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ABSTRACT 

 
When polymeric liquids undergo large-amplitude shearing oscillations, the 

shear stress responds as a Fourier series, the higher harmonics of which are 
caused by fluid nonlinearity.  Previous work on large-amplitude oscillatory shear 
flow has produced analytical solutions for the first few harmonics of a Fourier 
series for the shear stress response (none beyond the fifth) or for the normal 
stress difference responses (none beyond the fourth) [JNNFM, 166, 1081 (2011)], 
but this growing subdiscipline of mathematical physics has yet to produce an 
exact solution.  Here, we derive what we believe to be the first exact analytical 
solution for the response of the extra stress tensor in large-amplitude oscillatory 
shear flow.  Our solution, unique and in closed form, includes both the normal 
stress differences and the shear stress for both startup and alternance.  We solve 
the corotational Maxwell model as a pair of nonlinear coupled ordinary 
differential equations, simultaneously.  We choose the corotational Maxwell 
model because this two-parameter model ( η0  and λ ) is the simplest constitutive 
model relevant to large-amplitude oscillatory shear flow, and because it has 
previously been found to be accurate for molten plastics.  By relevant we mean 
that the model predicts higher harmonics.  We find good agreement between the 
first few harmonics of our exact solution, and of our previous approximate 
expressions (obtained using the Goddard integral transform).  Our exact solution 
agrees closely with the measured behavior for molten plastics, not only at 
alternance, but also in startup.   
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I. INTRODUCTION 
 

The rheology of polymeric liquids presents many challenges in mathematical 
physics, not the least of which is the pursuit of analytical solutions for transient 
flow problems.  Though exact solutions to rheological problems give us the 
deepest physical insight, exact solutions to nonlinear problems are elusive.  
Instead, rheologists must often settle for truncated expansions (see column 11 of 
Table I), obtained only with great mathematical effort.  Consider, for instance, the 
truncated expansions for the corotational Maxwell model (Eqs. (20) and (21) from 
[5]).  In no subdiscipline of mathematical physics have exact solutions been more 
elusive than in the physics of viscoelastic liquids subject to oscillatory 
deformations.   

In this paper, we apply the Kovacic method [1], pioneered in the mid-eighties, 
to arrive at our exact solution.  The usefulness of this method appears to have 
been overlooked by the rheological community.  We write this paper not only to 
benefit the professional mathematical physicist, but with sufficient detail to help 
graduate students arrive at their own exact solutions for oscillatory shear flow at 
least some constitutive equations other than the corotational Maxwell model 
treated here.  Specifically, we would expect educators to use our work in both 
their research and teaching, and for their graduate students to train themselves 
from our analysis (Section IV) and detailed appendices (Sections X, XI and XII).   

Since its conception in 1935 [2,3,4] oscillatory shear flow has become by far 
the most popular laboratory method for exploring the physics of polymeric 
liquids.  We generate oscillatory shear flow by confining the fluid to a simple 
shear apparatus, and then subject one solid-liquid boundary to a coplanar 
sinusoidal displacement, and thus, the fluid to the following velocity profile (see 
the coordinate system defined and the flow field illustrated in Figure 1): 

   vx = !γ
0 cosωt y; vy = vz = 0  (1) 

and hence, to a corresponding cosinusoidal shear rate: 

   !γ t( ) = !γ 0 cosωt  (2) 
Using the characteristic relaxation time of the viscoelastic fluid, λ , we can 
nondimensionalize Eq. (2): 

   

λ !γ t( ) = λ !γ 0 cosλω t/λ( )
≡ WicosDe t/λ( )

 (3) 

where: 
 De ≡ λω  (4) 
and: 

  Wi ≡ λ !γ 0  (5) 
The dimensionless Eq. (3) suggests that dimensionless solutions to large-
amplitude oscillatory shear flow problems shall be written in terms of  Wi  or  De  
only, and we follow this throughout this work.   

Increasing either the Weissenberg number or the Deborah number in Eq. (3) 
causes the fluid response to depart from Newtonian behavior.  We can construct 
a complex dimensionless number from the ordered pair  De,Wi( )  thus (see this 
illustrated in Fig. 1 of [5]): 
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  Gn ≡ De+ i Wi  (6) 
which defines a vector with magnitude: 

 Gn ≡ De2 +Wi2  (7) 
and with angle: 

 
φ ≡ arctan Wi

De
. (8) 

The magnitude of  Gn  reflects how far the fluid behavior departs from 
Newtonian behavior.  We call such departures non-Newtonian.  We can associate 
behavior in steady shear flow with  De = 0 , where   Gn = i Wi .  We further 
associate linear viscoelastic behavior with  Wi = 0 , where  Gn ≡ De .  The angle φ  
thus reflects the type of departure from Newtonian behavior.  The value  φ = 0  
corresponds to linear viscoelastic behavior, and  φ = π 2 , to steady shear flow.  
We use these last two concepts below when performing consistency checks of 
our exact solution for large-amplitude oscillatory shear flow (in Section VI).   

When higher harmonics are observed in the shear stress response, we call the 
oscillatory experiment large-amplitude.  For polymeric liquids, these higher 
harmonics are commonly observed when: 

 
Wi
De

>1  (9) 

Eq. (9) is thus our working definition of large-amplitude oscillatory shear flow 
[6,7], and with recent advances in rheometry, conducting experiments satisfying 
Eq. (9) is now commonplace for exploring the physics of polymeric liquids [8].  
The material functions in this flow are most commonly defined as coefficients of 
the Fourier series: 

  

τ yx τ ,γ0( )
γ0

≡ − %Gn ω ,γ0( )
n=1
odd

∞

∑ sin nτ + %%Gn ω ,γ0( )cosnτ  (10) 

where  τ ≡ ωt .  We call this set of coefficients,   !Gn ω ,γ0( )  and   !!Gn ω ,γ0( ) , the 
Fourier moduli.  These Fourier moduli are readily obtained from a measured time 
series   τ yx τ ,γ0( )  using the discrete Fourier transform [7].  The Fourier moduli in 

(10) are occasionally expanded in odd powers of  γ0  defining a matrix of 
frequency dependent nonlinear moduli [9,10,11]: 

  

τ yx τ( )
γ0

= − γ0
m−1

n=1
odd

m

∑
m=1
odd

∞

∑ &Gmn ω( )sin nτ + &&Gmn ω( )cosnτ[ ]  (11) 

where  τ ≡ωt .   
The shear stress response in LAOS has also been expanded in odd powers of 

  !γ
0 , defining a matrix of frequency dependent nonlinear viscosities [12]: 

   

τ yx τ( )
!γ0

= − !γ 0 n−1

m=1
odd

n

∑
n=1
odd

∞

∑ &ηmn ω( )cosmτ + &&ηmn ω( )sin mτ[ ]  (12) 
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where   !ηmn , !!ηmn( )  are named the storage and loss viscosities of mnth order, where 

 !η11 , !!η11( ) ≡ !η , !!η( ) .  The “m” in the “mnth order” corresponds to the number of the 
harmonic in the shear stress response.  The “n” in the “mnth order” corresponds 
to one plus the power of the expansion in Eq. (12).   

Table I summarizes the developing literature on analytical solutions for large-
amplitude oscillatory shear flow.  From column 11 of Table I we glean that no 
constitutive equation has heretofore been solved exactly for large-amplitude 
oscillatory shear flow.  In fact, previous work provides only approximate 
solutions for large-amplitude oscillatory shear flow for, at best, just a few 
harmonics of the shear stress, or of the normal stress differences.  Our ability to 
measure higher harmonics far surpasses our ability to predict them from theory.  
For instance, of the shear stress response for beer foam in large-amplitude 
oscillatory shear flow, higher harmonics up to and including the 289th have been 
measured precisely [13].   

From the literature summarized in Table I, we learn that previous analytical 
solutions normally take the form of a truncated expansion in   λ !γ

0  [given by Eq. 

(11)], but that a few of these take the form of a truncated expansion in   !γ
0 ω  

[given by Eq. (12)].  At large values of the expansion variable, these expansions 
eventually break down.  Thus, for rheologists, one main advantage of an exact 
solution is that it allows exploration of nonlinear physics that cannot be probed 
with truncated expansions.  Now, one of the great advantages of any analytical 
solution for oscillatory shear is that, when integrable, it can be used to explore 
temperature rise in a viscoelastic fluid subjected to large-amplitude oscillatory 
shear flow [14,15].  The exact solution can also be used to evaluate the accuracy 
of the truncated expansions.  Further, if the exact solution can be written as a 
Fourier series, it can even be used to assess if or when a constitutive model will 
predict self-intersecting loops of shear stress versus shear rate, for example [16].   

Inasmuch as large-amplitude oscillatory shear flow of a polymeric liquid is 
used for viscous dampers in many kinds of machinery, exact solutions can be 
used for more accurate viscous damper design, especially where large vibrations 
are to be damped ([17,18,19, 20]; Section 3.3 of [21]; Section 8.7 of [22]; Problem 
5.5 of [23,24]).  If the shear stress is measured in the viscous damper fluid, then 
an exact solution can be used to estimate the temperature rise in the damper 
fluid accurately.  This information can then be used to project the thermal 
degradation of the viscoelastic damping fluid, for example, and to establish a 
replacement cycle for this damping fluid.   

When seeking exact solutions, we prefer outcomes in closed form.  By closed 
form, we mean, roughly, one that can be written down by a first-year calculus 
student (see Section 1.1. of [1]).  In general, for teaching, scholars thus prefer 
examples with solutions in closed form.   

When a differential equation satisfies an existence theorem, we can know that 
the solution exists before we have it. When a differential equation satisfies a 
uniqueness theorem, we know that once found, the exact solution provides one 
unique way to look at the answer.  In this paper, we first adimensionalize the 
corotational Maxwell model for large-amplitude oscillatory shear flow.  We then 
rewrite it into a particular matrix form.  This particular form then satisfies a 
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theorem for both the existence and the uniqueness of the exact solution.  We then 
follow the method of Kovacic (Section 4.1 of [1]) to arrive at an exact, unique 
solution in closed form, which we believe to be the first exact solution to a large-
amplitude oscillatory shear flow problem for which higher harmonics in the 
shear stress are predicted.   

We chose the corotational Maxwell model because this two-parameter model 
( η0  and λ ) is the simplest constitutive model that is relevant to large-amplitude 
oscillatory shear flow, and because it has previously been found to be accurate 
for molten plastics.  By relevant we mean that the model predicts higher 
harmonics for the shear stress, and for the normal stress differences.  We 
compare our exact solution with an approximate truncated expansion solution to 
the same problem, and we then compare our exact solution with experimental 
data for molten high-density polyethylene, a pair of polyisoprenes, and another 
pair of polybutylenes.   

We find that our exact solution takes neither of the forms of an expansion in 

  λ !γ
0  [given by Eq. (11)], nor of an expansion in   !γ

0 ω  [given by Eq. (12)].  Instead, 
the exact solution takes a form that we find to be surprising and intrinsically 
beautiful.  

	  
II. MECHANICS OF LARGE-AMPLITUDE OSCILLATORY SHEAR 
 

For oscillatory shear flow, the rate of deformation tensor is given by: 

   

!γ =
0 !γ 0 cosωt 0

!γ 0 cosωt 0 0

0 0 0

#

$

%
%
%

&

'

(
(
(

 (13) 

which, with a characteristic time for the fluid λ , can be nondimensionalized as

  

λ!γ =
0 λ !γ 0 cosτ 0

λ !γ 0 cosτ 0 0

0 0 0

$

%

&
&
&

'

(

)
)
)
	   (14) 

in which τ  is not to be confused with the bold face Greek τ
 
, which we use 

below for the extra stress tensor.  Further, the bold face Greek  !γ  is not to be 
confused with the italicized symbol for its  yx − component,  !γ .  We will need 
these expressions for  !γ  [Eqs. (13) through (14) for our analysis of oscillatory 
shear flow below.   
 
III. THE COROTATIONAL MAXWELL MODEL 
 

For a single-relaxation time, the corotational Maxwell model is: 

    
τ + λ

D τ

D t
= −η0 !γ  (15) 

in which: 
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D τ

D t
≡

Dτ

Dt
+ 1

2 ω ⋅ τ − τ ⋅ ω{ }  (16) 

defines the Jaumann derivative; here  Dτ / Dt  is the substantial derivative and: 

   !γ ≡ ∇v + ∇v( )†  (17) 
is the rate-of-strain tensor, given by Eq. (14), and: 

  ω ≡ ∇v − ∇v( )†  (18) 
is the vorticity tensor.  We call the derivative given by Eq. (16) corotational 
because it measures rates of changes of the extra stress tensor with respect to a 
coordinate frame that both translates and rotates with the fluid.  For an extensive 
discussion of corotational models and their applications, see Chapters 7 and 8 of 
[25], and also [26,27,28,29,30].  If Eq. (16) is replaced with a codeformational 
derivative, though this leads to an exact solution for oscillatory shear flow, the 
interesting nonlinear physics disappears (mindful of the errata in Ref. 31, see Eqs. 
6.40 and 6.41 of [31]; [32]).  By codeformational we mean a derivative that measures 
rates of changes of the extra stress tensor with respect to a coordinate frame that 
translates, rotates and deforms with the fluid.  With a codeformational derivative, 
the higher harmonics in the extra stress responses disappear (see Table I below).  
This is why, for exploring the mathematical physics of fluid continua, we prefer 
the corotational framework over the codeformational.   

Eq. (15) can be nondimensionalized as: 

  

λ

η0

τ +De ∂

∂τ

λ

η0

τ
%

&
'

(

)
*+

λDe
2η0ω

ω ⋅ τ − τ ⋅ ω{ } = −λ!γ  (19) 

Goddard and Miller [33] have shown how to convert any corotational model into 
an integral form, for any simple shear flow, and previous work on large-
amplitude oscillatory shear flow attacks this integral form [5,34]. Approximate 
analytical solutions have thus been produced for the first few harmonics of both 
the shear stress (up to the fifth) and the normal stress differences (up to the 
fourth).  Specifically, for the zeroth, second and fourth harmonics of the normal 
stress differences (Eq. (66) of [5]): 

  

N1 τ( ) = −2N2 τ( )

= −Wi
1

1+De2
+

1− 2De2( )cos 2τ + 3Desin 2τ

1+De2( ) 1+4De2( )
#

$
%
%

&

'
(
(

+
Wi3

4

3

1+De2( ) 1+4De2( )
+

4 − 24De2( )cos 2τ + 20Desin 2τ

1+De2( ) 1+4De2( ) 1+ 9De2( )

+
1− 35De2 + 24De4( )cos 4τ + 10 − 50De2( )Desin 4τ

1+De2( ) 1+4De2( ) 1+ 9De2( ) 1+16De2( )

#

$

%
%
%
%
%

&

'

(
(
(
(
(

 (20) 

and the approximate expressions for the first, third and fifth harmonics of the 
shear stress are (Eq. (58) of [5]): 
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S τ( ) = − cosτ +Desinτ

1+De2

+
Wi2

4

3cosτ + 6Desinτ

1+De2( ) 1+ 4De2( )

+
1−11De2( )cos3τ + 6 1−De2( )Desin3τ

1+De2( ) 1+ 4De2( ) 1+ 9De2( )

#

$

%
%
%
%
%

&

'

(
(
(
(
(

−
Wi4

8

5cosτ +15Desinτ

1+De2( ) 1+ 4De2( ) 1+ 9De2( )

+
5 −130De2( )cos3τ + 45 −120De2( )Desin3τ

2 1+De2( ) 1+ 4De2( ) 1+ 9De2( ) 1+16De2( )
#

$
%
%

&

'
(
(

+
1− 85De2 + 274De4( )cos5τ + 15 − 225De2 +120De4( )Desin5τ

2 1+De2( ) 1+ 4De2( ) 1+ 9De2( ) 1+16De2( ) 1+ 25De2( )
#

$
%
%

&

'
(
(

#

$

%
%
%
%
%
%
%
%
%

&

'

(
(
(
(
(
(
(
(
(

 (21) 

The shear stress measurements for these approximate solutions compare well 
with experimental measurements on molten plastics (see Figs. 8, 9 and 10 of [5]), 
so long as the Weissenberg number is not too high (see Fig. 11 of [5]).   

Eqs. (21) and (20) reduce to the well-known result for the corotational 
Maxwell fluid in steady shear flow (Eq. (84) of [5]): 

  

η

η0

=
Ψ1

2η0λ
= −

Ψ 2

η0λ
= 1−Wi2 +Wi4 −! =

1
1+ λ "γ( )2

 (22) 

that is, for vanishingly small values of  De .  The material functions for steady 
shear flow, η ,  Ψ1  and  Ψ 2  in Eq. (22) are defined in Table II.  Further, Eqs. (21) 
and (20) reduce to the well-known results for linear viscoelasticity (for any 
Maxwell fluid): 

  
S τ( ) = − cosτ +Desinτ

1+De2
 (23) 

and: 

  N1 τ( ) =N2 τ( ) = 0  (24) 
that is, for vanishingly small values of  Wi .   

