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Exact controllability for the wave equation in
domains with variable boundary.

Manuel MILLA MIRANDA

Abstract

This paper is concerned with the problem of exact boundéry
controllability for the equation:

W' —Au=0inQ

where Q is non cylindrical domain of R"* The result is ob-
tained by transforming the problem in @ in a problem defined in
a cylindrical domain @ and the showing that these two problems
are equivalent. The result in @ was studied by the author in an
earlier paper applying the HUM of J. L. Lions.

1 Introduction

Let ) be an open bounded set of R™ with boundary T of class C?,
which, without loss of generality, can be assumed containing the origin
of R", and k : [0, 0o[—]0, oo[ a continuously differentiable function. Let
us consider the subsets §; of R™ given by

G={zeR"z=Fk(tly,ycQ},0<t<T< o0

whose boundaries are denoted by I';, and a the non cylindrical domain
of Rn+1’

Q= |J ux{8) (1.1)

0<t<T
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with lateral boundary
£= J Tex{e.

0<i<T

We have the following system:

v —Au=0 in Q
u=v on % (")
u(0) = u?, (@) =u! in o

where u” stands for. -‘g}‘; and u(0),+'(0) denote, respectively, the func-
tions « +— u(x,0),  — u'(z,0). Here v is the control variable, that is,
we act. on the system (*) through the lateral boundary ¥. _

The problem of exact controllability for system (*) states as follows:
given T > 0 large enough, is it possible, for every initial data {uo,ul}
in an appropriate space to a find a control v driving the system to rest
at time T, i.e., such that the solution u(z, t) of (*) satisfies

u(T) =0, «(T) = 07 (1.2)

In this paper we show that system (*) is exactly controllable. QOur
approach consists first in transforming (*), by using k(t), in a system
defined in the cylindrical domain @ = Qx]0,7T[. This system will have
the following form:

w” — 3%: (aij(y, t)%) + &y, t)%yi: + di(y, t)g% =0in Q
w=gonX=Ix]0,T| "

w(0) = w0 w'(0) = w! in .

(Here and in what follows the summation convention of repeated indices
is adopted). Then we show that the study of the exact controllability
problem for (*) reduces to the study of the controllability for system
(**). The second v will be expressed in function of a weak solution #
of the wave equation in the non cylindrical domain é For that, an
appropriate change of variables is needed.

The exact controllability for system (**} was analised by the author
in [14]. The Hilbert Uniqueness Method (HUM) of J. L. Lions [10], [11]
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is used in this analysis. The application of this method can be also found
in C. Fabre and J. P. Puel [4], J. P. Puel [15}, J. P.Puel and E. Zuazua
[16}, E. Zuazua [19], [20], [21], V. Komornik [7] and L. A. Medeiros [13].

One can find non cylindrical domains é like those we have considered
in (*) in R. Dal Passo and M. Ughi {3] and in J. Limaco [8], both in the
parabolic case and when € is the unit ball of R™. Other models in non
cylindrical domains can be found in J. P. Zolesio [18].

The existence of solutions of the initial boundary value problem for
the nonlinear wave equation in general non cylindrical domains é was
studied among other author by J. L. Lions [9], L. A. Medeiros |12}, when
Q is increasing and by C. Bardos and J. Cooper [2] when Q is time like.
A. Inoue [6] also analised this type of problems. The linear case was
treated by J. Sikorav [17] when Q is time like. He used tools of Differ-
ential Topology. The non cylindrical domain 5 that we have considered
in (*) is time like but it is not necessarily increasing or decreasing. This
occurs because the derivative k'(t) does not have sign condition. é is
named time like when the unit normal vector n = (e, nt) to E, directed
towards the exterior of Q, satisfies | ny |<| n5 | The exact internal con-

trollability problem for the wave equation in non cylindrical domains
was treated by C. Bardos and G. Cheng [1}. They did not use HUM.

