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The synchronization problem over the special orthogonal group SO(d) consists of estimating a set of
unknown rotations Ry, R»,...,R, from noisy measurements of a subset of their pairwise ratios Ri_le.
The problem has found applications in computer vision, computer graphics, and sensor network local-
ization, among others. Its least squares solution can be approximated by either spectral relaxation or
semidefinite programming followed by a rounding procedure, analogous to the approximation algorithms
of MAX-CUT. The contribution of this paper is three-fold: First, we introduce a robust penalty function
involving the sum of unsquared deviations and derive a relaxation that leads to a convex optimization
problem; Second, we apply the alternating direction method to minimize the penalty function; Finally,
under a specific model of the measurement noise and for both complete and random measurement graphs,
we prove that the rotations are exactly and stably recovered, exhibiting a phase transition behavior in
terms of the proportion of noisy measurements. Numerical simulations confirm the phase transition
behavior for our method as well as its improved accuracy compared to existing methods.

Keywords: synchronization of rotations; least unsquared deviation; semidefinite relaxation; and alternat-
ing direction method

1. Introduction

The synchronization problem over the special orthogonal group SO(d) of rotations in R4
SO(d) ={Re R : RTR=RR" =1;, detR=1} (1.1)

consists of estimating a set of n rotations Ry, ...,R, € SO(d) from a subset of (perhaps noisy) measure-
ments R;; of their ratios RflR ;. The subset of available ratio measurements is viewed as the edge set of
an undirected graph 4 = (¥, &), with |¥'| = n. The goal is to find R, ..., R, that satisfy

R7'R; ~R;;, for(i,j)€é&. (1.2)

Synchronization over the rotation group SO(d) has many applications. Synchronization over SO(2)
plays a major role in the framework of angular embedding for ranking and for image reconstruction
from pairwise intensity differences [42, 43] and for a certain algorithm for sensor network localization
[9]. Synchronization over SO(3) is invoked by many algorithms for structure from motion in computer
vision [3, 15, 21, 39], by algorithms for global alignment of 3-D scans in computer graphics [40],
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and by algorithms for finding 3-D structures of molecules using NMR spectroscopy [10] and cryo-
electron microscopy [29, 33]. A closely related problem in terms of applications and methods is the
synchronization over the orthogonal group O(d), where the requirement of positive determinant in (1.1)
is alleviated. We remark that the algorithms and analysis presented in this paper follow seamlessly to
the case of O(d). We choose to focus on SO(d) only because this group is encountered more often in
applications.

If the measurements R;; are noiseless and the graph ¢ is connected then the synchronization problem
can be easily solved by considering a spanning tree in ¢, setting the rotation of the root node arbitrarily,
and determining all other rotations by traversing the tree while sequentially multiplying the rotation
ratios. The rotations obtained in this manner are uniquely determined up to a global rotation, which is the
intrinsic degree of freedom of the synchronization problem. However, when the ratio measurements are
corrupted by noise, the spanning tree method suffers from accumulation of errors. Estimation methods
that use all available ratio measurements and exploit the redundancy of graph cycles are expected to
perform better.

If some (though possibly not all) pairwise measurements are noise-free, then a cycle-based algorithm
can be used to find the noise-free ratio measurements. Specifically, in order to determine if a ratio
measurement is “good” (noise-free) or “bad” (corrupted by random noise), one can examine cycles in
the graph that include that edge and check their consistency. A consistent cycle is a cycle for which
sequentially multiplying the rotation ratios along the cycle results in the identity rotation. Under the
random noise assumption, ratio measurements along consistent cycles are almost surely “good”, and
if the subgraph associated with the “good” measurements is connected, then the spanning tree method
can be used to determine the rotations. However, cycle-based algorithms have two main weaknesses.
First, the computational complexity of cycle-based algorithms increases exponentially with the cycle
length. Second, the cycle-based algorithms are unstable to small perturbations on the “good” ratio
measurements.

Methods that are based on least squares have been proposed and analyzed in the literature. While
the resulting problem is non-convex, the solution to the least squares problem is approximated by either
a spectral relaxation (i.e., using leading eigenvectors) or by semidefinite programming (SDP) (see, e.g.,
[4, 18, 30, 42]). Typically in applications, the ratio measurements generally consist of noisy inliers,
which are explained well by the rotations Rj,...,R,, along with outliers, that have no structure. The
least squares method is sensitive to these outliers.

In this paper we propose to estimate the rotations by minimizing a different, more robust self con-
sistency error, which is the sum of unsquared residuals [19, 26, 36], rather than the sum of squared
residuals. The minimization problem is semidefinite relaxed and solved by the alternating direction
method. Moreover, we prove that under some conditions the rotations Ry,...,R, can be exactly and
stably recovered (up to a global rotation), see Theorems 4.1, 5.1 and 5.2 for the complete graph, and
Theorems 6.1-6.3 for random graphs. Our numerical experiments demonstrate that the new method
significantly improves the estimation of rotations, and in particular, achieving state-of-the-art results.

The paper is organized as follows: In Section 2 we review existing SDP and spectral relaxation
methods for approximating the least squares solution. In Section 3 we derive the more robust least
unsquared deviation (LUD) cost function and its convex relaxation. In Section 4 we introduce the
noise model and prove conditions for exact recovery by the LUD method. In Section 5 we prove that
the recovery of the rotations is stable to noise. In Section 6, we generalize the results to the case of
random (incomplete) measurement graphs. In Section 7, we discuss the application of the alternating
direction method for solving the LUD optimization problem. The results of numerical experiments on
both synthetic data as well as for global alignment of 3D scans are reported in Section 8. Finally, Section
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9 is a summary.

2. Approximating the Least Squares Solution

In this section we overview existing relaxation methods that attempt to approximate the least squares
solution. The least squares solution to synchronization is the set of rotations Ry, ...,R, in SO(d) that
minimize the sum of squared deviations

. ~1 2
min Wij R: Rj—Rl'j (21)
Ry, Rn€SO(d) (i%‘é e IR; I
where || - || denotes the Frobenius norm!, w; j are non-negative weights that reflect the measurement

precisions?, and R;; are the noisy measurements. The feasible set SO(d)" = SO(d) x --- x SO(d) of
the minimization problem (2.1) is however non-convex. Convex relaxations of (2.1) involving SDP and
spectral methods have been previously proposed and analyzed.

2.1 Semidefinite Programming Relaxation

Convex relaxation using SDP was introduced in [30] for SO(2) and in [3] for SO(3) and is easily
generalized for any d. The method draws similarities with the Goemans and Williamson approximation
algorithm to MAX-CUT that uses SDP [14].

The first step of the relaxation involves the observation that the least squares problem (2.1) is equiv-
alent to the maximization problem

max w;i Tr R 'R,R”. , 2.2
Rl,....Rneso(d)(l._%‘ég 5T (R RiRyj) 2.2)

due to the fact that ||[R; 'R;||?> = ||R;;||* = d.
The second step of the relaxation introduces the matrix G of size n x n whose entries

Gij=RIR; (2.3)

are themselves matrices of size d x d, so that the overall size of G is nd x nd. The matrix G admits the
decomposition
G =R"R, (2.4)

where R is a matrix of size d X nd given by
R:[Rl Ry - Rn]. (2.5)
The objective function in (2.2) can be written as Tr(GC), where the entries of C are given by C;; = w; le-Tj
(notice that C is symmetric, since Rl-Tj = Rj; and w;; = wj;). The matrix G has the following properties:
1. G > 0,i.e, it is positive semidefinite (PSD).
2. Gi=Il;fori=1,...,n.
I The Frobenius norm of an m x n matrix A is defined as ||A]| = \/m

2If all measurements have the same precision, then the weights take the simple form w; j = 1for (i, j) € & and w;; = 0 otherwise.
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3. rank(G) =d.
4. det(G;j) =1fori,j=1,...,n.
Relaxing properties (3) and (4) leads to the following SDP:
m(z;ler(GC) (2.6)

st. G=0
Gi=1;, fori=1,2,...,n.

Notice that for d = 1 (2.6) reduces to the SDP for MAX-CUT [14]. Indeed, synchronization over O(1)
7, is equivalent to MAX-CUT. 3

The third and last step of the relaxation involves the rounding procedure. The rotations Ry, ...,R,
need to be obtained from the solution G to (2.6). The rounding procedure can be either random or deter-
ministic. In the random procedure, a matrix Q of size nd X d is sampled from the uniform distribution
over matrices with d orthonormal columns in R™ (see [22] for description of the sampling procedure).
The Cholesky decomposition of G = LLT is computed, and the product LQ of size nd x d is formed,
viewed as n matrices of size d x d, denoted by (LQ);,...,(LQ),. The estimate for the inverse of the
i’th rotation Ié,-T is then obtained via the singular value decomposition (SVD) (equivalently, via the polar
decomposition) of (LQ); as (see, e.g., [17, 23, 28])

I 0
(LQ); = ULV, ]:[ 4

0 detyvT }v Rl =uav!. 2.7
iV

(the only difference for synchronization over O(d) is that IéiT = UV, excluding any usage of J). In

the deterministic procedure, the top d eigenvectors vy,...,vy € R" of G corresponding to its d largest
eigenvalues are computed. A matrix T of size nd x d whose columns are the eigenvectors is then
formed, i.e., T = [ Vi o Vg ] As before, the matrix T is viewed as n matrices of size d X d,

denoted Ty, ...,T, and the SVD procedure detailed in (2.7) is applied to each T; (instead of (GQ);) to
obtain R;.

We remark that the least squares formulation (2.1) for synchronization of rotations is an instance of
quadratic optimization problems under orthogonality constraints (QP-OC) [25, 34]. Other applications
of QP-Oc are the generalized orthogonal Procrustes problem and the quadratic assignment problem.
Different semidefinite relaxations for the Procrustes problem have been suggested in the literature [24,
25, 34]. In [25], for the problem (2.2), the orthogonal constraints R R; = I, can be relaxed to ||R;|| < 1,
and the resulting problem can be converted to a semidefinite program with one semidefinite constraint
for a matrix of size nd? x nd?, 2n semidefinite constraints from matrices of size d x d (see (55) in
[25]) and some linear constraints. Thus, compared with that relaxation, the one we use in (2.6) has
a lower complexity, since the problem (2.6) has size nd x nd. As for the approximation ratio of the
relaxation, if C is positive semidefinite (as in the case of the Procrustes problem), then there is a constant
approximation ratio for the relaxation (2.6) for the groups O(1) and SO(2) [35]. When the matrix C is
not positive semidefinite, an approximation algorithm with ratio £(1/logn) is given in [35] for the
cases over O(1) and SO(2).

3The case of SO(2) is special in the sense that it is possible to represent group elements as complex-valued numbers, rendering
G a complex-valued Hermitian positive semidefinite matrix of size n X n (instead of a 2n x 2n real valued positive semidefinite
matrix).
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2.2 Spectral Relaxations

Spectral relaxations for approximating the least squares solution have been previously considered in
[4,9, 18, 21, 30, 40, 42, 43]. All methods are based on eigenvectors of the graph connection Laplacian
(a notion that was introduced in [32]) or one of its normalizations. The graph connection Laplacian,
denoted L, is constructed as follows: define the symmetric matrix W, € R"*"? _such that the (i, j)’th
d x d block is given by (W});; = w;;R;;. Also, let D; € R"*" be a diagonal matrix such that (Dy); =
dily, where d; =Y jw;j. The graph connection Laplacian L, is defined as

Li=D;—W,. 2.8)

It can be verified that L; is PSD, and that in the noiseless case L;RT = 0. The least d eigenvectors of
L corresponding to its smallest eigenvalues, followed by the SVD procedure for rounding (2.7) can be
used to recover the rotations. A slightly modified procedure that uses the eigenvectors of the normalized
graph connection Laplacian

% =0;"*L,D;"* = 14— D;*wiD; (2.9)

is analyzed in [4]. Specifically, Theorem 10 in [4] bounds the least squares cost (2.1) incurred by
this approximate solution from above and below in terms of the eigenvalues of the normalized graph
connection Laplacian and the second eigenvalue of the normalized Laplacian (the latter reflecting the
fact that synchronization is easier on well-connected graphs, or equivalently, more difficult on graphs
with bottlenecks). This generalizes a previous result obtained by [38] that considers a spectral relaxation
algorithm for MAX-CUT that achieves a non-trivial approximation ratio.