In this paper, we obtain exact analytical solutions for both the shear stress 
and the normal stress differences by attacking the corotational Maxwell model, 
Eq. (15), in its differential form.  We then compare our exact solutions with its 
corresponding approximations, Eqs. (21) and (20).  We further test the exact 
solution by comparing it with experimental measurements.  For this comparison 
we must extend Eq. (15) to (see Section 8 of [5]): 

  
τ yx = τ j

j=1

∞

∑  (25) 

and: 
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τ j +λ j

Dτ j

D t
= −η j !γ  (26) 

for multiple relaxation times, where  τ j  is the contribution to the extra stress 
tensor from the   j th  relaxation time.   

 
a. Simple Shear Flow 

 
For simple shear flows (see Eq. (19) of [35]) the rightmost term in Eq. (16) is 

given by: 

   

1
2ω

ω ⋅ τ − τ ⋅ ω{ } =
1

2ω

−2τ yx τ xx −τ yy 0

τ xx −τ yy 2τ yx 0

0 0 0

%

&
'

(
'

)

*
'

+
'
!γ yx t( )  (27) 

 
b. Oscillatory Shear Flow 

 
For oscillatory shear flow, the  xx  and  yy  components of Eq. (19) are given 

by: 

   

λ
η0

τ xx +De d
dτ

λ
η0

τ xx

$

%
&

'

(
)−

λ !γ 0

η0ω
cosτ Deτ yx = 0  (28) 

and:	  

  

λ
η0

τ yy +De d
dτ

λ
η0

τ yy

$

%
&

'

(
)+

Wi
η0ω

cosτ Deτ yx = 0  (29) 

Subtracting Eq. (28) from Eq. (29) and then using Table III: 

    
d!1

dτ
= − 1

De!1 + 2 Wi
De Scosτ  (30) 

The  yx -component of Eq. (19) is given by: 

  

λ
η0

τ yx +De d
dτ

λ
η0

τ yx

$

%
&

'

(
)+

λ
2η0ω

DeN1 = −Wicosτ  (31) 

or, in terms of dimensionless groups and variables: 

    
dS
dτ

= − 1
2

Wi
De!1 cosτ − 1

De S − 1
De cosτ  (32) 

We can write Eqs. (30) and (32) in matrix form: 

    

d
dτ

!1 τ( )
S τ( )

"

#

$
$

%

&

'
'
=

− 1
De 2 Wi

De cosτ

− 1
2

Wi
De cosτ − 1

De

"

#
$
$

%

&
'
'

!1 τ( )
S τ( )

"

#

$
$

%

&

'
'
−

0
1

De cosτ

"

#
$
$

%

&
'
'

 (33) 

For startup from a quiescent melt, Eqs. (33) are subject to the initial conditions: 

   

!1 0( )
S 0( )

⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥
= 0

0
⎡

⎣
⎢

⎤

⎦
⎥  (34) 
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We will next solve Eqs. (33) simultaneously, subject to Eq. (34).  Although a 
partial solution to this problem has been suggested (see Eqs. (3) and (4) of [36,37], 
this suggestion contains integrals that have not been evaluated analytically.  
Instead, these integrals were evaluated numerically (see solid curves in Fig. 1 of 
[36] or Рис. 1. of [37]).   
 
IV. ANALYSIS 
 

From Eq. (33), we get the homogeneous system:   

    

d
dτ

!1 τ( )
S τ( )

⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥
=

− 1
De 2 Wi

De cosτ
− 1

2
Wi
De cosτ − 1

De

⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥

!1 τ( )
S τ( )

⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥

 (35) 

which matches the general form to which Theorem 10 on pp. 710-711 of [38] 
applies, and which guarantees the existence of a unique solution to Eq. (35) of the 
form: 

    

!1 τ( )
S τ( )

"

#

$
$

%

&

'
'
=Φ τ( )Φ−1 0( )

!1 0( )
S 0( )

"

#

$
$

%

&

'
'
+Φ τ( ) Φ−1 *τ( ) 0

− 1
De cos *τ

"

#
$
$

%

&
'
'
d *τ

0

τ

∫  (36) 

To solve Eqs. (35), subject to the initial conditions Eqs. (34), we follow the general 
method of Kovacic (Section 4.1 of [1]) benefitting from the corresponding 
textbook treatment for nonhomogeneous linear systems of Adkins and Davidson 
(Section 9.7 of [38]).  Thusly, in Section X below, we derive the following closed 
form for the fundamental matrix: 

  
Φ τ( ) = e−τ De

cos Wi
De sinτ( ) sin Wi

De sinτ( )
− 1

2 sin Wi
De sinτ( ) 1

2 cos Wi
De sinτ( )

⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥

 (37) 

which we will then use to get the homogeneous startup solution: 

    

!1,h τ( )
Sh τ( )

⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥
= Φ τ( ) C1

C2

⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥

 (38) 

in which the subscript  h  denotes homogeneous.  Substituting Eq. (37) into Eq. (38) 
yields: 

    

!1,h τ( )
Sh τ( )

⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥
=

C1e
−τ De cos Wi

De sinτ( ) +C2e
−τ De sin Wi

De sinτ( )
− 1

2 C1e
−τ De sin Wi

De sinτ( ) + 1
2 C2e

−τ De cos Wi
De sinτ( )

⎡

⎣

⎢
⎢

⎤

⎦

⎥
⎥

 (39) 

Next we investigate the particular alternance solution (following Eq. (10), p. 711 
of [38]): 

    

!1,p τ( )
Sp τ( )

⎡

⎣

⎢
⎢

⎤

⎦

⎥
⎥
= Φ τ( ) Φ ′τ( )−1 0

− 1
De cosτ

⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥

⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥
d ′τ

0

τ

∫  (40) 

where  p  denotes particular.  Substituting Eq. (37) into Eq. (40) yields: 
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!1,p τ( )
Sp τ( )

⎡

⎣

⎢
⎢

⎤

⎦

⎥
⎥
= e−τ De

cos Wi
De sinτ( ) sin Wi

De sinτ( )
− 1

2 sin Wi
De sinτ( ) 1

2 cos Wi
De sinτ( )

⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥

2
De I1

− 2
De I2

⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥

 (41) 

    

!1,p τ( )
Sp τ( )

⎡

⎣

⎢
⎢

⎤

⎦

⎥
⎥
=

2
De e−τ De cos Wi

De sinτ( )I1 − 2
De e−τ De sin Wi

De sinτ( )I2

− 1
De e−τ De sin Wi

De sinτ( )I1 − 1
De e−τ De cos Wi

De sinτ( )I2

⎡

⎣

⎢
⎢

⎤

⎦

⎥
⎥

 (42) 

where: 

  
I1 ≡ eτ De cosτ sin Wi

De sinτ( )d ′τ
0

τ

∫  (43) 

  
I2 ≡ eτ De cosτ cos Wi

De sinτ( )d ′τ
0

τ

∫  (44) 

where the integrals   I1  and   I2  are derived in Section XI and are given by Eqs. 
(132) [with Eqs. (133) and (134)] and (139)	  [with	  Eqs.	  (140)	  and	  (141)].  By 
alternance we mean the limit cycles (or standing waves) of the shear stress, and of 
the normal stress differences that are produced once the transients due to startup 
vanish (see Section 6 of [5]).  Finally, we combine both the homogeneous startup, 
Eq. (39), and particular alternance responses, Eq. (42) to get: 

   

!1 τ( ) = C1e
−τ De cos Wi

De sinτ( ) +C2e
−τ De sin Wi

De sinτ( )
+ 2

De e−τ De cos Wi
De sinτ( )I1 − 2

De e−τ De sin Wi
De sinτ( )I2

 (45) 

   

S τ( ) = − 1
2 C1e

−τ De sin Wi
De sinτ( ) + 1

2 C2e
−τ De cos Wi

De sinτ( )
− 1

De e−τ De sin Wi
De sinτ( )I1 − 1

De e−τ De cos Wi
De sinτ( )I2

 (46) 

since, for the corotational Maxwell model in any simple shearing flow (Eq. (30) of 
[35]): 

 τ 33 τ( ) = 0  (47) 
Applying the initial conditions, Eqs. (34), to Eqs. (45) and (46), we get:   

  
C1 = − 2

De lim
τ→0

I1  (48) 
and: 

  
C2 = 2

De lim
τ→0

I2  (49) 
Further, in any simple shearing flow, for the corotational Maxwell model 
(evaluating Eq. (48) of [34] for  λ0 = 0 ; see also Eq. (62) of [5]): 

  !1 τ( ) = −2! 2 τ( )  (50) 
Hence, by using Eq. (50), we can get the second normal stress difference,   ! 2 τ( ) , 
by dividing   !1 τ( )  by minus two.   
 
V. RESULTS 
 

Here, we present the results of our analysis, the exact solution for the 
corotational Maxwell model in large-amplitude oscillatory shear flow.  We first 
cover the normal stress differences in Section V.a and then, the shear stress 
response in Section V.b.   
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When comparing this exact solution with approximate solutions, or with 
experimental data, one must decide on the number of terms to keep in the many 
Bessel functions, and also on how many harmonics to keep in the stress 
calculations.  For the Bessel functions, we find 40 terms to be more than sufficient 
for our results to be at least invariant to within a line width for all of the figures 
reported in this paper, and so we kept 40 terms throughout.  When the 
evaluation of the exact solution involves even harmonics, we used 40 (0 through 
78), when involving odd harmonics we used 40 (1 through 79), and when 
involving both even and odd we used 80 (0 though 79).   

In the following Sections V.a and V.b, we will arrive respectively at Eqs. (53) 
and (63), the main results of this work.  We believe these equations to be the first 
exact solution for large-amplitude oscillatory shear flow for any constitutive 
equation from which higher harmonics of the shear stress are predicted.  

 
a. Normal Stress Difference Responses 

 
Substituting Eqs. (48) and (49) into Eq. (45) and then rearranging yields: 

   
!1 τ( ) = −2! 2 τ( ) = 2e−τ De

De
cos Wi

De sinτ( ) I1 − lim
τ→0

I1( )− sin Wi
De sinτ( ) I2 − lim

τ→0
I2( ){ }  (51) 

which we call the compact form of the exact solution.  When alternance is reached, 
this compact form reduces to: 

   
!1 τ( ) = −2! 2 τ( ) = 2

De
e−τ De cos Wi

De sinτ( )I1 −
2

De
e−τ De sin Wi

De sinτ( )I2  (52) 

Substituting Eqs. (121), (124), (132)	  [with	  Eqs.	  (133)	  and	  (134)], (135),(139)	  [with	  
Eqs.	  (140)	  and	  (141)] and (142) into Eqs. (51) yields the exact explicit analytical 
solution for the first and second normal stress difference responses, for the 
corotational Maxwell model, in startup of large-amplitude oscillatory shear flow: 
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!1 τ( ) = −2! 2 τ( ) = 2 J0 + 2 J2k cos2kτ
k=1

∞

∑⎡

⎣
⎢

⎤

⎦
⎥

− J2k−1

2Dekcos2kτ − sin 2kτ
4 De2 k2 +1

+
2De k −1( )cos2 1− k( )τ + sin 2 1− k( )τ

4 De2 k −1( )2 +1

⎛

⎝

⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟

k=1

∞

∑
⎡

⎣

⎢
⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
⎥

+e−τ De J2k−1

2Dek
4 De2 k2 +1

−
2De k −1( )

4 De2 k −1( )2 +1

⎛

⎝

⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟

⎡

⎣

⎢
⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
⎥

k=1

∞

∑

⎛

⎝

⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜⎜

⎞

⎠

⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟⎟

−4 J2k−1 sin 2k −1( )
k=1

∞

∑ τ

J0

1+ De2 cosτ + Desinτ( )

+ J2k
cos 2k −1( )τ + 2k −1( )Desin 2k −1( )τ

De2 2k −1( )2 +1

⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥k=1

∞

∑

+ J2k
cos 2k +1( )τ + 2k +1( )Desin 2k +1( )τ

De2 2k +1( )2 +1

⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥k=1

∞

∑

⎧

⎨

⎪
⎪
⎪⎪

⎩

⎪
⎪
⎪
⎪

⎫

⎬

⎪
⎪
⎪⎪

⎭

⎪
⎪
⎪
⎪

−e−τ De J0

1+ De2 + J2k

1

De2 2k −1( )2 +1

+ 1

De2 2k +1( )2 +1

⎡

⎣

⎢
⎢
⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
⎥
⎥

k=1

∞

∑

⎧

⎨
⎪
⎪

⎩
⎪
⎪

⎫

⎬
⎪
⎪

⎭
⎪
⎪

⎛

⎝

⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟

 (53) 

and in which the alternant part is in blue.  In this paper, all Bessel functions are 
of  Wi De , so for brevity, we just write  Jm  and   J0  to mean   Jm Wi De( )  and 

  J0 Wi De( ) .  We call Eqs. (53) the substituted compact form.   
To transform the substituted compact form to a Fourier series, we begin by 

rewriting Eq. (53) as:  

  !1 τ( ) = −2! 2 τ( ) =!1,tr τ( )+!1,al τ( )  (54) 
where: 

   

!1,tr τ( ) = −2 αn
1( )

n=1

∞

∑ e−τ DeA0 + e−τ De − α k
1( )

k=1

∞

∑ Ak
⎛
⎝⎜

⎞
⎠⎟

cos 2nτ( )⎡

⎣
⎢

⎤

⎦
⎥

n=1

∞

∑

+2e−τ De α k
2( )

k=0

∞

∑ Bn sin 2nτ −τ( )
n=1

∞

∑
 (55) 

which we derive in Section XII.a.i and in which the coefficients of Eq. (55) are 
defined [in order of occurrence in Eq. (55)] in Eqs. (133), (123), (140) and (126), 
and where   !1,al τ( )  in Eq. (54) is given by:	  
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!1,al τ( ) = −
16q2 De2 J2q

2

Wi 4 De2 q2 +1( )q=1

∞

∑ −
2De J2q−1 2q −1( ) J2q + J2q−2( )

De2 2q −1( )2 +1q=1

∞

∑

+

−16n2 De2 J0J2n

Wi 4 De2 n2 +1( ) +
−16 n− p( )2

De2 J2p J2 n−p( )

Wi 4 De2 n− p( )2 +1( )p=1

n−1

∑

+
−16 q + n( )2

De2 J2q J2 q+n( )

Wi 4 De2 q + n( )2 +1( )q=1

∞

∑ +
−16q2 De2 J2 q+n( )J2q

Wi 4 De2 q2 +1( )q=1

∞

∑

+
2De J2p−1 2n− 2p+1( ) J2n−2p+2 + J2n−2p( )

De2 2n− 2p+1( )2 +1p=1

n

∑

−
2De J2q−1 2n+ 2q −1( ) J2n+2q + J2n+2q−2( )

De2 2n+ 2q −1( )2 +1q=1

∞

∑

−
2De J2n+2q−1 2q −1( ) J2q + J2q−2( )

De2 2q −1( )2 +1q=1

∞

∑

⎛

⎝

⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟

cos2nτ

+

8nDe J0J2n

Wi 4 De2 n2 +1( ) +
8 n− p( )De J2p J2 n−p( )

Wi 4 De2 n− p( )2 +1( )p=1

n−1

∑

+
8 n+ q( )De J2q J2 n+q( )

Wi 4 De2 n+ q( )2 +1( )q=1

∞

∑ +
8q De J2q J2 q+n( )

Wi 4 De2 q2 +1( )q=1

∞

∑

−
2J2p−1 J2n−2p+2 + J2n−2p( )
De2 2n− 2p+1( )2 +1p=1

n

∑ −
2J2n+2q−1 J2q + J2q−2( )

De2 2q −1( )2 +1q=1

∞

∑

+
2J2q−1 J2 q+n( ) + J2 q+n( )−2( )
De2 2n+ 2q −1( )2 +1q=1

∞

∑

⎛

⎝

⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟

sin 2nτ

⎡

⎣

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥

n=1

∞

∑

 (56) 

which we derive in Sections XII.a.ii and XII.a.iii.  We can thus extract exact 
expressions for individual harmonics of the alternant parts of the normal stress 
difference responses from Eq. (56).  

