
The University of Manchester Research

Exact BER Analysis of NOMA with Arbitrary Number of
Users and Modulation Orders

DOI:
10.1109/TCOMM.2021.3088526

Document Version
Accepted author manuscript

Link to publication record in Manchester Research Explorer

Citation for published version (APA):
Yahya, H., Alsusa, E., & Al-Dweik, A. (2021). Exact BER Analysis of NOMA with Arbitrary Number of Users and
Modulation Orders. IEEE Transactions on Communications. https://doi.org/10.1109/TCOMM.2021.3088526

Published in:
IEEE Transactions on Communications

Citing this paper
Please note that where the full-text provided on Manchester Research Explorer is the Author Accepted Manuscript
or Proof version this may differ from the final Published version. If citing, it is advised that you check and use the
publisher's definitive version.

General rights
Copyright and moral rights for the publications made accessible in the Research Explorer are retained by the
authors and/or other copyright owners and it is a condition of accessing publications that users recognise and
abide by the legal requirements associated with these rights.

Takedown policy
If you believe that this document breaches copyright please refer to the University of Manchester’s Takedown
Procedures [http://man.ac.uk/04Y6Bo] or contact uml.scholarlycommunications@manchester.ac.uk providing
relevant details, so we can investigate your claim.

Download date:09. Aug. 2022

https://doi.org/10.1109/TCOMM.2021.3088526
https://www.research.manchester.ac.uk/portal/en/publications/exact-ber-analysis-of-noma-with-arbitrary-number-of-users-and-modulation-orders(9724f4d1-6005-4559-97bb-d01d5301cda1).html
/portal/hamad.mohamadaliyahya.html
/portal/e.alsusa.html
https://www.research.manchester.ac.uk/portal/en/publications/exact-ber-analysis-of-noma-with-arbitrary-number-of-users-and-modulation-orders(9724f4d1-6005-4559-97bb-d01d5301cda1).html
https://www.research.manchester.ac.uk/portal/en/publications/exact-ber-analysis-of-noma-with-arbitrary-number-of-users-and-modulation-orders(9724f4d1-6005-4559-97bb-d01d5301cda1).html
https://doi.org/10.1109/TCOMM.2021.3088526


IEEE TRANSACTIONS ON COMMUNICATIONS, VOL. XX, NO. XX, JUNE 2021 1

Exact BER Analysis of NOMA with Arbitrary

Number of Users and Modulation Orders
Hamad Yahya, Graduate Student Member, IEEE, Emad Alsusa, Senior Member, IEEE,

and Arafat Al-Dweik, Senior Member, IEEE,

Abstract—Non-orthogonal multiple access (NOMA) is a
promising candidate for future mobile networks as it enables
improved spectral-efficiency, massive connectivity and low la-
tency. This paper derives exact and asymptotic bit error rate
(BER) expressions under Rayleigh fading channels for NOMA
systems with arbitrary number of users and arbitrary number
of receiving antennas and modulation orders, including binary
phase-shift keying and rectangular/square quadrature amplitude
modulation. Furthermore, the power coefficients’ bounds, which
ensure users’ fairness, and solve the constellation ambiguity
problem, are derived for N = 2 and 3 users cases with any
modulation orders. In addition, this paper determines the optimal
power assignment that minimizes the system’s average BER.
These results provide valuable insight into the system’s BER
performance and power assignment granularity. For instance,
it is shown that the feasible power coefficients range becomes
significantly small as the modulation order, or N , increases,
where the BER performance degrades due to the increased inter-
user interference. Hence, the derived expressions can be crucial
for the system scheduler in allowing it to make accurate deci-
sions of selecting appropriate N , modulation orders, and power
coefficients to satisfy the users’ requirements. The presented
expressions are corroborated via Monte Carlo simulations.

Index Terms—Non-orthogonal multiple access (NOMA), bit er-
ror rater (BER), arbitrary number of users, arbitrary modulation
orders, quadrature amplitude modulation (QAM).

I. INTRODUCTION

FUTURE WIRELESS networks are envisioned to provide

ubiquitous and unlimited wireless coverage, which re-

quire integrating space, air, ground, and underwater networks

into one large multidimensional network architecture [1].

However, spectrum scarcity is one of the main challenges

for realizing such ultra-wide wireless networks with massive

connectivity. To this end, non-orthogonal multiple access

(NOMA) has attracted tremendous attention as a promising

candidate for future mobile networks because of its ability

to provide high spectral efficiency, massive connectivity and

low latency [2]–[7]. Hence, much research was focused on

the integration of NOMA in various applications, such as the

Internet of Things (IoT), satellite communication, unmanned
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aerial vehicle (UAV) communications, and underwater com-

munication [8]–[13]. For example, Perez et al. [8] studied

NOMA for IoT networks to provide reliable secure short

packet communication for downlink and uplink. The work

in [9], [10] investigated the application of NOMA in the

forward link of multibeam satellite, whereas [13] studied its

performance in underwater channels. Furthermore, a frame-

work for UAVs serving ground users using NOMA is studied

in [11], while the integration of NOMA with visible light

communication (VLC) systems for indoor environments is

discussed in [12].

A. Related Work

The widely considered power-domain NOMA (PD-NOMA),

denoted as NOMA for short, is based on utilizing the power-

domain to multiplex different users’ signals through super-

position coding (SC), where distinct power coefficients are

allocated to the users before combining their signals [14].

The absence of orthogonality between users’ signals intro-

duces inter-user interference (IUI) which causes performance

degradation to all users [15]. Therefore, bit error rate (BER)

and symbol error rate (SER) analysis of NOMA has received

increased attention [13], [16]–[40]. For example, Cejudo et al.

[18] attempted to approximate the BER using SER expressions

for a two-user downlink NOMA, where each user may use

a different modulation scheme. The considered modulations

schemes are binary phase-shift keying (BPSK), quadrature

phase-shift keying (QPSK), and quadrature amplitude mod-

ulation (QAM). Nonetheless, the SER analysis is limited to

additive white Gaussian noise (AWGN) channels. On the

other hand, the authors of [24] derived the exact closed-

form BER expressions for uplink two-user NOMA with QPSK

modulation over AWGN channels. They assumed that this

model is perfectly synchronized while considering imperfect

successive interference cancellation (SIC) at the base station.

In [28], exact BER expressions are derived for VLC-NOMA

system with an arbitrary number of users employing on-off

keying (OOK).