The paper is organized as follows:
2. Main result
3. Summary of Results on the Cylinder
4. Spaces of the Non Cylindrical Domain

5. Proof of the Main Result

2 Main result

Let us introduce some notations (cf. J. L. Lions [11}). Let 3° € R® m(y)
the function y — y° and v(y) the unit normal vector at y € T, directed
towards the exterior of £2. We consider the sets

I(y%) = {y e T;m(y) -v(y) 20}, @) =TE%)x]0, 7]
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and the corresponding sets in the (z, t)-coordinates,

P(y’) = {z €Tz = khy,y €TG")}, 0<t<T

2% = U N6 x {8

0<i<T

In the definition of T'(y"), - denotes the scalar product in R™. We
represent by n = (72, mt) the unit normal vector to ¥, directed towards
the exterior of Q and by »* the vector 0,/ | 5, |. Let

R(y°) = sup | m(y) | M =sup |y|
yen ) yef

and A; the first eigenvalue of the spectral problem —Agp = Ap,p €
H{(Q).
Weé make the following assumptions:

The boundary T of 2 is C2 (H1)

and concerning the function k,

k € We°(10, o) (H2)
0 < ko=infk(t), supk(t)=Fk < oo (H3)
t=>0 t>0
1
) |=17< = H4
IO =< o

o0
31:/ | k' | dt < oo, fg:fm|k"|dt<oo (H5)
. 0 0

Hypothesis (H4) implies that the non cylindrical domain Q is time

like. The unit outer normal vector 5(z,t) to T is given in Remark 4.1.
All the scalar function considered in the paper will be real-valued.
In Q, é defined by (1.1), we have the following system:

u'—Au=0 in @

v on f}(yo)
10 on E\E@Y
w(0) = uC, u/(0) = u!

(2.1)

U =
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In (3.9) we will give an explicit value for the minimal contfollability time
Ty depending on n, R(y°), A1, the function k and on the geometry of 2,
and in (5.20), an isomorphism

Ay : L2(Q0) x H™1 () = HE(S) x L2(Q), Ay {uo,ul} = {90,91}

which allows to compute the control v for the initial data {u% u1}.
Now we state the main result of the paper.

Theorem 2.1 We assume that the hypotheses (H1)-(H5) are satisfied.
Let T > Ty. Then for each initial data {uo,ul} belonging to L3() x
H™Y (), there exists a control v € L*(0,T; LY(T+(y")) such that the
solution u of system (2.1) satisfies the final condition (1.2). Moreover,
the control v has the form v = 86\0v* where 0 is the weak solution of
the problem

" —A9=0 in Q
6=0 on 5

0(0) = 6°,¢’(0) = 6,

with {90,61} =M\ {uo, ul}.
The next three section will be devoted to the proof of the above
theorem.

3 Summary of results on the cylinder

In this section we list the results on the cylinder @ that we will use in
Section 5. Its proofs can be found in [14].
We consider the operator

ow ow
5§ Oy

L‘uu='a.u""—i aij(y,t)— | + bi(y, t) I+d-(y t)f'—E (3.1)
ayi LYAV- 4 ay LAt 8 (A% 4 31{5

where
aij(y, t) = (5ij - kﬂyiyj) k2,

bi(y, t) = ~2k'k Ly, di(y,t) =[(1 - n)k:'2 - k"k]k_Qy,-.
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Then for =z test function in Q, we have

T ¢ T a 9z
L ddt:/ fw " —Tay— | +
./o .[z( w)zdy o Ja [z dyi \ ¥ dy;
+ —‘?——(b-z)'—i(d-z) d dt—fowL‘zd dt
Byi - Ay Y o Ja Y

We obtain

8 d
e (bsz) = b.—g—z - 2nk'E 12" + (2672 - 2k”k) K2y,
Yi 1

Ui

Oz

Oy;
2 " -2 9 " 2 p-2. 0%
+(2nk - 2nk k)k 2 5;(4.-2) = "k — (1 —n)k?R Wy
1 1

+[nk"k — n(l — n)k% k2.
Thus L*z, the formal adjoint of L, has the form

0z

a
L‘ — v_ = .. t
z z (a‘lj (y7 )ayJ

+ bi( t)az’+Pz (3.2)
y; e Oy )

where
Pz= —2nk’k'*1z’+{(n+1)k@—k"k]k*2yi%+[n(n+1)k’2—nk"k]R“22.
Let us consider the problem
L*2=h in Q
z=0 on I (3.3)
2(0)=20,2/(0)=2' in @
with data
L e ), el*R), he L0, T;L%Q)). (3.4)