Evaluating Eq. (56) for   n = 0  gives the exact expression for the zeroth 
harmonics of the alternant parts of the normal stress difference responses: 

   
!1,0 τ( ) = −2! 2,0 τ( ) = −

16q2 De2 J2q
2

Wi 4 De2 q2 +1( )q=1

∞

∑ −
2De J2q−1 2q−1( ) J2q + J2q−2( )

De2 2q−1( )2
+1q=1

∞

∑  (57) 

and for   n = 1 , we get the second harmonics:	  
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!1,2 τ( ) = −2! 2,2 τ( )

=

−16De2 J0J2

Wi 4 De2+1( )
+

2De J1 J2 + J0( )
De2+1

−
16 q+1( )2

De2 J2q J2q+2

Wi 4 De2 q+1( )2
+1( )q=1

∞

∑ −
16q2 De2 J2q+2J2q

Wi 4 De2 q2 +1( )q=1

∞

∑

−
2De J2q−1 1+ 2q( ) J2+2q + J2q( )

De2 1+ 2q( )2
+1q=1

∞

∑ −
2De J1+2q 2q−1( ) J2q + J2q−2( )

De2 2q−1( )2
+1q=1

∞

∑

%

&

'
'
'
'
'
'
'
'
'
'

(

)

*
*
*
*
*
*
*
*
*
*

cos2τ

+

8De J0J2

Wi 4 De2+1( )
−

2J1 J2 + J0( )
De2+1

+
8 1+ q( )De J2q J2+2q

Wi 4 De2 2+ q( )2
+1( )q=1

∞

∑

+
8q De J2q J2q+2

Wi 4 De2 q2 +1( )q=1

∞

∑ −
2J1+2q J2q + J2q−2( )
De2 2q−1( )2

+1q=1

∞

∑

+
2J2q−1 J2q+2 + J2q( )
De2 1+ 2q( )2

+1q=1

∞

∑

%

&

'
'
'
'
'
'
'
'
''

(

)

*
*
*
*
*
*
*
*
**

sin 2τ

 (58) 

and for   n = 2 , the fourths: 

   

!1,4 τ( ) = −2! 2,4 τ( )

=

−64 De2 J0J4

Wi 16De2+1( )
−

16De2 J2
2

Wi 4 De2+1( )
+

−16 q+ 2( )2
De2 J2q J2q+4

Wi 4 De2 q+ 2( )2
+1( )q=1

∞

∑

+
−16q2 De2 J2q+4 J2q

Wi 4 De2 q2 +1( )q=1

∞

∑ +
6De J1 J4 + J2( )

9De2+1
+

2De J3 J2 + J0( )
De2+1

−
2De J2q−1 3+ 2q( ) J4+2q + J2+2q( )

De2 3+ 2q( )2
+1q=1

∞

∑ −
2De J3+2q 2q−1( ) J2q + J2q−2( )

De2 2q−1( )2
+1q=1

∞

∑

%

&

'
'
'
'
'
'
'
'
'
'

(

)

*
*
*
*
*
*
*
*
*
*

cos4τ

+

16De J0J4

Wi 16De2+1( )
+

8De J2
2

Wi 4 De2+1( )
+

8 2+ q( )De J2q J2q+4

Wi 4 De2 2+ q( )2
+1( )q=1

∞

∑

+
8q De J2q J2q+4

Wi 4 De2 q2 +1( )q=1

∞

∑ −
2J1 J4 + J2( )

9De2+1
−

2J3 J2 + J0( )
De2+1

−
2J3+2q J2q + J2q−2( )
De2 2q−1( )2

+1q=1

∞

∑ +
2J2q−1 J2q+4 + J2q+2( )
De2 3+ 2q( )2

+1q=1

∞

∑

%

&

'
'
'
'
'
'
'
'
'

(

)

*
*
*
*
*
*
*
*
*

sin 4τ

 (59) 

and for   n = 3 , the sixths: 
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!1,6 τ( ) = −2! 2,6 τ( )

=

−144 De2 J0J6

Wi 36De2+1( )
−

64 De2 J2J4

Wi 16De2+1( )
−

16De2 J4 J2

Wi 4 De2+1( )

−
16 q+3( )2

De2 J2q J2q+6

Wi 4 De2 q+3( )2
+1( )q=1

∞

∑ −
16q2 De2 J2q+6J2q

Wi 4 De2 q2 +1( )q=1

∞

∑

+
10De J1 J6 + J4( )

25De2+1
+

6De J3 J4 + J2( )
9De2+1

+
2De J5 J2 + J0( )

De2+1

−
2De J2q−1 5+ 2q( ) J6+2q + J4+2q( )

De2 5+ 2q( )2
+1q=1

∞

∑ −
2De J5+2q 2q−1( ) J2q + J2q−2( )

De2 2q−1( )2
+1q=1

∞

∑

%

&

'
'
'
'
'
'
'
'
'
'
'
'

(

)

*
*
*
*
*
*
*
*
*
*
*
*

cos6τ

+

24 De J0J6

Wi 36De2+1( )
+

16De J2J4

Wi 16De2+1( )
+

8De J4 J2

Wi 4 De2+1( )
+

8 3+ q( )De J2q J6+2q

Wi 4 De2 3+ q( )2
+1( )q=1

∞

∑

+
8q De J2q J2q+6

Wi 4 De2 q2 +1( )q=1

∞

∑ −
2J1 J6 + J4( )
25De2+1

−
2J3 J4 + J2( )

9De2+1
−

2J5 J2 + J0( )
De2+1

−
2J5+2q J2q + J2q−2( )
De2 2q−1( )2

+1q=1

∞

∑ +
2J2q−1 J2q+6 + J2q+4( )
De2 5+ 2q( )2

+1q=1

∞

∑

%

&

'
'
'
'
'
'
'
'
'

(

)

*
*
*
*
*
*
*
*
*

sin 6τ

 (60) 

We believe that Eqs. (60) are the first expressions for sixth harmonics for normal 
stress difference responses (be they exact or approximate) from any constitutive 
equation.  We can, of course, follow this pattern to obtain exact expressions for 
the eighth, tenth, twelfth harmonics and so on.   

Figure 2 through Figure 4 illustrate the predicted startup behaviors of the 
normal stress differences from the exact solution.  We find these behaviors to be 
more reasonable that the prior approximate solution, Eq. (111) of [5].  Specifically, 
our exact solution eliminates the spurious spikes in the normal stress differences 
responses calculated from the integral expansion at startup.  These spikes are 
believed to be artifacts of the truncation of the integral expansion.   

Figure 5 through Figure 7 illustrate the alternant part of the normal stress 
difference responses given by the exact solution, Eq. (56).  In Section VI, we will 
compare our exact solution, Eq. (56), with the approximation, Eq. (20).   
 

b. Shear Stress Response 
 

Substituting (48) and (49) into Eq. (46) and then rearranging yields: 

   

S τ( ) = 1
De e−τ De

sin Wi
De sinτ( ) lim

τ→0
I1 − I1( )

+ cos Wi
De sinτ( ) lim

τ→0
I2 − I2( )

⎡

⎣

⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥

 (61) 

which we call the compact form of the exact solution.  When alternance is reached, 
this compact form reduces to: 

   
S τ( ) = − 1

De
e−τ De sin Wi

De sinτ( )I1 −
1

De
e−τ De cos Wi

De sinτ( )I2  (62) 
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Substituting Eqs. (121), (124),	  (132)	  [with	  Eqs.	  (133)	  and	  (134)], (135), (139)	  [with	  
Eqs.	  (140)	  and	  (141)] and (142) into Eq. (61) yields the exact explicit analytical 
solution for the shear stress response of the corotational Maxwell model, in 
startup of large-amplitude oscillatory shear flow:	  

   

S τ( ) = e−τ De

2 J2k−1 sin 2k −1( )
k=1

∞

∑ τ
⎡

⎣
⎢

⎤

⎦
⎥

−2De J2k−1

k
4 De2 k2 +1

−
k −1( )

4 De2 k −1( )2 +1

⎛

⎝
⎜

⎞

⎠
⎟

⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥k=1

∞

∑

+ eτ De J2k−1

2Dekcos2kτ − sin 2kτ
4 De2 k2 +1

+

2De k −1( )cos2 1− k( )τ + sin 2 1− k( )τ
4 De2 k −1( )2 +1

⎛

⎝

⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟

k=1

∞

∑
⎡

⎣

⎢
⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
⎥

⎛

⎝

⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟

+ J0 + 2 J2k cos2kτ
k=1

∞

∑⎡

⎣
⎢

⎤

⎦
⎥

J0

1+ De2 + J2k
1

De2 2k −1( )2 +1
+ 1

De2 2k +1( )2 +1

⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥k=1

∞

∑

−eτ De

J0

1+ De2 cosτ + Desinτ( )

+ J2k
cos 2k −1( )τ + 2k −1( )Desin 2k −1( )τ

De2 2k −1( )2 +1

⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥k=1

∞

∑

+ J2k
cos 2k +1( )τ + 2k +1( )Desin 2k +1( )τ

De2 2k +1( )2 +1

⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥k=1

∞

∑

⎧

⎨

⎪
⎪
⎪⎪

⎩

⎪
⎪
⎪
⎪

⎫

⎬

⎪
⎪
⎪⎪

⎭

⎪
⎪
⎪
⎪

⎛

⎝

⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟

⎡

⎣

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥

 (63) 

and in which the alternant part is in blue.  We call Eqs. (63) the substituted compact 
form.   

To transform the substituted compact form to a Fourier series, we begin by 
rewriting Eq. (63) as:  

  S τ( ) = Str τ( ) + Sal τ( )  (64) 
where: 

   

Str τ( ) = e−τ De α k
1( )

k=1

∞

∑ Bk sin 2k −1( )τ
k=0

∞

∑

+e−τ De α k
2( )

k=1

∞

∑ A0 + e−τ De α k
2( )

k=1

∞

∑ Ak cos2kτ
k=1

∞

∑
 (65) 

which we derive in Section XII.b.i and in which the coefficients of Eq. (65) are 
defined [in order of occurrence in Eq. (65)] in Eqs. (133), (126), (140) and (123), 
and where   Sal τ( )  in Eq. (64) is given by: 
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Sal τ( ) = − 1
2

−
16 n− p( )2

De2 J2p−1J2n−2p

Wi 4 De2 n− p( )2
+1( )p=1

n−1

∑ −
16q2 De2 J2q+2n−1J2q

Wi 4 De2 q2 +1( )
$

%
&
&

'

(
)
)q=1

∞

∑

+
16 q+n−1( )2

De2 J2q−1J2q+2n−2

Wi 4 De2 q+n−1( )2
+1( )

$

%

&
&
&

'

(

)
)
)q=1

∞

∑ +
2De 2n−1( ) J0 J2n + J2n−2( )

De2 2n−1( )2
+1

−
2De J2n J2 + J0( )

De2+1
+

2De 2n− 2p−1( ) J2p J2n−2p + J2n−2p−2( )
De2 2n− 2p−1( )2

+1p=1

n−1

∑

+
2De 2q+ 2n−1( ) J2q J2q+2n + J2q+2n−2( )

De2 2q+ 2n−1( )2
+1

$

%

&
&

'

(

)
)q=1

∞

∑

−
2De 2q+1( ) J2q+2n J2q+2 + J2q( )

De2 2q+1( )2
+1

$

%

&
&

'

(

)
)q=1

∞

∑

+

,

-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-

.

/

0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0

sin 2n−1( )τ

+

−
8 n− p( )De J2p−1J2n−2p

Wi 4 De2 n− p( )2
+1( )p=1

n−1

∑ +
8q De J2q−1J2q+2n−2

Wi 4 De2 q2 +1( )
$

%
&
&

'

(
)
)q=1

∞

∑

+
8 q+n−1( )De J2q J2q−1

Wi 4 De2 q+n−1( )2
+1( )

$

%

&
&
&

'

(

)
)
)q=1

∞

∑ +
2J0 J2n + J2n−2( )

De2 2n−1( )2
+1

+
2J2p J2n−2p + J2n−2p−2( )
De2 2n− 2p−1( )2

+1p=1

n−1

∑ +
2J2n J2 + J0( )

De2+1

+
2J2q+2n J2q+2 + J2q( )
De2 2q+1( )2

+1

$

%

&
&

'

(

)
)q=1

∞

∑ +
2J2q J2q+2n + J2q+2n−2( )
De2 2q+ 2n−1( )2

+1

$

%

&
&

'

(

)
)q=1

∞

∑

+

,

-
-
-
-
-
-
-
-
-
-
-
-
-
--

.

/

0
0
0
0
0
0
0
0
0
0
0
0
0
00

cos 2n−1( )τ

$

%

&
&
&
&
&
&
&
&
&
&
&
&
&
&
&
&
&
&
&
&
&
&
&
&
&
&
&
&
&
&
&
&
&
&
&
&

'

(

)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)

n=1

∞

∑

 (66) 

which we derive in Sections XII.b.ii and XII.b.iii.  We can thus extract exact 
expressions for individual harmonics of the alternant parts of the shear stress 
response from Eq. (66).  

Evaluating Eq. (66) for   n = 1  gives the exact expression for the first harmonic 
of the alternant part of the shear stress response: 
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S1 τ( ) = − 1
2

−
16q2 De2 J2q+1J2q

Wi 4 De2 q2 +1( )
⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥q=1

∞

∑ +
16q2 De2 J2q−1J2q

Wi 4 De2 q2 +1( )
⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥q=1

∞

∑

+
2De J0 J2 + J0( )

De2+1
−

2De J2 J2 + J0( )
De2+1

+
2De 2q +1( ) J2q J2q+2 + J2q( )

De2 2q +1( )2 +1

⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥q=1

∞

∑

−
2De 2q +1( ) J2q+2 J2q+2 + J2q( )

De2 2q +1( )2 +1

⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥q=1

∞

∑

⎛

⎝

⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜⎜

⎞

⎠

⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟⎟

sinτ

− 1
2

+
8q De J2q+1J2q

Wi 4 De2 q2 +1( )
⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥q=1

∞

∑ +
8q De J2q J2q−1

Wi 4 De2 q2 +1( )
⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥q=1

∞

∑

+
2J0 J2 + J0( )

De2+1
+

2J2 J2 + J0( )
De2+1

+
2J2q+2 J2q+2 + J2q( )
De2 2q +1( )2 +1

⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥q=1

∞

∑

+
2J2q J2q+2 + J2q( )
De2 2q +1( )2 +1

⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥q=1

∞

∑

⎛

⎝

⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟

cosτ

 (67) 

and for   n = 2 , we get the third harmonic:	  
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S3 τ( ) = − 1
2

−
16De2 J1J2

Wi 4 De2+1( ) −
16q2 De2 J2q+3J2q

Wi 4q2 De2+1( )q=1

∞

∑

+
16 q +1( )2

De2 J2q−1J2q+2

Wi 4 q +1( )2
De2+1( )q=1

∞

∑ +
6De J0 J4 + J2( )

9De2+1

−
2De J4 J2 + J0( )

De2+1
+

2De J2 J2 + J0( )
De2+1

+
2De 2q + 3( ) J2q J2q+4 + J2q+2( )

De2 2q + 3( )2 +1q=1

∞

∑

−
2De 2q +1( ) J2q+4 J2q+2 + J2q( )

De2 2q +1( )2 +1q=1

∞

∑

⎛

⎝

⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟

sin 3τ

− 1
2

−
8De J1J2

Wi 4 De2+1( ) +
8q De J2q J2q+3

Wi 4 De2 q2 +1( )q=1

∞

∑

+
8 q +1( )De J2q−1J2q+2

Wi 4 De2 q +1( )2 +1( )q=1

∞

∑ +
2J0 J4 + J2( )

9De2+1

+
2J2 J2 + J0( )

De2+1
+

2J4 J2 + J0( )
De2+1

+
2J2q J2q+4 + J2q+2( )
De2 2q + 3( )2 +1q=1

∞

∑

+
2J2q+4 J2q+2 + J2q( )
De2 2q +1( )2 +1q=1

∞

∑

⎛

⎝

⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜⎜

⎞

⎠

⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟⎟

cos3τ

 (68) 

and for   n = 3 , the fifth: 
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S5 τ( ) = − 1
2

−
64 De2 J1J4

Wi 16De2+1( ) −
16De2 J3J2

Wi 4 De2+1( ) −
16q2 De2 J2q+5J2q

Wi 4q2 De2+1( )q=1

∞

∑

+
16 q + 2( )2

De2 J2q−1J2q+4

Wi 4 q + 2( )2
De2+1( )q=1

∞

∑ +
10De J0 J6 + J4( )

25De2+1

−
2De J6 J2 + J0( )

De2+1
+

6De J2 J4 + J2( )
9De2+1

+
2De J4 J2 + J0( )

De2+1

+
2De 2q + 5( ) J2q J2q+6 + J2q+4( )

De2 2q + 5( )2 +1q=1

∞

∑

−
2De 2q +1( ) J2q+6 J2q+2 + J2q( )

De2 2q +1( )2 +1q=1

∞

∑

⎛

⎝

⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟

sin 5τ

− 1
2

−
16De J1J4

Wi 16De2+1( ) −
8De J3J2

Wi 4 De2+1( ) +
8q De J2q J2q+5

Wi 4 De2 q2 +1( )q=1

∞

∑

+
8 q + 2( )De J2q−1J2q+4

Wi 4 De2 q + 2( )2 +1( )q=1

∞

∑ +
2J0 J6 + J4( )
25De2+1

+
2J2 J4 + J2( )

9De2+1

+
2J4 J2 + J0( )

De2+1
+

2J6 J2 + J0( )
De2+1

+
2J2q J2q+6 + J2q+4( )
De2 2q + 5( )2 +1q=1

∞

∑

+
2J2q+6 J2q+2 + J2q( )
De2 2q +1( )2 +1q=1

∞

∑

⎛

⎝

⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜⎜

⎞

⎠

⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟⎟

cos5τ

 (69) 

and for   n = 4 , the seventh: 
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S7 τ( ) = − 1
2

−
144 De2 J1J6

Wi 36De2+1( ) −
64 De2 J3J4

Wi 16De2+1( ) −
16De2 J5J2

Wi 4 De2+1( )
−

16q2 De2 J2q+7 J2q

Wi 4q2 De2+1( )q=1

∞

∑ +
16 3+ q( )2

De2 J2q−1J2q+6

Wi 4 3+ q( )2
De2+1( )q=1

∞

∑

+
14 De J0 J8 + J6( )

49De2+1
−

2De J8 J2 + J0( )
De2+1

+
10De J2 J6 + J4( )

25De2+1

+
6De J4 J4 + J2( )

9De2+1
+

2De J6 J2 + J0( )
De2+1

+
2De 2q + 7( ) J2q J2q+8 + J2q+6( )

De2 2q + 7( )2 +1q=1

∞

∑

−
2De 2q +1( ) J2q+8 J2q+2 + J2q( )

De2 2q +1( )2 +1q=1

∞

∑

⎛

⎝

⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟

sin7τ

− 1
2

−
24 De J1J6

Wi 36De2+1( ) −
16De J3J4

Wi 16De2+1( ) −
8De J2J5

Wi 4 De2+1( )
+

8q De J2q J2q+7

Wi 4 De2 q2 +1( )q=1

∞

∑ +
8 q + 3( )De J2q−1J2q+6

Wi 4 De2 q + 3( )2 +1( )q=1

∞

∑

+
2J0 J8 + J6( )
49De2+1

+
2J2 J6 + J4( )
25De2+1

+
2J4 J4 + J2( )

9De2+1
+

2J6 J2 + J0( )
De2+1

+
2J8 J2 + J0( )

De2+1
+

2J2q J2q+8 + J2q+6( )
De2 2q + 7( )2 +1

+
2J2q+8 J2q+2 + J2q( )
De2 2q +1( )2 +1q=1

∞

∑
q=1

∞

∑

⎛

⎝

⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜⎜

⎞

⎠

⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟⎟

cos7τ

 (70) 

We believe that Eq. (70) is the first expression for the seventh harmonic for the 
shear stress response (be it exact or approximate) from any constitutive equation.  
We can, of course, follow this pattern to obtain exact expressions for the ninth, 
eleventh, thirteenth harmonics and so on.   