On the other hand, the BER for a single-input-single-output

(SISO) Rayleigh fading wireless channel is considered in

[29], where exact closed-form BER expressions are derived

for the downlink while approximate expressions are derived

for the uplink. However, these expressions are limited to a

two-user NOMA considering QPSK for the near user and

BPSK for the far user. The authors in [41] derived closed-

form expressions for the union bound on the BER of downlink

mailto:hamad.mohamadaliyahya@manchester.ac.uk
mailto:e.alsusa@manchester.ac.uk
mailto:arafat.dweik@ku.ac.ae
mailto:dweik@fulbrightmail.org
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TABLE I
ERROR RATE PERFORMANCE ANALYSIS SURVEY

Metric Year [#] Direction Antennas Channel M N Receiver

SER

2017 [18]

DL
SISO

AWGN ∀M ,2∗

2

SIC

2019
[19] Rayleigh ∀M SIC
[20] AWGN ∀M• Approx. SIC
[21] AWGN 4 SIC

2020
[22] VLC ∀M SIC
[23] SIMO Rayleigh ∀M Threshold based

BER

2017 [24]

UL
SISO

AWGN 4

2

SIC

2019
[25] Rician 2∗ JMLD
[26] SIMO Rayleigh 4 JMLD

2020 [27]

SISO

AWGN 4 + 2∗

SIC

2017 [28] DL VLC 2⋆ ∀N
2018

[29] DL, UL Rayleigh 4 + 2∗ 2
[30]

DL

VLC ≤ 16∗ 2

2019
[31] Nakagami-m 4 2,3
[32] VLC ≤ 16∗, ∀M• 2
[33] SIMO Rayleigh 4 2 SIC

2020

[34]

SISO

Rician 4 2,3 JMLD
[35] Rayleigh ∀M 2 SIC
[36] Rayleigh 2∗ ∀N Approx. SIC
[37] α-η-µ 2∗

2

JMLD
[38] Rayleigh ≤ 4∗ SIC
[13] UWVLC 2⋆ SIC
[39] κ-µ ∀M Approx. SIC

Current SIMO Rayleigh ∀M ∀N JMLD

.................................⋆: OOK, ∗: PSK, •: PAM and QAM, No sign: QAM.

NOMA with imperfect SIC over Nakagami-m fading channels.

The tightness of the derived bounds varies based on various

system parameters, and the gap between the bound and exact

BER may exceed 3 dB. Furthermore, analytical expressions

of the pairwise error probability (PEP) are given in [42] for

an arbitrary number of users and modulation orders while

considering imperfect SIC over Nakagami-m fading channels.

The presented analytical and simulation results show that

the gap between the exact BER and PEP can be substan-

tial, particularly for low and moderate signal-to-noise ratios

(SNRs). Assaf et al. [31] derived exact BER closed-form

expressions for downlink NOMA over SISO Nakagami-m
fading channels for the two and three-user scenarios with

QPSK. In [32], closed-form BER expressions are derived for

a two-user downlink NOMA-VLC system while considering a

limited set of modulation orders for phase-shift keying (PSK),

pulse amplitude modulation (PAM), and QAM. In addition,

Alqahtani and Alsusa [37] derived exact closed-form BER

expressions for a two-user case employing BPSK in flat fading

channels that are modelled by α-η-µ fading distribution to

study the significance of different fading parameters on the

BER performance.

Aldababsa et al. [36] presented closed-form BER expres-

sions for an arbitrary number of users employing BPSK in

Rayleigh flat fading, assuming perfect SIC. They also derived

the range of proper power assignment for each user to ensure

reliable BER performance. In [35], Assaf et al. extended the

work in [31] for a two-user NOMA, where each user may use

square QAM with arbitrary modulation. Additionally, proper

power assignment was formulated to ensure fairness between

the users and to avoid constellation points overlap. Besides

the fact that the work is limited to the two-user scenario,

modulation schemes such as BPSK and 8-QAM modulation

orders are not considered. In [13] exact closed-form BER

expressions are derived for VLC-NOMA system consisting of

two users with OOK modulation in underwater environments.

Analytical SER expressions for NOMA are given in [18]–

[23]. The authors of [19] considered the two-user case in

downlink NOMA using arbitrary QAM with imperfect SIC.

In addition, the condition for proper power assignment is

considered for the two users case. The approximated BER

using SER is found to be inaccurate for high modulation

orders, or at low SNR values [35]. Moreover, the authors

of [23] considered a threshold detector instead of SIC. It

is found that the analytical performance of the proposed

detector is very close to the SIC detector. Nonetheless, the SIC

detector outperforms the threshold detector at low SNRs. A

comprehensive survey of work that considers BER and SER of

NOMA is given in Table I. In this table, SIC refers to imperfect

SIC, while Approx. SIC represents perfect SIC. Additionally,

DL, UL and SIMO stand for downlink, uplink and single-

input-multiple-output, respectively.

B. Motivation and Contribution

As can be noted from the surveyed literature, and to the best

of the authors’ knowledge, the existing work that considers

BER analysis for downlink NOMA has one or more con-

straints in terms of the number of users, modulation order or

accuracy. However, the availability of analytical BER analysis

tools is indispensable for efficient system design and opti-

mization. Hence, this paper considers the BER performance

analysis of NOMA with an arbitrary number of users, where

each user employs an arbitrary modulation order. The consid-

ered modulation schemes are BPSK and M -QAM with square
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and rectangular constellations. The obtained BER analysis is

crucial for various applications such as adaptive modulation,

resource allocation, user pairing, optimal power allocation and

QoS requirements’ satisfaction. The main contributions of this

paper can be summarized as follows:

• Derived closed-form BER expressions for downlink

NOMA with arbitrary number of users, where each user

may use BPSK, or M -QAM with square and rectangu-

lar constellations. The analysis is applicable to NOMA

systems with receiver diversity as well.

• Derived the asymptotic BER to simplify the BER calcu-

lation at high SNRs.

• Evaluated the BER for different power assignments and

provided insights into the error performance of large

number of users and high modulation orders.

• Derived closed-form expressions for the power coeffi-

cients’ bounds (PCBs) to solve the constellation points

ambiguity problem for N ∈ {2, 3}, where arbitrary

modulation orders are also considered.

• Evaluated the impact of changing the modulation order of

certain user on the BER of other NOMA users, which is

necessary for adaptive modulation and resource allocation

operations.

• Computed the optimal power assignments that minimize

the system’s average BER for N = 2 and 3 cases while

considering the PCBs as linear and non-linear constraints.

C. Paper Organization

The rest of the paper is organized as follows. In Sec. II, the

system and channel models are introduced. Then, with the aid

of an example, the generalized BER expressions are derived

in Sec. III for N NOMA users with arbitrary modulation

orders while considering SISO and SIMO systems. Sec. IV

demonstrates the analysis of the PCBs, while Sec. V presents

analytical and Monte Carlo simulation results, as well as the

optimal power assignments. Finally, Sec. VI concludes the

paper with a summary of the main findings.

D. Notations

The notations used throughout the paper are as follows.