A function z : Q@ — R will be called a weak solution of Problem (3.3) if
z belongs to the class

z€ L0, T; H)(R)), 2 € L=(0,T;L%(Q));
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satisfies the equation

T . T T 32’
_ f af .
L (z,g)dt+./€; a(z,z,g)dt+L <b,ayi,§>dt

/T _ T
P dt =
+ [ aggae= [ (meyer

VE € LE(0, T; H3 (), € € L2(0,T; L3(R2)), £(0) = £(T) = 0

and the initial conditions
2(0) = 29, Z/(0) = 2%

Here (-,-) denotes the inner product of L2(Q), {-,-) the duality pairing
between F’ and F, F being a generic space and ¥’ it dual (these nota-
tions will be maintained throughout the paper) and

8z 9

t = [ ag(y, t)——dy.
a( ’zig) Lan(y’t)ayj 8yi v

We observe that if z is a weak solution of Problem (3.3) then 2’ is
weakly continuous from [0, T] with values in Z2(f2). Therefore the above
initial condition z(0) makes sense. The regularity of 2z’ follows from
2 € L™(0,T; L%(Q)) and 2" € L}(0,T; H~1(2)). The second condition
is obtained from the integral equation of the definition of weak solution.

Concerning to Problem (3.3) we have the following result:

Theorem 3.1 For each data 20, 21, h in the class (3.4), there ezists an
unique weak solution z of Problem (3.3). This solution has the regularity:

z € ¢([0, T); H3 () n ([0, T); L))

and

8z 2 L2
5 € LX0,T; LX(T)). (3.5)

From (8.5) it follows that gf‘: belongs to L*(0, T; L%(T")) where

8z ( ) Az
— = aiily, ) —vy.
vy A Oy *
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We obtain all the above results if instead of Problem (3.3) we consider
the backward problem:

L*2=h in Q

2=0 on X (3.6)

2(T)=2%2(T)=2! in Q

Let us consider the problem
Lw=0 m @
w=g on X 3.7)
w(0) = wo, w'(0) = w!
with data
v e L3Q), w'eHYN), g¢e L*0,T;L¥T)). (3.8)

We say that w € L0, T; L*(£2)) is a solution by transposition of Prob-
lem (3.7) if-

T U7 ,2’51(0')‘ _awb
[ . mae = !, T T = (Stute z(0)> -

/T( 9z )
- g, —— dt
0 BUA LQ(T‘)

for every h € L(0,T;L%(Q)) where z is related to A by Problem (3.6)
with 20 = 2! = 0,
We have the following result:

Theorem 3.2 For each data w®, wl, g in the class (3.8), there exists an

unique solution by fransposition w of Problem (3.7). This solution has
the reqularity

w € C([0,7]; L%Q)) n cX([0, T); H~1()).

We can change the initial data at time ¢ = 0 by final data at time
t = T in Problem (3.7) and obtain the same resuli above.
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In the sequel we introduce some constants in order to state the main
result of this section. By hypotheses (H3), {H4) of Section 2 one has
that there exists a positive constant e such that

aii{y, )€ikj 2 ackiki, Viyt} € 2 x (0,00, VEER"
With this and the notations of Section 2, we define:

-1
Co = 2 (1 + 7k M + 72M? + n agk}) (agkg) (61 + £2) +

-1
+2 (231 m + n) (a7 + 7+ k1) (a},/"k%;)\}”) (&1 + £2)

Cl = C_CO, 02 = eCO.
The minimal controllability time Ty is then defined by
To = [2a5 /2R(y%) + K1 + Ko + K3]C2C7? (3.9)

where

K1 =27[(n — )M + 2R(@°) + 222 M R(4%)}/agkor}’”

Ko=20H{n+ l)R(yo)[‘J’M + a(l)/Qko]/aokg
K = tin(n + 1)[r M + i/ %ko)/ackir/2
We consider the problem
Lw=0 in @
g on Z(°)
0 on Z\Z(")
w(0) = vl w'(0) = w!

w =

(3.10)

We have the following exact controllability result:

Theorem 3.3 Let T > To, To given by (3.9). Then for every {w® w'} €
L%(N) x HY(Q) there exists a control g € L*(Z(y")) such that the so-
Iution by transposition w of Problem (8.10) satisfies

w(T) = 0, w'(T) = 0.