Figure 8 through Figure 10 illustrate the predicted startup behaviors of the 
shear stress from the exact solution.  We find these behaviors to be more 
reasonable that the prior approximate solution, Eq. (109) of [5].  Specifically, our 
exact solution eliminates the spurious spikes in the shear stress response 
calculated from the integral expansion at startup.  These spikes are believed to be 
artifacts of the truncation of the integral expansion.  In Section V.c below, we will 
generalize the corotational Maxwell model for multiple relaxation times, and 
then, in Section VII.a.i, we will compare experimental data for startup with the 
exact solution for the generalized model [Eq. (71) with Eqs. (72) and (73)].   

Figure 11 through Figure 13 illustrate the alternant part of the shear stress 
response given by the exact solution.  In Section VI, we will compare this exact 
solution, Eq. (66), with the approximation, Eq. (21).   
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c. Generalized Corotational Maxwell Model 
 

When comparing with experimental data, we normally employ a set of 
relaxation times, and thus rewrite the corotational Maxwell model as (see Section 
7. of [5]): 

  
τ = τ j ,tr +τ j ,al

j=1

∞

∑  (71) 

where the   j th  transient part of the shear stress response is given by: 

   

τ j ,tr

!γ 0 = −η0, je
−τ λ jω

−8k2λ j
2ω 2J2k

Wi 4λ j
2ω 2k2 +1( )k=1

∞

∑ 2J2k−1 sin 2kτ −τ( )
k=1

∞

∑

+
J2k + J2k−2

λ j
2ω 2 2k −1( )2 +1k=1

∞

∑ J0 + 2J2k cos 2kτ( )
k=1

∞

∑⎡

⎣
⎢

⎤

⎦
⎥

⎡

⎣

⎢
⎢
⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
⎥
⎥

 (72) 

and, the   j th  alternant part, by:  
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τ j ,al

!γ 0 = −η0, j

−
8 n− p( )2

λ j
2ω 2J2p−1J2n−2p

λ j !γ
0 4λ j

2ω 2 n− p( )2
+1( )

'

(

)
)
)

*

+

,
,
,p=1

n−1

∑

−
8q2λ j

2ω 2J2q J2q+2n−1

λ j !γ
0 4λ j

2ω 2q2 +1( )
'

(
)
)

*

+
,
,q=1

∞

∑

+
8 q+n−1( )2

λ j
2ω 2J2q−1J2q+2n−2

λ j !γ
0 4λ j

2ω 2 q+n−1( )2
+1( )

'

(

)
)
)

*

+

,
,
,q=1

∞

∑

+
λ jω 2n−1( ) J0 J2n + J2n−2( )

λ j
2ω 2 2n−1( )2

+1
−
λ jω J2n J0 + J2( )

λ j
2ω 2 +1

+
λ jω 2n− 2p−1( ) J2p J2n−2p + J2n−2p−2( )

λ j
2ω 2 2n− 2p−1( )2

+1

'

(

)
)

*

+

,
,p=1

n−1

∑

+
λ jω 2q+ 2n−1( ) J2q J2q+2n + J2q+2n−2( )

λ j
2ω 2 2q+ 2n−1( )2

+1

'

(

)
)

*

+

,
,q=1

∞

∑

−
λ jω 2q+1( ) J2q+2n J2q + J2q+2( )

λ j
2ω 2 2q+1( )2

+1

'

(

)
)

*

+

,
,q=1

∞

∑

/

0

1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
11

2

3

4
4
4
4
4
4
4
4
4
4
4
4
4
4
4
4
4
4
4
4
4
4
4
4
4
4
44

sin 2n−1( )τ

+

−
4 n− p( )λ jω J2p−1J2n−2p

λ j !γ
0 4λ j

2ω 2 n− p( )2
+1( )

'

(

)
)
)

*

+

,
,
,p=1

n−1

∑

+
4qλ jω J2q−1J2q+2n−2

λ j !γ
0 4λ j

2ω 2q2 +1( )
'

(
)
)

*

+
,
,q=1

∞

∑

+
4 q+n−1( )λ jω J2q J2q−1

λ j !γ
0 4λ j

2ω 2 q+n−1( )2
+1( )

'

(

)
)
)

*

+

,
,
,q=1

∞

∑

+
J0 J2n + J2n−2( )

λ j
2ω 2 2n−1( )2

+1
+

J2p J2n−2p + J2n−2p−2( )
λ j

2ω 2 2n− 2p−1( )2
+1

'

(

)
)

*

+

,
,p=1

n−1

∑

+
J2n J0 + J2( )
λ j

2ω 2 +1
+

J2q+2n J2q + J2q+2( )
λ j

2ω 2 2q+1( )2
+1

'

(

)
)

*

+

,
,q=1

∞

∑

+
J2q J2q+2n + J2q+2n−2( )

λ j
2ω 2 2q+ 2n−1( )2

+1

'

(

)
)

*

+

,
,q=1

∞

∑

/

0

1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1

2

3

4
4
4
4
4
4
4
4
4
4
4
4
4
4
4
4
4
4
4
4
4
4
4

cos 2n−1( )τ

'

(

)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)

*

+

,
,
,
,
,
,
,
,
,
,
,
,
,
,
,
,
,
,
,
,
,
,
,
,
,
,
,
,
,
,
,
,
,
,
,
,
,
,
,
,
,
,
,
,
,
,
,
,
,
,
,
,
,

n=1

∞

∑

 (73) 

from which exact expressions for the Fourier moduli defined in Eq. (10) are easily 
obtained: 
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!Gn ≡ω η0, j

−
8 n− p( )2

λ j
2ω 2J2p−1J2n−2p

λ j !γ
0 4λ j

2ω 2 n− p( )2
+1( )

(

)

*
*
*

+

,

-
-
-p=1

n−1

∑ −
8q2λ j

2ω 2J2q+2n−1J2q

λ j !γ
0 4λ j

2ω 2q2 +1( )
(

)
*
*

+

,
-
-q=1

∞

∑

+
8 q+n−1( )2

λ j
2ω 2J2q−1J2q+2n−2

λ j !γ
0 4λ j

2ω 2 q+n−1( )2
+1( )

(

)

*
*
*

+

,

-
-
-q=1

∞

∑ +
λ jω 2n−1( ) J0 J2n + J2n−2( )

λ j
2ω 2 2n−1( )2

+1

−
λ jω J2n J2 + J0( )

λ j
2ω 2 +1

+
λ jω 2n− 2p−1( ) J2p J2n−2p + J2n−2p−2( )

λ j
2ω 2 2n− 2p−1( )2

+1

(

)

*
*

+

,

-
-p=1

n−1

∑

+
λ jω 2q+ 2n−1( ) J2q J2q+2n + J2q+2n−2( )

λ j
2ω 2 2q+ 2n−1( )2

+1

(

)

*
*

+

,

-
-q=1

∞

∑

−
λ jω 2q+1( ) J2q+2n J2q+2 + J2q( )

λ j
2ω 2 2q+1( )2

+1

(

)

*
*

+

,

-
-q=1

∞

∑

0

1

2
2
2
2
2
2
2
2
2
2
2
2
2
2
2
2
2
2
2
2
2
2
2

3

4

5
5
5
5
5
5
5
5
5
5
5
5
5
5
5
5
5
5
5
5
5
5
5

j=1

∞

∑  (74) 

and: 

   

!!Gn ≡ω η0, j

−
4 n− p( )λ jω J2p−1J2n−2p

λ j !γ
0 4λ j

2ω 2 n− p( )2
+1( )

(

)

*
*
*

+

,

-
-
-p=1

n−1

∑ +
4qλ jω J2q−1J2q+2n−2

λ j !γ
0 4λ j

2ω 2q2 +1( )
(

)
*
*

+

,
-
-q=1

∞

∑

+
4 q+n−1( )λ jω J2q J2q−1

λ j !γ
0 4λ j

2ω 2 q+n−1( )2
+1( )

(

)

*
*
*

+

,

-
-
-q=1

∞

∑ +
J0 J2n + J2n−2( )

λ j
2ω 2 2n−1( )2

+1

+
J2p J2n−2p + J2n−2p−2( )

λ j
2ω 2 2n− 2p−1( )2

+1

(

)

*
*

+

,

-
-p=1

n−1

∑ +
J2n J2 + J0( )
λ j

2ω 2 +1

+
J2q+2n J2q+2 + J2q( )
λ j

2ω 2 2q+1( )2
+1

(

)

*
*

+

,

-
-q=1

∞

∑ +
J2q J2q+2n + J2q+2n−2( )

λ j
2ω 2 2q+ 2n−1( )2

+1

(

)

*
*

+

,

-
-q=1

∞

∑

0

1

2
2
2
2
2
2
2
2
2
2
2
2
2
2
22

3

4

5
5
5
5
5
5
5
5
5
5
5
5
5
5
55

j=1

∞

∑  (75) 

These can in turn be used to explore loop intersection (see Section 9 of [5]; [16]). 
 
VI. CONSISTENCY CHECKS 
 

In this section, we perform consistency checks on the exact solution, for both 
the normal stress differences and the shear stress.  We compare with 
approximate solutions, and we also examine limiting behaviors of the exact 
solutions.  We begin with a comparison with the approximate solutions, Eqs. (20) 
and (21).   

Figure 14 compares the exact solution for the alternant part of the normal 
stress differences with the approximate solution [Eq. (20)]. Though these nearly 
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match, we find an appreciable improvement with the exact solution, Eq. (56).  
Figure 15 and Figure 16 compare the exact solution for the alternant part of the 
shear stress response with the approximate solution [Eq. (21)].  Though these 
nearly match, we find an appreciable improvement with the exact solution, Eq. 
(66).  Figure 16 shows the exact solution to be far further from the linear 
viscoelastic behavior, and thus that the truncation in the integral expansion 
method causes the predicted response to be much closer to the linear behavior 
than it should.  Otherwise put, the truncation in the integral expansion discards 
fluid nonlinearity.   

We next examine the limiting behaviors for alternance at small strain 
amplitude,   Wi De≪1 .  Eqs. (52) and (61) reduce to: 

   
!1 τ( ) = 2

De
e−τ De lim

Wi
De→0

I1 − lim
τ→0

I1
⎡
⎣

⎤
⎦  (76) 

and: 

   
S τ( ) = −1

De
e−τ De lim

Wi
De→0

I2 − lim
τ→0

I2
⎡
⎣

⎤
⎦  (77) 

Also: 

  
lim
Wi
De→0

J0 =1  (78) 

   
lim
Wi
De→0

Jn = 0 ;n =1,2,3,… (79) 

  
lim
Wi
De→0

I1 − lim
τ→0

I1
⎡
⎣

⎤
⎦ = 0  (80) 

and: 

  
lim
Wi
De→0

I2 − lim
τ→0

I2
⎡
⎣

⎤
⎦ =

De
1+ De2 eτ De cosτ + Desinτ( )−1( )  (81) 

Substituting Eqs. (80) and (81) into Eqs. (76) and (77) yields, for the normal stress 
differences: 

  !1 τ( ) = 0  (82) 
which matches the corresponding limiting behavior of Eq. (20), as it should.  For 
the shear stress: 

   
S τ( ) = 1

1+ De2 e−τ De − 1
1+ De2 cosτ + De

1+ De2 sinτ⎛
⎝⎜

⎞
⎠⎟

 (83) 

which matches the corresponding limit obtained from the approximate solution, 
the first line of Eq. (109) of [5], as it should.   

Examining the exact solution numerically for steady shear flow (using 
  De≪1 ) we can also report matches with Eq. (22), which can be recast as: 

  

!1 τ( ) = −2! 2 τ( )
= −2Wi 1−Wi2+Wi4−…( )
=
−2Wi

1+Wi2

 (84) 

and as: 
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−S τ( ) = !γ
!γ 0 1− Wi2+ Wi4−…( )

= 1− Wi2+ Wi4−…

= 1
1+ Wi2

 (85) 

as it should.  Figure 17 and Figure 18 illustrate these matches.   
Thus our exact solution does not exhibit any limiting misbehavior.   

 
VII. COMPARISONS WITH EXPERIMENTAL DATA 
 

In this section we compare with experimental data, both our own data, and 
also with an exhaustive (rarely cited) data set from a Russian laboratory.   

 
a. Shear Stress Versus Shear Rate Loops 

 
 

i. Startup 
 

Figure 19 compares the exact solution for the shear stress response of the 
corotational Maxwell model (generalized for multiple relaxation times) to the 
startup of large-amplitude oscillatory shear flow with previously published 
measurements on molten high-density polyethylene.  We find the exact solution 
to be a good match for the measured values.  Also, unlike the truncated integral 
expansion (see Fig. 14 of [5]), the exact solution produces no spurious spikes.   
 

ii. Alternance 
 

Figure 20 through Figure 22 illustrate the excellent agreement for the 
alternant part of the shear stress response to large-amplitude oscillatory shear 
flow with previously published measurements on molten high-density 
polyethylene.  We find the exact solution to be a good match for the measured 
values.  However, under the severe flow conditions of elevated Weissenberg 
number, Figure 23 shows that the corotational Maxwell model breaks down.  
Specifically, the corotational Maxwell model is too far from the linear behavior.  
This sort of discrepancy has been misattributed to the truncation of the integral 
expansion (see Section 11 of [5]), but Figure 23 clearly suggests otherwise.  We 
would expect the corotational Jeffreys model to fix this (to see how this might be 
done, see Section 8. of [5]).   

 
b. Shear Stress Amplitude 

 
At 5Hz in Figure 24 and 100Hz in Figure 23, we compare the peak values of 

the shear stress measured (and previously published) in strain sweep 
experiments using large-amplitude oscillatory shear flow at alternance for two 
molecular weights of polyisoprene and polybutadiene.  Both figures illustrate the 
close agreement.    
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VIII. CONCLUSION 
 

We derive what we believe to be the first exact analytical solution for the 
response of all components of the extra stress tensor in large-amplitude 
oscillatory shear flow.  Our solution, unique and in closed form, thus includes 
both the normal stress differences [Eqs. (45) or (53)] and the shear stress [Eqs. (46) 
or (63)] for both startup and alternance.  We then recast these results into Fourier 
series; one for the normal stress differences [Eq. (54) with Eqs. (55) and (56)], and 
another for the shear stress [Eq. (64) with Eqs. (65) and (66)].  We solve the 
corotational Maxwell model [Eqs. (15) with (16)] as a pair of nonlinear coupled 
ordinary differential equations [Eqs. (33)], simultaneously.  We choose the 
corotational Maxwell model because this two-parameter model ( η0  and λ ) is the 
simplest constitutive model relevant to large-amplitude oscillatory shear flow, 
and because it has previously been found to be accurate for molten plastics (see 
Section 11 of [5]).  By relevant we mean that the model predicts higher harmonics.  
We find good agreement between the first few harmonics of our exact solution, 
and of our previous approximate expressions, obtained using the Goddard 
integral transform (see Section VI).  Our exact solution is in good agreement with 
the measured behavior for molten plastics not only at alternance [Figure 20 
through Figure 22, and Figure 24 and Figure 25], but also in startup [Figure 19].  
Our exact solution does not exhibit any limiting misbehavior (see Section VI).   

We here recall that our chosen model, the corotational Maxwell model, 
happens to be the simplest relevant model for large-amplitude oscillatory shear 
flow.  We can report that our exact solution is both integrable and differentiable, 
and it thus provides a suitable starting point for exploring analytically many 
nonlinear problems in fluid physics, including especially the temperature rise 
(see Section I).   