3. Least Unsquared Deviation (LUD) and Semidefinite Relaxation

As mentioned earlier, the least squares approach may not be optimal when a large proportion of the
measurements are outliers [19, 26, 36]. To guard the orientation estimation from outliers, we replace
the sum of squared residuals in (2.1) with the more robust sum of unsquared residuals

1 71 PR— 'y
Rh_‘_’IIg}llgSO(d) (i7§€g HRl RJ Rz]! 5 (31)

to which we refer as LUD.* The self consistency error given in (3.1) mitigates the contribution from
large residuals that may result from outliers. However, the problem (3.1) is non-convex and therefore
extremely difficult to solve if one requires the matrices R; to be rotations, that is, when adding the
orthogonality and determinant constraints of SO(d) given in (1.1).
Notice that the cost function (3.1) can be rewritten using the Gram matrix G that was defined earlier
in (2.3) for the SDP relaxation. Indeed, the optimization (3.1) is equivalent to
min Gii—R;jll. (3.2)
R1.Rn€SO(d) (L;&E’ 1Gs; = Ry
Relaxing the non-convex rank and determinant constraints as in the SDP relaxation leads to the following
natural convex relaxation of the optimization problem (3.1):

mén(%‘ég |Gij — Rij|| st. Gii=1I4, and G 3= 0. (3.3)

“4For simplicity we consider the case where wij = 1 for (i,j) € & In general, one may consider the minimization of
—1
Liijyes wis||R7 TR = Rij |
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This type of relaxation is often referred to as semidefinite relaxation (SDR) [20, 35]. Once G is found,
either the deterministic or random procedures for rounding can be used to determine the rotations
Ri,...,R,.

4. Exact Recovery of the Gram matrix G
4.1 Main Theorem

Consider the Gram matrix G as G = (G; j)l.J:an where G;; = RI'R; is obtained by solving the min-
imization problem (3.3). We will show that for a certain probabilistic measurement model, the Gram
matrix G is exactly recovered with high probability (w.h.p.). Specifically, in our model, the measure-
ments R;; are given by

Rij= 8RR+ (1—&;)R; “.1

for (i, j) € &, where §;; are i.i.d indicator Bernoulli random variables with probability p (i.e. §;; =1
with probability p and §;; = 0 with probability 1 — p). The incorrect measurements R;; are i.i.d samples
from the uniform (Haar) distribution over the group SO (d). Assume all pairwise ratios are measured,
thatis, & = {(i, j) |i,j =1...,n}°. Let & denote the index set of correctly measured rotation ratios R;,
that is, & = {(i,j) |Rij = R R;}. In fact, & is the edge set of a realization of a random graph drawn
from the Erd6s-Rényi model ¢ (n, p). In the remainder of this section we shall prove the existence of
a critical probability, denoted p(d), such that for all p > p?(d) the program (3.3) recovers G from the
measurements (4.1) w.h.p. (that tends to 1 as n — o). In addition, we give an explicit upper bound
pe(d) for p:(d).

THEOREM 4.1 Assume that all pairwise ratio measurements R;; are generated according to (4.1). Then
there exists a critical probability p*(d) such that when p > p(d), the Gram matrix G is exactly recov-
ered by the solution to the optimization problem (3.3) w.h.p. (as n — o). Moreover, an upper bound

pe(d) for pi(d) is

2
—c1 (d)+ \/q (d)*+38 (c (d) +2/\/E) /Vd
pe(d)=1— , “4.2)
2 (c(@)+2/vd)
where ¢ (d) and ¢ (d) are constants defined as

(g =R
ot =g(v (=) ) *2

2
e (d) = LD (44

where the expectation is w.r.t. the rotation R that is distributed uniformly at random. In particular,
pe(2) = 0.4570, p. (3) = 0.4912, and p, (4) =~ 0.5186

for SO(2), SO (3) and SO (4) respectively.

5The measurements in (4.1) satisfy R;; = RJT-I-, Rii=1,.
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REMARK The case d = 1 is trivial since the special orthogonal group contains only one element in
this case, but is not trivial for the orthogonal group O(1). In fact, the latter is equivalent to MAX-CUT.
Our proof below implies that p.(1) = 0, that is, if the proportion of correct measurements is strictly
greater than 1/2, then all signs are recovered exactly w.h.p as n — . In fact, the proof below shows
that w.h.p the signs are recovered exactly if the bias of the proportion of good measurements is as small

asﬁ(@).

4.2 Proof of Theorem 4.1

We shall show that the correct solution is a global minimum of the objective function, and analyze
the perturbation of the objective function directly. The proof proceeds in two steps. First, we show
that without loss of generality we can assume that the correct solution is R; = I; and G;; = I; for all
1 <i,j < n. Then, we consider the projection of the perturbation into three different subspaces.® Using
the fact that the diagonal blocks of the perturbation matrix must be 0, it is possible to show that when
the perturbation reduces the objective function for indices in &\ &; (that is, the incorrect measurements),
it has to increase the objective function for indices in &;. If the success probability p is large enough,
then w.h.p. the amount of increase (to which we later refer as the “loss”) is greater than the amount of
decrease (to which we later refer as the “gain”), therefore the correct solution must be the solution of
the convex optimization problem (3.3).

4.2.1 Fixing the correct solution.

LEMMA 4.1 If the optimal solution of (3.3) is w.h.p. G;; = I; when R; = I, then the optimal solution
of (3.3) is w.h.p. G;; = R R; for arbitrary rotations {R;}.

Proof. We give a bijection that preserves feasibility and objective value between the feasible solutions
to (3.3) when R; = I; and the solution for general R;.
In fact, given any feasible solution G for general R;, let

G = diag(Ry,...,R,) G diag(Ry,...,R,)" .

that is, G;j = RiGinJT-. If we rotate R;; similarly to get R;; = RiRin]T-, then R;; = I. Since G is the
solution of (3.3), we know G must be a solution to the following convex program with the same objective
value
mjn Z ||Gij_Rin s.t. Gii:Id> and(A}%O 4.5)
(i.j)e€

However, observe that for edges in &, RiR; jRjT. = I; for edges not in &, R;R; jRJT. is still a uniformly
distributed random rotation in SO(d) (due to left and right invariance of the Haar measure). Therefore,
(4.5) is equivalent to (3.3) when R; = 1.

The other direction can be proved identically. (]

Using the Lemma 4.1, we can assume without loss of generality that R; = I; for all 1 <i < n. Now
the correct solution should be G;; = I;. We denote this solution by G, and consider a perturbation G+ A.

The method of decomposing the perturbation was used in [19] and [44] for analyzing the performance of a convex relaxation
method for robust principal component analysis.
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4.2.2 Decomposing the perturbation. Let G+ A be a perturbation of G such that A; =0and G+ A =
0. Let .7 be the d-dimensional linear subspace of R% spanned by the vectors sy, .. .,sy, given by

si = (er,er,....e)"
2= (e,e2,...,e)"
Sd:(edaed7"'aed)Ta (46)

where e, im=1,2,...,d) is the d-dimensional row vector

1 ifl=
en(l) = { wr=m,

0 otherwise,

that is, ¢; = (1,0,...,0), e, = (0, 1,0,...,0), ... and e; = (0,...,0,1).

Intuitively, if a vector v is in the space .7, then the restrictions of v on blocks of size d are all the
orthogonal complement of ., then it satisfies 3} V(i_1)a41,...,

For two linear subspaces <7, %, we use &7 ® % to denote the space spanned by vectors {a®bla €
of and b € Z}. By properties of tensor operation, the dimension of & ® % equals the dimension of .o/
times the dimension of Z. We also identify the tensor product of two vectors a ® b with the (rank 1)
matrix ab’.

Now let P, Q and T be A’s projections to /' ® .7, (& ®.) U (S ®.7), and .¥ @ .7 respectively,
that is,

A=P+Q+T, wherePe Y ®57,0€ (SRS )U(S®S),andT € Q..

Using the definition of .7, it is easy to verify that

Pj=P1 V1<ij<n, 4.7)
0=0'+0" (4.8)
where Q' € Y0 .7, 0° € Y ®.7,0' = (QZ)T7
0l;j=0s="..=0y."j 4.9)
and
07 =0h=...=Q}.Vi. (4.10)
Moreover, we have
ZQ}jZO,Zlel:Oand ZTU:O' (4.11)
J i ij

For the matrix 7', the following notation is used to refer to its submatrices

=)

,and TP = <7}’.’q) ,
J i,j=1,...n
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where Tj; are T’s d x d sub-blocks and 777 are T’s n x n sub-matrices whose entries are the (p,q)’th
elements of the sub-blocks 7;;.
Recall that G;; = I;. Denote the objective function by F, that is,

F(G)= Y [|Gij—Ryl- (4.12)
(i,j)e&

Then,
F(G+A)—F(G)

Y (M —Rij+ 4| = || — Rij])
(i,))e&
Y (Ma—Ry+Ay|| [l —R|) + X |y
(i,j)EE\Se (i,j)€ée
— i+ (4.13)

Intuitively, if the objective value of G+ A is smaller than the objective value of G, then A;; should be
close to O for the correct measurements (i, j) € &, and is large on (i, j) such that (i, j) € &..

We shall later show that the “gain” f from (i, j) &€ &, can be upperbounded by the trace of T and the
off-diagonal entries of Ql-lj. Then we shall show that when the trace of T is large, the diagonal entries of
A;j for (i, j) € & are large, therefore the “gain” is smaller than the “loss” generated by these diagonal
entries. On the other hand, when the off-diagonal entries of Qil- are large, then the off-diagonal entries
of A;j for (i, j) € & are large, once again the “gain” will be smaller than the “loss” generated by the
off-diagonal entries.

4.2.3 Observations on P, Q and T. To bound the “gain” and “loss”, we need the following set of
observations.

LEMMA 4.2 nPy =—-Y7" Tj.
Proof. Using (4.7)-(4.11) and the fact that A; = 0, we have
0 = YAi=) (Pi+0Q;i+0Qi+Ti)
i

1
nPi+Y 01 +Y 04+ Y Ti=nPi+ Y. T
i i i i

LEMMA 4.3 (Fj+Qij) + (Pji+ Qji) = — (Ti+ Tjj).
Proof. We use the symmetry of the matrices P, Q:
(Pij + Qij) + (Pji + Qi)
=P+ Q};+ 0} +Pj;+ Q}; + 03
=Pi+Q};+ Qi+ Pjj+ Qi + 05
= (Pi+Q;i+07) + (P + 0j; +0F))
= (4i = Tii) + (4j; = Tjj)
=— (T +Tjj),
where the second equality follows (4.9)-(4.10). [l
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LEMMA 4.4 T = 0.

Proof. Since G+A =G+P+Q+T =0, for any vector ve .7, vI (G+A)v > 0. However, viGv =
v Pv = v’ Qv = 0 according to the definition of G, P and Q. Therefore, for all v € .7’ we have vITv>0.
Also, Tw =0 for w € .. Therefore, if ve .7 and w € . then (v+w) T (v+w) = v/ Tv > 0. Hence,
T is positive semidefinite. d
LEMMA 4.5 Let T;$ be a diagonal matrix whose diagonal entries are those of 7j;, then ||¥; 7| >
Tr(T) /Vd.

Proof. This is just a straight forward application of the Cauchy-Schwarz inequality. Denote X =Y ; Tl?

Clearly, X > 0, since it is a sum of positive semidefinite matrices. Let xy, ..., x; be the diagonal entries
of X. Then, from Cauchy-Schwarz inequality, we have

1

Tr(X) = Y < (Zx?) Vd=Vd|x],
J J

that is,

LT = IXI > Tr(X) /Vd =T (T) /Vd, O
LEMMA 4.6 Let A be a n x n adjacency matrix such that A;; = 1 if and only if (i, j) € &; otherwise,

Ajj=0.Let B=A— = (17A1) 117, where 1 is the all-ones (column) vector. Let A = ||B|l2, where |- |12
denotes the spectral norm of a matrix. Then,

A =0p(Vi).