Remark 3.1 We observe that if k(t) = 1 then K; = Ko = K3 =
0,C, = C2 = 1 and ag = 1. Therefore Ty = 2R(y°). Thus in this case
T, coincides with the minimal controllability time obtained earlier by J.
L. Lions [11] and V. Komornik [7] for the wave equation v” ~ Au = 0.
Let ¢ be the weak solution of problem
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p=0 on X (3.11)

(0) =% (0)=p* in Q

with {¢% o'} € H}(Q) x L%Q), and % the solution by transpoesition of
the problem
Ly =0 in @

on 0

$(T)=0,4'(T)=0

With these last two problems, we introduce the operator A,
HE x L) — H- Q) x L2(f)
{0} = A {001} = {9(0) - v B0, —u(0)} (3.13)
The proof of Theorem 3.3 is reduced to prove that the operator
A is an isomorphism from H}(Q) x L%(9) onto H () x L3(N).

This is done by showing, by multiplier techniques, that the following
observability inequality holds for T > Tp:

1 12,1 0,0 /Tj dp|?
. _ 0- <C —_
5l | +20(,¢,90)_ AN P

where ¢ is the solution of problem (3.11). We refer to [14] for the
technical details.

Remark 3.2 In system (3.12) we can consider gf— instead %f and to
obtain also the exact controllability for system (3.10). On the other side
if py, t) = E™(t)0(k(t)y, 1), 2 = k(t)y, then

o) = (b= M) G = 614)

laa

= (6,-_.; - k_2k'2:c,-a:j) k" (.'1: )i (z,t)
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and

a0
P (:1:, t).

(For the calculations see (5.13)). We note that the second member of
(3.14) is not a known derivative of the function 8. For this reason we
consider %’5 instead %ﬁ; in (3.12).

dyp
~(y, t) = k™1
v (v, %)

4 Spaces on the non cylindrical domain

Let u: (3 — R be a function such that
u(z,t) = k" (t)E (;%t) e PO,T;WIAQ). (41)

We then have u(t) € W5 (§};) a.e. t in |0,T[ and

(@) lwmay= K+ ™" 1| €62 lwgroce -

Therefore,

Ca 1 €() hwraqy <l w(t) lwran S Ca l €G) Twpay - (42)

Here and in what follows C3, C4 will denote generic positive constants.

We denote by LP (0, T; W3 (1)) (1 <p £ 0,1 < g < 00, m a non-
negative integer) the space of (classes of) functions u : @ — R such that
there exists £ € LP(0,T; Wy () verifying (4.1), equipped with the
norm

T 1/p
| u IILP(D,T;Wg"q(Qt))z (A || u(t) ";;;‘-'i(nt) dt) 1< p<oo

U || foo R Vaiadr ] = esssu ull .q .
fl 4\l Loogo,mwim (e te]OTl[’ | w@@} lwzmean

By (4.2), the space X = LP (0,T; W, "7(€%)) is a Banach space and the
linear application

LP(0;T; Wi () — X, £ UE=u (4.3)

is an isomorphism.
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We write C([0,T);W7"%(:)) to denote the closed subspace
of L (0, T;Wy™"?(S2)) constituted by functions u such that the corre-
sponding £ given by (4.1) belongs to C ([0, T]; Wg ().