Boldface uppercase and lowercase symbols, such as such as X

and such as x, will denote matrices and row/column vectors,

respectively. The transpose is denoted by (·)T , the Hermitian

transpose is denoted by (·)H , and the ⊙ denotes the Hadamard

element-wise product. The real, complex, integer domains are

denoted by R, C and Z, respectively. Moreover, B represents

the set of binary numbers. Pr(·) is the probability of an

event, f(·) is the probability density function (PDF) of a

random variable, E[·] is the statistical expectation, ⇔ indicates

statistical equivalence, | · | and || · || are the absolute value

and the Euclidean norm, ℜ[·] and ℑ[·] denotes the real and

imaginary components,
(
n
k

)
denotes the binomial coefficients,

and the imaginary number is  =
√
−1. The identity a × a

matrix is denoted as Ia, and the complex Gaussian random

variable with a zero mean and σ2 variance is denoted as

CN (0, σ2).

Fig. 1. Illustrative diagram of the system model assuming JMLD receivers.

II. SYSTEM AND CHANNEL MODELS

In downlink NOMA, the base station multiplexes the infor-

mation symbols of N users using the same radio resources by

assigning each user a distinct power coefficient based on its

channel conditions. Without loss of generality, we assume that

N users are ordered in ascending order based on their average

channel gain, i.e. E[|h1|2] > E[|h2|2] > · · · > E[|hN |2], where

hn is the channel frequency response of the link between the

base station and the nth user, i.e. Un, n ∈ {1, 2, . . . , N}.

Therefore, the power assignment is performed such that a user

with severe fading conditions is assigned higher power than

a user with good channel conditions [31], [41]. Consequently,

the power coefficients α = [α1, α2, . . . , αN ] are assigned such

that α1 < α2 < · · · < αN , where
∑N

n=1 αn = 1. Fig. 1 shows

an illustrative diagram of the system model for a single cell

with joint-multi-user maximum likelihood detector (JMLD)

receivers. Therefore, the NOMA symbol is described by

xSC =

N∑

n=1

√
αnxn (1)

where xn is the information symbol of the nth user, which is

drawn uniformly from a BPSK or M -QAM constellation χn.

The nth user modulation order is Mn, Mn = log2Mn and

m = [M1,M2, . . . ,MN ].
For QAM signals, the information symbols typically

have E[xn] = 0 and E[|xn|2] = 1 ∀n, consequently,

E[|xSC |2] = 1. Without loss of generality, the real and

imaginary components of xSC are denoted by Aν1,ν2,...,νN
,

νn ∈ {0,±1,±3, . . . ,±Λn} which are related to the indi-

vidual users symbols, and for notational simplicity we define

ν̀n , −νn. Therefore, the real and imaginary components of

xSC can be expressed as Aν1,ν2,...,νN
=
∑N

n=1 νn
√

αn

κn
and

κn is a scaling factor that is used to normalize the data symbols

such that E[|xn|2] = 1. For the special case of square QAM,

Λn ,
√
Mn − 1, and

κn ,
2

3
(Mn − 1) . (2)

Fig. 2 shows an example for N = 3, where m = [4, 4, 2].
In Fig. 2a, the constellation diagram for each user is shown

separately and the xSC real and imaginary components are

annotated accordingly. It is worth noting that the constellation
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Fig. 2. Constellation points of: (a) All users without superposition coding. (b) U2 and the superposition coding of U1 and U2. (c) U3 and the superposition
coding of U1, U2 and U3.

for each user is presented after scaling with its respective

power coefficient αn. Fig. 2b shows the resultant constellation

after superposition of U1 and U2 symbols. In Fig. 2c, the

overall NOMA constellation is presented showing the real

and imaginary components for each constellation point. The

maximum imaginary component of the NOMA symbol is

A110 =
√

α1

2 +
√

α2

2 as U3 symbol does not have imaginary

components. On the other hand, the maximum real component

is A111 =
√

α1

2 +
√

α2

2 +
√
α3. The other real and imaginary

components can be found by considering the different combi-

nations of ν1, ν2, . . . , νN .

The bit-to-symbol mapping considered in this work follows

the widely used model, where only the individual user bit

mapping is based on Gray coding as shown in Fig. 2a.

Therefore, the NOMA constellation will not be Gray coded.

The constellation diagrams in Fig. 2 are labeled using integer

numbers that represent the symbol values, which are obtained

by converting the binary bits of each constellation point into an

integer using linear mapping. The NOMA bit-word is denoted

by b = [b1, b2, . . . , bq], where q =
∑N

i=1 Mi and b1 is the

most significant bit (MSB). The nth individual user bits can

be expressed as bn = [bOn
, bOn+1, . . . , bOn+Mn−1], where

bOn
is user’s MSB, and

On =

{
1, n = 1

1 +
∑n−1

i=1 Mn−i, n > 1
. (3)

For the example in Fig. 2c, b1 = [b1, b2] belong to U1,

b2 = [b3, b4] belong to U2, and b3 = [b5] belongs to

U3. It is worth noting that using nonlinear mapping for the

NOMA constellation may provide some error rate performance

improvement, however, the gained improvement is generally

small and increases the receiver complexity [43], [44]. The

BER analysis for Gray coded NOMA generally follows the

same approach used for linear mapping.

At the receiver side, the received baseband signal in flat

fading channels is written as

yn = hnxSC + wn (4)

where wn ∼ CN (0, σ2
wn

) is the AWGN, and ℜ[wn] ⇔
ℑ[wn] , w̃n ∼ N (0, 0.5σ2

wn
). In channels with small scale

Rayleigh fading and large scale pathloss, the channel gain can

be decomposed as hn =
√
βn × ℏn, where ℏn ∼ CN (0, σ2

ℏn
),

βn = Υ−λ
n , Υn is the distance between the base station

and Un, and λ is the pathloss exponent. The coefficients

ℏ1, ℏ2, . . . , ℏN are mutually independent and identically dis-

tributed (i.i.d) random variables.

The most common schemes for multi-user detection of

NOMA signals are the SIC and the JMLD detectors [34],

[35]. The main difference between SIC and JMLD is that the

former attempts to cancel the interference of other users, while

the latter detects the users’ signals jointly without interference

cancellation. Nevertheless, Assaf et al. [34] proved that the

BER performance of SIC and JMLD is identical for the

downlink NOMA under perfect knowledge of channel state

information (CSI). Consequently, JMLD is considered in this

work to enable a compact systematic analysis. Given that CSI

is known perfectly at the receiver, the information symbols

can be recovered using JMLD as follows,

{x̂1, x̂2, ..., x̂N} = arg min
xi∈χi

∣∣∣∣∣yn − hn

N∑

i=1

√
αixi

∣∣∣∣∣

2

(5)

where {x̂1, x̂2, ..., x̂N} are the jointly detected N users’ sym-

bols, and xi represents the trail symbols for the ith user taken

from the symbol alphabet χi.