Here the notation f = Op(g) means f is upper bounded by ¢, - g with high probability, where ¢, is
a constant that may depend on p.

Proof. Let B = A — p117. Observe that B is a random matrix where each off-diagonal entry is either
(1 — p) with probability p or —p with probability (1 — p). Therefore, by Wigner’s semi-circle law and
the concentration of the eigenvalues of random symmetric matrices with i.i.d entries of absolute value
at most 1 [1], the largest eigenvalue (in absolute value) of B is ||Bi||, = Op (y/n). Then we have

1
Bl = o (p- s 07an))ur
2
1

< IBill + ‘p— — (ITAI)‘ 117,
< ||Bill, +n0p (n*] \/1ogn)

= ﬁP (\/;l) )

where the second inequality uses the Chernoff bound. U

REMARK The matrix A is the adjacency matrix of the Erd6s—Rényi (ER) random graph model ¢4 (n, p)
where the expectation of every node’s degree is (n — 1)p. Denote by A; the i’th largest eigenvalue of a
matrix. It is intuitive to see that A; (A) = (n — 1) p and the first eigenvector is approximately the all-ones
vector 1, and A, (A) = A; (B) = Op (\/n).

Using these observations, we can bound the sum of norm of all 7;;’s by the trace of 7.
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LEMMA 4.7 We have the following three inequalities for the matrix 7
L |E e T < ATe(T7)2 e (T99)* for p,g = 1,2,.....d,
2 [l X jyes )| < ATe (T),

HZZ} SR T;jH A,TI‘ )

Here the notation for the inner product of two matrices (X,Y) means Tr(X7Y).

Proof. 1. Since T = 0, we can assume T’”’ < > where ul[-’(i:L...,n,p:l,...,d) is an n
dimensional row vector, then Tr (777) = Y, (u”,u’), and
T
Y 1=(uf,... u})(A®L) (uf,... ul)".

(i.))eée
We claim that Y, u? = 0. In fact, since T € .’ @., for any p,q = 1,...,d, we have ¥} ,_ lqu =
SIT7 T's; = 0. Therefore, we obtain

2
o- B £ ()~ (£ur Fur) -
ij=1 ij=1 =1 j=1 i=1

and thus we have .

Yu =o0forp=1,....4d. (4.14)

i=1
Letvh (m=1,...,n, p=1,...,d) be a n dimensional row vector such that

vh = (uf (m),u (m),....uf (m)),
then we have Y _, Hvﬁ”2 =Tr(T?), and (v}, 1) = 0 due to (4.14). Therefore
T
Yo = | @en) @l )|
(i.j)ese
n
= |X vhAi)"
m=1
S WA AR
m
1 1
P2\’ a2\’
< A X Ival YIvEIE)
m m

= AT (TPP)> Tr(T9)?

where the first inequality uses Lemma 4.6 and the fact that v, (m =1,...,n, p=1,...,d) is orthogonal

to the all-ones vector 1, and the second inequality uses Cauchy-Schwarz inequality.
2. [{14,Y i jyes. Tij)| < ATr(T) is clear from 1. when p = g.
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3. From 1. we have

Y T

(i.j)eée

x(zm)

pq \(i,j)ebe

Y (ATr(TPP)% Tr(qu)%)2
pq
A [Y Te(TPr)Tr(T44)

Pq

AY Tr(TPP)
p

= ATH(T).

N

O

4.2.4 Bounding the “gain” from incorrect measurements. To make the intuition that “gain” from
incorrect measurements is always upper bounded by the “loss” from correct measurements formal, we
shall first focus on (i, j) ¢ &, and bound the “gain” by trace of T and norms of Qilj.

Recall that f; in (4.13) is the “gain”, we shall bound it using the following lemma.

LEMMA 4.8 For any pair of non-zero matrices M| ,M, € R™*™ we have
[My + Mo — My [| = (M, /| M, M) 4.15)
Proof. Using Cauchy-Schwarz inequality, we obtain
1M1 1% + (M1, Ma) = (M1, My +Ma) < ||M ]| [|M + Mo,

which is equivalent to (4.15). O
We apply Lemma 4.8 to the “gain” f] and obtain

Iy —R;j >
f] > 7A”
(i, j);f\él < ||Id —Rij H N

Id_Rij
=gy ) 4.16
<i’f'>§§\&<||ld—Rij’ it Qi /> .16)

First we shall bound the “gain” from the matrix P. Since blocks of P are the same, the average

- 7,})[..
£\l (aj)g?\& < 1o = Rij J>

]deij

should be concentrated around the expectation of <|[R|,
d—Rij

Pij>. The expectation is analyzed in
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Appendix A. By (4.7)-(4.10) and the law of large numbers, we obtain that
I;— Ry
L < s {’P"f>
(i,))EE\E- || d l}‘
(c(d) (1—=p)n(n—1)+0p (n\/logn)) Tr(Pi1)
- —(c(d)(l—p) (n—1)+Op (\/logn))Tr(TL 4.17)

where the last equality uses Lemma 4.2, ¢ (d) is defined in (4.3) and the rotation matrix R is uniformly
sampled from the group SO (d) (see Appendix A for detailed discussion).
For matrix Q we use similar concentration bounds

Iy — le
7,Q
,jgg\(p< ’Id t/” l]>

Rij
’Id 7Ql/+QU>

(i,j eg\éa ’JH

Iq ij 2>
L+ On
(i,)) 66’\5’<H1d_R H

>R = p (= 0) (e () 0}) + T p = 1) e () OF)
—ﬁ’p(\/nlogn>ZHQ}jH—ﬁP(\/nlogn)ZHQﬁH
(n—pn-1) <Cld’ZQ]]> p(n—1)) <ddaZQiZi>

- ﬁp( nlogn> ZHQUH
—— o0 (viTog) £l ol @19

where the third equality uses the fact that Q' = (Q?) "' and the last equality follows (4.11).
Finally we shall bound the “gain” from matrix 7', which is

Iy —R;j >
AT (4.19)
<f,,~>§g\&<||mjr| :

Before continuing, we need the following results in Lemma 4.9 for a matrix D, where D is defined as

IRy .
—c(d)I; for (i,j) € &\&,
Dy = Ry ~C(@a for (i) € £\ (4.20)
0 otherwise.

The proof of Lemma 4.9 is in Appendix B.
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LEMMA 4.9 The limiting spectral density of \/%D is Wigner’s semi-circle. In addition, the matrix D

n—1

can be decomposed as D = D, +D_, where D > 0 and D_ < 0, and we have
1
1D+~ ID-|* % 5 (1= p)nn—1) (1= c(d)d).

We return to lower bounding (4.19). Since };; 7;; = 0, we have

I —R;j >
7, T .
<i,/)ezf\é% < [1a—Ris ||

IdiRl']'
= c(d)la, T;j e —c(d) 1y, T;;
(ij)ém\&< Dl ]>+<i,j)§’\éi,<”’d—Ri/H Dl J>
=—c<d)()2 (1, Tij) = c(d) Y (a, Ti) + Y (Dij, Tij)
i,j)ES: i i,j
=—c(d) (14,T;j) —c(d) Tr (T) + Tr (DT)
(i.j)eé
=—c(d) Y, (Is:T;j)—c(d)Te(T)+Te(DyT)+Tr(D-T)
(i.))ebe
> —c(d) (1,T;;) —c(d) Tr (T) + Tr (D-T),

421

(4.22)

where the last inequality follows from the fact that Tr(DT) > 0 since both T and D are positive
semidefinite matrices. Recall that for any positive semidefinite matrix X the following inequality holds:

[IX|| < Tr(X). Since T = 0, using (4.21) we obtain

[Te (D-T)| < [D-[IIT|| < [D-[|Tx (T) = L\/ (I=p)y/1—c(d)?dnTr(T).

S

Also, Lemma 4.7 reads

<ATH(T).

<Id7 Z le>
(i,j)€ée

Combining (4.22), (4.23), and (4.24) together gives

I; — R;; >
<,-,,->§g\gc<|vd—zeur| ’

> - <c(d)7L +c(d)+\2\/(lp)\/lc(d)2dn) Tr(T).

Since from Lemma 4.6 we have A = Op (1/n), the bound is given by

I~ R >
. 1ij
(i, j)gé’\& < ||Id —Rij H !

> - (éﬂ\/lc(d)zdn+ﬁp(\/ﬁ))Tr(T).

(4.23)

(4.24)

(4.25)

(4.26)
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Combining (4.16), (4.17), (4.18) and (4.26) together we obtain a lower bound for the gain from A
as following:

fioz (V= i—c@ians @ - pn+ op (Vi) ) 1)

~0p (/nlogn) Y |04 (4.27)

4.2.5 Bounding the “loss” from correct measurements. Now we consider the part f, =3 ; yes,

lj ’
which is the loss from the correct entries. We use the notations Alfij and A;’jﬁ to represent the restrictions
of the sub-matrices A;; on the diagonal entries and off-diagonal entries respectively. We will analyze

Y(ij)eé. AS’ and }.; jes.

For the diagonal entries we have

iy
i ’ separately.

Y e = X [mrehem
(i ,/)eg (i,))ESe
> | Y P+l +1d)
(i,))€8e
> | L ROl X T
(i,)eé: (i,j)€ée
- | xowen-| ¥
(i,j)€ée (i,j)eée
= pn Z (\/nlogn) Tr (T Z
(i,j)€ée

WV

%Tr( )= Op (\/@) Te(T) — ATe(T)
- (\’;’2 Op (\/@)) e (T), (4.28)

where the second equality uses Lemma 4.3, the third equality uses the law of large numbers and Chernoff
bound, the last inequality follows Lemma 4.5 and Lemma 4.7, and the last equality uses the fact that
A = Op(y/n) from Lemma 4.6.

For the off-diagonal entries, we have the following lemma, whose proof is deferred to Appendix C.

LEMMA 4.10
off

L fas

(i,))€é:

> % (ﬁp (Y.l ~ o (n)Tr(T)>. (4.29)
i=1

Finally, we can merge the loss in two parts by a simple inequality:
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LEMMA 4.11 If ¥, |a;| > a and ¥;|b;| > b, then for any «, B > 0 such that ® + 2 = 1, we have
Z\/aiz—kbiz}aa—kﬁb.
i

Applying Lemma 4.11 to (4.28) and (4.29), and setting o = 1 — 1

7 and § = W — -, we obtain a
lower bound for the loss from A when p > %:

foo= 3 Al

(i) €&

" V jﬁi(u)zef" ! ‘

i )Tr( + 0 (n)Z ) (4.30)

WV
T
\
Sl
~

LN

4.2.6 Finishing the proof. Now that we have bounded the “gain” and the “loss”, we just need a
condition on p such that the “loss” is greater than the “gain” (w.h.p.). Combining (4.13), (4.27) and
(4.30) together, we obtain

F(G+A)-F(G)=fi+fa

(<2p/\F—\/Tw/l—c d—c( )n—ﬁp( 3))Tr(T) 431)

that is, when the number of rotations » is large enough, we just need

—e1(d) + \/cl (d)?+8 (c(d) +2/¢3) INd
2 (c (d)+2/\/3)

p>1_

~

= pe(d),

where ¢ (d) is defined as (4.4)

5. Stability of LUD

In this section we will analyze the behavior of LUD when the measurements R;; on the “good” edge set
&, are no longer the true rotation ratios RiTR j» instead, R;; are small perturbations of RiTR_,-. Similar to
the noise model (4.1), we assume in our model that the measurements R;; are given by

Rij=5inij+(l—5ij)Rij7 ’.1)
where the rotation R;; is sampled from a probability distribution (e.g. the von Mises-Fisher distribution
[8]; c.f. Section 8.1.2) such that

E (HRU —RiTRjH) =E€, and Var(HRU —RiTR/'H) = ﬁ(&'z) . (52)
Note that the stability result is not limited to the random noise, and the analysis can also be applied to
bounded deterministic perturbations.

