on the linearized PB

Table 1. Expressions for the Potential of Plate-Plate EDL Interactions of Different Typesa

type of interaction expressions eq

constant potential4 V
ψ
PP ¼ εK

2
ðψP1

2 þψP2
2Þð1- cothðKLÞÞþ 2ψP1ψP2 cschðKLÞ

h i

10

constant charge13 Vσ
PP ¼ εK

2
½- ðψP1

2 þψP2
2Þð1- cothðKLÞÞþ 2ψP1ψP2 cschðKLÞ� 11

intermediate (LSA)14 VLSA
PP ¼ 32K kBT

ze

� �2

γP1γP2 expð-KLÞ 12
aA more complete summary including the expressions for sphere-sphere and sphere-plate interactions using DA is available in Table S1 of the

Supporting Information (SI).

Table 2. Exact Analytical Expressions for the Potential of Sphere-Plate EDL Interaction Evaluated Using Three Different Methodsa

type expression eq

constant ψ (LPB-based) V
ψ
SP� ¼ ½Vψ

SPðH0ÞþV
ψ
SPðH0 þ 2aÞ�þ ëβψðH0Þ-βψðH0 þ 2aÞû 13

βψðxÞ ¼ πε
K

1
2
ðψsph
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2ÞLi2ðe- 2KxÞþ 2ψsphψpl½Li2ð- e-KxÞ-Li2ðe-KxÞ�

h i
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LSA VLSA
SP� ¼VLSA

SP ðH0ÞþVLSA
SP ðH0 þ 2aÞþ 64πε

K

kBT
ze

� �2

γsphγpl½- e-KH0 þ e-KðH0 þ 2aÞ� 15

constant σ (LPB-based) Vσ
SP� ¼ ½Vσ

SPðH0ÞþVσ
SPðH0 þ 2aÞ�þ ½βσðH0Þ-βσðH0 þ 2aÞ� 16

βσðxÞ ¼ πε
K

-
1
2
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h i

17
aVSP

ψ ,VSP
σ , and VSP

LSA are the existing expressions for the potential of EDL interaction for a sphere-plate system as modified from those for the
sphere-sphere interaction obtained using the Derjaguin approximation. They are also listed in Table S1.

Figure 2. Potential energy for the EDL interaction between a sphere
and a plate for three scenarios: (a) constant potential, (b) linear
superposition approximation, and (c) constant charge. Colored re-
sults are obtained using the corrected expressions presented inTable 2
whereas curves in black are obtained using the uncorrected expres-
sions. The particle size is 10 nm (radius), and eψS = eψP = kBT.

Figure 3. Comparison between potentials of three different types
of EDL interactions using both the uncorrected and the corrected
expressions. (The expression of the constant charge interaction
overestimates, but it is the only available analytical expression for
such a sphere-plate interaction.) Parameters for calculation are
the same as those described in Figure 2.
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equation, which demands that the potential everywhere be low.
Some researchers argue that a constant potential interaction is

unlikely16 whereas some point out that a low surface potential
cannot be maintained for constant charge interaction.14 Now it
seems to be agreed on that the intermediate case given by LSA
would be the most appropriate approximation for the realistic

interaction.14,17 However, the appropriateness of each of these
equations is beyond the scope of our current discussion.

It is worth pointing out that the results calculated using eq 13

for the constant potential interaction, as presented in Figure 2A,
are essentially identical to those givenbyBhattacharjee using both
SEI and the finite element method,12 which further supports the

validity of the derived expressions. In addition, it was known that
with the uncorrected expressions, the constant potential interac-
tion would always give the lowest potential energy, the constant

charge interaction would give the highest, and the potential
energy obtained using LSA would fall between that of the other
two cases.14 It is demonstrated in Figure 3 that such an order for
the potential energy in three different cases remains valid for

corrected expressions, even when κa is small.

Acknowledgment. This material is based upon work sup-
ported by the National Science Foundation (NSF) and the
Environmental Protection Agency (EPA) under NSF Cooper-

ative Agreement EF-0830093, Center for the Environmental Im-
plications of NanoTechnology (CEINT). Any opinions, findings,
conclusions, or recommendations expressed in this material are
those of the author(s) and do not necessarily reflect the views of

the NSF or the EPA. This work has not been subjected to EPA
review, and no official endorsement should be inferred.

Nomenclature

ε = dielectric permittivity of the interaction medium
κ = Debye constant
z = charge number of the electrolyte
e = electronic charge

kB = Boltzmann constant
T = temperature
a1, a2 = radii of spheres 1 and 2 in a sphere-sphere

interaction
a = radius of the sphere in a sphere-plate interaction
L, H0 = plate-plate separation and sphere-sphere

(sphere-plate) separation
VPP, VSS, VSP = potentials for EDL interaction for
plate-plate, sphere-sphere, and sphere-plate interac-
tions, respectively

ψsph, ψpl = surface potentials of sphere and plate, re-
spectively, for a sphere-plate interaction
ψP1, ψP2 = surface potentials of plates 1 and 2, respec-

tively, for a plate-plate interaction

Supporting InformationAvailable: Summary of the existing
analytical expressions for EDL interaction for a plate-

plate system, a sphere-sphere system, and a sphere-plate
system. Detailed derivation procedures for the proposed
exact analytical expressions presented in Table 1. This

material is available free of charge via the Internet at http://
pubs.acs.org.
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