We close by pointing out that the Kovacic method might be equally useful for 
arriving at exact solutions to constitutive equations for polymeric liquids of 
higher complexity (and thus versatility) than the corotational Maxwell model.  
For instance, the corotational Jeffreys model might yield to this method (see end 
of Section VII.a.ii).  Importantly, we would expect this approach to improve 
upon the discrepancy that we uncovered in Figure 23 (see end of Section VII.a.ii).   
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X. APPENDIX: FUNDAMENTAL MATRIX 
 

Here we derive the fundamental matrix, Eq. (37), that we used in Section IV.  
We begin by differentiating Eqs. (30) with respect to τ : 

    
d2!1

dτ 2 = − 1
De

d!1

dτ
− 2 Wi

De Ssinτ + 2 Wi
De

dS
dτ

cosτ  (86) 

and we then substitute Eq. (32) into Eq. (86), to get: 

    
d2!1

dτ 2 = − 1
De

d!1

dτ
− Wi2

De2 !1 cos2τ + −2 Wi
De2 cosτ − 2 Wi

De sinτ( )S  (87) 

We then solve Eq. (87) for  S : 

    
S = 1

2 Wi
De cosτ

d!1

dτ
+ 1

De

1
2 Wi

De cosτ
!1  (88) 

Substituting Eq. (88) into Eq. (87), we get: 

   

d2!1

dτ 2 = − 1
De

d!1

dτ
− Wi2

De2 !1 cos2τ

+ −2 Wi
De2 cosτ − 2 Wi

De sinτ( ) 1
2 Wi

De cosτ
d!1

dτ
+ 1

De

1
2 Wi

De cosτ
!1

⎛
⎝⎜

⎞
⎠⎟

 (89) 

Simplifying and rearranging Eq. (89), we get: 

   
d2!1

dτ 2 + 2 1
De +

sinτ
cosτ

⎛
⎝⎜

⎞
⎠⎟

d!1

dτ
+ Wi2

De2 cos2τ + 1
De2 + 1

De

sinτ
cosτ

⎛
⎝⎜

⎞
⎠⎟
!1 = 0  (90) 

Letting: 
  τ ≡ arccosT  (91) 
and then using this to transform Eq. (90), gives:	  

    
d2!1

dT 2 + p T( ) d!1

dT
+ q T( )!1 = 0  (92) 

where: 

   
p T( ) =

−8DeT 1−T 2 − 4 De2( )
4 De2 T − 4 De2 T 3( )  (93) 

and: 

   
q T( ) =

4 Wi2 T 3 + 4T + 4 De 1−T 2( )
4 De2 T − 4 De2 T 3( )  (94) 

Introducing: 

    !1 ≡ e−
1
2 p T( )dT∫ z  (95) 

so that: 

    
d!1

dT
= e− 1

2 p T( )dT∫ dz
dT

− 1
2 p T( )e− 1

2 p T( )dT∫ z  (96) 
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and so that: 

    

d2!1

dT 2 = e− 1
2 p T( )dT∫ d2z

dT 2 − 1
2 p T( )e− 1

2 p T( )dT∫ dz
dT

− 1
2

dp T( )
dT

e− 1
2 p T( )dT∫ z + 1

4 p T( )2 e− 1
2 p T( )dT∫ z − 1

2 p T( )e− 1
2 p T( )dT∫ dz

dT

 (97) 

We then substitute Eqs. (95) through (97) into Eq. (92) to get:	  

   
e− 1

2 p T( )dT∫ d2z
dT 2 − 1

2
dp T( )

dT
e− 1

2 p T( )dT∫ z − 1
4 p T( )2 e− 1

2 p T( )dT∫ z + q T( )e− 1
2 p T( )dT∫ z = 0  (98) 

and dividing through by the exponential term, we get: 

   

d2z
dT 2 + q T( )− 1

4 p T( )2 − 1
2

dp T( )
dT

⎡

⎣
⎢

⎤

⎦
⎥z = 0  (99) 

Substituting Eqs. (93) and (94) into Eq. (99) and then simplifying, we get: 

   

d2z
dT 2 =

Wi2

De2 +
3

4T 2 −
8Wi2− 3De2

16De2 T +1( ) −
3

16 T +1( )2

− −8Wi2+ 3De2

16De2 T −1( ) −
3

16 T −1( )2

⎡

⎣

⎢
⎢
⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
⎥
⎥

z  (100) 

We then employ the Kovacic method (Case 2) (see Section 4 of [1]) to Eq. (100), 
by first defining: 

   
r ≡ Wi2

De2 +
3

4T 2 −
8Wi2−3De2

16De2 T +1( )
−

3
16 T +1( )2 −

−8Wi2+3De2

16De2 T −1( )
−

3
16 T −1( )2  (101) 

whose poles  c , each of order 2, are given by: 
  c = 0,−1,1  (102) 
Table IV summarizes the Kovacic data set corresponding to each pole,  Ec , and 
pole at infinity,  E∞ .  From Table IV, we learn that for our problem there is just 
one family with non-negative  d .  Since we need only consider families with non-
negative  d , for our problem, we need only consider the ninth family in Table IV.  
We then calculate the Kovacic rational function (see fourth unnumbered equation 
from Step 3 of Section 4.1 of [1]): 

  
θ = 1

2
ec

x− cc∈Γ
∑  (103) 

  
= −

1
x
+

1
2x− 2

+
1

2x+ 2
 (104) 

Since the degree of the Kovacic polynomial,  P , must equal the value of  d  of the 
ninth family in Table IV: 
  P =1  (105) 
Substituting Eq. (104) into the definition: 

 
φ ≡θ +

$P
P

 (106) 

gives: 

  
φ = − 1

x
+ 1

2x − 2
+ 1

2x + 2
 (107) 
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We now borrow (sixth unnumbered equation from Step 3 of Section 4.1 of [1]): 

  ω
2 −φω + 1

2 ′φ + 1
2φ

2 − r( ) = 0  (108) 
Substituting Eqs. (101) and (107) into Eq. (108), and then solving for ω  gives: 

  
ω = De± 2WiT 2 T 2 −1

2DeT T −1( ) T +1( )  (109) 

Integrating Eq. (109) with respect to  T  yields: 

   
ω dT∫ = ln

T 2 −1( )1 4

T

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
± i Wi

De 1−T 2  (110) 

Still following [1], we now let: 

  z ≡ e ω dT∫  (111) 
and then substitute Eqs. (105) and (110) into Eq. (111) to get: 

   

z =
T 2 −1( )

1 4

T
sin Wi

De 1−T 2( ) , T 2 −1( )
1 4

T
cos Wi

De 1−T 2( )
"

#

$
$

%

&

'
'

 (112) 

Substituting Eqs. (93) and the first root of Eq. (112) into Eq. (95) gives: 

    
!1 = e

−
− T −1( )2−2T +2

2De e
− T +1( )2+2T +2

2De e
arcsin T( )

De sin Wi
De 1−T 2( )  (113) 

Using Eq. (91), we transform Eq. (113) to: 

   !1 = e−τ De sin Wi
De sinτ( )  (114) 

Similarly, for the second root in Eq. (112), we get: 

   !1 = e−τ De cos Wi
De sinτ( )  (115) 

Adding the two fundamental solutions, Eqs. (114) and (115), yields: 

   !1 = C1e
−τ De cos Wi

De sinτ( ) +C2e
−τ De sin Wi

De sinτ( )  (116) 
Using the same procedure for the shear stress,  S , we get: 

   S = C3e
−τ De sin Wi

De sinτ( ) +C4e
−τ De cos Wi

De sinτ( )  (117) 
Substituting Eqs. (116) and (117) into Eqs. (30) and (32), and then comparing 
coefficients, we see that:  
  C3 = − 1

2 C1  (118) 
and: 
  C4 = 1

2 C2  (119) 
Substituting Eqs. (118) and (119) into Eq. (117), we get: 

   S = − 1
2 C1e

−τ De sin Wi
De sinτ( ) + 1

2 C2e
−τ De cos Wi

De sinτ( )  (120) 
According to Theorem 4 and Theorem 5, pp. 704 – 706 of chapter 9 in [38] the 
fundamental matrix is Eq. (37).   
 
XI. APPENDIX:   I1 ,   I2 AND THEIR LIMITS 
 

Here we evaluate the quantities   I1 	   and   I2  from Eqs. (43) and (44) of Section 
IV, and their limits.  For this we will need:  
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cos Wi

De sinτ( ) = J0 + 2 J2k cos2kτ
k=1

∞

∑  (121) 

  
≡ A0 + Ak cos2kτ

k=1

∞

∑  (122) 

where: 

  
Ak

J0 ; k = 0
2J2k ; k ≥ 1

⎧
⎨
⎪

⎩⎪
 (123) 

from Eq. 9.1.42 of [39], and:	  

  
sin Wi

De sinτ( ) = 2 J2k−1 sin 2k −1( )τ
k=1

∞

∑  (124) 

  
≡ Bk sin 2k −1( )τ

k=1

∞

∑  (125) 

where: 

  
Bk =

0 ; k = 0
2J2k−1 ; k ≥ 1

⎧
⎨
⎪

⎩⎪
 (126) 

from Eq. 9.1.43 of [39], where  Jm z( )  is the   mth  order Bessel function of the first 
kind (see after Eqs. (5) of [36] or [37]): 

  
Jm z( ) ≡ −1( )k

m+ k( )!k !
z
2

⎛
⎝⎜

⎞
⎠⎟

m+2k

k=0

∞

∑  (127) 

so that: 

  
J0 z( ) ≡ −1( )k

k !( )2
z
2

⎛
⎝⎜

⎞
⎠⎟

2k

k=0

∞

∑  (128) 

Eq. (127) follows from Eq. (9.1.10) of [39].  In this paper, all Bessel functions are of 

 Wi De , so for brevity, we just write  Jm  and   J0  to mean   Jm Wi De( )  and 

  J0 Wi De( ) .   
We begin with   I1 	  from Eq. (43).  Substituting Eqs. (121) and (124) into Eq. (43), 

and integrating yields: 

  

I1 = Deeτ De −
2DekJ2k−1

4 De2 k2 +1
cos2kτ + J2k−1

4 De2 k2 +1
sin 2kτ

#

$
%

&

'
(

k=1

∞

∑

+Deeτ De −
2De k −1( ) J2k−1

4 De2 k −1( )2
+1

cos2 k −1( )τ + J2k−1

4 De2 k −1( )2
+1

sin 2 k −1( )τ
#

$

%
%

&

'

(
(k=1

∞

∑
 (129) 

In the second series of Eq. (129), the   k =1  term is obviously zero.  Hence: 



	   37	  

  

I1 = Deeτ De −
2DekJ2k−1

4 De2 k2 +1
cos2kτ + J2k−1

4 De2 k2 +1
sin 2kτ

#

$
%

&

'
(

k=1

∞

∑

+Deeτ De −
2De k −1( ) J2k−1

4 De2 k −1( )2
+1

cos2 k −1( )τ + J2k−1

4 De2 k −1( )2
+1

sin 2 k −1( )τ
#

$

%
%

&

'

(
(k=2

∞

∑
 (130) 

To combine the two series in Eq. (130), we replace  k  with   k+1  in the second to 
get: 

  
I1 = Deeτ De −8k2 De2 J2k

Wi 4 De2 k2 +1( )cos2kτ + 4k De J2k

Wi 4 De2 k2 +1( ) sin 2kτ
⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥k=1

∞

∑  (131) 

or: 

  
I1 = Deeτ De α k

1( ) cos2kτ + βk
1( ) sin 2kτ⎡⎣ ⎤⎦

k=1

∞

∑  (132) 

where: 

  

α k
1( ) ≡

0 ; k = 0
−8k2 De2 J2k

Wi 4 De2 k2 +1( ) ; k ≥ 1

⎧

⎨
⎪⎪

⎩
⎪
⎪

 (133) 

and: 

  

βk
1( ) ≡

0 ; k = 0
4k De J2k

Wi 4 De2 k2 +1( ) ; k ≥ 1

⎧

⎨
⎪

⎩
⎪

 (134) 

and thus: 

  
lim
τ→0

I1 = −De J2k−1
2Dek

4 De2 k2 +1
−

2De k −1( )
4 De2 k −1( )2 +1

⎛

⎝
⎜

⎞

⎠
⎟

⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥k=1

∞

∑  (135) 

or: 

  
lim
τ→0

I1 = De α k
1( )

k=1

∞

∑  (136) 

We continue with   I2  from Eq. (44).  Substituting Eqs. (121) and (124) into Eq. 
(44), and integrating yields: 

  

I2 = Deeτ De J0 + J2

1+ De2

⎛
⎝⎜

⎞
⎠⎟

cosτ + Deeτ De De J0 + De J2

1+ De2

⎛
⎝⎜

⎞
⎠⎟

sinτ

+Deeτ De De 2k −1( ) J2k

De2 2k −1( )2 +1
sin 2k −1( )τ + J2k

De2 2k −1( )2 +1
cos 2k −1( )τ

⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥k=2

∞

∑

+Deeτ De De 2k +1( ) J2k

De2 2k +1( )2 +1
sin 2k +1( )τ + J2k

De2 2k +1( )2 +1
cos 2k +1( )τ

⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥k=1

∞

∑

 (137) 

To combine two series in Eq. (137), we replace  k  with   k −1  in the second to get: 
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I2 = Deeτ De 2De J1

Wi 1+ De2( )
⎛

⎝
⎜

⎞

⎠
⎟ cosτ + Deeτ De 2De2 J1

Wi 1+ De2( )
⎛

⎝
⎜

⎞

⎠
⎟ sinτ

+Deeτ De

J2k + J2k−2

De2 2k −1( )2 +1
cos 2k −1( )τ

+
De 2k −1( ) J2k + J2k−2( )

De2 2k −1( )2 +1
sin 2k −1( )τ

⎡

⎣

⎢
⎢
⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
⎥
⎥

k=2

∞

∑
 (138) 

or: 

  

I2 = Deeτ Deα1
2( ) cosτ + Deeτ Deβ1

2( ) sinτ

+Deeτ De α k
2( ) cos 2k −1( )τ + βk

2( ) sin 2k −1( )τ⎡⎣ ⎤⎦
k=2

∞

∑
 (139) 

where: 

  

α k
2( ) =

0 ; k = 0
J2k + J2k−2

De2 2k −1( )2 +1
; k ≥ 1

⎧

⎨
⎪

⎩
⎪

 (140) 

and: 

  

βk
2( ) =

0 ; k = 0
De 2k −1( ) J2k + J2k−2( )

De2 2k −1( )2 +1
; k ≥ 1

⎧

⎨
⎪⎪

⎩
⎪
⎪

 (141) 

and thus: 

  

lim
τ→0

I2 =
J0 De

1+ De2 + De J2k

De2 2k −1( )2 +1
+

J2k

De2 2k +1( )2 +1

⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥k=1

∞

∑

=
De J0

1+ De2 + De J2k
1

De2 2k −1( )2 +1
+ 1

De2 2k +1( )2 +1

⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥k=1

∞

∑

= De J0

1+ De2 + J2k
1

De2 2k −1( )2 +1
+ 1

De2 2k +1( )2 +1

⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥k=1

∞

∑
⎧
⎨
⎪

⎩⎪

⎫
⎬
⎪

⎭⎪

 (142) 

or: 

  
lim
τ→0

I2 = De α k
2( )

k=1

∞

∑  (143) 

We	  use	  Eqs.	  (132)	  [with	  Eqs.	  (133)	  and	  (134)],	  (139)	  [with	  Eqs.	  (140)	  and	  (141)],	  
(136)	  and	  (143)	  throughout	  Sections	  V.a	  and	  V.b.	  	  	  
 
XII. APPENDIX:  FOURIER ANALYSIS OF COMPACT FORMS 
 

In this appendix, we Fourier analyze Eqs. (51) and (63), and for this, we will 
need the following identities (Eqs. 4.3.31-4.3.33 of [39]):   
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  cosnτ cosmτ = 1
2 cos n− m( )τ + 1

2 cos n+ m( )τ  (144) 

  sinnτ cosmτ = 1
2 sin n− m( )τ + 1

2 sin n+ m( )τ  (145) 

  sinnτ sin mτ = 1
2 cos n− m( )τ − 1

2 cos n+ m( )τ  (146) 
 

a. Normal Stress Differences  
 

We begin by rewriting the compact form, Eq. (51), as: 

  !1 τ( ) = !1
1( ) τ( ) +!1

2( ) τ( ) +!1
3( ) τ( ) +!1

4( ) τ( )  (147) 
where the transient parts are given by: 

   
!1

1( ) τ( ) = − 2
De e−τ De cos Wi

De sinτ( )lim
τ→0

I1  (148) 

   
!1

2( ) τ( ) = 2
De e−τ De sin Wi

De sinτ( )lim
τ→0

I2  (149) 
and the alternant parts by: 

   !1
3( ) τ( ) = 2

De e−τ De cos Wi
De sinτ( )I1  (150) 

   !1
4( ) τ( ) = − 2

De e−τ De sin Wi
De sinτ( )I2  (151) 

	  
i. Transient parts of Eq. (147)  

 
Substituting Eqs. (122) and (135) into the first transient part, Eq. (148), of Eq.	  

(147),	  gives: 

   
!1

1( ) τ( ) = −2 αk
1( )

k=1

∞

∑ e−τ DeA0 − e−τ De αk
1( )

k=1

∞

∑
&

'
(

)

*
+Ak cos2kτ

,

-
.
.

/

0
1
1k=1

∞

∑  (152) 

and substituting Eqs. (125) and (142) into the second transient part, Eq. (149), 
gives: 

   
!1

2( ) τ( ) = 2e−τ De α k
2( )

k=0

∞

∑ Bk sin 2kτ −τ( )
k=1

∞

∑  (153) 

	  
ii. First alternant part of Eq. (147)  

 
Substituting Eqs. (122) and (136) into the first alternant part of Eq. (147), Eq. 