We can generalize the analysis for exact recovery to this new noise model (5.1) with small perturba-
tions on the “good” edge set and prove the following theorem.
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THEOREM 5.1 (Weak stability) Assume that all pairwise ratio measurements R;; are generated according
to (5.1) such that the condition (5.2) holds for a fixed small € > 0. Then there exists a critical probability
p(d) such that when p > p*(d), the solution G to the optimization problem (3.3) is close to the true
Gram matrix G in the sense that

GGl < o ()¢
w.h.p. (as n — o). Moreover, an upper bound p.(d) for p3(d) is given by (4.2).

Proof. First, the “gain” f| from the incorrect measurements remains the same, since the noise model
for the “bad” edge set &\ &, is not changed. Thus, the lower bound for f; is given in (4.27). For the
“loss” from the good measurements, we have

L= Y, (|[la—Rij+ Ay —[[1a —Ryj|)
(i,j)€ée
> Y ([l -2[a—ryl)
(i.j))€6¢
> X |4y -2p (n2+0p (ny/logn) ) e. (5.3)
(i))€ée

Applying Lemma 4.11 to (4.28) and (4.29), and setting & = /1 — &y and B = /€y , where & < p — pe,
we obtain

L 4l = vica ¥ af]+va ¥ [a
i)e (iI)E8: ()26,
> e (T) +en Y || 04| - Or (Vrlogn) Tr(T), (5.4)
i=1

where ¢; and c¢3 are some constants. Thus, combining (4.27), (5.3) and (5.4) together, we get

F(G+A)—F(G)
= fith

can'Tr (T) —i—cwi HQ}ZH — Op (\/nlogn> Tr(T)
i=1
~0p (/nlogn) Y [lok] —2» (*+ 0 (n/10gn) ) e, (5.5)
i=1

where ¢4 is some constant. Thus, if the RHS of (5.5) is greater than zero, then G+ A is not the minimizer
of F. In other words, if G+ A is the minimizer of F, then the RHS of (5.5) is not greater than zero. Let
n — oo in (5.5), we obtain the necessary condition for the minimizer G+ A of F':

WV

esTr(T) 4¢3 Y ||k < 2pne. (5.6)
i=1

To show that condition (5.6) leads to the conclusion that the amount of perturbation
1A = |IPI>+1el® + 1T (5.7)

is less than & (n?) €2, we need the following lemmas to upper bound [|A||* by parts.
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LEMMA 5.1

P[> < Te(T)> < O (n?) €%, and |T|* <Tr(T)* < 6 (n?) €% (5.8)

Proof. Using the fact that for any positive semidefinite matrix M, |M|| < Tr(M), we have

2 2

n n
I1PI* = n* (1P ]| = ‘ Y Tl <Tr (Zm) =Tr(T). (5.9)

i=1 i=1
IT|1> < Te (7). (5.10)
And following (5.6) we obtain (5.8). O

LEMMA 5.2

Q> < 2Tr(T)? = 2T (T) +nd. (5.11)

Proof. Since G+ A = 0, we can decompose G+ A as G+ A = Z;’il livivl-T, where the eigenvectors
V; € R”d_ and the associated eiger_lvalues A; > 0 for all i. Then we further decompose each v; as v; =
v/ +v7, where v/ € .7 and v/ € .. Thus we obtain

nd nd _ T
G+A=Y vl =Y (V’f +V’fﬂ) (V’f’ +V;~y) (5.12)
i=1 i=1
nd B AT nd _ T nd B AT nd _ NT
= Y a7 (v,/) +Y Av (V,y) +Y A (vl/) +Y Av (V,y) .
i=1 i=1 =l =1
On the other hand, we can decompose G+ A as

G+A=(G+P)+Q'+0Q*+T, (5.13)

where G+P€.¥2.7,0'c 0.7, 0*c Y®.7 and T € .¥ ®.7. By comparing the right hand
sides of (5.12) and (5.13), we conclude that

nd ) \T nd _ \T
G+P=Y vy (V’iy) , T=Y yRd (V’fﬂ) )
i=1 i=1

nd

AT - (AT T
lei;livi/ (v‘/) , Qz—l;l,v‘,/ (v,/) (0" .
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Therefore, we have

2

nd B T
lol? =2j'|* =2 || ¥ av7 (v)
i=1

nd . T nd AT
= 2Tr (Zkiviy (vl/) Y Ay (v]/) )
i=1 =1
d i i
= 2 nZ Aidj (v‘iy)rvj‘f/ (V'jy)rv‘,»(/
ij=1

S ()7 7)1 4 7)1 (7))
= n(Ea (0) Eat (7)) om (B (7) Eat (7))

= ||G+P|*+||T|>. (5.14)

N

T
~.
Il

Using the fact that G = I,,; and nP; = — Y ; T;;, we obtain

IG+PI> = |G|’ +]|P|]* +2Tr (G, P)
= nd+||P|*—2Tx(T). (5.15)
Combining (5.9), (5.10), (5.15) and (5.14), we get (5.11). [l
Using Lemma 5.1 and Lemma 5.2, we reach the conclusion in the theorem. O

REMARK Using Lemma 5.2, ||Q|* < € (n*) €* holds when € > 1/,/n, which leads to the weak
stability result of LUD stated in Theorem 5.1 that requires € to be fixed. In fact, a stronger stability
result of LUD that allows € — 0 as n — oo can also be proven using ideas similar to the proof of
Theorem 4.1. The proof of strong stability can be found in Appendix D.

THEOREM 5.2 (Strong stability) Assume that all pairwise ratio measurements R;; are generated accord-
ing to (5.1) such that the condition (5.2) holds for arbitrary small € > 0. Then there exists a critical
probability p(d) such that when p > p?(d), the solution G to the optimization problem (3.3) is close to
the true Gram matrix G in the sense that

|6-6|" <o (w)e

w.h.p. (as n — o). Moreover, an upper bound p.(d) for p}(d) is given by (4.2).

6. A Generalization of LUD to random incomplete measurement graphs

The analysis of exact and stable recovery of rotations from full measurements (Section 4 and 5) can be
straightforwardly generalized to the case of random incomplete measurement graphs. Here we assume
that the edge set &, which is the index set of measured rotation ratios R; > 1s a realization of a random
graph drawn from the Erd6s-Rényi model ¥ (n, p1), p1 > 2log(n)/n, and the rotation measurements R;;
in the edge set & are generated according to (4.1) or (5.1). The reason why we have the restriction
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that p; > 2log(n)/n is that as n tends to infinity, the probability that a graph on n vertices with edge
probability 2log(n)/n is connected, tends to 1. The “good” edge set &, and the “bad” edge set &\ &,
can be seen as realizations of random graphs drawn from the Erdés-Rényi models ¢ (n, p; (1 — p)) and
4 (n,p1p), respectively. As a consequence, we can apply the same arguments in Section 4 and 5 and
obtain the following theorems that are analogous to Theorem 4.1, 5.1 and 5.2. The associated numerical
results are provided in Section 8.2.

THEOREM 6.1 Assume that the index set of measured rotation ratios & is a realization of a random graph
drawn from the Erd6s-Rényi model ¢ (n, p1), p1 > 2log(n)/n, and the rotation ratio measurements R;;
in & are generated according to (4.1). Then there exists a critical probability p}(d, p;) such that when
p > pi(d, p1), the Gram matrix G is exactly recovered by the solution to the optimization problem (3.3)
w.h.p. (as n — ). Moreover, an upper bound p.(d, p;) for pi(d, p1) is

—c1(d)+ \/cl (d)*+8p1 (c(d) +2/\/3> /\d 2
251 (c(d) +2/Vad)

pe(d,p1) =1~ ; (6.1)

where ¢ (d) and ¢;(d) are constants defined in (4.3) and (4.4). In particular, when p; = 1, p.(d,1) =
pe(d) in (4.2).

THEOREM 6.2 (Weak stability) Assume that the index set of measurements & is generalized as Theorem
6.1, and the rotation ratio measurements R;; in & are generated according to (5.1) such that the condition
(5.2) holds for a fixed small € > 0. Then there exists a critical probability p}(d, p;) such that when
p > pi(d,p1), the solution G to the optimization problem (3.3) is close to the true Gram matrix G in the
sense that

le-cF < o)e

w.h.p. (as n — o). Moreover, an upper bound p.(d, p;) for pi(d, p1) is given by (6.1).

THEOREM 6.3 (Strong stability) Assume that the index set of measurements & is generalized as The-
orem 6.1, and the rotation ratio measurements R;; in & are generated according to (5.1) such that the
condition (5.2) holds for an arbitrary small € > 0. Then there exists a critical probability p’(d, p) such
that when p > pi(d, p1), the solution G to the optimization problem (3.3) is close to the true Gram
matrix G in the sense that

|GG < 0 (n?) €

w.h.p. (as n — o). Moreover, an upper bound p.(d, p1) for p(d, p1) is given by (6.1).

7. Alternating Direction Augmented Lagrangian method (ADM)

Here we briefly describe the ADM [41] to solve the non-smooth minimization problem (3.3). ADM
is a multiple-splitting algorithm that minimizes the dual augmented Lagrangian function sequentially
regarding the Lagrange multipliers, then the dual slack variables, and finally the primal variables in
each step. In addition, in the minimization over a certain variable, the other variables are kept fixed. The
optimization problem (3.3) can be written as

chi;;ognxij |, s.t. & (G)=b,X;; =Ri; — Gjj, (7.1
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2.
where the operator .7 : R">"d — R"" i5 defined as

o (G) = (Ggq)i=l,...,n7p.q=17‘..d

2 .
and the row vector b € R"" is

b = ln ® (f%‘(p:q) (p7q))p_’q:1,...d :

Since

0,13 {}ilgl; (X[ = (615, Xij = Rij + Gij)) = {y, o (G) = b) = (G, W)

ﬁeijfgédg(%o}l(lilji’g— <Q(9) +W+* (y) ,G> +be +Z (HX,]H — <9,'j,Xij> + <9,'j, Rij>) (7.2)

i<j
where
OT B2 - Oim
o)=L T
o o . o

We want to first minimize the function over X;; and G in (7.2). The rearrangement of terms in (7.2)
enable us to minimize — (Q(6)+W +.&/* (y),G) over G and minimize ||X;;|| — (6;;,X;;) over X;j,
i < j separately. To minimize —(Q(0)+W + 2/*(y),G) over G, the optimum value will be —eo if
0(0)+W+7*(y) # 0. Therefore due to the dual feasibility Q () +W +.27* (y) = 0 and the optimum
value is zero. Since

X7 || — (61> Xij)
= 1% | = 115 (|67 <635/ | €6 Xii/ 1|Xis])
= ||| (1= ||635]| (6:s/ || 637 | - Xi/ || Xis 1)) (7.3)
> (1= [[63]]) - (7.4)
to minimize ||Xij | — <9ij,Xij> over X;;, if ||9ij|| > 1, then let X;; = a6;;, oo > 0 and then from (7.3)

HXi/H — (6, Xij) =« HGUH (1- HBin) goes to —oo if ¢ goes to +oo. Hence HG,-jH < 1 and from (7.4)
we get the optimum value is zero where X;; = 0. Therefore the dual problem is

eij%l?ofbe =Y (6ij, Rij) st ||65]| <1.Q(8) +W+*(y) =0. (1.5)

i<j
The augmented Lagrangian function of the dual problem (7.5) is

Z(y.0,W,.G) = —yb' —Y (6 Ri;)+(Q(6)+ W+ (y),G) (7.6)
i<y
001w+ I, st o] <1,

where ¢t > 0 is a penalty parameter. Then we can devise an alternating direction method (ADM) that
minimizes (7.6) with respect toy, 8,W, and G in an alternating fashion, that is, given some initial guess
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y2,0° WO, and G°, the simplest ADM method solves the following three subproblems sequentially in
each iteration:

yerl = argmin.z(y,ek,wk,c") 7.7
y

i = argnginf(yk+l,9,Wk,Gk)7s.t. 6| <1 (1.8)
ij

Wkt — argminz(y"“,e"“,w,c"), (1.9)
W0

and updates the Lagrange multiplier G by
Gk+1 — Gk"—'}/ﬂ (Q (9k+l) +Wk+1 —’—;Z{* (yk+l)) , (710)

where ¥ € (0, #) is an appropriately chosen step length.