III. GENERALIZED BER ANALYSIS

Generally speaking, to evaluate the BER, the error events

for all possible transmitted symbols should be considered.

Nonetheless, when equally probable symbols are assumed,

due to symbols’ symmetry, the BER can be calculated by

considering only the symbols in the first quadrant of the

constellation diagram.

A. Decision Regions’ Boundaries

To evaluate the BER, the decision regions’ boundaries

(DRBs) for each bit should be specified. This can be achieved

by segmenting the NOMA constellation into q constellation

diagrams each of which corresponds to a particular bit. For

example, the binary representation of the top-left symbol in

Fig. 2 is 01011 since q = 5. Consequently, the top-left
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Algorithm 1: Generation of scatter matrix P̆.

Input: p

Output: P̆

1 u = length(unique(ℜ[p]))
2 v = length(unique(ℑ[p]))
3 pℜ = sort(ℜ[p], “ascend”)
4 Pℜ = reshape(pℜ, [u, v])
5 p∗

ℑ
= sort(ℑ[p], “descend”)

6 p∗∗
ℑ

= unique(p∗
ℑ
)

7 pℑ = reshape(p∗∗
ℑ
, [u, 1])

8 P̆ = Pℜ + × pℑ

Algorithm 2: Generation of scatter matrices B̆k, ∀k.

Input: ḃk, p, P̆

Output: B̆k, ∀k
1 for i = 1 : u do

2 for j = 1 : v do

3 P̆i,j
to binary−−−−→ b

4 for k = 1 : q do

5 B̆
(k)
i,j = bk

bit in each of the 5 constellations will be 0, 1, 0, 1, 1,

respectively. The remaining points in all bit constellations can

be obtained by following the same approach. To generate the

constellations more systematically, we define p ∈ C
1×2q as a

vector that contains all possible NOMA symbols. Then vector

ḃ is generated by converting the symbols in p into binary, and

ḃk ∈ B
1×2q , k ∈ {1, 2, . . . , q}, is obtained by segmenting ḃ

into q vectors ḃ1, ḃ2, . . . , ḃq , where ḃ1 contains MSB of all

symbols.

The next step is to generate the scatter matrix P̆ ∈ C
u×v ,

which can be performed using Algorithm 1. The elements of

matrix P̆ are the NOMA symbols arranged exactly according

to the constellation diagram. For the example in Fig. 3,

P̆ 1,1 = A1̀1̀1̀ + A110. The values of u and v are given in

Algorithm 1. Similarly, each kth bit vector, ḃk, will have a

scatter matrix B̆k ∈ B
u×v . The algorithms to produce the

scatter matrices P̆ and B̆k, ∀k are given in Algorithms 1 and

2, respectively. Algorithm 1 is based on finding the real and

imaginary amplitude levels and creating the scatter matrix P̆

by moving from left to right and top to bottom. Furthermore,

Algorithm 2 is mainly based on the results from Algorithm

1, where symbol to binary mapping is done to find the kth

bit for each constellation point in P̆. Note that the functions

used in Algorithm 1 can be found in advanced mathematical

software packages such as Matlab, where length(·) finds the

length of a vector, unique(·) returns the unique elements of a

vector, sort(·) orders the elements of a vector, and reshape(·)
transforms the array size.

Once P̆ is calculated, the real and imaginary primary DRBs,

dℜ ∈ R
1×u−1 and dℑ ∈ R

1×v−1, can be found by using a

sliding window averaging filter with a window of size 2 whose

�

� ⋯��

1 1 1 1 0 0 0 0

1 1 1 1 0 0 0 0

1 1 1 1 0 0 0 0

1 1 1 1 0 0 0 0

Fig. 3. Mapping NOMA constellation points to scatter matrices P̆ and B̆k

for m = [4, 4, 2].

output can be written as

dℜU =
1

2
ℜ
[
P̆1,U + P̆1,U+1

]
(6)

and

dℑV =
1

2
ℑ
[
P̆V,1 + P̆V+1,1

]
(7)

where U ∈ {1, 2, . . . , u−1} and V ∈ {1, 2, . . . , v−1}. The kth

bit DRBs can be computed using the scatter matrix B̆k, where

the DRBs appear if there is a bit flip. Therefore, exclusive-OR

operator can be used over one row or one column of B̆k to

find the bit flip location. This can be expressed as follows,

t
(k)
ℜU

= B̆
(k)
1,U ⊕ B̆

(k)
1,U+1 (8)

and

t
(k)
ℑV

= B̆
(k)
V,1 ⊕ B̆

(k)
V+1,1 (9)

where tℜk ∈ B
1×u−1 and tℑk ∈ B

1×v−1. Using the constella-

tion diagrams in Fig. 2, it can be noted that the kth bit flips

in either tℜk or tℑk , but not in both at the same time. The total

number of DRBs for the kth bit is given by

ϑk =

{
ϑℜk , ϑℑk = 0
ϑℑk , ϑℜk = 0

(10)

where ϑℜk =
∑u−1

i=1 t
(k)
ℜi

and ϑℑk =
∑v−1

i=1 t
(k)
ℑi

. Therefore, the

kth bit’s DRBs, ḋk ∈ R
1×ϑk , can be found by considering the

indices of tℜk or tℑk where the entry is 1. These indices are

stored in zk ∈ R
1×ϑk , and hence ḋk elements can be found

by

ḋ
(k)
i =

{
dℜ
z
(k)
i

, ϑℑk = 0

dℑ
z
(k)
i

, ϑℜk = 0
. (11)

Note that d̆k sorts the elements of ḋk in a descending order,

which is required to find the bit error probability as well as the

coefficients matrix which will be explained in the following

subsection. The DRBs of all NOMA bits for m = [4, 4, 2] are

shown in Fig. 4 using different color shading.
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Fig. 4. NOMA constellation points for m = [4, 4, 2] showing the decision regions for: (a) b1. (b) b2. (c) b3. (d) b4. (e) b5.

B. Euclidean Distance Computation

The BER expressions can be obtained by computing the

Euclidean distance between the constellation points and the

DRBs in d̆k ∀k. However, due to constellation diagram

symmetry, it is sufficient to consider only the first quadrant.

Thus, we are interested in p+ which contains the first quadrant

symbols of the scatter matrix P̆, where p+ ∈ C
1×2q−2

. There-

fore, the displacement matrix for the kth bit, ∆k ∈ R
ϑk×2q−2

,

computes the displacement between the first quadrant con-

stellation points and the DRBs which can be expressed by

(12). Note that each column in ∆k corresponds to a specific

constellation point in p̃+
k , which is defined in (13), while each

row corresponds to a specific DRB in d̆k.