The dual space of X = L?(0,T; H}(2:)) (1 <p< oo, % + !—,17 = 1)

will be identified with L* (0,T;H (). In what follows we char-
acterize the vectors of this space. In fact, we have by the proper-
ties of U defined in (4.3), that if § € X' then there exists a unique
RelLF (0, T; H~1(2)) such that

(S,u) = (R,£), €=UTu
and
C3l RISISNI<SCat R
Tho show that, it is sufficient to take R = U*S where I* is the adjoint
operator of i{. On the other side, with R we define the operator P:
(P(t),a) = (R(t),8), a e H()
where 8(y) = k™(t)a(k(t)y). Then

Cs || R(t) -1y <l P(t) N r-1()< Ca | R(t) |-1(n)
since
Cs i B gy <l a gy < Call B gz -

Thus, by identifying S with R and R with P, we obtain that
the space L¥ (0,7; 5! (£2¢)) i= constituted by the functionals S such
that

5:0,T[— H (), S measurable

3Re L (O,T;H‘l(ﬂ)) satisfying (S(t), o) = {(R(t), 8)
aetin]0,T], Bly) = K"(t)a(k(t)y)
and the norm is given by |
1/p!

T I
IS 1l o m1-100y= ( L [ECY dt) 1<p < oo

I} 8 HlLoogo, ;- 1(020))== esssup || S(t) lg-1¢y) -
t]0, T

]
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The space C(|0, T); H™ (%)) will be defined as the closed subspace
of L®(0, T; H () constituted by the functionals S such that its cor-
responding R belongs to C({0, T]; H ~1(2)).

Let u: Q + R be a function and

u(z,t)=w(k—z:t—),t), w:Q— R
then

v =gy () v () 9

Let u € LP(0,T;L%(%)),1 <p < o0, be such that £’ belongs
to LP(0,T; H '(Q)), where £ is so that U = u. Let w = k77, that is,

u(z, ) = k"(2)¢ (k(t ) = (k(t )

)’
Then w € LP(0,T; L*(Q)) and w' € LP(0,T; H™1(R)). By (4.4) we have

w(00) = (- uge +u',6)

where a G HE(Q:) and B(y) = k™(t)a(k(t)y).
Clearly, v’ € LP(0, T; H™}(Ry)).
In particular if u € LP(0, T; HA(Q)) and w' € LP(0,T; L*()) then

, K@) dw )
t), 2 = b3 *
(#'(t), @) L2 ( w0 Yo P LX)

with o € L2(£;). Clearly v’ € LP(0, T; L2(Q)).

We denote by L2(0, T; L2(T';)) the Hilbert space of functions v : T
R such that ther exists g € L2(0,T; L%(T")) verifying

w(z,t) = k" (t)g (k(t) )

equipped with the inner product

T
(U, ’6) L2(0,T;L2(Ty)) = (U(t)r i‘;(t))_[.z(l"g) dt.
0
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Remark 4.1 The unit normal vector 5(z, t) at (z,t) € %, directed to-
wards the exterior of Q, has the form

n(zt) = {v(v), =" () (W, v @D L +£2() | (w, @) P72, y=

m.

In fact, fixe (z,£) € £. Let ¢ = 0 be a parametrization of a part U
of I', U containing y = z/k(t). Then a parametrization of a parte V of
$,(z,t) €V, is ¥(z,t) = (p(I/k(t)) = 0. We have

Vi(z,t) = {Vely), =% (), Vo(u))} -

k(t

From this and observing that v(y) = Ve(y)/ | Vely) |, the remark
follows.
Let v*(z,t) be the z-component of n(z,t), | v*(2,t) [= 1. Then by

Remark 4.1, one has
A _ T
(z,t)=v» (k(t)) (4.5)

5 Proof of the main result

5.1 Weak Solutions and Solutions by Transposition.

In order to motivate the definition of weak solutions and solutions by
transposition of the wave equation in Q, we obtain some relations be-
tween functions. We consider

ulz,t) = w (%,t), 0(z,t) = k()2 (E%at)
o(z,8) = k~""1(t)g (k—(%t) R

One has

Ve =~y () v () 6
0'(z, t)= — nk " H)R'(t)2 (k(t) ) (5.2)

— kg '(t)y,az (k(t) )+k~"(t)z'(;c%),t)
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and

W (z,8) — Aulz, 1) = Lw (k o )
8" (z,t) — A8(x,t) = k "(#)L*=2 (E@ t)

where L and L* were defined, respectively, in (3.1) and (3.2).
With the above functions we obtain formally the following results:
The change of variable z == k(t)y gives