To solve (7.7), set Vy.Z = 0 and using o/ o/ = I, we obtain

1
V= - (0(64) +wh) - i (7 (c*)-b).
By rearrangement of terms of %, it is easy to see problem (7.8) is equivalent to
. u 2
min— (63, Rij) + 3 |6 — Pij [, 5.2 ]| 6] <1
ij
where @ = WK + o7 (yk+1) + ﬁGk. And it can be further simplified as

27S.l.H6in <1

min (0,4 iy — Rij) + % 16451

whose solution is
<1

1 : 1
0. _ HRij_d)ij if HﬁR,‘j—(p," s
1] — Rl‘jflu¢,'j

(|Rij—n; |

otherwise.,
Problem (7.9) is equivalent to
12
minHW—H HF, s.t. W =0,

where H* = —Q (6%+1) — 7" (yF1) — ﬁGk. Hence we obtain the solution W1 =V, X, VT where

VEV:(V+V_)( 20+ 207 ) ( &; ) (7.11)

is the spectral decomposition of the matrix H*, and X, and X_ are the positive and negative eigenvalues
of H*.
Following (7.10), we have
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The convergence analysis and the practical issues related to how to take advantage of low-rank
assumption of G in the eigenvalue decomposition performed at each iteration, strategies for adjusting
the penalty parameter (, the use of a step size Y for updating the primal variable X and termination
rules using the in-feasibility measures are discussed in details in [41]. According to the convergence
rate analysis of ADM in [16], we need €(1/0) iterations to reach a § accuracy. At each iteration,
the most time-consuming step of ADM is the computation of the eigenvalue decomposition in (7.11) .
Fortunately, for the synchronization problem, the primal solution G is a low rank matrix (i.e. rank(G) =
d). Moreover, since the optimal solution pair (y, 8, W, G) satisfies the complementary condition WG =0,
the matrices W and G share the same set of eigenvectors and the positive eigenvalues of G corresponds
to zero eigenvalues of W. Therefore, at kth iteration we only need to compute V_, the part corresponding
to the negative eigenvalues of WX. Thus to take advantage of the low rank structure of G, we use the
Arnoldi iterations [2] to compute first few negative eigenvectors of WX. However, for the noisy case, the
optimal solution G may have rank greater than d, and also during the iterations the rank of the solution
G* may increase. Correspondingly, during the iterations W* may have more than d negative eigenvalues.
Therefore it is impossible to decide ahead of time how many negative eigenvectors of W¥ are required.
A heuristic that could work well in practice is to compute only eigenvectors whose eigenvalues are
smaller than some small negative threshold epsilon, with the hope that the number of such eigenvectors
would be o(n), yet not effecting the convergence of the algorithm. The Arnoldi iterations require &'(n>)
operations if &'(n) eigenvalues need to be computed. However, when first few negative eigenvalues of
W, are required, the time cost by the Arnoldi iterations will be much reduced.

8. Numerical experiments

All numerical experiments were performed on a machine with 2 Intel(R) Xeon(R) CPUs X5570, each
with 4 cores, running at 2.93 GHz. We simulated 100, 500 and 1000 rotations in the groups SO (2) and
SO (3) respectively. The noise is added to the rotation ratio measurements according to the ER random
graph model ¢ (n, p) (4.1) and the model (5.1) with small perturbations on “good” edge set in subsection
8.1.1 and subsection 8.1.2, respectively, where n is total number of rotations, and p is the proportion of
good rotation ratio measurements.

We define the relative error of the estimated Gram matrix G as

RE (G,G) = |GG /G|, (8.1)
and the mean squared error (MSE) of the estimated rotation matrices Ry ,...,R, as
1 & A 112
MSE =~} [[Ri—ORi|", (8.2)
i=1
where O is the optimal solution to the registration problem between the two sets of rotations {Ri,...,Ry}
and {Ry,...,R,} in the sense of minimizing the MSE. As shown in [31], there is a simple procedure to

obtain both O and the MSE from the singular value decomposition of the matrix %er‘l:l R:RT. For each
experiment with fixed d, n, p and x, we run 10 trials and record the mean of REs and MSEs.

We compare LUD to EIG, SDP [30] (using the SDP solver SDPLR [7]). EIG and SDP are two
algorithms to solve the least squares problem in (2.1) with equal weights using spectral relaxation and
semidefinite relaxation, respectively. LUD does not have advantage in the running time. In our exper-
iments, the running time of LUD using ADM is about 10 to 20 times slower than that of SDP, and it
is hundreds times slower than EIG. We will focus on the comparison of the accuracy of the rotation
recovery using the three algorithms.
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8.1  Experiments with full measurements

8.1.1 EI: Exact Recovery by LUD. In this experiment, we use LUD to recover rotations in SO (2)
and SO (3) with different values of n and p in the noise model (4.1). Table 1 shows that when n is
large enough, the critical probability where the Gram matrix G can be exactly recovered is very close to
pe(2) = 0.4570, p. (3) = 0.4912.

The comparison of the accuracy of the estimated rotations by EIG, SDP and LUD is shown in Tables
2-3 and Figure 1, that demonstrate LUD outperforms EIG and SDP in terms of accuracy.

. P 0.9 0.8 0.7 0.6 0.5 0.4
100 0.0002 0.0004 0.0007 0.0007 0.0613 0.3243
500 0.0002 0.0002 0.0004 0.0005 0.0007 0.1002
1000 0.0001 0.0002 0.0003 0.0006 0.0007 0.0511

(a) SO(2)

. p 0.9 0.8 0.7 0.6 0.5 0.4
100 0.0001 0.0001 0.0002 0.0029 0.1559 04772
500 0.0001 0.0001 0.0001 0.0002 0.0011 0.3007
1000 0.0001 0.0001 0.0001 0.0002 0.0007 02146

(b) SO (3)

Table 1: The Relative Error (8.1) of the Gram matrix G obtained by LUD in E1. The critical probability
where the Gram matrix G can be exactly recovered is upper bounded by p. (2) ~0.4570, p. (3) = 0.4912
when 7 is large enough.
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p 0.7 0.6 0.5 0.4 0.3 0.2
EIG 0.0064 0.0115 0.0222 0.0419 0.0998 0.4285
SDP 0.0065 0.0116 0.0225 0.0427 0.1014 0.3971
LUD 1.7e-07 4.7e-08 8.4e-05 0.0043 0.0374 0.3296

(a) n =100

p 0.7 0.6 0.5 0.4 0.3 0.2
EIG 0.0012 0.0023 0.0040 0.0077 0.0163 0.0445
SDP 0.0012 0.0023 0.0041 0.0078 0.0164 0.0440

LUD 6.4e-10 5.5e-09 9.6e-09 6.3e-05 0.0025 0.0211
(b) n =500

p 0.7 0.6 0.5 0.4 0.3 0.2
EIG 0.0006 0.0011 0.0020 0.0037 0.0080 0.0207
SDP 0.0006 0.0011 0.0020 0.0037 0.0081 0.0207

LUD 3.0e-10 1.5e-09 7.3e-09 7.5e-06 0.0010 0.0084
(©) n = 1000

Table 2: MSE (8.2) of the estimated rotations in SO (2) using EIG, SDP and LUD in E1. The critical
probability where the rotations can be exactly recovered is upper bounded by p. (2) = 0.4570 when n is
large enough.
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p 0.7 0.6 0.5 0.4 0.3 0.2
EIG 0.0063 0.0120 0.0224 0.0435 0.0920 0.3716
SDP 0.0064 0.0122 0.0233 0.0452 0.0968 0.4040
LUD 1.0e-09 6.4e-07 4.1e-04 0.0094 0.0461 0.2700

(a) n=100

p 0.7 0.6 0.5 0.4 0.3 0.2
EIG 0.0012 0.0023 0.0041 0.0080 0.0164 0.0442
SDP 0.0012 0.0023 0.0041 0.0080 0.0165 0.0447
LUD 4.7e-11 1.8e-10 2.1e-09 0.0006 0.0061 0.0295

(b) n =500

) 0.7 0.6 0.5 04 03 0.2
EIG 0.0006 0.0011 0.0020 0.0037 0.0079 0.0208
SDP 0.0006 0.0011 0.0020 0.0038 0.0079 0.0209
LUD 2.5e-11 2.4e-10 8.0e-10 0.0001 0.0026 0.0131

(¢) n = 1000

Table 3: MSE (8.2) of the estimated rotations in SO (3) using EIG, SDP and LUD in E1. The critical
probability where the rotations can be exactly recovered is upper bounded by p. (3) ~ 0.4912 when n is
large enough.
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FIG. 1: MSE (8.2) of the estimated rotations in SO (3) and SO (2) using EIG, SDP and LUD for different
values of n and p in E1. Exact Recovery (i.e. log,o(MSE) < —7) is achieved by LUD.

8.1.2 E2: Stability of LUD. In this experiment, the three algorithms are used to recover rotations in
SO (2) with different values of n, p in the noise model (5.1). In (5.1), the perturbed rotations R; ; for the
“good” edge set are sampled from a von Mises-Fisher distribution [8] with mean rotation RiTR jand a
concentration parameter k > 0. The probability density function of the von Mises-Fisher distribution
for R;; is given by:

f (Rij;RlTRj, K') = C(K’) exp (KTI‘ (RJTRiRij)) s

where ¢ (k) is a normalization constant. The parameters R/ R; and 1/k are analogous to y (mean) and
o2 (variance) of the normal distribution:

1. RTR; is a measure of location (the distribution is clustered around R R)).

2. K is a measure of concentration (a reciprocal measure of dispersion, so 1/ is analogous to 62).
If « is zero, the distribution is uniform, and for small k, it is close to uniform. If x is large,
the distribution becomes very concentrated about the rotation RiTR ;. In fact, as Kk increases, the
distribution approaches a normal distribution in R;; with mean R/ R; and variance 1/x.

For arbitrary fixed small € > 0, we can choose the concentration parameter k large enough so that the
condition (5.2) is satisfied. In fact, using Weyl integration formula (A.2), it can be shown that when
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K — oo,

R 2
£= ]E(HRij*RlTRjH) = \/;+ ﬁ(K—3/2)’

Var(||Rij — R{ Rj||) = (1 - %)% +O(k7).

Figures 2a, 2b and 3 show that for different n, p and concentration parameter x, LUD is more accurate
than EIG and SDP. In Figure 3, The MSEs of LUD, EIG and SDP are compared with the Cramér-
Rao bound (CRB) for synchronization. In [5], Boumal et. al. established formulas for the Fisher
information matrix and associated CRBs that are structured by the pseudoniverse of the Laplacian of the
measurement graph.

In addition we observe that when the concentration parameter k is as large as 100, which means
the perturbations on the “good” edges are small, the critical probability p. for phase transition can be
clearly identified around 0.5. As k decreases, the phase transition becomes less obvious.

n=100, k=100 n=100, k=10 n=100, k=1
0.5 — LD 05 —1Lw 05 —1LuD
- - EIG - - EIG - - EIG
0 ---SDP 0 0 ---SDP
-05 -05 -05 ) S
8
2 -1 -1
>
=3
° 15 -15 -15
2 -2 -2
-25 -25 -25
0 0 05 1 0 05 1
P P
(a) n =100
n=500, k=100 n=500, k=10 n=500, k=1
05 —LUD 05 —LUD 05 —LuD
- - EIG - - EIG - - EIG
---SDP 0 ---sDbp 0 ---SDP
-05 Ssmemmmm o]
8
=3 -1
>
3
2 -15
-2
~~. -25 -25
1 0 05 1 0 05 1
P P

(b) n =500

FIG. 2: MSE (8.2) of the estimated rotations in SO (2) using EIG, SDP and LUD for 100 and 500
rotations and different values of p and concentration parameter k in E2. LUD is stable when there are
small perturbations on the “good” edge set.