∆k = [δ
(k)
1 , δ

(k)
2 , . . . , δ

(k)
2q−2 ] = p̃+

k − d̆
T

k (12)

p̃+
k =

{
ℜ[p+], ϑℑk = 0
ℑ[p+], ϑℜk = 0

. (13)

C. Conditional BER Analysis

The conditional BER can be derived by considering all

transmitted and received bit combinations and their relation

to the DRBs. After exhaustive manipulations, the conditional

BER per bit can be expressed as

P
(k)
B |Γk =

1

2q−2

ϑk∑

i=1

2q−2∑

j=1

c
(k)
i,j Q

(√
Γ
(k)
i,j

)
(14)

where

Γk =
|h∗k|

2
Ek

σ2
w̃∗

k

(15)

and the squared Euclidean distance matrix Ek can be

calculated using ∆k, where E
(k)
i,j =

∣∣∣∆(k)
i,j

∣∣∣
2

, Γk =[
γ
(k)
1 ,γ

(k)
2 , . . . ,γ

(k)
2q−2

]
, h∗k = hn and σ2

w̃∗

k
= σ2

w̃n
iff On ≤

k < On + Mn, n ∈ {1, 2, . . . , N}, and σ2
w̃ = 0.5σ2

w. Note

that the user index is dropped for notational simplicity. The

coefficients matrix is defined as Ck =
[
c
(k)
1 , c

(k)
2 , . . . , c

(k)
2q−2

]
,

Ck ∈ Z
ϑk×2q−2

. For ϑk = 1, Ck will reduce to a row vector

of length 2q−2 where c
(k)
1,j = 1 ∀j. For ϑk > 1, the elements

of Ck can be calculated as

c
(k)
i,j =

{
(−1)

i+1
, g

(k)
j = 0

ϕ
(
i, g

(k)
j

)
, Otherwise

(16)

where g
(k)
j =

∑ϑk

i=1 ψ
(k)
i,j and

ψ
(k)
i,j =

{
1, ∆

(k)
i,j < 0

0, Otherwise
(17)

and

ϕ
(
i, g

(k)
j

)
=

{
(−1)

i+1
, g

(k)
j : {≥ i, odd} or {< i, even}

(−1)
i
, Otherwise .

(18)



YAHYA et al.: EXACT BER ANALYSIS OF NOMA WITH ARBITRARY NUMBER OF USERS AND MODULATION ORDERS 7

�

�2

�3

�4

1 1 1 1 1 1 1 1�5

�+ �1,5 �✷�5 �1,6 �✷�6 �1,7 �✷�7 �1,8 �✷�8

Fig. 5. Ck and p+ for the example of m = [4, 4, 2].

The expression in (14) considers all the constellation points

in the first quadrant of the space diagram. Thus, the weighting

factor of 1/2q−2 is considered as these constellation points

are equally probable. For the special case of identical BPSK

modulation orders, this weighting factor becomes 1/2N−1.

Furthermore, each column in Γk corresponds to a specific

constellation point where the sum over that column gives the

probability of error for that constellation point.

To demonstrate (12)–(18), the example shown in Figs. 2–4

is considered and Ck, ∀k is found and shown in Fig. 5. For

brevity, P
(2)
B |Γ2 is computed for the NOMA word b = bE =

[0, 1, 0, 1, 0]. It can be seen from Fig. 4b that bE2 does not flip

by moving vertically, i.e., it flips only by moving horizontally.

The displacement between the NOMA word bE and d̆2 can

be calculated as

δ
(2)
1 = p̃

(2)+

1 − d̆
T

2 =
[
∆

(2)
1,1,∆

(2)
2,1 . . . ,∆

(2)
ϑ2,1

]T
. (19)

The squared Euclidean distance for (19) can be calculated

by squaring the vector elements, i.e. e
(2)
1 = δ

(2)
1 ⊙ δ

(2)
1 =[

E
(2)
1,1 , E

(2)
2,1 , . . . , E

(2)
ϑ2,1

]T
. Thus, the first column of Γk in (15)

can be written as

γ
(2)
1 =

|h1|2 e(2)1

σ2
w̃1

=
[
Γ
(2)
1,1,Γ

(2)
2,1, . . . ,Γ

(2)
ϑ2,1

]T
. (20)

The probability that b2 is detected erroneously, given that the

NOMA word bE is transmitted, can be calculated as

Pr
(
b̂2 6=b2|b=bE

)
=Pr

(
w̃>

∣∣∣∆(2)
1,1

∣∣∣
)
+

Pr
(∣∣∣∆(2)

3,1

∣∣∣<w̃<
∣∣∣∆(2)

2,1

∣∣∣
)
+ Pr

(
−
∣∣∣∆(2)

5,1

∣∣∣<w̃<−
∣∣∣∆(2)

4,1

∣∣∣
)

+ Pr
(
−
∣∣∣∆(2)

7,1

∣∣∣ < w̃ < −
∣∣∣∆(2)

6,1

∣∣∣
)
. (21)

By noting that w̃n ∼ N (0, σ2
w̃n

), then it is straightforward to

show that

Pr
(
b̂2 6= b2|b = bE

)
=

7∑

i=1

c
(2)
i,1Q

(√
Γ
(2)
i,1

)
. (22)

The coefficients c
(2)
i,1 , ∀i can be calculated by noting that

g
(2)
1 = 3 for this case. Therefore, using (16) gives c

(2)
1 =

[+1,−1,+1,+1,−1,+1,−1]
T

. Consequently, the conditional

BER is calculated for b2 given that the NOMA word bE is

transmitted, and the same approach should be repeated for all

constellation points in p̃+
k to compute the overall conditional

BER per bit (14). Finally, the nth user conditional BER can

be found by averaging its P
(k)
B |Γk expressions (14). This can

be written as

PBn
|Γn =

1

Mn

On+Mn∑

k=On

P
(k)
B |Γk. (23)

D. BER Analysis without Receiver Diversity

For i.i.d Rayleigh fading channels, the PDF f
(
Γ
(k)
i,j

)
is ex-

ponentially distributed [40], [45], hence, the nth user average

BER can be computed by noting that,

∫ ∞

0

Q

(√
Γ
(k)
i,j

)
f
(
Γ
(k)
i,j

)
dΓ

(k)
i,j =

1

2


1−

√√√√ Γ
(k)

i,j

2 + Γ
(k)

i,j


, 1

2
Φ

(k)
i,j

(24)

where Γk = E

[
|h∗k|

2
]
Ek / σ

2
w̃∗

k
. Substituting (14) into (23)

and using the result of (24) yield

PBn
=

1

2q−1Mn

On+Mn∑

k=On

ϑk∑

i=1

2q−2∑

j=1

c
(k)
i,j Φ

(k)
i,j . (25)

It is worth noting that using the binomial series expansion,

the asymptotic BER can be obtained by substituting Φ
(k)
i,j →

1

Γ
(k)
i,j

into (25) [46, p. 185].