T T
f f(u"——Au)ﬁd:cdt-f /szdydt (5.3)
o JO 0 JN
/ / wL* zdydt = f f 0" — Af)dxdt (5.4)
2
and by (4.5),
_p Oz
ij — k7 y,yJ k E—V,g dl'dt = (5.5)

a6
f f bij — k’Qk—Qz,-xj) kPt —ut v dl dt.
Q I': . ox;

7

The Green’s formula, the condition z(¢) = 0 on TI', the change of variable
z = k(t})y and the relations (5.1), (5.2) furnish the identity

: , () dw _
[0~ woou- [ o:0w= 66

| e - u(t)ﬂ’(t)]dw

The Green’s formula, the integration by parts on [0,T] and the conditions
z(t) =0on I',w = g on X, yield

T T
[ fszdydtzf wa*zdydt+N(T)—N(0)+J (5.7)
0 1 0 4]

where N (t) denotes the left side of (5.6) and J, the left side of (5.5).
Then from (5.3)-(5.7) we have

f f —  Au)ddzdt = / [W(T)O(T) — w(T)'(T)dz  (5.8)
{1 11

-
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- /ﬂ [ (0)0(Q) - w0 (O] +

T T
+ o B2 Y gl TV s +
‘/(; ’[I\‘ (613 k k xng) R 6 - U,‘ v drdt

xj
T
+ f f u(8" — Ag)dzdt.
0 JN.

Motivated by (5.8), we introduce the following problem:

6"—A8=h in Q
=0 on % (5.9)
0(0)=6% 0'(0)=0' in

with data

00 € H(Q), 6' € L¥Q0) ke LY(0,T; L3(QL)). (5.10)
We say that 8 is a weak solution of Problem (5.9) if
0 € C(I0, T H)(Qy), #' € C(10,T); L3(R)

and verifies

T T T
_fo (19_',0')L2(nt)dt+/0 ((9,0))35(9,)‘“:/0 (h, @) p2(n,)dt

Va € L*(0,T; H3 (), ' € L3(0,T; L)), a(0) = o{T) = 0
8(0) = &%, '(0) = ¢!
Theorem 5.1 Let 8(z,t) = k™ "(t)z(z/k(t},t). We have that if z is
a weak solution of Problem (3.3) then 0 is a weak solution of Problem

{5.8) and reciprocally. The data {00, 61,};} and {2°,21,h} are related
by

8%=z) = k~(0)2° (kz’—o)) (5.11)
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oMz) = ~ nk " H{0)x'(0)2° (F(%)’)_ (5.12)

B LO)x' (0)%a c (k(o)) +570)2 (ﬁa)

(see (5.1), (5.2)).
Theorem 5.1 is showed by relating integrals on §2; and § and using
Theorem 3.1 and (5.2).

The uniqueness of solutions of Problem (5.9) is a consequence of -
Theorem 5.1. We also have that, since m—_ =k™" 1%"‘—

3

a6 a6
azj’ av*

€ L2(0,T5 LA(L) sad 22 (g, 1) = K™ 1(0) - (KOs )
v
(5.13)
Remark 5.1 Clearly we can change the data at time { = 0 by final
data at t = T in Problem (5.9) and obtain all the above results for the
solution w of the respective backward problem.

In the sequel we introduce the solutions by transposition. Let us
consider the problem

@ —Au=0 in @
u=v on X (5.14)
u(0) = w0, w'(0) =u! in
with data
WO e L2(), u'e H Q) wve L0, T;L3(Iy)). (5.15)

Motivated by (5. 8) one introduces the following definition: We say
that u € L®(0,T; L)) is a solution by transposition of Problem
(5.14) if u verifies

T . , |
fo (w R)2gy = (), 0(0)) — (u°,0'(0)) 2y —

T o0
- — K% kM ¥ v dldt
L Lt i *ziz 3) 82:JV v
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vh € LY(0, T; L))
(v* defined in (4.4)) where 8 is the weak solution of the problem