29 of 53

=100, d=2, p=0.7

Iog(MSE)

1 1 1 1
0 0.5 1 15 2
log(x)

FIG. 3: MSE of n = 100 estimated rotations in SO(2) as a function of k¥ when p = 0.7 using LUD, EIG
and SDP. The recovery by LUD is stable to small perturbations on the “good” edges as indicated by the
linear relationship of log(MSE) and log(x). The green dotted line represents the Cramér-Rao bound for
synchronization [5].

8.2  Experiments with incomplete measurements

In the experiments E3 and E4 shown in Figure 4 and 5, the measurements R;; are generated as in
experiments E1 and E2, respectively, with the exception that instead of using the complete graph of
measurements as in E1 and E2, the index set of measurements & is a realization of a random graph
drawn from the ErdGs-Rényi model ¢ (n, p;), where p; is the proportion of measured rotation ratios.
The results demonstrate the exact recovery and stability of LUD with incomplete measurements that are
described in Section 6.
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S0(2)

-20 -20
25 -25
-30 -30
35 1 : : 35
0.2 0.4 0.6 0.8 1
p p.
! —p.(2p,) 1 —p,(Bp,)

F1G. 4: Phase transitions of LUD on incomplete graphs (E3). The color intensity of each pixel rep-
resents log(MSE), depending on the edge probability p; (x-axis), and the “good” edge probability p
(y-axis). The blue curves are the upper bounds of the critical probability p.(d, p;) in Theorem 6.1. Both
experiments used n = 500 rotations.

p= 05,p=0.6 p= 0.5,p=0.38 p= 03,p=0.38
-1 -1 -1
Fx

R ey, -2 —2f .
53 -3 -3[|—LuD| ..
- Tl e -=EIG Tl

-4 e -4 -4il-+-sDP Tl

- ---CRB
% o5 1 15 2 % 05 i 15 2 % 05 1 15 2
log(x) log(x) log(x)

FIG. 5: MSE of n = 500 estimated rotations in SO(2) as a function of k with different values of the edge
probability p; and the “good” edge probability p using LUD, EIG and SDP (E4). The recovery by LUD
is stable to small perturbations on the “good” edges as indicated by the linear relationship of log(MSE)

and log(x). The green dotted line represents the Cramér-Rao bound for synchronization [5].

8.3 E5: Real data experiments

We tried LUD for solving the global alignment problem of 3D scans from the Lucy dataset’ (see Figure
6). We are using a down-sampled version of the dataset containing 368 scans with a total number of 3.5
million triangles. Running the automatic Iterative Closest Point (ICP) algorithm [27] starting from initial
estimates returned 2006 pairwise transformations. For this model, we only have the best reconstruction
found so far at our disposal but no actual ground truth. Nevertheless, we use this reconstruction to
evaluate the error of the estimated rotations.

7 Available from The Stanford 3-D Scanning Repository at http://www-graphics.stanford.edu/data/3Dscanrep/
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We apply the two algorithms LUD, EIG on the Lucy dataset since we observed SDP did not perform
so well on this dataset. Although the MSEs are quite similar (0.4044 for LUD and 0.3938 for EIG), we
observe that the unsquared residuals HI?; —R; H (i=1,2,...,368), where R; is the estimated rotation, are
more concentrated around zero for LUD (Figure 7). Figure 8 suggests that the “bad” edges (i, j) (edges
with truly large measurement errors in the left subfigure of Figure 8) can be eliminated using the results
of LUD more robustly, compared to that of EIG. We set the cutoff value to be 0.1 in Figure 8 for the
estimated measurement errors obtained by LUD and EIG. Then 1527 and 1040 edges are retained from
2006 edges by LUD and EIG respectively, and the largest connected component of the sparsified graph
(after eliminating the seemingly “bad” edges) has size 312 and 299 respectively. The 3D scans with the
estimated rotations in the largest component are used in the reconstruction. The reconstruction obtained
by LUD is better than that by EIG (Figure 9).

F1G. 6: The Lucy statue.

EIG MSE=0.3938
T

o | mm | . | L
0.5 1 15 2 25

SDP MSE=0.4314
T

0.5 1 15 2 25

LUD MSE=0.4044
T

I I I
0 0.5 1

o

15 25
the unsquared residual Hu, - R,H

FIG. 7: Histogram of the unsquared residuals of EIG, SDP and LUD for the Lucy dataset. The errors by
LUD are more concentrated near zero.
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True measurment errors Estimated errors using LUD Estimated errors using EIG

FIG. 8: True and estimated rotation ratio measurement errors for the Lucy dataset. The measurements
are sparse since only 2006 rotation ratios were measured for 368 3-D scans. Left: the value at the (i, j)th
element is ||R;; — RT R;|| if it is non-empty, where i, j = 1,2, ...,368. Middle and Right: similar to Left
except that the value at the (i, j)th element is ||R,'j —RTR JH if it is non-empty.

1
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FIG. 9: Front and back views of the reconstructions from the Lucy dataset. The left one is the best found
reconstruction. The middle and right ones are obtained by LUD and EIG.

9. Summary

In this paper we proposed to estimate the rotations using LUD. LUD minimizes a robust self consistency
error, which is the sum of unsquared residuals instead of the sum of squared residuals. LUD is then
semidefinite relaxed and solved by ADM. We compare LUD method to EIG and SDP methods, both
of which are based on least squares approach, and demonstrate that the results obtained by LUD are
the most accurate. When the noise in the rotation ratio measurements comes from ER random graph
model G (n, p), we compute an upper bound p, of the phase transition point such that the rotations can
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be exactly recovered when p > p.. Moreover, the solution of LUD is stable when small perturbations
are added to “good” rotation ratio measurements. We also showed exact recovery and stability for LUD
when the measurements of the rotation ratios are incomplete and the measured rotation ratios come from
ER random graph model G (n, p1).

The exact recovery result for the noise model (4.1) is actually not that surprising. In order to deter-
mine if the rotation measurement for a given edge (i, j) is correct or noisy, we can consider all cycles
of length three (triangles) that include that edge. There are n — 2 such triangles, and we can search for
a consistent triangle by multiplying the three rotation ratios and checking if the product is the identity
rotation. If there is such a consistent triangle, then the measurement for the edge (i, j) is almost surely
correct. The expected number of such consistent triangles is (n —2)p?, so the critical probability for
such an algorithm is p. = &(1/+/n), which is already significantly better than our exact recovery con-
dition for LUD for which the critical probability does not depend on n. In fact, by considering all cycles
of length k > 3 consisting of a given fixed edge (there are &(n*~2) such cycles), the expected num-
ber of consistent cycles is &'(n=2p*~1), therefore the critical probability is O(1/n'~¢) for any & > 0.
Since exact recovery requires the graph of good edges is connected, and the ER graph is connected
almost surely when p = Zk’%, the critical probability cannot be smaller than p = Zlogn rpe computa-
tional complexity of cycle-based algorithms increases exponentially with the cycle length, but already
for short cycles (e.g., k = 3) they are preferable to LUD in terms of the critical probability. So what
is the advantage of LUD compared to cycle-based algorithms? The answer to this question lies in our
stability result. While LUD is stable to small perturbations on the good edges, cycle-based algorithms
are unstable, and are therefore not as useful in applications where small measurement noise is present.

An iterative algorithm for robust estimation of rotations has been recently proposed in [15] for appli-
cations in computer vision. That algorithm aims to minimize the sum of geodesic distances between the
measured rotation ratios and those derived from the estimated rotations. In each iteration, the algorithm
sequentially updates the rotations by the median of their neighboring rotations using the Weiszfeld
algorithm. We tested this algorithm numerically and find it to perform well, in the sense that its critical
probability for exact recovery for the noise model (4.1) is typically smaller than that of LUD. However,
the objective function that algorithm aims to minimize is not even locally convex. It therefore requires
a good initial guess which can be provided by either EIG, SDP or LUD. In a sense, that algorithm may
be regarded as a non-convex refinement algorithm for the estimated rotations. There is currently no
theoretical analysis of that algorithm due to the non-convexity and the non-smoothness of its underlying
objective function.

In the future, we plan to extend the LUD framework in at least two ways. First, we plan to investigate
exact and stable recovery conditions for more general (and possibly weighted) measurement graphs
other than the complete and random ER graphs considered here. We speculate that the second eigenvalue
of the graph Laplacian would play a role in conditions for exact and stable recovery, similar to the role it
plays in the bounds for synchronization obtained in [4]. Also in [11], for synchronization-like problems
over SO(2), the error bounds are given in terms of the second eigenvalue of the graph Laplacian and
the graph connection Laplacian of the measurements, which hold for general graphs. The solutions
are obtained using a SDR, which is very similar to our LUD formulation. The only difference is that
the sum of unsquared divinations is not used as a cost function, instead, it is used as a constraint,
which yields a feasibility problem. Second, the problem of synchronization of rotations is closely
related to the orthogonal Procrustes problem of rotating n matrices toward a best least-squares fit [37].
Closed form solution is available only for n = 2, and a certain SDP relaxation for n > 3 was analyzed
in [25]. The LUD framework presented here can be extended in a straightforward manner for the
orthogonal Procrustes problem of rotating n matrices toward a best least-unsquared deviations fit, which
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could be referred to as the robust orthogonal Procrustes problem. Similar to the measurement graph
assumed in our theoretical analysis of LUD for robust synchronization, also in the Procrustes problem
the measurement graph is the complete graph (all pairs of matrices are compared).
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A. The value of ¢ (d)

Now let us study the constant ¢(d) such that ¢(d)l; = E (” 7 RH) where R is uniformly sampled from
the rotation group SO(d). Due to the symmetry of the uniform distribution over the rotation group
SO(d), the off-diagonal entries of E (Hl ]
all the same as the constant ¢(d). Using the fact that

) are all zeros, and the diagonal entries of E ( I RH) are

la—RIl = \/Tr(ud—R)(Id—R)T)

Tr(2I; —R—RT)

2Tr(I; —R),

we have

1l (Tr(g—R)\ 1 [ Tr(ly—R) | 1 —
C(d)_dE( 1la = R]| >_d]E< 2Tr(1d—R)>_ﬂdE( Trtl R))’

where the probability measure for expectation is the Haar measure. The function f (R) = \/Tr(I; — R) is
a class function, that is, f (R) is invariant under conjugation, meaning that for all O,R € SO(d) we have
f(ORO™) = f (R). Therefore E (f (R)) can be computed using the Weyl integration formula specialized
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to SO(d) (Exercise 18.1-2 in [6]) as below:

[ swar -
SO(Q2m+1)

[ rwar =
S0(2m)

cosf; —sin6;
sin@; cos6;

1 / ¥ .
2"m! J[—mzjm cos 6,
sin 6,
2 2 2
X H ('e’e’ — e ’e’e’ e 10 ) e — 1‘ deo; ..
i<j i
cosf; —sin6;
sinB; cos 6
2m— 1m‘
cos 6,
sin 6y,
0;|° —16;
X H e'%i e ! d61 dé,,.

i<j

In particular, for d =2 or 3 (m = 1), using the Weyl integration formula we obtain

1
—F Tr(L —R
Wi ( (I ))

1 1 (= cos® —sinf
e (e (e e ) Ja

T

L/ v1—cos6do
ar J_x

1 T
—n/ v 1—cos08dO (let x =cos 0)

0

1 /! 1

— —dx
27 ./4 VIi+x
V2/x,

—sin6,,
cos 6,
1
.d6,,,
(A.1)
—sin 6,
cos 6,
(A.2)
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and

c(3) = %E( Tr(13—R)>

1 | cos@ —sinf 0
= — — Tr| — sin@ cosf® O 1—cos6)do
3V2 27[/—71 : ( )
0 0 1
1 T
= ﬁ/ V1—cos6(1—cos6)do
-7
2V2 (T 8 , 0 0
= — in—(1-— — letx = —
37 /o sm2< cos 2)de(etx cosz)
42 ! )
= — 1—x7)dx
3z Jy (17%)
82
9’

For d > 4, the computation of ¢ (d) involves complicated multiple integrals. Now we study the lower
and upper bound and the limiting value of ¢ (d) for large d.

1 1 .
LEMMA A.1 NOTI <c(d) < Tl where | -] denotes the floor of a number.