E. BER Analysis with Adaptive Power Assignment

The power assignment for NOMA has a major impact on

the users’ BER, and thus, it has been considered widely in the

literature [19]–[21], [29], [31], [35], [41]. The power assign-

ment for NOMA can be generally classified into three types,

which are fixed power assignment [19], [29], [35], adaptive

power assignment based on channel statistical information

[31], [34], [41], [42], and adaptive power assignment based

on the instantaneous fading coefficients [20], [21]. The adap-

tive power assignment is usually performed to minimize the

system’s average error probability [21], [31], [41], or provide

certain error probability for each user [20]. For the fixed power

allocation, the conditional and average BER expressions are

given by (23) and (25), respectively.

In the case of adaptive power assignment based on the

channel statistics, the conditional BER in (23) can be used

to derive the average BER for any channel model by using

the corresponding PDF of Γ
(k)
i,j in (15). It is worth noting

that the power adaptation process is performed after avenging

over the PDF of Γ
(k)
i,j . The analysis for the Rayleigh channel

model are given by (24). For the third type, the BER should

be conditioned on both, the channel instantaneous fading coef-

ficients and the used power coefficients. In such scenarios, the

power coefficients depend on the fading coefficients. Hence,

they can be written as α = F(h1, h2, . . . , hN ), where F(·) is

a general function that depends on the adopted optimization

criterion. Therefore, the BER can be evaluated by replacing

α with F(h1, h2, . . . , hN ) in (23), and then averaging over

the PDF of Γ
(k)
i,j . However, deriving the function F(·) and

evaluating the average BER for this power assignment strategy
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is highly challenging because the relation between the power

and channel coefficients is highly nonlinear [20], [21]. In such

scenarios, the desired power coefficients can be obtained using

a particular numerical search method using (23).

F. BER Analysis with Receiver Diversity

In this work, we consider that the nth user receiver is

equipped with Ln receiving antennas, and the channels be-

tween the base station and all receiving antennas are i.i.d.

Therefore, the received signal for the nth user is

yn = hnxSC +wn (26)

where {yn,hn,ℏℏℏn,wn} ∈ C
Ln×1, and the entries of these

vectors are defined similar to those of (4). The detector in

this case can be realized as a maximal ratio combiner (MRC)

followed by the JMLD. Therefore,

{x̂1, x̂2, ..., x̂N} = arg min
xi∈χi

∣∣∣∣∣h
H
n yn − ‖hn‖2

N∑

i=1

√
αixi

∣∣∣∣∣

2

.

(27)

However, the BER for the SIMO case is similar to the

SISO one except that the matrix Γk will be replaced by

Ωk =
∑L∗

k

i=1 Γ
(i)
k , where Γ

(i)
k is equal to Γk per receiving

antenna. Therefore, the PDF of Ω
(k)
i,j , ∀k is a Chi-square with

2L∗
k degrees of freedom [46, pp. 214-215],

f
Ω

(k)
i,j

(
Γ
(k)
i,j

)
=

(
Γ
(k)
i,j

)L∗

k−1

(
Γ
(k)

i,j

)L∗

k

(L∗
k − 1)!

exp


−

Γ
(k)
i,j

Γ
(k)

i,j


 (28)

where L∗
k = Ln iff On ≤ k < On +Mn. Based on (28) and

[33, Eq. (23)], the BER per bit can be evaluated as

P
(k)
B =

1

2q−1

ϑk∑

i=1

2q−2∑

j=1

c
(k)
i,j


1−Φ

(k)
i,j

L∗

k−1∑

r=0

(
2r

r

)(
1− (Φ

(k)
i,j )

r

4

)r
.

(29)

The nth user average BER can be computed by averaging its

P
(k)
B expressions similar to (23). Moreover, a tight asymptotic

BER per bit can be calculated as follows [45, pp. 326-327],

P
(k)
B,∞ =

1

2q+L∗

k
−1

(
2L∗

k

L∗
k

) ϑk∑

i=1

2q−2∑

j=1

c
(k)
i,j


 1

Γ
(k)

i,j




L∗

k

. (30)

IV. POWER COEFFICIENTS’ BOUNDS ANALYSIS

To enable a reliable detection of NOMA symbols using SIC,

the power coefficient for each user should be selected such that

the constellation for each user does not overlap with the other

users’ constellations [16], [19], [35], [36], [47]. The PCB can

be generally derived by noting that the nearest constellation

point to the origin (NCO) in the first quadrant of the x-y
plane should not cross the x or y axes. However, due to

axes symmetry, it is sufficient to consider the real part of the

NCO. Therefore, for N = 2, we have
√

α2

κ2
− Λ1

√
α1

κ1
> 0.

Consequently, the PCB can be written as α1

α2
< κ1

κ2

1
Λ2

1
and the

maximum possible power coefficient for U1 can be obtained

Fig. 6. Visualizing the PCBs for m = [4, 4, 2].

by noting that α2 = 1 − α1, and thus α
(N=2)
1,max = κ1

κ1+κ2Λ2
1

.

For Mn = 2, 4, 8, 16, 64 the factors κn = 1, 2, 6, 10, 42, and

Λn = 1, 1, 3, 3, 7, respectively.

The PCB for N = 3 can be evaluated recursively by

considering first the N = 2 case where U1 and U2 will be

combined. Then the constellation that resulted from combining

U1 and U2 constellations is considered as one constellation

that will be combined with that of U3. Therefore, the first

constraint that should be satisfied is identical to N = 2 case

which is

α2 > ̺ (α1) =
κ2
κ1

Λ2
1α1 , ̺ (α1) . (31)

The second step is to ensure that the NCO in the combined

constellation does not cross the y-axis to the negative side.

Therefore, the constraint can be written as

√
1− α1 − α2

κ3
−
[
Λ1

√
α1

κ1
+ Λ2

√
α2

κ2

]
> 0. (32)

Solving the inequality in (32) for either α1 or α2 results

in two solutions, ε (αn) and ǫ (αn) for n ∈ {1, 2}, but one

of them is not applicable. The desired solution of (32) with

respect to α2 will be denoted as ε(α1). Therefore, the second

constraint becomes α2 < ε(α1). As an example, consider the

case of m = [4, 4, 2] in Fig. 2, where the obtained solution is

ε (α1) =
2
3− 7

9α1− 2
9

√
α1

√
6− 8α1. Fig. 6 visualizes (31) and

(32) which makes it easier to infer the PCBs. The intersection

between (31) and ε (α1) reflects the maximum possible power

coefficient for U1, i.e., α
(N=3)
1,max . Therefore, the pair (α1, α2)

that satisfies the PCBs must be inside the region having the

bounds of α2 > α1 and α2 <
2
3 − 7

9α1 − 2
9

√
α1

√
6− 8α1.