(150), gives: 

   
!1

3( ) τ( ) = 2 A0 + Ak cos 2kτ( )
k=1

∞

∑⎛
⎝⎜

⎞
⎠⎟

α k
1( ) cos 2kτ( ) + βk

1( ) sin 2kτ( )
k=1

∞

∑⎛⎝⎜
⎞
⎠⎟

 (154) 

Expanding Eq. (154) yields: 
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!1
3( ) τ( ) = 2 A0α1

1( ) cos2τ + A0α 2
1( ) cos4τ + A0α 3

1( ) cos6τ +…( )
+2 A1α1

1( ) cos2τ cos2τ + A1α 2
1( ) cos2τ cos4τ + A1α 3

1( ) cos2τ cos6τ +…( )
+2 A2α1

1( ) cos4τ cos2τ + A2α 2
1( ) cos4τ cos4τ + A2α 3

1( ) cos4τ cos6τ +…( )
+2 A3α1

1( ) cos6τ cos2τ + A3α 2
1( ) cos6τ cos4τ + A3α 3

1( ) cos6τ cos6τ +…( )
+2 A0β1

1( ) sin 2τ + A0β2
1( ) sin 4τ + A0β3

1( ) sin 6τ +…( )
+2 A1β1

1( ) sin 2τ cos2τ + A1β2
1( ) sin 4τ cos2τ + A1β3

1( ) sin 6τ cos2τ +…( )
+2 A2β1

1( ) sin 2τ cos4τ + A2β2
1( ) sin 4τ cos4τ + A2β3

1( ) sin 6τ cos4τ +…( )
+2 A3β1

1( ) sin 2τ cos6τ + A3β2
1( ) sin 4τ cos6τ + A3β3

1( ) sin 6τ cos6τ +…( )

 (155) 

Applying the identities Eqs. (144) and (145) to Eq. (155) then gives: 

   

!1
3( ) τ( ) = A0α0

1( ) + A1α1
1( ) + A2α 2

1( ) +…( )cos0τ + A0α0
1( )( )cos0τ

+ A0α1
1( ) + A1α 2

1( ) + A2α 3
1( ) +…+ A3α 2

1( ) + A2α1
1( ) + A1α0

1( )( )cos2τ

+ A0α1
1( ) + A1α0

1( )( )cos2τ

+ A0α 2
1( ) + A1α 3

1( ) + A2α 4
1( ) +…+ A4α 2

1( ) + A3α1
1( ) + A2α0

1( )( )cos4τ

+ A0α 2
1( ) + A1α1

1( ) + A2α0
1( )( )cos4τ

+ A0β1
1( ) + A1β2

1( ) + A2β3
1( ) +…− A3β2

1( ) − A2β1
1( ) − A1β0

1( )( )sin 2τ

+ A0β1
1( ) + A1β0

1( )( )sin 2τ

+ A0β2
1( ) + A1β3

1( ) + A2β4
1( ) +…− A4β2

1( ) − A3β1
1( ) − A2β0

1( )( )sin 4τ

+ A0β2
1( ) + A1β1

1( ) + A2β0
1( )( )sin 4τ

+…

 (156) 

which leads us to the general expression: 

   
!1

3( ) τ( ) = φ!1 ,n
3( ) cos2nτ +ψ!1 ,n

3( ) sin 2nτ$
%

&
'

n=0

∞

∑  (157) 

where: 

   
φ!1 ,0

3( ) = A0α0
1( ) + Aqαq

1( )

q=0

∞

∑  (158) 

   
φ!1 ,1

3( ) = Apα1−p
1( )

p=0

1

∑ + Aqαq+1
1( )

q=0

∞

∑ + Aq+1αq
1( )

q=0

∞

∑  (159) 

   
φ!1 ,2

3( ) = Apα2−p
1( )

p=0

2

∑ + Aqαq+2
1( )

q=0

∞

∑ + Aq+2αq
1( )

q=0

∞

∑  (160) 

and thus: 
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φ!1 ,n

3( ) = Apαn−p
1( )

p=0

n

∑ + Aqαq+n
1( )

q=0

∞

∑ + Aq+nαq
1( )

q=0

∞

∑ ;n ≥1  (161) 

so that: 

   

φ!1 ,n
3( ) =

A0α0
1( ) + Aqαq

1( )

q=0

∞

∑ ;n = 0

Apαn−p
1( )

p=0

n

∑ + Aqαq+n
1( )

q=0

∞

∑ + Aq+nαq
1( )

q=0

∞

∑ ;n ≥1

'

(

)
)

*

)
)

 (162) 

  

=

2A0α0
1( ) + Aqαq

1( )

q=1

∞

∑ ;n = 0

A0αn
1( ) + Apαn−p

1( )

p=1

n−1

∑ +A0αn
1( )

+ Aqαq+n
1( )

q=1

∞

∑ +Anα0
1( ) + Aq+nαq

1( )

q=1

∞

∑

%

&

'
'
'
'
'

(

)

*
*
*
*
*

;n ≥1

,

-

.

.

.

.

/

.

.

.

.

 (163) 

Now, substituting Eqs. (123) and (133) into Eq. (163), we get: 

   

φ!1 ,n
3( ) =

−
16q2 De2 J2q

2

Wi 4 De2 q2 +1( )q=1

∞

∑ ;n = 0

−16n2 De2 J0J2n

Wi 4 De2 n2 +1( ) +
−16 n− p( )2 De2 J2p J2 n−p( )

Wi 4 De2 n− p( )2 +1( )p=1

n−1

∑

+
−16 q + n( )2 De2 J2q J2 q+n( )

Wi 4 De2 q + n( )2 +1( )q=1

∞

∑ +
−16q2 De2 J2 q+n( )J2q

Wi 4 De2 q2 +1( )q=1

∞

∑

⎡

⎣

⎢
⎢
⎢
⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
⎥
⎥
⎥

;n ≥ 1

⎧

⎨

⎪
⎪
⎪
⎪
⎪

⎩

⎪
⎪
⎪
⎪
⎪

 (164) 

and where, in Eq. (157): 

  ψ!1 ,0
3( ) = 0  (165) 

   
ψ!1 ,1

3( ) = Apβ1−p
1( )

p=0

1

∑ + Aqβq+1
1( )

q=0

∞

∑ − Aq+1βq
1( )

q=0

∞

∑  (166) 

   
ψ!1 ,2

3( ) = Apβ2−p
1( )

p=0

2

∑ + Aqβq+2
1( )

q=0

∞

∑ − Aq+2βq
1( )

q=0

∞

∑  (167) 

and thus: 

   
ψ!1 ,n

3( ) = Apβn−p
1( )

p=0

n

∑ + Aqβq+n
1( )

q=0

∞

∑ − Aq+nβq
1( )

q=0

∞

∑ ;n ≥1  (168) 

so that: 
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ψ!1 ,n
3( ) =

0 ;n = 0

Apβn−p
1( )

p=0

n

∑ + Aqβq+n
1( )

q=0

∞

∑ − Aq+nβq
1( )

q=0

∞

∑ ;n ≥1

'

(
)

*
)
)

 (169) 

  

=

0 ;n = 0

A0βn
1( ) + Apβn−p

1( ) +
p=1

n−1

∑ A0βn
1( )

− Aqβq+n
1( )

q=1

∞

∑ −Anβ0
1( ) − Aq+nβq

1( )

q=1

∞

∑

%

&

'
'
'
'
'

(

)

*
*
*
*
*

;n ≥1

,

-

.

.

.

/

.

.

.

 (170) 

Substituting Eqs. (123) and (134) into Eq. (170), we then get: 

   

ψ!1 ,n
3( ) =

0 ;n = 0

8nDe J0J2n

Wi 4 De2 n2 +1( )
+

8 n− p( )De J2p J2 n−p( )

Wi 4 De2 n− p( )2
+1( )p=1

n−1

∑

−
8 n+ q( )De J2q J2 n+q( )

Wi 4 De2 n+ q( )2
+1( )q=1

∞

∑ −
8q De J2q J2 q+n( )

Wi 4 De2 q2 +1( )q=1

∞

∑

%

&

'
'
'
'
'
'

(

)

*
*
*
*
*
*

;n ≥1

,

-

.

.

.

.

/

.

.

.

.

 (171) 

	  
iii. Second alternant part of Eq. (147)  

 
Substituting Eqs. (125) and (139) into the second alternant part of Eq. (147),  

Eq. (151), gives: 

   

!1
4( ) τ( ) = −2 Bk sin 2kτ −τ( )

k=1

∞

∑

×
α1

2( ) cosτ + Deeτ Deβ1
2( ) sinτ

+ α k
2( ) cos 2kτ −τ( ) + βk

2( ) sin 2kτ −τ( )⎡⎣ ⎤⎦
k=2

∞

∑

⎡

⎣

⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥

 (172) 

Expanding Eq. (172) yields: 

   

!1
4( ) τ( ) = −2 B1α1

2( ) sinτ cosτ +B1α 2
2( ) sinτ cos3τ +B1α 3

2( ) sinτ cos5τ +…( )
−2 B2α1

2( ) sin 3τ cosτ +B2α 2
2( ) sin 3τ cos3τ +B2α 3

2( ) sin 3τ cos5τ +…( )
−2 B3α1

2( ) sin 5τ cosτ +B3α 2
2( ) sin 5τ cos3τ +B3α 3

2( ) sin 5τ cos5τ +…( )
−2 B1β1

2( ) sinτ sinτ +B1β2
2( ) sinτ sin 3τ +B1β3

2( ) sinτ sin 5τ +…( )
−2 B2β1

2( ) sin 3τ sinτ +B2β2
2( ) sin 3τ sin 3τ +B2β3

2( ) sin 3τ sin 5τ +…( )
−2 B3β1

2( ) sin 5τ sinτ +B3β2
2( ) sin 5τ sin 3τ +B3β3

2( ) sin 5τ sin 5τ +…( )

 (173) 

Applying identities Eqs. (145) and (146) to Eq. (173) gives: 
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!1
4( ) τ( ) = − B2α1

2( ) +B3α 2
2( ) +B4α 3

2( ) +…−B3α 4
2( ) −B2α 3

2( ) −B1α 2
2( )( )sin 2τ

− B1α1
2( )( )sin 2τ

− B3α1
2( ) +B4α 2

2( ) +B5α 3
2( ) +…−B3α 5

2( ) −B2α 4
2( ) −B1α 3

2( )( )sin 4τ

− B1α 2
2( ) +B2α1

2( )( )sin 4τ

− B4α1
2( ) +B5α 2

2( ) +B6α 3
2( ) +…−B3α 6

2( ) −B2α 5
2( ) −B1α 4

2( )( )sin 6τ

− B1α 3
2( ) +B2α 2

2( ) +B3α1
2( )( )sin 6τ +…

− B1β1
2( ) +B2β2

2( ) +B3β3
2( ) +…( )cos0τ

− B1β2
2( ) +B2β3

2( ) +B3β4
2( ) +…+B4β3

2( ) +B3β2
2( ) +B2β1

2( )( )cos2τ

+ B1β1
2( )( )cos2τ

− B1β3
2( ) +B2β4

2( ) +B3β5
2( ) +…+B5β3

2( ) +B4β2
2( ) +B3β1

2( )( )cos4τ

+ B1β2
2( ) +B2β1

2( )( )cos4τ

− B1β4
2( ) +B2β5

2( ) +B3β6
2( ) +…+B6β3

2( ) +B5β2
2( ) +B4β1

2( )( )cos6τ

+ B1β3
2( ) +B2β2

2( ) +B3β1
2( )( )cos6τ +…

 (174) 

which leads us to the general expression: 

   
!1

4( ) τ( ) = φ!1 ,n
4( ) cos2nτ +ψ!1 ,n

4( ) sin 2nτ$
%

&
'

n=0

∞

∑  (175) 

where: 

   
φ!1 ,0

4( ) = − Bqβq
2( )

q=1

∞

∑  (176) 

   
φ!1 ,1

4( ) =B1β1
2( ) − Bqβq+1

2( ) +Bq+1βq
2( )$

%
&
'

q=1

∞

∑  (177) 

   
φ!1 ,2

4( ) = Bpβ2−p+1
2( )

p=1

2

∑ − Bqβq+2
2( ) +Bq+2βq

2( )%
&

'
(

q=1

∞

∑  (178) 

and thus: 

   

φ!1 ,n
4( ) =

− Bqβq
2( )

q=1

∞

∑ ;n = 0

Bpβn−p+1
2( )

p=1

n

∑ − Bqβq+n
2( ) +Bq+nβq

2( )⎡⎣ ⎤⎦
q=1

∞

∑ ;n ≥ 1

⎧

⎨

⎪
⎪

⎩

⎪
⎪

 (179) 
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=

− Bqβq
2( )

q=1

∞

∑ ;n = 0

Bpβn−p+1
2( )

p=1

n

∑ − Bqβq+n
2( )

q=1

∞

∑ − Bq+nβq
2( )

q=1

∞

∑ ;n ≥1

&

'

(
(

)

(
(

 (180) 

Substituting Eqs. (126) and (141) into Eq. (180): 

   

φ!1 ,n
4( ) =

−
2De J2q−1 2q−1( ) J2q + J2q−2( )

De2 2q−1( )2
+1q=1

∞

∑ ;n = 0

2De J2p−1 2n− 2p+1( ) J2n−2p+2 + J2n−2p( )
De2 2n− 2p+1( )2

+1p=1

n

∑

−
2De J2q−1 2n+ 2q−1( ) J2n+2q + J2n+2q−2( )

De2 2n+ 2q−1( )2
+1q=1

∞

∑

−
2De J2n+2q−1 2q−1( ) J2q + J2q−2( )

De2 2q−1( )2
+1q=1

∞

∑

%

&

'
'
'
'
'
'
'
'
'

(

)

*
*
*
*
*
*
*
*
*

;n ≥1

,

-

.

.

.

.

.

..

/

.

.

.

.

.

.

.

 (181) 

and where, in Eq. (175):   

  ψ!1 ,0
4( ) = 0  (182) 

   
ψ!1 ,1

4( ) = −B1α1
2( ) − Bq+1αq

2( ) −Bqαq+1
2( )$

%
&
'

q=1

∞

∑  (183) 

   
ψ!1 ,2

4( ) = − Bpα2−p+1
2( )

p=1

2

∑ − Bq+2αq
2( ) −Bqαq+2

2( )%
&

'
(

q=1

∞

∑  (184) 

and thus: 

   

ψ !1 ,n
4( ) =

0 ;n = 0

− Bpαn−p+1
2( )

p=1

n

∑ − Bq+nα q
2( ) −Bqα q+n

2( )⎡⎣ ⎤⎦
q=1

∞

∑ ;n ≥ 1

⎧

⎨
⎪

⎩
⎪

 (185) 

  

=

0 ;n = 0

−
2J2p−1 J2n−2p+2 + J2n−2p( )
De2 2n− 2p+1( )2

+1p=1

n

∑ −
2J2n+2q−1 J2q + J2q−2( )

De2 2q−1( )2
+1q=1

∞

∑

+
2J2q−1 J2q+2n + J2q+2n−2( )
De2 2n+ 2q−1( )2

+1q=1

∞

∑

$

%

&
&
&
&
&
&

'

(

)
)
)
)
)
)

;n ≥1

+

,

-
-
--

.

-
-
-
-

 (186) 

Using Eqs. (152), (153), (164) and (171), with Eqs. (164), (170), (181) and (186), we 
get Eq. (56).   
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b. Shear Stress 
 

We begin by rewriting the compact form, Eq. (63), as: 

  S τ( ) = S 1( ) τ( ) + S 2( ) τ( ) + S 3( ) τ( ) + S 4( ) τ( )  (187) 
where the transient parts are given by: 

   
S 1( ) τ( ) = 1

De e−τ De sin Wi
De sinτ( )lim

τ→0
I1  (188) 

   
S 2( ) τ( ) = 1

De e−τ De cos Wi
De sinτ( )lim

τ→0
I2  (189) 

and the alternant parts by: 

   S
3( ) τ( ) = − 1

De e−τ De sin Wi
De sinτ( )I1  (190) 

   S
4( ) τ( ) = − 1

De e−τ De cos Wi
De sinτ( )I2  (191) 

	  
i. Transient parts of Eq. (187) 

 
Substituting Eqs. (125) and (135) into the first transient part, Eq. (188), of Eq. 

(187), gives: 

   
S 1( ) τ( ) = e−τ De α k

1( )

k=1

∞

∑ Bk sin 2kτ −τ( )
k=1

∞

∑  (192) 

and substituting Eqs. (122) and (142) into the second transient part, Eq. (189), 
gives: 

   
S 2( ) τ( ) = e−τ De α k

2( )

k=1

∞

∑ A0 + e−τ De α k
2( )

k=1

∞

∑ Ak cos 2kτ( )
k=1

∞

∑  (193) 

	  
ii. First alternant part of Eq. (187) 

	  
Substituting Eqs. (125) and (135) into the first alternant part of Eq. (187), Eq. 

(190), gives: 

   
S 3( ) τ( ) = − Bk sin 2kτ −τ( )

k=1

∞

∑ α k
1( ) cos 2kτ( ) + βk

1( ) sin 2kτ( )⎡⎣ ⎤⎦
k=1

∞

∑  (194) 

Expanding Eq. (194) yields: 

    

S 3( ) τ( ) = − B1α1
1( ) sinτ cos2τ +B1α 2

1( ) sinτ cos4τ +B1α 3
1( ) sinτ cos6τ +…( )

− B2α1
1( ) sin 3τ cos2τ +B2α 2

1( ) sin 3τ cos4τ +B2α 3
1( ) sin 3τ cos6τ +…( )

− B3α1
1( ) sin 5τ cos2τ +B3α 2

1( ) sin 5τ cos4τ +B3α 3
1( ) sin 5τ cos6τ +…( )

− B1β1
1( ) sinτ sin 2τ +B1β2

1( ) sinτ sin 4τ +B1β3
1( ) sinτ sin 6τ +…( )

− B2β1
1( ) sin 3τ sin 2τ +B2β2

1( ) sin 3τ sin 4τ +B2β3
1( ) sin 3τ sin 6τ +…( )

− B3β1
1( ) sin 5τ sin 2τ +B3β2

1( ) sin 5τ sin 4τ +B3β3
1( ) sin 5τ sin 6τ +…( )

 (195) 

Applying the identities Eqs. (145) and (146) to Eq. (195) then gives: 
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S 3( ) τ( ) = − 1
2 B2α1

1( ) +B3α 2
1( ) +B4α 3

1( ) +…−B1α1
1( ) −B2α 2

1( ) −B3α 3
1( ) −…( )sinτ

− 1
2 B3α1

1( ) +B4α 2
1( ) +B5α 3

1( ) +…−B1α 2
1( ) −B2α 3

1( ) −B3α 4
1( ) −…( )sin 3τ

− 1
2 B1α1

1( )( )sin 3τ

− 1
2 B4α1

1( ) +B5α 2
1( ) +B6α 3

1( ) +…−B1α 3
1( ) −B2α 4

1( ) −B3α 5
1( ) −…( )sin 5τ

− 1
2 B1α 2

1( ) +B2α1
1( )( )sin 5τ +…

− 1
2 B2β1

1( ) +B3β2
1( ) +B4β3

1( ) +…+B1β1
1( ) +B2β2

1( ) +B3β3
1( ) +…( )cosτ

− 1
2 B3β1

1( ) +B4β2
1( ) +B5β3

1( ) +…+B1β2
1( ) +B2β3

1( ) +B3β4
1( ) +…( )cos3τ

− 1
2 −B1β1

1( )( )cos3τ

− 1
2 B4β1

1( ) +B5β2
1( ) +B6β3

1( ) +…+B1β3
1( ) +B2β4

1( ) +B3β5
1( ) +…( )cos5τ

− 1
2 −B1β2

1( ) −B2β1
1( )( )cos5τ +…

 (196) 

which leads us to the general expression: 

   
S 3( ) τ( ) = − 1

2 φS ,n
3( ) cos 2nτ −τ( ) +ψ S ,n

3( ) sin 2nτ −τ( )⎡⎣ ⎤⎦
n=0

∞

∑  (197) 

where  

   
φS ,1

3( ) = Bk+1βk
1( ) +Bkβk

1( )⎡⎣ ⎤⎦
k=1

∞

∑  (198) 

   
φS ,2

3( ) = − Bkβ2−k
1( )

k=1

2−1

∑ + Bk+2βk
1( ) +Bkβk+2−1

1( )⎡⎣ ⎤⎦
k=1

∞

∑  (199) 

   
φS ,3

3( ) = − Bkβ3−k
1( )

1

3−1

∑ + Bk+3βk
1( ) +Bkβk+3−1

1( )⎡⎣ ⎤⎦
k

∞

∑  (200) 

and thus: 

   
φS ,n

3( ) = − Bkβn−k
1( )

1

n−1

∑ + Bk+nβk
1( ) +Bkβk+n−1

1( )⎡⎣ ⎤⎦
k

∞

∑ ;n ≥ 1  (201) 

so that: 

   

φS ,n
3( ) =

0 ;n = 0

− Bkβn−k
1( )

k=0

n−1

∑ + Bk+nβk
1( ) +Bkβk+n−1

1( )⎡⎣ ⎤⎦
k=0

∞

∑ ;n ≥ 1

⎧

⎨
⎪

⎩
⎪

 (202) 
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=

0 ;n = 0

−
8 n− p( )De J2p−1J2n−2p

Wi 4 De2 n− p( )2
+1( )p=1

n−1

∑

+
8q De J2q J2q+2n−1

Wi 4 De2 q2 +1( )
+

8 q+n−1( )De J2q−1J2q+2n−2

Wi 4 De2 q+n−1( )2
+1( )

#

$

%
%
%

&

'

(
(
(q=1

∞

∑
;n ≥1

+

,

-
-
-
-

.