Proof. Using the fact that the square root function is concave, we obtain

1
c(d) = @E(\/Tr(ld—R))
1
< @\/E(Tf(ld—R))
_ V41
 V2d V2’

where the second equality uses the fact that Tr (R) = 0 due to the symmetry of the Haar measure.
Since d — 4 |d /2| < Tr(R) < d, we have

0< Tr(l;—R)<4|d/2]. (A3)

_ 1 _ : .
In the range (A.3), /Tr(Il; —R) > N(TTE] Tr (I; — R) due to the concavity of the square root function.

Therefore we obtain

c(d) = ﬁz&:( Tr(Id—R))
1

mE(Tr(Id —R))

1

d
2d+/[d)2]  2y/1d/2]
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Remark. The upper bound of ¢ (d) is very close to ¢ (d) for d =2, 3, and 4:

1
— (~03536) < c(2)=*2(~04502) <

1
22 T 2’

1 (~0.3536) < ¢(3) =32 (2 0.4001) < (1 ~ 0.4082>
2\/5 X orn ~X \/6 I
1 1
025=-< c(4) (= 0.3505 < ——= (= 0.3536).

1 (4)( ) 2 ﬁ( )

In fact we can prove the following lemma.
LEMMA A2 limy_,.V2dc(d) = 1.
Proof. We have

1>v2d c(d)= %E( Tr(]d—R))

> %P(m(}m gd%) Vd—dt, (A4)

where the first inequality follows Lemma A.1. Diaconis and Mallows [12] showed that the moments of
the trace of R equal the moments of a standard normal variable for all sufficiently large n. In particular,
when d — oo, the limit of Tr (R) has mean 0 and variance 1. Therefore using Chebyshev inequality we
get that

P(ITr(R)| <d¥) - lasd —e. (A.5)
Hence let d — oo in (A.4), we obtain limy_,.. v2dc(d) = 1. O
B. Proof of Lemma 4.9
Here we aim to prove that the limiting spectral density of the normalized random matrix nl—1D is

Wigner’s semi-circle, where D is defined in (4.20). The following definitions and results will be used.

e The Cauchy (Stieltjes) transform of a probability measure ¢ and moments {my},_, is given by

du(x) 1 & my
Gu(2) = T L YR i 0.
u (@) /R T—x z+k:1zk“’ze  Im(2) >

e The density g (x) can be recovered from G, by the Stieltjes inversion formula:

g(x) = ~ L imtm (Gu (x+1€)).

T e—0
e The Wigner semicircle distribution i, s>centered at 0 with variance ¢ is the distribution with

density
B { Vil ifx e [-20,20],
x) 2nC

0 otherwise.
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e The Cauchy transform of the semicircle distribution Y 52is given by

z— V72 —40?
Cpo2(2) = —F 5

We now state a theorem by Girko, which extends the semicircle law to the case of random block matri-
ces, and show how, in particular, this follows for the random matrixﬁD.

THEOREM B.1 (Girko, 1993 in [13]) Suppose the nd x nd matrix M is composed of d x d independent
random blocks M;;, i, j =1,2,...,n which satisfy

2
Mij =M, B (M;j) = O, B || My]|” < eo. (B.1)
Suppose also that

sup max
n i=

IEEERER)

n
L E [y <o (B.2)
j=

and that Lindeberg’s condition holds: for every € > 0

n—eoi=12....n

. & 2
lim max ZE(HM”H %(HMI'/'H>S)) :0, (BS)
j=1
where £ denotes an indicator function. Let 4; > ... > 4,4 be the eigenvalues of M and let u, (x) =
ﬁ Z;’i | Z(2,<x) be the eigenvalue measure. Then for almost any x,
|y (x) — Fy (x)] > 0asn — o« as.,

where F, (x) are the distribution functions whose Cauchy/Stieltjes transforms are given by i Y Tr(Gi(z)),
where the matrices C; (z)satisfy

-1
Ci(z) = <IE (Zld—EZMijCj(z)M£>> Li=1,2,...,n. (B.4)
=1

Jj=

The solution C;(z), i = 1,2,...,n to (B.4) exists and is unique in the class of analytic d x d matrix
functions C (z) for which Im (z)Im (C(z)) < 0, Im(z) # 0.

Now we apply the result of the theorem on the matrix W = \/%D whose d x d blocks satisfy

1 la—Rij B
m] = \/ﬁ (Hld_Rl/” C(d)]d) W.p. 1 p’
0 w.p. p,

fori# j, where R;; = RJT, Notice that W is arandom symmetric matrix (W;; = Wj{) with i.i.d off-diagonal
blocks. From the definition of ¢ () it follows that E (W;;) = 0. Also, ||W;; H is finitely bounded, that is,

n%l (1 +c(d)d— C(\/‘? Tr (1, R,»,-))
(1 +e (d)2d> .

Therefore, all the conditions (condition (B.1)-(B.3)) of the theorem are satisfied by the matrix W. Before
we continue, we need the following

Iwsll* =

<

X

n—1
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1;—R 1;—R
LEMMA B.1 We have E (W;f?R”z) = LI, and E (m) — c(d)1.

Proof. Using the symmetry of the Haar measure on SO(d), we can assume that E ( H]Id_lf” 2) =aly, and
-

E (ﬁ) = bl;, where a and b are constants depending on d. Therefore we have

o = lpfn( -k
L—E]

QU

and

v = = (w(=g)) e

We claim that C; (z) = h(z) I, where h(z) is a function of z. In fact,

E

n
WiiCj ()W)
=

n
=h(2)EY ;W]
j=1

o _ T
—(1-p)h()E ((”Z_;fl—cwm) (M“’(‘”’d> )

—(1-p)h(z)E (W P +c(d)2ld>

P LRI
1 2 2
~(1-h(2) (Jla = 2e@P L+ @l )

1@ (@) i

where the fourth equality uses Lemma B.1. From (B.4) we obtain

that is,
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which reduces to

The uniqueness of the solution now implies that the Cauchy transform of F;, (x) is

| o Z—\/Zz—4(1_1’)(”11_c(d)2>
@;Tr(ci(z)):h(z): 2(1—p) (%_C(d)z)

)

where we select the — branch according to the properties of the Cauchy transform. This is exactly the

Cauchy transform of the semicircle law with support {—2\/(1 -p) (% —c (d)z) ,2\/(1 -p) (é —c (d)z)] .

Hence, for large n the eigenvalues of D are distributed according to the semicircle law with support

[—2%1—17) (§-ct@r) - 1),2%_,,) (§-ct@r)o- 1>] .

Thus the limiting spectral density of \/hD is Wigner’s semi-circle. Since any symmetric matrix can

be decomposed into a superposition of a positive semidefinite matrix and a negative definite matrix (this
follows immediately from the spectral decomposition of the matrix), the matrix D can be decomposed
as

D=D,+D_,
where D4 = 0 and D_ < 0. Clearly,

2 2 2
IDII" = 1D+ ["+ [1D-1"

and since the limiting spectral density of \/r%D is Wigner’s semi-circle that is symmetric around 0, we

have

1
2 2 2
1D+~ ID-["~ 5 [ID]I"

From the law of large numbers we get that ||D||* is concentrated at

2
I~ R

s =R

_ (1—p)n(n—1)<1+c(d)2d_2c(d)]E<Tr<Id—R>)>

14a =Rl
= (1=p)n(n-1)(1-c(d)d).

IDI> ~ (1-p)n(n—1)E ‘ —c(d)ly

Hence,

2 2
D[ ~ (D[ ~

(I-p)n(n—1) (l—c(d)zd).

N =
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C. Proof of Lemma 4.10

We have already shown that the gain from Q is at most Op (/nlogn) Y, ||Q%]|. Now we will show
that the gain from Q is less than the sum of Op (\/ nlog n) Tr(T) and the loss in the off-diagonal entries
of A;j for (i, j) € &, specifically speaking,

ov (/nlogn) Y- 0}
i=1 p
<0p (v/nlogn) Te(T)+ - 0p (vologn) ¥ |

(i.j)eée

, (C.1)

which is equivalent to prove Lemma 4.10.

A matrix is skew-symmetric if X7 = —X. Every matrix X can be written as the sum of a symmetric
matrix and a skew-symmetric matrix: X = # + % We will call the first term the symmetric
part and the second term the skew-symmetric part. Recall that Q! is a matrix with identical columns

(Q}; = O})). We denote the symmetric part and the skew-symmetric part of Q}; as

0i+0i  TitP

1,s
VT = .2
0 5 5 (€2)
and
Qil,u Q 2 Q (C3)
respectively. Then we have
lokl =||e*+ot|| < ei|+| et (C4)

Later we will see the skew-symmetric part Ql 5

is exactly what’s causing troubles. Before dealing with
the trouble, let’s first handle the symmetric part Q} s,

For the symmetric part Qi] * we have

n s
5ot
i=1

1
= 3 HT,,—|—P,,H
1

l\.)

< 2(2 |Tﬁ||+z||Pﬁ||>
= (Z 1]l + ZT,-i)
=1 i=1
< leT”||\ZTr(T,~,»>=Tr<T>, (C.5)
i=1 =

where the second equality uses Lemma 4.2 and the third inequality uses the fact that 7}; = 0 and that for
any matrix X 3= 0, || X|| < Tr(X).

Let us consider now the skew-symmetric part Q;. For any index p,q € {1,2,...,d}, consider

" 101 (p,q) |, where Q" (p,q) is the (p,q)th entry of the matrix Q;**

1,ss

. Without loss of generality
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and for the purpose of simplicity, let us assume that }; ’Qll *(p, q)’ is largest when p =1 and g = 2 (it
won’t be largest on diagonal, because diagonal entries have to be 0). Now we know

n n
Yllor <d Y lor (1.2 ©o
i=1 i=1

This is just because Q} * has d” entries. Thus later we will just care about Qi1 **(1,2) and Qil (2,1).
We define the matrices Q1*, Q%% 0?5, and 0** as

Qllj‘ = Q}"‘y Ql.ljz“'“' = Q;f‘“7 lejY = Ql.lv“'7 Ql.zjz” = —Ql.l’” for all i and j, (C.7

and the matrix Q¥ = Q' + Q%>* and Q% = Q' + 0>*. Thus it is easy to see Q = Q° + Q*. Restrict
the matrices P, Q, T and so on to the good entries and obtain P,, Q., T, and so on (which means, for
example, when (i, j) ¢ &, set the (i, j)’s block P (i, j) = 0; when (i, j) € &, keep P (i,j) = P(i, ).
Then we can prove the following lemmas.

LEMMA C.1 Let the vectors s;,s, € R™ be defined as in (4.6), that is,

s; = (1,0,0,...0,1,0,0,...,0,...... .1,0,0,...,0)",
ss = (0,1,0,...0,0,1,0,...,0,...... ,0,1,0,...,0)".

And define the vectors aj,a; € R" a5 following:

1 iftm=d-i+land Q] (p,q) >0,
aj(m)=1{ —1 ifm=d-i+land Q" (p,q) <0,  forl=1,2. (C.8)
0 otherwise,

Then we have the following inequality

-

sT(P.+Qc)ay —s] (P.+Qc)ay > (g(,m) — Op (m))

0/ (12)).  (©9

i=1

Proof.  Firstly, note that for any matrix X € Rrdxnd SITX a — sg Xa; is the sum of the differences
between X;; (1,2) and X;; (2,1). Thus it is easy to verify that the symmetric matrix P and the symmetric

parts 0;"* and Q7" in Q¢ contribute 0 to the LHS of (C.9), that i,
st (P.4+Q.)ay —sb (P.+Q.)a; =s! 0%ay —s! 0%a; = 251 0%ay, (C.10)

where the second equality uses the fact that —s] Q%%a; = sT 0%*a, due to the skew-symmetry of the
submatrices of O%°.
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- +
+
+ -
(a) My (b) M,
FIG. A.10: Two n X n matrices. The matrix M, is defined as M,( ‘Ql (1 2)‘ if (i,)) € &,

otherwise My (i, j) = 0. The matrix M, is defined as My (i, j) = —Q? s (1 ,2) sign (Q1 (1, 2)) if (i, j) €

1, .
> 0 wheni < i

&, otherwise M, (i, j) = 0. With the assumption that there is an integer iy such that Q;"
and Ql-1 ** < 0 when i > iy, M, and M), have non-negative regions with sign “+” and non-positive regions
with sign “-” as shown in sub-figure (a) and (b). The RHS of (C.11) and (C.12) can be represented
as sums of the entries (i, j) € &, of M, and M, respectively. When taking a summation of the RHS of

(C.11) and (C.12), the entries in the “-” regions of M}, and those corresponding entries in M, cancel each

other out. Thus the contribution to the sum comes from the entries at (i, j) € &, in “+” regions of M}
and the corresponding parts in M,,.

