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ABSTRACT

The (continuous) data are n observations that are believed to be

a random sample from a symmetrical population. Confidence intervals and

significance tests for the population mean are desired. There is,

however, the possibility that either the smallest observation or the

largest observation is an outlier. That is, the population providing

this observation differs from the symmetrical popu]a".ion providing the

other n - 1 observations. If thin occurs ; intervals and tests are

desired for the mean ci the population providing the other n - 1 obser-

vations. Some investigation difficulties can be overcome if intervals

and tests can be developed that are simultaneously usable for all. of

these three situations (a confidence coefficient, or significance level,

has the same value for all three situations). Two kinds of intervals

and tests with this property are developed. These results always in-

volvc: both the next to largest and next to smallest observations and

should have at least moderately high efficiencies. Also, some extensions

are considered, such as allowing each observation to be from a different

population.

*	 Research partially supported by Mobil Research and Development
Corporation and by NASA Grant NGR 44-007-028. Also associated with ONR
Contract NOOO14-68-A-0515.
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INTRODUCTION AND DISCUSSION

The data are n independent observations that are continuous data and

are believed to be a ranftm sample from a symmetrical population. The

order statistics of these observations are

X 1 < ... <Xn.

Desired are confidence intervals and significance tests for the mean µ of

the population sampled. However, the experimental situation is such

that X 1 or Xn.9 but not both, could possibly be an outlier. More

specifically, the population providing the observation that is X1 , or

is Xn, differs from the symmetrical population that provides the other

n - 1 observations. inequality of means is the difference of predominant

interest but lack of symmetry for the population providing the outlier can

also be of interest. When this outlier situation occurs, intervals and

tests are desired for the mean p of the symmetrical population providing

the other n - 1 observations. The motivation for considering this outlier

possibility could be due to almost anything (previous experience with

data of this type, an examination of the observed values, a desire to

protect against this possibility, etc.).

If X 1 is an outlier, X2 .9 000 .9 Xn, are the order statistics of a

random sample of size n - 1 from a symmetrical population. Here, X2

represents the smallest sample value,, etc. If X  is an outlier, X l.9 •••,

Xn 1 are the order statistics of a random sample of size n - 1 from a

symmetrical population.

Given a satisfactory procedure for deciding on the rejection of an

outlier, one approach would be to first use this procedure to decift



highly efficient'for almost any kind of underlying distribution.
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which of the three situations (random sample, X 1 an outlier, X  an out-

lier) exists. A procedure for rejection of outlying observations for a

general continuous symmetrical population is given in ref. 1. However,

this procedure is not usable for a single outlier. Moreover, the

decision reached might be erroneous even if a satisfactory procedure for

rejection of an outlier were available.

A more desirable approach is to obtain intervals and tests that

simultaneously are applicable to all three situations. More specifically,

an interval has the same confidence coefficient, and a test has the same

significance level, for the three situations. Two-sided intervals and

tests with this property can be developed and two types are given. For

brevity, only confidence intervals are considered. However, the corres-

ponding tests can be obtained from these intervals and the usual manner.

The normal distributions are examples of symmetrical distributions.

Thus, the results presented can be used to investigate p for the normal-

ity case. These results should have reasonably high efficiency for each

of the three situations when the population providing n, or n - 1, sample

values is normal. This efficiency property is indicated by some power

computations given in ref. 2 for the case where X 2 and Xn l are used

(appropriately) for a sample o size n. Of course, comparison with

the corresponding best results separately for each of the three situations

is somewhat unfair to the results given here. That is, the best results

for a situation are only usable for that situation. A more meaningful

comparison would be with the best results that are simultaneously usable

for all three situations. Then, the results given here would seem to be
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The intervals and tests are of a symmetrical nature (same probabil-

ity for each "tail") when the random sample situation occurs. The

results for the outlier situations are two-sided but the probability for

one tail does not even roughly equal the probability for the other tail.

Thus, an unequal emphasis occurs for each outlier situation and should

be taken into consideration when the results given here are candidates

for use.

The next section contains a statement of the two types of confidence

intervals and verification that a confidence coefficient has the same

value for the three situations. An outline of some extensions, including

use when each observation can be from a different population, is given in

the final section.

RESULTS AND VERIFICATION

Direct use of material given in refs. 2 and 3 shows that, for a

random sample of size n from a continuous symmetrical population,

r	 P [ (X2 + Xi+l)/2 s w
 s (X n-1 + Xn-i)/2) = 1 - (n + 2 - 1)2-(n

P {min [X3, (X2 + Xi+1) /2 ] 15 e' 	[Xn-2 )' (Xn-1 + Xn-i) /21)

= 1- [ni- (d + 1) (d - 2)/212- 
(n - 1) 0

These relationships define the two types of confidence intervals that

are considered, and furnish their confidence coefficients

(l .1 	 Sn/2 -1).

Now, verification is given for the assertion that a confidence

coefficient has the same value for the three situations. Proof for the

r
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situation where 
x  

is an outlier is sufficient, since a completely

analogous proof holds for the situation of X1 an outlier.

When X  is an outlier ) the sample size is n - 1 and XV 000.9 Xn-1

are the sample order statistics . Use of material on page 160 of ref. 4.,

and some of the above results, for sample size n - 1 shows that

P[(X2 + Xi+l )/2 > µ] _ (n + 1 - i)2-(n	 i)

P[Xn-1 + Xn
-i)/2 < p) = 2-(n

-i)0

P (min [XV (X2 + Xi+1 )/2] < µ} _ [(n - 1)i - (d + 1) (d - 2)/2]2-(n - 1)P

P (max [Xn-2 (Xn-1 + Xn-i)/2] > µ} = 1 2- (n
^ 

	- 1)

Summation of the two tail probabilities for each type and subtraction

from unity verifies that a confidence coefficient for this outlier

situation equals the corresponding confidence coefficient for the random

sample situation.

COMMENTS ON EXTENSIONS

The results given are expressed in a way that is ordinarily used

when the possibility of an outlier is cinsidered. The requirements of

random samples are, however, not needed. The two types of intervals and

tests are usable under more general circumstances. That is, they are

applicable when the conditions are such that the observations are inde-

pendent and from continuous symmetrical populations that are believed to

have a common mean p. However, either X 1 or Xn could be an outlier.

Here, "outlier" implies that the population providing this observation
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has a mean differant from the common mean µ for the synmetrical

populations providing the other r - 1 observations, and/or, that the

outlier population is not synanetrical.

The mean might not exist for so..* populations. Then, the median

can be investigated and p represents the central median (center median

in interval of median values, when the inedisn 4s; not unique) .

Continuous populations are not required if ties are resolved by

use of an independent probability process (for example, see pages 139-

140 of ref. 4). In any case, the true confidence coefficient is at

least as large as the value for continuous populations.

Finally, other types of results likely could be developed that have

the same confidence coefficient value for the three situations. The

two types presented have the advantage of simplic4ty and of using both

X2 and Xn-1

t j, i
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