O

¢"—A9=% in
p=0 on %
6(t)=0,6'(t)=0

Theorem 5.2 Let u(z,t) = w (75?3’ t). We have that if w is a solution

by transposition of Problem (3.7) then u is a salutwn by transposition
of Problem (5.14) and reciprocally. The data {u ul ,v} and {w w ,g}
are related by

uo(:z:) =w’ (m)-) (5.16)
(ul,a) = < k’((g))ygﬂ +w ,;‘3>, o € H}(D), (5.17)

a(z) = k~(0)8 ()
oz, ) = k(1) (k o t) (5.18)

The proof of Theorem 5.2 is obtained by the same arguments used
in the proof of (5.8). For the initial conditions one uses the following
result:

Remark 5.2 Let u® € L2(Q;) and w%(y) = «°(k(¢£)y). Then

ul w’

To see this it is enough to make the respective integrations.
From Theorem 5.2 the uniqueness of solutions of Problem (5.14)
follows and by Theorem 3.2,

u € C([O, T]; L2(Qt)) n Cl([ov T]; H-l(ﬂt))'
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We observe that, in addition te (5.6), we have

L a0 , a8
[ f (855 — K2k 224z ) k™ ——v} ~—dTdt =
0 JT¢

oz P vt
T 8z 0Oz
= bij — kyiy; ) k2 ——vi—dl dt.
./; -/1_.‘( ij !h!b) ay_,-"'av

5.2 Proof of Theorem 2.1.

Let us consider the system (2.1), that is,

W' ~Au=0 in Q

v on E(,yO) (5.19
0 on £\SGY (5:29)
u(0) =% () =u! in

where é is constructed witk T > To, To given by {3.9). With (5.10)-
(5.12) and (5.15)-(5.17), we determine, respectively, the isomorphisms

(&2 zo,zl} = {60,01} snd Ga {wo,wl} = {uo, ul}.

Consider the operators

U{wo’w1} _ {w1 _ 2K ,a_tf __wo},

k(0) ¥y

A0} = {w’(O) _ 2 a—w@,—-w(ﬂ)}.

k(0) ' oy,

where A is the isomorphism defined in (3.13), that is, z is the weak
solution of the problem

L*2=0 in Q
z=0 on I (5.20)

2(0) = 29,2(0)=2" in Q
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and w the solution by transposition of the problem

Lwv=0 in @

_[E o z(Y
“=18 on S\E(O)
w(T)=0,w'(T) =0

(5.21)

Since A is an isomorphism we have that for each {w, w0} e H1Q) x
L2(9) there exists an unique {z% 21} € H}(Q) x L*(R) such that

C2K(0) aw?
A {zo, zl} = {wl - *0) yg-é-!;—,—wo} . (5.22)

Thus if w is the solution of problem (5.21) constructed with {29, 21}, we
have

w(0) = w?, w'(0) = wl.
With the above operators we determine the isomorphism

A; = G1A7 oS!, that is

As : L3($20) x H™Y(Q0) = HE(Q0) x L), Aq {uo,ul} = {oﬂ,al}.
_ (5.23)
Let {u® ul} € L?(Q) x H~'(%). Then by (5.23), we determine
{6%,6'}. With this data we find the weak solution ¢ of the problem

8" —A8=0 in Q
=0 on § (5.24)
8(0)=6%0'(0)=06' in Q
and with {20, 2!} = 6! {6° 6}, the weak solution z of the problem
12=0 i @
z=0 on X

20)=2° 2(0)=2' in €
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Next, we determine the solution by transposition & of the problem
Lv=0 in @

8z on 0 ) ) | |
w= { 6” on ?_‘{yz()yO) UJ(O) — wo, wf(o) — ! (5 25)

where {w® w!'} and {2° 2!} are related by (5.22). We have the unique-
ness of solutions of problem (5.25) that & = w, w the solution of (5.21)
constructed with {zo, zl}. Therefore

HT)=0, &(T)=0.

Finally, from Theorem 5.2, it follows that u(z,t) = @ (Fﬁ')_’t) is the
solution by transposition of Problem (5.19) and u satisfies the final con-
dition

u(T) =0, u'(T) = 0.
By (5.13) and (5.14), we have that the control v has the form

o8

= oo # weak solution of (5.24).

v

Thus, the proof of Theorem 2.1 is concluded.

Acknowledgement: We thank to Prof. E. Zuazua for his important
remarks.
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