Generally, the condition in (31) could intersect with the

desired solution in (32) more than once. However, the desired

α
(N=3)
1,max is the intersection that gives the minimum value of
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TABLE II
THE PCBS FOR SELECTED MODULATION ORDERS, N = 3

m α
(N=3)
1,max ̺ (α1) ε (α1)

[2, 2, 2] 1
6

α1
1
2
−√

α1

(

1
2

√
2− 3α1 + 1

2

√
α1

)

[4, 4, 4] 1
6

α1
1
2
−√

α1

(

1
2

√
2− 3α1 + 1

2

√
α1

)

[8, 8, 8] 1
154

9α1
1
10

− 9
5

√
α1

(

1
10

√
10− 19α1 − 9

10

√
α1

)

− α1

[16, 16, 16] 1
154

9α1
1
10

− 9
5

√
α1

(

1
10

√
10− 19α1 − 9

10

√
α1

)

− α1

[64, 64, 64] 1
3186

49α1
1
50

− 49
25

√
α1

(

1
50

√
50− 99α1 − 49

50

√
α1

)

− α1

α1. For the arbitrary modulation orders cases, the PCBs are

given by (31) and

ε (α1)=
κ2
κ1̟ 2

1

(
̟1 [̟2 +̟3]− 2Λ1Λ2κ3

√
α1 [̟3 − κ2̟2]

)

(33)

where ̟1 = Λ2
2κ3+κ2, ̟2 = Λ2

1α1κ3, ̟3 = κ1(1−α1).
Additionally,

α
(N=3)
1,max =

κ1
Λ2
1Λ2κ3 (Λ2+2) + Λ2

1 (κ2 + κ3) + κ1
. (34)

Table II summarizes the PCBs for the identical modulation

schemes. It can be seen that the power coefficients space

becomes smaller as the modulation order increases. Also, it

is worth mentioning that the space of the power coefficients

for N = 3 becomes narrower compared to N = 2 because

of the extra PCB introduced. Following the same approach,

the PCBs for other values of N can be derived utilizing the

conditions in [47].

These closed-form PCBs expressions can be used as linear

and non-linear constraints while solving minimization or max-

imization optimization problems. For example, by noting that

the average BER of an N users NOMA system is given by

P
(N)
B,Avg. =

1
N

∑N

n=1 PBn
. Then the optimal power assignment

that minimizes P
(N=2)
B,Avg. is formulated as

min
α

P
(N=2)
B,Avg (35a)

subject to,

α1 < α
(N=2)
1,max (35b)

α1 + α2 = 1 (35c)

where (35b) satisfies the PCB condition and (35c) is con-

sidered to ensure that the transmitted power is normalized

to unity. The objective function in (35a) is non-linear, and

hence, it is difficult to find a closed-form analytical solution

for this problem. Therefore, the problem can be solved using

interior-point optimization (IPO), which provides near-optimal

solutions [31]. Similarly, the optimization problem can be

extended to N = 3 case. As such, the optimization problem

is formulated as

min
α

P
(N=3)
B,Avg (36a)

subject to,

α1 < α
(N=3)
1,max (36b)

̺ (α1) < α2 < ε(α1) (36c)

α1 + α2 + α3 = 1 (36d)

where (36b) is linear, and it is similar to N = 2 case. However,

(36c) is an additional inequality constraint that is introduced

for N = 3, where its upper bound is non-linear, whereas

the lower bound is linear. In addition, (36d) is to ensure

normalized transmission power.

V. NUMERICAL RESULTS AND DISCUSSIONS

This section presents the exact and asymptotic BER results

of a downlink NOMA system using various number of users

and modulation orders. The BER and asymptotic BER are

computed analytically using the expressions in Sec. III, while

the BER is validated by Monte Carlo simulations. In addition,

the optimal power assignments that minimize the system’s

average BER for N = 2 and 3 cases are computed, where

the PCBs, derived in Sec. IV, are used as constraints to solve

the non-linear optimization problem using the IPO algorithm

[31]. It is worth noting that the PCB constraints increase from

one constraint for N = 2, to three constraints for N = 3.

Moreover, the small scale fading is considered to be flat and

it follows the Rayleigh distribution with σ2
ℏn

= 1. The large

scale fading is considered as fixed pathloss with an exponent

of λ = 2.7, where the users are at a normalized distance of

Υn = 10
3
5λ (n−1) from the base station. The AWGN variance

σw̃n
is assumed to be common for all users, which corresponds

to the transmit SNR , 1/2σ2
w̃ [29], [31], [35], [40], [41]. The

base station and all users are assumed to be equipped with a

single antenna unless stated otherwise. The power assignment

for N = 2 is performed such that (31) is satisfied for all the

considered modulation orders, where the worst-case scenario

is when m = [8, 64], and thus, α = [1 × 10−2, 0.99]. For

N = 3, the power assignment should satisfy (31) and (32)

simultaneously for all the considered modulation orders, thus,

α = [1× 10−4, 1× 10−2, 0.9899]. The legends in all figures,

where 2 ≤ N ≤ 4 represent the modulation order vectors

m = [M1,M2, . . . ,Mn]. Furthermore, for N > 3 , the

power coefficients are selected using linear search such that the

constellation points do not overlap and the power coefficients

order is maintained.

Fig. 7 shows the analytical and simulation BER results for

N = 2, where both users adopt identical modulation orders.

The figure shows that the analytical and simulation results

match very well for all the considered scenarios. Moreover,

the asymptotic BER can be considered as an accurate ap-

proximation at high SNR values. As expected, increasing the

modulation order degrades the BER performance, and the

degradation generally follows the case of orthogonal multiple

access. For example, QPSK modulation for both users requires

about 3 dB additional power as compared to BPSK to achieve

a BER of 10−2. Moreover, when comparing BPSK and 64-

QAM, the latter requires about 14.4 and 17.5 dB for U1 and

U2, respectively, to achieve BERs of 10−2.

Fig. 8 shows the BER for U1 and U2, where the modulation

orders are not necessarily identical. It can be noted that at

high SNR values, the BER for each user does not generally

depend on the modulation order of the other user, except

for m = [8, 64]. It is worth noting that the selected power

coefficients for this case are close to the PCB (31), while
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Fig. 7. Analytical (dashed lines), simulated (markers) and asymptotic BER
(dotted lines) results, where N = 2 and M1 = M2.

for the rest of modulation orders combinations the selected

power coefficients are relatively close to the center of the PCB.