Now we just need to focus on s Q%a; = sT (in” + Q?’SS> ay. For each of the submatrices of Q1*

and Q>*", we only look at their entry at index (1,2). Due to the definition in (C.7) and (C.8) we have

sToM = Y 01 (1,2)sign (an“u,z)) -y ‘Q}*”(LZ)‘ (C.11)
( J)ES (i,j) €&
and
sTQ2my = Y 037(1,2) s1gn(Q1“(1,z))
(i,))€é¢
= Y -0/"(1,2)sign (Q1 (1, 2)) (C.12)
(i,j)eée

Without loss of generality and for the purpose of simplicity, we assume there is an integer ip such that

Ql-1 *% > 0 when i < ip and Qi1 *¥ < 0 when i > iy. Then the RHS of (C.11) and (C.12) can be represented

as sums of the entries (i, j) € &; of the n x n matrices in Figure A.10a and Figure A.10b respectively.

Apparently in some parts, even if there is a edge in &, things will cancel (these are the parts that are

marked negative in Figure A.10b). But in the parts that are marked positive in Figure A.10b, if there is

an edge in &, things will not cancel and will indeed contribute to slT Q¥ ay. In fact, the contribution of
+” regions is at least

-

(Q (pn)—Op (\/@))

o (1, 2)‘ (< 25T 0%ay) (C.13)

i=1
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where we use Lemma C.3 and the fact that

Y o'(1L)=- ) Q?S(172)2Q?s(1,2)|/2-

0;°(1,2)>0 07°(1,2)<0
Combine (C.10) and (C.13) together and we obtain (C.9). U
To verify that the contribution of “+” regions is lower bounded by (C.13), we first assume that in
F1igure A.10, every good edge in the “+” area of (b) contributes the same amount (that corresponds to

(1,2) has the same absolute value for all i), then there are two cases:

1 The rectangle has large area, in this case we will show ALL large rectangles have a large number
of good edges.

2. The rectangle has small area, in this case the “+” area must be very wide (in order to have small
area, it must be a ¢ X (n — g) rectangle where g is very small), in fact its width (n — ¢) will be much
wider than n/2, and will even be wider than (1 — p)n (where p is the probability of a good edge), so
there must be many good edges inside the rectangle.

LEMMA C.2 Let p be the probability of a good edge. When p > log€n for some fixed constant C, with
high probability for any set 1,5, C {1,2,...,n}, where |S;| = g and |S2| = n — C2q (C; = 16 should be
good enough), the number of good edges in S1 X S, is at least C3 p|S||Sz| (C3 is some universal constant,
and can be 1/4).

Proof.  With high probability every vertex has at least pn/2 good edges, so when Cog < pn/4 the
Lemma holds trivially.

When Cpq > pn/4, use Chernoff bound. Fix the size of S| and S, for any particular Sy,S,, the
probability that the number of good edges is too small is bounded by

Q((1-G3)plS111S21/+/pIS111S2])? Q(pgn)

On the other hand, the number of such pairs Sy, S, is at most n? - n€24 = Ol 1°g"), by union bound
the probability that there exists a bad pair is very small (because glogn < pgn). ]
Now we are essentially done if all the positive entries of Ql-1 *(1,2) are of similar size. We are not
really done because of the following bad case: One of Q1 *¥(1,2) is very large, the others are small. Now
although there are many good edges in the “+” region, their real contribution depends on how many of
the good edges belong to the vertex with large Qil *(1,2). Thus we need to group positive entries of

Ql.1 *¥(1,2) according to their value, and apply Lemma C.2 to different groups.

LEMMA C.3

sTOfay =s] Q1 ay +s] 02%ay > (Q(pn) — Op(y/nlogn)) Y. —0/"(1,2) (C.14)

0! (1,2)<0

Proof. Assume without loss of generality that the number of negative entries in Qi1 *(1,2) is less than
n/2 (otherwise take —Q, the loss will be the same).

Let N be the set of nonnegative entries of Q)*(1,2). Let m be the minimum entry in Qi1 (1,2)
(which is negative). Let S; (j > 0) be the set of entries that are between [m -2/, m-27/1).

We shall consider the rectangles S;x({1,2,....,n} =8;—1 —8;—Sj+1), we would like to show that
the number of good edges in all these rectangles are at least C3p|S;| - n/2 (the second set is larger than
n/2 because it contains N), and each of these good edges will contribute at least —n-27/~2 (remember
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m is negative). In fact, these edges must be from §; to something in S;_; or S, or even farther index,
the difference between any entry in S; and any entry in those sets are at least 27/ ~2, thus they will not
cancel completely. Therefore the total contribution will be at least

Y CplSjl-n/2-(=m)-27772 > (Q(pn) — Op(y/nlogn)) Y. —0;"(1,2).

>0 0}(1,2)<0

We can show there are many good edges by Lemma C.2, the only thing we need to guarantee is the
second set {1,2,...,n} —S;_1 —S; — ;4 is large enough.

When {1,2,....,n} —S;_ — S i — 841 is small, there are two possibilities here:

1. |S;_1| might be larger than (»|S|/2, but in this case the sum of entries in S;_; is constant times
larger than S, thus we can ignore S.

2. |S;+1| might be larger than C,|S;|/2, but we have chosen C, to be large enough, so in this case
the sum of entries in S is also constant times larger than S, thus we can ignore S;.

To clarify points 1 and 2, let /() be the absolute value of sum of entries in S i, 1.e.,

= Y  -0/"(12). (C.15)

0! (1,2)<0,ieS;

We will show the contributions from the rectangles are at least

(Q(pn) — Op(y/nlogn) } h(j)

Points 1 and 2 say if A(j) is at most ~(j+ 1)/2 or h(j — 1)/2 then we ignore A(j). This is fine because
if we look at a h(j) that is not ignored (there must be such sets, otherwise the sum of i(j) will be
infinity), it can only be responsible for h(j —1),h(j —2),... and h(j+1),h(j +2),.... And we know
h(j—1) <27'h(j) and h(j+1) < 27h(j) (because they are all ignored). The sum of all these a(j—¢)’s
and h(j+1)’s are bounded by constant times /(). O

LEMMA C4

off

1,ss dz n
s +=Tr(T) |. C.16
L0 oo (Viroen) (UJ)Z%\ 5T >> (C.16)

Proof. We know that

sT(P.+ Qe+ T.)ay —s2 (P + Qe+ T.) ay
:SITALag — SgA -a]

< Y 4,020+ ) a2

(’ J)ES: (i,j)€ée

S

(ivj)eéaﬂ

(C.17)

where Ai"iff is obtained by restricting A;; on the off-diagonal entries. In addition, we have

sl T <L |75(1,2)] < S (T (1) +755(2,2) = 4T (7),
i,j
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where the second inequality uses the fact that 7' = 0, and similarly we have s, T'T.a < 5Tr(T), thus we

obtain
—s! T.ay +s! T.a; <nTr(T). (C.18)

Combining (C.6), (C.9), (C.17) and (C.18) together we get (C.16). (I
Using (C.4), (C.5) and (C.16), we reach the conclusion in (C.1).

D. Proof of strong stability of LUD (Theorem 5.2)

To prove strong stability of LUD, we need a tighter lower bound for f,. First we define the loss from
the diagonal entries f3 and that from the off-diagonal entries f3 as

7 Y (“(Id—Ri/+Aif)d“_H(Id_RU)dH)
(iJ)eée

)
=
Il

(H(ld —Rij+4;)"

=R

)

Then we have

# oz (]2l
(i.j)€ée
> (\’;’é —Op (\/;an)) Te (T) — 2pn2e?, (D.1)

since H(Ide,-j)dH ~ €2 If Tr(T) = O (ne?), then using Lemma 5.2 we can show that lo|I* =

7 (nzez). And using (5.7) we are done. Thus we will continue with the case when Tr(7) > ne?,

where the term 2pn?€? in (D.1) is negligible. Now let us consider f"ff We further decompose ffff to
two parts as following

(Ia —Rip)*" (i ,J)as:
ff
‘ _ < (Id _R )0 AOff> 0
Y=y = M-
H (I — Rij)*"
. . . (Id*Rij)Oﬂ (la—Rij)
Apply the same analysis as that in Section4.2.4t0 Y.; jyes, { 77— o AT} and notice that E ‘7

H(’d*Rv‘j)Oﬂ A7
fi
Z < (Ia — Rij)° Ap_ff>
ff v
F

> —(;anwp(@)) ()= or (Valem) o @3

off
ﬁff: Z <(I¢1_R) Aoff>+ Z (D.2)
Fe\

where

l(A,‘j) = H(Id—Rij-l-Aij)Off —

0, we obtain
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For the part Y(; j e, [ (Aij), we have

Y Ay = Y (RO 05T
(i,j)€ée (i,j)€ée
>y e -2 X (| |z + e
(i.))eée (i.j)eé
> )Y 1(0F) —csnTe(T). (D.4)
(i.))€6e

Now we consider

_)Ze 1(25)

)off

= e—r”

= X H (Ia = Rij + Q3
(i,j)€ée

‘ B (Id _ Rij)Off Q“
H(ld—R")OffH, ij ,
L

L,ss 2,55 ~l,ss L,ss
_l;'j _ Qi 88 +Q] ss Qi ss Qj ) (DS)

where I (ng.) > 0 and

Define two sets as
S = {i: 1,2,....1] HQ}*”

sel

and
yz: {l: 1,2,...,l’l| HQil’sS

=0(e)},

then from (D.5) we obtain
O~ 0!, ifie S and j€ S

The set .} is assumed to be not empty, otherwise it is easy to see ||Q||* = Op (n*€?) and thus ||A I* =
Op (n*€?). In addition, #.71 < n since ¥, Ql.1 N = O (ne).

(IlfRij)nff

H(Id_Rij)off

For every i, #{j| (i,)) € &, < ,Ql-l’m> < 0} > copn, thus for every i € . we have

I _Ri' off
#H@DE&Ja%<(d )

H()Off’Q,'l’SS <0 p = copn—#S1 = cropn.
Ii— R

Thus
)Z Q) > 2 Y 1(2i})
j)e

s, (i.))€EN(H %73

> 2y )3 L(eh)

ieY] (1 7Ru)0ff
J€S ili.)Ebeje S Tl 01 ) <0
)

> 2 Z CnanQ,-l’”H =cion Z ‘Q,-I'SS . (D.6)

i€ i€
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Combine (D.2), (D.3), (D.4) and (D.6) together and we obtain

— Op (x/nlogn> Z HQzle —ci3nTe(T). (D.7)

lss

fOff > can Z

i€

Apply Lemma 4.11 to (D.1) and (D.7), and set @ = /1 — & and B = /€y , where & < p — p,, then we
obtain

> Vi-aff +Vap"
> Vime( Zh - op (vatoga) ) 1)

+V& <c12n Z —0Op (\/nlogn> Z HQ},H —cl3nTr(T)> )

l‘Eyl

l,ss
Q;

If fi + fo > 0, then G+ A is not the minimizer. And f; + f» > 0 leads to the condition that

"L HQ1 *|=e Vi) Lol

Thus if G+ A is the minimizer, then A must satisfy the condition that

n Y [lor] < V) L[0}]| < Or (v

i€

that is,

L e <orvme
7

therefore

ot

L ot +

1,ss
o’

i€ 7’1 zey ’

(Z)o]) - x
i€ i€

< ﬁp(l’l)Sz-‘rnﬁp (8 ) = ﬁp(l’l)Sz

lss

N

This, together with the decomposition (5.7) and arguments similar to (C.2)-(C.5), finishes the proof.
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