-
-
-
-

 (203) 

and where, in Eq. (197): 

   
ψ S ,1

3( ) = Bk+1α k
1( ) −Bkα k

1( )⎡⎣ ⎤⎦
k

∞

∑  (204) 

   
ψ S ,2

3( ) = Bkα 2−k
1( )

k

2−1

∑ + Bk+2α k
1( ) −Bkα k+2−1

1( )⎡⎣ ⎤⎦
k

∞

∑  (205) 

   
ψ S ,3

3( ) = Bkα 3−k
1( )

k

3−1

∑ + Bk+3α k
1( ) −Bkα k+3−1

1( )⎡⎣ ⎤⎦
k

∞

∑  (206) 

and thus: 

   
ψ S ,n

3( ) = Bkαn−k
1( )

k

n−1

∑ + Bk+nα k
1( ) −Bkα k+n−1

1( )⎡⎣ ⎤⎦
k

∞

∑  (207) 

so that: 

   

ψ S ,n
3( ) =

0 n = 0

Bkαn−k
1( )

k=0

n−1

∑ + Bk+nα k
1( ) −Bkα k+n−1

1( )⎡⎣ ⎤⎦
k=0

∞

∑ n ≥ 1

⎧

⎨
⎪

⎩
⎪

 (208) 

  

=

0 ;n = 0
−16 n− p( )2 De2 J2p−1J2n−2p

Wi 4 De2 n− p( )2
+1( )p=1

n−1

∑

+
−16q2 De2 J2q+2n−1J2q

Wi 4 De2 q2 +1( )
+

16 q+n−1( )2 De2 J2q−1J2q+2n−2

Wi 4 De2 q+n−1( )2
+1( )

#

$

%
%
%

&

'

(
(
(q=1

∞

∑

;n ≥1

+

,

-
-
-
-

.

-
-
-
-

 (209) 

	  
iii. Second alternant part of Eq. (187) 

 
Substituting Eqs. (122) and (139) into the second alternant part of Eq. (187), 

Eq. (191), gives: 
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S 4( ) τ( ) = − A0 + Ak cos 2kτ( )
k=1

∞

∑⎡

⎣
⎢

⎤

⎦
⎥

×
α1

2( ) cosτ + β1
2( ) sinτ

+ α k
2( ) cos 2kτ −τ( ) + βk

2( ) sin 2kτ −τ( )⎡⎣ ⎤⎦
k=2

∞

∑

⎡

⎣

⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥

 (210) 

Expanding Eq. (210) yields: 

    

S 4( ) τ( ) = − A0α1
2( ) cosτ + A0α 2

2( ) cos3τ + A0α 3
2( ) cos5τ +…( )

− A1α1
2( ) cos2τ cosτ + A1α 2

2( ) cos2τ cos3τ + A1α 3
2( ) cos2τ cos5τ +…( )

− A2α1
2( ) cos4τ cosτ + A2α 2

2( ) cos4τ cos3τ + A2α 3
2( ) cos4τ cos5τ +…( )

− A3α1
2( ) cos6τ cosτ + A3α 2

2( ) cos6τ cos3τ + A3α 3
2( ) cos6τ cos5τ +…( )

− A0β1
2( ) sinτ + A0β2

2( ) sin 3τ + A0β3
2( ) sin 5τ +…( )

− A1β1
2( ) sinτ cos2τ + A1β2

2( ) sin 3τ cos2τ + A1β3
2( ) sin 5τ cos2τ +…( )

− A2β1
2( ) sinτ cos4τ + A2β2

2( ) sin 3τ cos4τ + A2β3
2( ) sin 5τ cos4τ +…( )

− A3β1
2( ) sinτ cos6τ + A3β2

2( ) sin 3τ cos6τ + A3β3
2( ) sin 5τ cos6τ +…( )

 (211) 

Applying identities Eqs. (123) and (141) to Eq. (211) gives: 

    

S 4( ) τ( ) = − 1
2 A0α1

2( ) + A1α 2
2( ) + A2α 3

2( ) +…+ A1α1
2( ) + A2α 2

2( ) + A3α 3
2( ) +…( )cosτ

− 1
2 A0α 2

2( ) + A1α 3
2( ) + A2α 4

2( ) +…+ A2α1
2( ) + A3α 2

2( ) + A4α 3
2( ) +…( )cos3τ

− 1
2 A0α 3

2( ) + A1α 4
2( ) + A2α 5

2( ) +…+ A3α1
2( ) + A4α 2

2( ) + A5α 3
2( ) +…( )cos5τ

− 1
2 A0α1

2( )( )cosτ

− 1
2 A0α 2

2( ) + A1α1
2( )( )cos3τ

− 1
2 A0α 3

2( ) + A1α 2
2( ) + A2α1

2( )( )cos5τ

− 1
2 A0β1

2( ) + A1β2
2( ) + A2β3

2( ) +…− A1β1
2( ) − A2β2

2( ) − A3β3
2( ) −…( )sinτ

− 1
2 A0β2

2( ) + A1β3
2( ) + A2β4

2( ) +…− A2β1
2( ) − A3β2

2( ) − A4β3
2( ) −…( )sin 3τ

− 1
2 A0β3

2( ) + A1β4
2( ) + A2β5

2( ) +…− A3β1
2( ) − A4β2

2( ) − A5β3
2( ) −…( )sin 5τ

− 1
2 A0β1

2( )( )sinτ

− 1
2 A0β2

2( ) + A1β1
2( )( )sin 3τ

− 1
2 A0β3

2( ) + A1β2
2( ) + A2β1

2( )( )sin 5τ

 (212) 

which leads us to the general expression: 
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S 4( ) τ( ) = − 1

2 φS ,n
4( ) cos 2nτ −τ( ) +ψ S ,n

4( ) sin 2nτ −τ( )⎡⎣ ⎤⎦
n=1

∞

∑  (213) 

where: 

   
φS ,1

4( ) = Akα1−k
2( )

k=0

1−1

∑ + Akα k+1
2( ) + Ak+1α k+1

2( )⎡⎣ ⎤⎦
k=0

∞

∑  (214) 

   
φS ,2

4( ) = Akα 2−k
2( )

k=0

2−1

∑ + Akα k+2
2( ) + Ak+2α k+1

2( )⎡⎣ ⎤⎦
k=0

∞

∑  (215) 

   
φS ,3

4( ) = Akα 3−k
2( )

k=0

3−1

∑ + Akα k+3
2( ) + Ak+3α k+1

2( )⎡⎣ ⎤⎦
k=0

∞

∑  (216) 

and thus: 

   

φS ,n
4( ) =

0 n = 0

Akαn−k
2( )

k=0

n−1

∑ + Akαk+n
2( ) +Ak+nαk+1

2( )%
&

'
(

k=0

∞

∑ n ≥1

+

,
-

.
-

 (217) 

  

=

0 ;n = 0

Apαn−p
2( )

p=0

n−1

∑ + Aqαq+n
2( ) +Aq+nαq+1

2( )$
%

&
'

q=0

∞

∑ ;n ≥1

*

+
,

-
,
,

 (218) 

Substituting Eqs. (123) and (133) into Eq. (218):  

   

φS ,n
4( ) =

0 ;n = 0
2J0 J2n + J2n−2( )

De2 2n−1( )2
+1

+
2J2p J2n−2p + J2n−2p−2( )
De2 2n− 2p−1( )2

+1

#

$

%
%

&

'

(
(p=1

n−1

∑ +
2J2n J2 + J0( )

De2+1

+
2J2q J2q+2n + J2q+2n−2( )
De2 2q+ 2n−1( )2

+1
+

2J2q+2n J2q+2 + J2q( )
De2 2q+1( )2

+1

#

$

%
%

&

'

(
(q=1

∞

∑
;n ≥1

,

-

.

.

..

/

.

.

.

.

 (219) 

and where, in Eq. (213): 

   
ψ S ,1

4( ) = Akβ1−k
2( )

k=0

1−1

∑ + Akβk+1
2( ) − Ak+1βk+1

2( )⎡⎣ ⎤⎦
k=0

∞

∑  (220) 

   
ψ S ,2

4( ) = Akβ2−k
2( )

k=0

2−1

∑ + Akβk+2
2( ) − Ak+2βk+1

2( )⎡⎣ ⎤⎦
k=0

∞

∑  (221) 

   
ψ S ,3

4( ) = Akβ3−k
2( )

k=0

3−1

∑ + Akβk+3
2( ) − Ak+3βk+1

2( )⎡⎣ ⎤⎦
k=0

∞

∑  (222) 

and thus:  

   

ψS ,n
4( ) =

0 ;n = 0

Akβn−k
2( )

k=0

n−1

∑ + Akβk+n
2( ) −Ak+nβk+1

2( )%
&

'
(

k=0

∞

∑ ;n ≥1

+

,
-

.
-

 (223) 
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=

0 ;n = 0
2J0 De 2n−1( ) J2n + J2n−2( )

De2 2n−1( )2
+1

−
2De J2n J2 + J0( )

De2+1

+
2De 2n− 2p−1( ) J2p J2n−2p + J2n−2p−2( )

De2 2n− 2p−1( )2
+1p=1

n−1

∑

+
2De 2q+ 2n−1( ) J2q J2q+2n + J2q+2n−2( )

De2 2q+ 2n−1( )2
+1

#

$

%
%

&

'

(
(q=1

∞

∑

−
2De 2q+1( ) J2q+2n J2q+2 + J2q( )

De2 2q+1( )2
+1

#

$

%
%

&

'

(
(q=1

∞

∑

;n ≥1

+

,

-
-
-
-
-
-
-

.

-
-
-
-
-
-
-

 (224) 

Using Eqs. (192), (193), (197) and (213), with Eqs. (203), (209), (219) and (224), we 
get Eq. (66).   
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Table I:  Literature on Analytical Solution for Large-Amplitude Oscillatory Shear 
Flow. 
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od
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ot
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n 
Eq

. 

Fo
rm

 

[R
ef

.] 
(C

or
re

ct
io

n 
to

) 

Shear 
Stress 

Harmonic 

Normal Stress 
Difference 
Harmonic 

    

Kirkwood and Plock 
(1956, 1967); Plock 
(1957) 

RD,SK n       (12) ≅  [40,41,42] 

Lodge (1961, 1964)  L✝        N1
   N1

    =  [31,32] 

Spriggs (1966) NGJ        N1
   N1

    =  [43] 

Spriggs (1966) CJ      
  
N

1

N
2

 
  
N

1

N
2

    =  [43] 

Williams and Bird 
(1962) O3         N1

    =  [44] 
Williams and Bird 
(1964) O3        N1

   N1
    =  [45] 

Spriggs (1965) O3

✝      
  
N

1

N
2

 
  
N

1

N
2

    =  [46] 

Akers and Williams 
(1969) RZ      N1

   N1

 
   =  [47] 

Paul (1969); Paul (1970); 
Bharadwaj (2012) RD,SK n X      (12) ≅  

[48,49,50] 
(40,42) 

Paul and Mazo (1969), 
Paul (1970) RR n X      (12) ≅  [51,49] 

MacDonald, Marsh and 
Ashare (1969) 

BC, 
OWFS✝ n        ≅  [52] 

Bird, Warner and Evans 
(1971) RD n   

  
N

1

N
2

 
  
N

1

N
2

   (12) ≅  [53] 

Abdel-Khalik et al. 
(1974); Bird et al. (1974) GE+SK n   

  
N

1

N
2

 
  
N

1

N
2

    ≅  [54,55] 

Bird et al. (1977) BHS    0 0      =  Table 11.4-2 
[56] 

Mou and Mazo (1977) RR    
  
N

1

N
2    

N
1

N
2  

   ≅  [57](51) 
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Pearson and Rochefort 
(1982); Helfand and 
Rochefort (1982) 

R✝ n X      (11) ≅  [9,10] 

Fan and Bird (1984) CB✝ n X      (12) ≅  [12](10) 

Phan-Thien et al. (2000) Dough           =   [58] 
Yu et al. (2002); Zhou 
(2004) SE n X    N1

   N1
   N1

   ≅  [59,60] 

Cho et al. (2010) K-BKZ        (11)  [61] 

Hoyle (2010) PP n       (11) ≅  [62] 

Wagner et al. (2011) R n X      (11) ≅  [63] 

Gurnon and Wagner 
(2012) G    X  

  
N

1

N
2
   

N
1

N
2
   (11) ≅  [64] 

Giacomin et al. (2011) CM✝, 
CJ n X X 

  
N

1

N
2

 
  
N

1

N
2

 
  
N

1

N
2

 X (12) ≅  [5](65) 

Giacomin and Bird 
(2011) ANSR n X X 

  
N

1

N
2    

N
1

N
2    

N
1

N
2  

X (12) ≅  [34] 

Bird et al. (2014) RD n X      (12) ≅  [66] 

Schmalzer et al. (2014) RD    
  
N

1

N
2

 
  
N

1

N
2

 
  
N

1

N
2

  (12) ≅  [67,68,69] 

This paper CM n X X 
  
N

1

N
2    

N
1

N
2    

N
1

N
2  

X  =   

 
Legend: ANSR ≡ corotational ANSR; BC ≡ Bird-Carreau; BHS ≡ Bead-Hookean spring; CB ≡ 
Curtiss-Bird; CJ ≡ corotational Jeffreys; CM ≡ corotational Maxwell; SE ≡ simple emulsion; GE ≡ 
Goddard integral expansion; L ≡ Lodge rubberlike; NGJ ≡ nonlinear Generalized Jeffreys; O3 ≡ 3-
constant Oldroyd; OWFS ≡ modified Oldroyd-Walters-Fredrickson-Spriggs; PP ≡ pompom; R ≡ 
reptation; RD ≡ rigid dumbbell; RR ≡ planar rigid ring; RZ ≡ Rouse-Zimm; SK ≡ shish-kebab; 

  N1
, N

2
≡ first and second normal stress differences;   n ≡ η * ω ,γ 0( ) ;    ≡ η * ω( ) ; ✝ ≡ multiple 

relaxation times; =  ≡ exact; ≅  ≡ approximate.   
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Table II: Dimensional Variables 
Angular frequency   t−1  ω  
Cartesian coordinate	   x, y, z  
Dynamic viscosity   FL−2t  η  
Dynamic viscosity,   jth  spectrum    FL−2t    η0, j  
Extra stress tensor*   FL−2  τ  
Extra stress,   ijth  component    FL−2   τ ij  
First normal stress difference   FL−2    N1 ≡ τ11 −τ 22  
Relaxation time  t  λ  
Relaxation time,   jth  spectrum   t   λ j  
Second normal stress difference   FL−2    N2 ≡ τ 22 −τ 33  
Shear stress,   jth  spectrum    FL−2   τ j  
Shear stress, alternant part,   jth  
spectrum  

  FL−2    τ j ,al  

Shear stress, transient part,   jth  
spectrum  

  FL−2    τ j ,tr  

Storage and loss moduli,   mnth
component  

  FL−2    ′ηmn , ′′ηmn  
Strain rate tensor   t−1   !γ  
Strain rate,   ijth  component   t−1    !γ ij  
Strain rate,   ijth  component   t−1    !γ ij  
Strain rate, amplitude   t−1    !γ

0

 Strain rate, amplitude   t−1    !γ
0

 
Time  t   t  Velocity vector   t−1   v  
Velocity,   ith -components	   Lt−1   vi  
Vorticity tensor   t−1  ω  
Zero shear rate viscosity   FL−2t   η0  