Therefore, the IUI can cause significant BER variations based

on the assigned power for each user. The exact BER change

that results by changing the modulation orders is given in Fig.

9, which is computed as the percentage of BER change relative

to the identical modulation order case. For example, the BER

percentage of change for U1 with m = [8, 4] is calculated as

(PB1 |m = [8, 4]−PB1 |m = [8, 8])/PB1 |m = [8, 8]. However,

for U2 with m = [8, 4], the percentage of change is calculated

as (PB2
|m = [8, 4] − PB2

|m = [4, 4])/PB2
|m = [4, 4].

As can be noted from the figure, the percentage of change

converges to a constant value at high SNR values. In addition,

the percentage of change for U1 at high SNR values is within

±2% for all modulation orders, except for m = [8, 64], which

saturates at +30%. Similarly, the percentage of change for U2

is within ±2%, except for m = [8, 64], and it saturates at

+50%.

Fig. 10 shows the BER using various modulation orders

for N = 3. Similar to the N = 2 case, the BER increase

when higher modulation orders are used. However, the overall

BER performance degrades when compared to N = 2 because

the power budget is shared by three users, and additional

interference is introduced by U3. Due to the equal power

assignment for all modulation orders, U1 is assigned a very

low power coefficient, which results in poor BER performance.

The power coefficient assigned to U2 is higher than U1 by 20
dB, however, the BER advantage is reduced by 6 dB, which

corresponds to the large scale fading. The same observations

apply to U3 since it has 20 dB power advantage over U2.

Nonetheless, the power advantage is reduced by the 6 dB

relative pathloss difference. The figure also shows the impact

of changing the modulation order for certain users on the BER

of other users. More specifically, it can be noted that changing

the modulation orders for any two users will have a negligible

effect on the BER of the other users.

Fig. 11 quantifies the BER variation due to the modulation

orders change. As can be noted from the figure, the change

at high SNR values is roughly within ±2% for all users. At

low and moderate SNR values, the change roughly less than

±5%.

Fig. 12 presents the BER for the case of N = 4. The power

coefficients used are α1 = 10−6, α2 = 10−4, α3 = 10−2

and α4 = 0.989899. Consequently, such power coefficients

require extremely accurate power control at the base station.

Similar to the N = 2 and 3 values, the BER for a particular

user is roughly independent of other users’ modulation orders.

As can be noted from the figure, the small power coefficients,

IUI and the large scale fading lead to a degraded BER when

compared to cases with a lower number of users. As depicted

in Fig. 13, the impact of changing the modulation orders of

other users on a particular user’s BER generally follows the

other considered cases, where the change of the BER with

respect to the identical modulation order is bounded by ±2%,

at high SNR values for all users and modulation orders, except

for m = [4, 2, 16, 8] for U2, which saturates in the range of

+10%. At low and moderate SNR values, the change is within

±5% for all users and modulation orders, except for m =
[4, 2, 16, 8] for U2, where it is about +19%.

Fig. 14 shows the BER for N = 2, 3, . . . , 7, where QPSK

modulation is adopted for all users. The power coefficients for

each case are given by:

• N = 2: α =[0.138, 0.862]
• N = 3: α =[2.30× 10−2, 0.156, 0.821]
• N = 4: α =[4.40× 10−3, 2.96× 10−2, 0.165, 0.801]
• N = 5: α = [9.00 × 10−4, 5.90 × 10−3, 3.33 ×
10−2, 0.170, 0.790]

• N = 6: α = [2.00 × 10−4, 1.20 × 10−3, 7.00 ×
10−3, 3.57× 10−2, 0.173, 0.783]

• N = 7: α = [3.99 × 10−5, 2.69 × 10−4, 1.50 × 10−3,
7.70× 10−3, 3.75× 10−2, 0.175, 0.778].

The power coefficients are selected to minimize the system’s

average BER given that SNR = 80 dB. Therefore, the system’s

average BER can not be considered minimum at low SNR
values. Nevertheless, by noting that the power coefficients

remain approximately unchanged for a wide range of SNR
values, then the presented average BER can be considered

near-optimum. Tables III and IV present the optimal power

coefficients that minimize the system’s average BER for

various modulation orders and SNR conditions for N = 2
and 3, respectively. It can be noted from the selected power

coefficients that the difference between α1 and αN becomes

significant as N increases. For example, the power difference

between α1 and α7 is about 42.9 dB. Such a high power

difference is due to the necessity of compensating the high

attenuation caused by the large scale fading. Moreover, it is

noted from Fig. 14 that the BER for all users and values of N
approaches the system’s average BER at high SNR values. It is

also worth noting the trade-off between N and the BER, where

adding one additional user to the network causes degradation

in the system’s average BER between 6.65 and 8.24 dB at

BER of 10−3.
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Fig. 8. U1 and U2 BER for various modulation schemes, where N = 2.

Fig. 9. BER percentage of change with respect to the identical modulation
case for N = 2.

Fig. 15 considers the BER with receiver diversity. The

results are obtained for N = 2 considering Ln = 1, 2 and

4 receiving antennas, and modulation orders of m = [64, 64].
As can be noted from the figure, the analytical and simulation

results match very well for all the considered scenarios.

Moreover, the figure presents the asymptotic BER, which

approaches the exact BER high SNR values. As compared

to SISO, the diversity gain for Ln = 2 is about 12.3 and 10.2
dB for U1 and U2, respectively, at BER of 10−3. The gain

increases to about 18.9 and 15.6 dB, respectively for U1 and

U2, for Ln = 4.

VI. CONCLUSIONS

This paper has derived asymptotic and exact analytical BER

expressions for NOMA over i.i.d Rayleigh flat fading channels.

The derived expressions are applicable for any number of

users, where each user has an arbitrary modulation order

including BPSK and rectangular/square QAM. The results

were corroborated via Monte Carlo simulation results. The

derived expressions were used to provide insights about the

BER performance in various conditions and system config-

urations, including some extreme scenarios in terms of the

number of users and modulation orders. For example, the

BER results revealed that the BER of all users converge to

the system’s average BER at high SNR values when the

optimal power coefficients are adopted. Moreover, when the

power coefficients are roughly in the middle of the PCBs,

the BER of each user becomes almost independent of the

modulation orders of other users, which might be necessary for

adaptive modulation. The closed-form PCBs were derived for

the N = 2 and 3 cases with arbitrary modulation orders. These

expressions were utilised as linear and non-linear constraints

to compute the optimal power assignment that minimizes the

system’s average BER. Interestingly, using high modulation

orders and large number of users make the power control

process very critical, where extremely fine power tuning is

required.
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