Legend:  F force;  L  length;  t  time;  T  temperature 
 
 
* Where  τ ij  is the force exerted in the jth direction on a unit area of fluid surface 
of constant  xi  by fluid in the region lesser  xi  on fluid in the region greater  xi  [70].	  
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Table III: Dimensionless Variables and Groups 
Bessel function of first kind,   mth  
order 

  
Jm z( ) ≡ −1( )k

m+ k( )!k !
z
2

⎛
⎝⎜

⎞
⎠⎟

m+2k

k=0

∞

∑  

Bessel function of first kind,   mth  
order with argument  Wi De    Jm ≡ Jm Wi De( )  

Coefficient, Eq. (123)  Ak  
Coefficient, Eq. (126)  Bk  
Coefficient, Eq. (133) 

  α k
1( )

 
Coefficient, Eq. (140) 

  α k
2( )

 
Coefficient, Eq. (134) 

  βk
1( )

 
Coefficient, Eq. (141) 

  βk
2( )

 
Coefficient, first derivative, Eq. 
(93) 

 p  

Coefficient, second derivative, Eq. 
(94) 

 q  

Cosine coefficient of first normal 
stress difference, fourth part,   nth  
component, Eq. (181) 

   φ!1 ,n
4( )

 

Cosine coefficient of first normal 
stress difference, third part,   nth  
component, Eq. (164) 

   φ!1 ,n
3( )

 

Cosine coefficient of shear stress, 
fourth part,   nth  component, Eq. 
(219) 

   φS ,n
4( )

 

Cosine coefficient of shear stress, 
third part,   nth  component, Eq. 
(203) 

   φS ,n
3( )

 

Data set correspond to pole  c    Ec ,E∞  
Deborah number  De ≡ λω   Elastic Fourier modulus   ′Gn  
First normal stress difference 

   !1 ≡ N1 η0 "γ
0

 
First normal stress difference,   nth  
harmonic    !1,n  
First normal stress difference, 
alternant part   !1,al  
First normal stress difference, 
Fourier form, first component	   !1

1( )
 

First normal stress difference, 
Fourier form, fourth component	   !1

4( )
 

First normal stress difference, 
Fourier form, second component	   !1

2( )
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First normal stress difference, 
Fourier form, third component	   !1

3( )
 

First normal stress difference, 
homogeneous part	    !1,h  
First normal stress difference, 
particular part    !1,p  
First normal stress difference, 
transient part	   !1,tr  
Function, Eq. (95)  z  
Function, Eq. (106) φ  
Function, Eq. (109) ω  
Fundamental matrix Φ  
Generalized non-Newtonianness  Gn  
Inclination of the non-
Newtonianness 

φ  

Integral, Eq. (43)   I1  
Integral, Eq. (44)   I2  
Integrating constant  Cn  
Kovacic polynomial, Eq. (105)  P  
Pole, Kovacic rational function, 
Eq. (102) 

 c  

Rational function, Eq. (101)  r  
Second normal stress difference 

   ! 2 ≡ N2 η0 "γ
0

 
Shear stress 

   S ≡ τ 21 η0 !γ
0

 
Shear stress, alternant part   Sal  
Shear stress, Fourier form, first 
component   S 1( )

 
Shear stress, Fourier form, first 
component   S 2( )

 
Shear stress, Fourier form, first 
component   S 3( )

 
Shear stress, Fourier form, first 
component   S 4( )

 
Shear stress, homogeneous part   Sh  
Shear stress, particular part 

  Sp  
Shear stress, transient part   Str  
Sine coefficient of first normal 
stress difference, fourth part,   nth  
component, Eq. (186) 

   ψ !1 ,n
4( )

 

Sine coefficient of first normal 
stress difference, third part,   nth  
component, Eq. (171) 

   ψ !1 ,n
3( )

 

Sine coefficient of shear stress, 
   ψ S ,n

4( )
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fourth part,   nth  component, Eq. 
(224) 
Sine coefficient of shear stress, 
third part,   nth  component, Eq. 
(209) 

   ψ S ,n
3( )

 

Strain amplitude  γ 0  
Time  τ ≡ ωt  
Transformed time  T  
Viscous Fourier modulus   ′′Gn  
Weissenberg number 

  Wi ≡ λ !γ 0
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Table IV: Intermediate Results for Kovacic Method (Case 2) 
   E0    E−1    E1   E∞   d   

 1   2   2   2   0   −3  
 2   2   2   1   0   −

5
2  

 3   2   2   −1   0   −
3
2  

 4   2   1   2   0   −
5
2  

 5   2   1   1   0   −2  
 6   2   1   −1   0   −1  
 7   2   −1   2   0   −

3
2  

 8   2   −1   1   0   −1  
 9   2   −1   −1   0   0  
 10    2 2i   2   2   0    −2− 2i  
 11    2 2i   2   1   0  

  −
3
2 − 2i  

 12    2 2i   2   −1   0  
  −

1
2 − 2i  

 13    2 2i   1   2   0  
  −

3
2 − 2i  

 14    2 2i   1   1   0    −1− 2i  
 15    2 2i   1   −1   0    − 2i  
 16    2 2i   −1   2   0  

  −
1
2 − 2i  

 17    2 2i   −1   1   0    − 2i  
 18    2 2i   −1   −1   0    1−1 2i  
 19    −2 2i   2   2   0    −2+ 2i  
 20    −2 2i   2   1   0  

  −
3
2 + 2i  

 21    −2 2i   2   −1   0  
  −

1
2 + 2i  

 22    −2 2i   1   2   0  
  −

3
2 + 2i  

 23    −2 2i   1   1   0    −1+ 2i  
 24    −2 2i   1   −1   0    2i  
 25    −2 2i   −1   2   0  

  −
1
2 + 2i  

 26    −2 2i   −1   1   0    2i  
 27    −2 2i   −1   −1   0    1+ 2i  
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Figure 1: Orthomorphic isometric sketch of alternating velocity profile in 
oscillatory shear flow [Eq. (1)].  Cartesian coordinates with origin on the 
stationary plate.  The linear velocity profile results from the assumption that 
inertial effects can be neglected. 
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Figure 2.  Exact solution [Eq. (54) with Eqs. (55) and (56)] using 40 even 
harmonics, 0 through 78, and 40 odd ones, 1 through 79, for startup (first two 
cycles).  Minus dimensionless first normal stress differences,   −!1 = 2! 2 , versus 
dimensionless shear rate,  λ !γ , calculated for the 2-constant corotational  Maxwell 
model, for a Deborah number of  λω = 1

10 .   
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Figure 3.  Exact solution [Eq. (54) with Eqs. (55) and (56)] using 40 even 
harmonics, 0 through 78, and 40 odd ones, 1 through 79, for startup (first two 
cycles).  Minus dimensionless first normal stress differences,   −!1 = 2! 2 , versus 
dimensionless shear rate,  λ !γ , calculated for the 2-constant corotational  Maxwell 
model, for a Deborah number of  λω = 1 . 
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Figure 4.  Exact solution [Eq. (54) with Eqs. (55) and (56)] using 40 even 
harmonics, 0 through 78, and 40 odd ones, 1 through 79, for startup (first two 
cycles).  Minus dimensionless first normal stress differences,   −!1 = 2! 2 , versus 
dimensionless shear rate,  λ !γ , calculated for the 2-constant corotational  Maxwell 
model, for a Deborah number of  λω = 10 . 
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Figure 5.  Exact solution [Eq. (56)] using 40 even harmonics, 0 through 78, for 
alternance.  Minus dimensionless first normal stress differences,   −!1 = 2! 2 , 
versus dimensionless shear rate,  λ !γ , left-clockwise loops calculated for the 2-
constant corotational  Maxwell model, for a Deborah number of  λω = 1

10 .   
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Figure 6.  Exact solution [Eq. (56)] using 40 even harmonics, 0 through 78, for 
alternance.  Minus dimensionless first normal stress differences,   −!1 = 2! 2 , 
versus dimensionless shear rate,  λ !γ , left-clockwise loops calculated for the 2-
constant corotational  Maxwell model, for a Deborah number of  λω = 1 . 
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Figure 7.  Exact solution [Eq. (56)] using 40 even harmonics, 0 through 78, for 
alternance.  Minus dimensionless first normal stress differences,   −!1 = 2! 2 , 
versus dimensionless shear rate,  λ !γ , left-clockwise loops calculated for the 2-
constant corotational  Maxwell model, for a Deborah number of  λω = 10 . 
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Figure 8.  Exact solution [Eq. (64) with Eqs. (65) and (66)] using 40 even 
harmonics, 0 through 78, and 40 odd ones, 1 through 79, for startup (first two 
cycles).   Minus dimensionless shear stress,  −S , versus dimensionless shear rate, 
 λ !γ , calculated for the 2-constant corotational Maxwell model with a Deborah 
number of  λω = 1

10 .   
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Figure 9.  Exact solution [Eq. (64) with Eqs. (65) and (66)] using 40 even 
harmonics, 0 through 78, and 40 odd ones, 1 through 79, for startup (first two 
cycles).  Minus dimensionless shear stress,  −S , versus dimensionless shear rate, 
 λ !γ , calculated for the 2-constant corotational Maxwell model with a Deborah 
number of  λω = 1 .   
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Figure 10.  Exact solution [Eq. (64) with Eqs. (65) and (66)] using 40 even 
harmonics, 0 through 78, and 40 odd ones, 1 through 79, for startup (first two 
cycles).  Minus dimensionless shear stress,  −S , versus dimensionless shear rate, 
 λ !γ , calculated for the 2-constant corotational Maxwell model with a Deborah 
number of  λω = 10 .   
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Figure 11.  Exact solution [Eq. (66)] using 40 odd harmonics, 1 through 79, for 
alternance.  Counterclockwise loops of minus dimensionless shear stress,  −S , 
versus dimensionless shear rate,  λ !γ , calculated for the 2-constant corotational 
Maxwell model with a Deborah number of  λω = 1

10 .   
 
  



	   69	  

 
 
 
 
 

 
 
Figure 12.  Exact solution [Eq. (66)] using 40 odd harmonics, 1 through 79, for 
alternance.  Counterclockwise loops of minus dimensionless shear stress,  −S , 
versus dimensionless shear rate,  λ !γ , calculated for the 2-constant corotational 
Maxwell model with a Deborah number of  λω = 1 .   
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Figure 13.  Exact solution [Eq. (66)] using 40 odd harmonics, 1 through 79, for 
alternance.  Counterclockwise loops of minus dimensionless shear stress,  −S , 
versus dimensionless shear rate,  λ !γ , calculated for the 2-constant corotational 
Maxwell model with a Deborah number of  λω = 10 .   
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Figure 14.  Comparison of exact solution (black) [Eq. (56) with 40 harmonics, 0 
through 78] with approximate solution (red) [Eq. (20)] for loops of minus 
dimensionless first normal stress differences,   −!1 = 2! 2 , versus normalized 
shear rate,   !γ !γ

0 = cosτ , left-clockwise loops calculated for the 2-constant 
corotational Maxwell model with a Deborah number of  λω = 10  for  Wi De = 5 4  
and  λω = 1

10 ,1,10 .  For the normal stress differences, the exact solution is an 
improvement over the approximate solution.   
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Figure 15.  Comparison of exact solution (black) [Eq. (66) using 40 harmonics, 1 
through 79] with approximate solution (red) [Eq. (21)] for counterclockwise loops 
of minus dimensionless shear stress,  −S , versus dimensionless shear rate,  λ !γ , 
calculated for the 2-constant corotational Maxwell model with a Deborah 
number of  λω = 10  for  Wi De = 5 4  and  λω = 1

10 ,1,10 .  For the shear stress, the 
exact and approximate solutions nearly match.   
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Figure 16.  Comparison of exact solution (black) [Eq. (66) using 40 harmonics, 1 
through 79] with approximate solution (red) [Eq. (21)] for counterclockwise loops 
of minus dimensionless shear stress,  −S , versus dimensionless shear rate,  λ !γ , 
calculated for the 2-constant corotational Maxwell model with a Deborah 
number of  λω = 10  for  Wi De = 2  and  λω =1 .  Pink curve shows corresponding 
linear viscoelastic behavior [alternant part of Eq. (83)].  The exact solution is a 
significant improvement over the approximate one, and specifically, is much 
further from the corresponding linear response.   
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Figure 17.  Exact solution (black) [Eq. (56) with 40 harmonics, 0 through 78] with 
approximate solution (red) [Eq. (20)], with  λω = 1

10  and   λ !γ
0 = 1

2 , compared with 
exact solution for steady shear flow (red) (Eq. (84) of [5]).  Left-clockwise loops of 
minus dimensionless first normal stress differences,   −!1 = 2! 2 , versus 
dimensionless shear rate,  λ !γ , calculated for the 2-constant corotational Maxwell 
model.  Curves nearly overlap, as they should.   
 
  



	   75	  

 
 
 

 
 
Figure 18. Comparison of exact solution (black) [Eq. (66) using 40 harmonics, 1 
through 79] with approximate solution (red) [Eq. (21)] with  λω = 1

10  and   λ !γ
0 = 1

2 , 
with exact solution for steady shear flow (red) (Eq. (84) of [5]). Counterclockwise 
loops of minus dimensionless shear stress,  −S , versus dimensionless shear rate, 
 λ !γ , calculated for the 2-constant corotational Maxwell model.  Curves nearly 
overlap, as they should.   
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Figure 19.  Exact solution (blue response is Eq. (71) using 40 even harmonics, 0 
through 78, and 40 odd ones, 1 through 79, for startup and evaluated for multiple 
relaxation times, taken from Table 4 of [5]) for counterclockwise response of 
minus dimensionless shear stress,  −S , versus dimensionless shear rate,  λ !γ , 
calculated for the generalized corotational Maxwell model and compared with 
measured behavior of molten HDPE (red dots).    Wi = λ !γ 0 =1.25  and   De = λω =1.0 .   
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Figure 20.  Exact solution (black loop is Eq. (73) with 40 harmonics, 1 through 79 
and evaluated for multiple relaxation times, taken from Table 4 of [5]) for 
counterclockwise loops of minus dimensionless shear stress,  −S , versus 
dimensionless shear rate,  λ !γ , calculated for the generalized corotational Maxwell 
model and compared with measured behavior of molten HDPE (red dots). 

   Wi = λ !γ 0 = 0.486  and   De = λω =1.0 .  Pink curve shows corresponding linear 
viscoelastic behavior [alternant part of Eq. (83)]. 
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Figure 21.  Exact solution (black loop is Eq. (73) with 40 harmonics, 1 through 79 
and evaluated for multiple relaxation times, taken from Table 4 of [5]) for 
counterclockwise loops of minus dimensionless shear stress,  −S , versus 
dimensionless shear rate,  λ !γ , calculated for the generalized corotational Maxwell 
model and compared with measured behavior of molten HDPE (red dots). 

   Wi = λ !γ 0 = 0.983  and   De = λω =1.0 .  Pink curve shows corresponding linear 
viscoelastic behavior [alternant part of Eq. (83)]. 
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Figure 22.  Exact solution (black loop is Eq. (73) with 40 harmonics, 1 through 79 
and evaluated for multiple relaxation times, taken from Table 4 of [5]) for 
counterclockwise loops of minus dimensionless shear stress,  −S , versus 
dimensionless shear rate,  λ !γ , calculated for the generalized corotational Maxwell 
model and compared with measured behavior of molten HDPE (red dots). 

   Wi = λ !γ 0 =1.388  and   De = λω =1.0 .  Pink curve shows corresponding linear 
viscoelastic behavior [alternant part of Eq. (83)]. 
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Figure 23.  Exact solution (black loop is Eq. (73) with 40 harmonics, 1 through 79 
and evaluated for multiple relaxation times, taken from Table 4 of [5]) for 
counterclockwise alternance loops of minus dimensionless shear stress,  −S , 
versus dimensionless shear rate,  λ !γ , calculated for the generalized corotational 
Maxwell model and compared with measured behavior of molten HDPE (red 
dots).    Wi = λ !γ 0 = 2.183  and   De = λω =1.0 .  Pink curve shows corresponding 
linear viscoelastic behavior [alternant part of Eq. (83)]. 
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Figure 24.  Comparison of exact solution [Eq. (71) with Eqs. (72) and (73) using 40 
odd harmonics, 1 through 79] with experimental measurements of the maximum 
value of the shear stress response in large-amplitude oscillatory shear flow at 

 ω = 10π rad s  (from Fig. 1 of [36] or Рис. 1. of [37]).  Black line is polyisoprene 
( η0 =1.0×107 Pa ⋅s ,  λ = 33.12s ) with  De = 1040 .  Red line is polyisoprene 
( η0 = 2.87×106 Pa ⋅s ,  λ = 5.89s ) with  De = 902 .  Blue line is polybutadiene 
( η0 = 3.0×106 Pa ⋅s ,  λ = 4.34s )  De =139 .  Pink line is polybutadiene 
( η0 = 3.0×104 Pa ⋅s ,  λ = 0.04s ) with  De =1.26 .   
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Figure 25.  Comparison of exact solution [Eq. (71) with Eqs. (72) and (73) using 40 
odd harmonics, 1 through 79] with experimental measurements of the maximum 
value of the shear stress response in large-amplitude oscillatory shear flow at 

 ω = 200π rad s  (from Fig. 1 of [36] or Рис. 1. of [37]).  Black line is polyisoprene 
( η0 =1.0×107 Pa ⋅s ,  λ = 33.12s ) with  De = 20,810 ).  Red line is polyisoprene 
( η0 = 2.87×106 Pa ⋅s ,  λ = 5.89s ) with  De =18,033 ).  Blue line is polybutadiene 
( η0 = 3.0×106 Pa ⋅s ,  λ = 4.34s ) with  De = 2,727 .  Pink line is polybutadiene 
( η0 = 3.0×104 Pa ⋅s ,  λ = 0.04s ) with  De = 25 .    
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